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Abstract:



The entropy generation in unsteady three-dimensional axisymmetric magnetohydrodynamics (MHD) nanofluid flow over a non-linearly stretching sheet is investigated. The flow is subject to thermal radiation and a chemical reaction. The conservation equations are solved using the spectral quasi-linearization method. The novelty of the work is in the study of entropy generation in three-dimensional axisymmetric MHD nanofluid and the choice of the spectral quasi-linearization method as the solution method. The effects of Brownian motion and thermophoresis are also taken into account. The nanofluid particle volume fraction on the boundary is passively controlled. The results show that as the Hartmann number increases, both the Nusselt number and the Sherwood number decrease, whereas the skin friction increases. It is further shown that an increase in the thermal radiation parameter corresponds to a decrease in the Nusselt number. Moreover, entropy generation increases with respect to some physical parameters.
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1. Introduction


The study of unsteady nanofluid flow, heat and mass transfers along a nonlinear stretching surface has received considerable attention during the last few years because of several applications in engineering processes, such as in materials manufacturing through extrusion, glass-fiber and paper production. Similarly, unsteady mixed convection in boundary layer flows have received attention with a large number of studies focusing on heat and mass transfer characteristics in nanofluids (Dessie et al. [1]). Nanofluids have increased thermal conductivity and convective heat transfer performance as compared to base fluids such as water and oils. The notion of a nanofluid was introduced by Choi [2] when he proposed the suspension of nanoparticles in a base fluid like water, oil or an ethylene-glycol mixture. These common base fluids have lower thermal conductivity, which is increased when nanoparticles are added. The increase in the thermal conductivity was explained by Buongiorno [3] in terms of the effect of particle Brownian motion and thermophoresis. Nanofluids have several applications due to the unique chemical and physical properties of the constituent nanoparticles. For instance, nanofluids have been used in applications that require high-performance cooling systems such as hot rolling, glass fiber production, rubber and the manufacture of metallic sheets [4].



Heat transfers due to free and mixed convection have several applications, for instance in electronic cooling, heat exchangers, etc. The study of axisymmetric magnetohydrodynamics (MHD) flow and heat transfer of power law fluid along an unsteady radially-stretching sheet was carried out by Ahmed et al. [5]. The conservation equations are solved analytically and numerically. Mohammadiun et al. [6] derived an exact solution of axisymmetric stagnation-point flow and heat transfer along a stationary infinite circular cylinder of a steady viscous compressible fluid with constant heat flux. The general self-similar solution was obtained with constant wall heat flux. The solutions of the system were obtained for different Reynolds numbers, compressibility factors and Prandtl numbers. Xiao et al. [7] proposed a mathematical model for heat convection in the presence of Brownian motion of nanoparticles where the physical properties of the fluid are predicted by the mean of fractal geometry. Thermal conductivity was found to have a positive and negative relation with concentration and the size of nanoparticles, respectively. The model output was found to be in good agreement with experimental data. Cai et al. [8] presented a review of research conducted on thermal conductivity and convective heat transfer in nanofluids by using fractal models and fractal-based techniques. Cai et al. [8] presented a model that considered the fractal distribution of nanoparticle sizes and heat convection between the fluid and the nanoparticles. Additionally, the heat transfer in nanofluids was modeled using three fractal-based models. The models were used to derive formulas for predicting the heat flux for boiling heat transfer. The predictions were found to be in a good agreement with the experimental data.



Shankar et al. [9] studied MHD flow, heat and mass transfer in a nanofluid flow along a stretching boundary with a non-uniform heat source/sink. The system of equations was solved using the Keller-box method. MHD effects in heat transfer have applications in science and technology. In MHD flow, the induced currents in the fluid generate forces, which in turn modify the flow field. Shahzad et al. [10] presented the exact solution for the MHD flow and heat transfer for a viscous incompressible fluid and a nonlinear sheet stretching radially in a porous medium.



Thermal radiation is important in the flow of a fluid, and consequently, the effects of thermal radiation on heat and mass transfer have been extensively studied. Ahmad et al. [11] considered the effect of thermal radiation on the steady MHD axisymmetric stagnation point flow of a viscous incompressible micropolar fluid along a shrinking sheet. The system of equations was solved numerically using an algorithm based on finite difference approximations. They found that the thickness of the thermal boundary layer becomes thinner as the thermal radiation parameter increased. The effect of melting heat transfer and second order slip with thermal radiation for a stagnation point flow was examined by Mabood et al. [12]. Singh et al. [13] analyzed unsteady MHD flow of a viscous incompressible fluid over a permeable stretching sheet and took into account the effect of thermal radiation.



In practical applications, mass transfer occurs due to molecular diffusion of species in homogeneous and heterogeneous chemical reactions (Sarada et al. [14]). The properties of the fluid can be affected by the diffusion of the species, which can either be generated or absorbed by the fluid. For this reason, the study of a chemical reaction in a fluid flow has attracted many researchers. Sarada et al. [14] analyzed the influence of a chemical reaction on unsteady MHD flow of a viscous incompressible fluid passing through an infinite vertical porous plate with varying suction.



The study of the unsteady flow of a viscous incompressible fluid along a linear stretching with a chemical reaction was investigated by Hunegnaw et al. [15]. They used a shooting technique and a fourth-order Runge–Kutta integration scheme combined with the Newton–Raphson method to solve the conservation equations. Barik [16] presented a study of the effects of a chemical reaction on unsteady rotating MHD flow in a porous medium with a heat source.



Entropy generation plays a vital role in the study of heat transfer processes. Entropy is a measure of the randomness or molecular disorder of a system. In accordance with the second law of thermodynamics, the entropy of a system always increases during an irreversible process and remains constant during a reversible process, that is entropy generation [image: there is no content] is always positive for an irreversible process and zero for reversible process. The performance of any engineering system is degraded by irreversibility, and entropy generation is a measure of the magnitude of the irreversibility of the process.



Entropy generation is disregarded in most of the studies reviewed earlier. In this work, the mechanisms for generating entropy are connected to heat transfer, fluid friction irreversibility, magnetic field and mass transfer. The pioneering work in the analysis of entropy generation was done by Bejan [17]. Subsequently, entropy generation in MHD Casson nanofluid flow in the proximity of a stagnation point was investigated by Qing et al. [18]. The findings suggested a positive correlation between entropy generation and an increase in the Brinkman number, Reynolds number, Hartmann number and porosity. The study of entropy generation with MHD flow peristaltic blood of nanofluid across a porous medium was considered by Rashidi et al. [19]. The system was solved numerically using the homotopy perturbation method (HPM). The entropy generation of MHD an Eyring–Powell nanofluid flow towards a permeable stretching surface in the presence of nonlinear thermal radiation was investigated by Bhatti et al. [20]. The successive linearization method (SLM) and Chebyshev spectral collocation method are used. Rashidi et al. [21] studied entropy generation in nanofluid flow along a permeable stretching surface near the stagnation point with heat generation/absorption and a convective boundary condition. Bhatti et al. [22] used the successive linearization method (SLM) to study the entropy generation on non-Newtonian Carreau nanofluid over a shrinking sheet. The thermal radiation and magnetohydrodynamics (MHD) are taken into account. The idea of entropy generation in nanofluids is a growing area of research, and recent studies have examined different source terms and flow geometries [23].



The spectral quasi-linearization method (SQLM) has not been previously used to solve equations for three-dimensional axisymmetric MHD nanofluid flow. Moreover, to the best of the authors’ knowledge, entropy generation in this type of fluid flow has not been previously studied. The aim of the study is to analyze thermo-diffusion effects in three-dimensional axisymmetric MHD nanofluid flow, heat and mass transfers over a nonlinearly circular stretching sheet with entropy generation. The flow is subjected to thermal radiation and a chemical reaction. The conservation equations are solved numerically using the spectral quasi-linearization method [24]. The SQLM combines fast convergence with accuracy. The method has been used in recent boundary layer flow and heat transfer studies, such as [24,25]. In addition, the nanofluid boundary condition suggested by Nield and Kuznetsov [26] is adopted where it is assumed that the nanoparticle mass flux at the wall vanishes. The results are found to be in good agreement with previously published work, such as Mustafa et al. [27].




2. Problem Formulation


Consider the unsteady three-dimensional MHD flow of an incompressible viscous flow of nanofluid. A cylindrical coordinate system [image: there is no content] is used. The velocity of the stretching sheet is assumed to be nonlinear along the radial direction. It is assumed that there is no nanoparticle flux across the wall, and the surface is stretching along the z-direction. In the ambient fluid, the temperature, solute concentration and nanoparticle concentration are denoted by [image: there is no content] and [image: there is no content], respectively (see Figure 1). Here, [image: there is no content], [image: there is no content] and [image: there is no content] represent the solute concentration, constant temperature and nanoparticle concentration respectively on the wall. The variable magnetic field intensity is denoted by [image: there is no content] where t represents time. The magnetic field acts in the positive z-direction normal to the sheet. In this study, [image: there is no content] generalizes the magnetic field term provided previously in [9,10] to:


[image: there is no content]



(1)




where [image: there is no content] is the uniform magnetic field strength, [image: there is no content] is the power-law index or stretching sheet parameter and [image: there is no content] represents the unsteadiness parameter.


Figure 1. Physical configuration and coordinate system.
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The equations for the conservation of momentum, energy, mass and nanoparticle volume fraction, considering the boundary layer assumptions presented above, can be obtained [27,28] as:


∂u∂r+ur+∂w∂z=0,



(2)






∂u∂t+u∂u∂r+w∂u∂z=νf∂2u∂z2−σB2(r,t)uρf,



(3)






∂T∂t+u∂T∂r+w∂T∂z=αf∂2T∂z2+τDB∂ψ∂z∂T∂z+DTT∞∂T∂z2+DTC∂2C∂z−1ρfcp∂qr∂z,



(4)






[image: there is no content]



(5)






[image: there is no content]



(6)




where u and w represent the fluid velocity components in r and z directions, respectively; [image: there is no content], [image: there is no content] and [image: there is no content] are the kinematic viscosity, electrical conductivity and the density of the fluid, respectively; [image: there is no content] is the thermal diffusivity, [image: there is no content] is the heat capacity, [image: there is no content] is the Brownian diffusion coefficient, [image: there is no content] is the thermophoretic diffusion coefficient; [image: there is no content] the ratio of effective heat capacity of the nanoparticle material to heat capacity of the fluid; [image: there is no content] and [image: there is no content] are the Soret and Dufour diffusivities, [image: there is no content] is the solute diffusivity and [image: there is no content] is the chemical reaction.



The quantity [image: there is no content] is the relative heat flux. Applying the Rosseland approximation, [29], [image: there is no content] can be expressed as:


[image: there is no content]



(7)







In Equation (7), [image: there is no content] is the Stefan–Boltzmann constant while [image: there is no content] is the Rosseland mean spectral absorption coefficient. If the variation in temperature across the flow is small, [image: there is no content] may be expanded using the Taylor series about [image: there is no content], which yields:


[image: there is no content]



(8)







Substituting Equation (8) in Equation (7), the relative heat flux becomes:


[image: there is no content]



(9)







To simplify the mass equation, the chemical reaction [image: there is no content] must be a constant. This condition holds if [image: there is no content] has the following form:


[image: there is no content]



(10)




where [image: there is no content] is constant and a>0 is the stretching constant.



The boundary conditions considered (see [27]) are:


u=uw(r)=arn1−λt,−kf∂T∂z=hf(Tw−T),DB∂ψ∂z+DTT∞∂T∂z=0,C=Cwatz=0,u→0,T→T∞,C→C∞andψ→ψ∞asz→∞,



(11)




where [image: there is no content] is the thermal conductivity of the base fluid where [image: there is no content] is a constant. A similarity solution of the energy equation can be obtained if the Biot number,


[image: there is no content]



(12)




is a constant. This condition is satisfied if the heat transfer coefficient, [image: there is no content], is proportional to [image: there is no content]. Thus, the heat transfer coefficient is expressed as [image: there is no content], where [image: there is no content] is a constant. The Biot number can be obtained as [image: there is no content].



Equations (2)–(6) are converted into coupled ordinary differential equations by using the following similarity variables (see [27]):


η=aνf(1−λt)r(n−1)/2z,θ(η)=T−T∞Tw−T∞,S(η)=C−C∞Cw−C∞,ϕ(η)=ψ−ψ∞ψ∞.



(13)







The system of Equations (2)–(6) is transformed to:


f′′′+(n+3)2ff′′−nf′2−Af′+12ηf′′−Haf′=0,



(14)






1+Nr1Prθ′′−A2ηθ′+n+32fθ′+Nbϕ′θ′+Ntθ′2+NdS′′=0,



(15)






1ScS′′−A2ηS′+(n+3)2fS′−R0S+Ldθ′′=0,



(16)






ϕ′′−A2Scηϕ′+n+32Scfϕ′+NtNbθ′′=0,



(17)




subject to the boundary conditions:


f(0)=0,f′(0)=1andf′(∞)→0,θ′(0)=−Bi(1−θ(0)),θ(∞)→0,S(0)=1,S(∞)→0,Nbϕ′(0)+Ntθ′(0)=0andϕ(∞)→0.



(18)







The parameters in Equations (14)–(17) are given by:


A=λarn−1,Ha=σB02aρf,Pr=νfα,Nr=16σ∗T∞33kfK∗,Nb=τDBϕ∞νf,Nt=τ(Tw−T∞)DTνfT∞,Nd=DTC(Cw−C∞)νf(Tw−T∞),Sc=νfDB,R0=(1−λt)R(x,t)arn−1andLd=DCT(Tw−T∞)νf(Cw−C∞),



(19)




where A is the unsteadiness parameter, [image: there is no content] is the Hartmann number, [image: there is no content] is the Prandtl number, [image: there is no content] is the thermal radiation parameter, [image: there is no content] is the Brownian motion parameter, [image: there is no content] is the thermophoresis parameter, [image: there is no content] is the modified Dufour parameter, [image: there is no content] is the Schmidt number, [image: there is no content] is a constant and [image: there is no content] is the modified Soret parameter.



The skin friction coefficient [image: there is no content], the Nusselt number [image: there is no content] and the Sherwood number [image: there is no content] can be expressed as:

	(i)

	
Skin-fraction coefficient:


[image: there is no content]



(20)




where [image: there is no content] is the Reynolds number.




	(ii)

	
Nusselt number:


[image: there is no content]



(21)




where [image: there is no content] represents surface heat flux, which can be obtained by:


[image: there is no content]



(22)




Equation (21) becomes:


[image: there is no content]



(23)








	(iii)

	
The Sherwood number for solute concentration equation is:


Shr=rhmDs(Cw−C∞),



(24)




where:


hm=−Ds∂C∂zz=0,



(25)




where [image: there is no content] is the surface mass flux. Equation (24) can be written as:


[image: there is no content]



(26)













The mass flux is zero due to the nanoparticle boundary condition used, and for this reason, it is not possible to define the Sherwood number for nanoparticle concentration at the wall.




3. Entropy Generation Analysis


Entropy generation suggests a wastage of energy; thus, minimization of entropy production is often a major objective. Entropy generation analysis can be used as an effective tool for the identification of causes of inefficiency in any system and offers scope for the improvement in the design of any device or process. The limitation of global energy resources provides an impetus for re-examining energy production systems and consumption patterns (Arikoglu et al. [30]). From a theoretical perspective, the second law of thermodynamics is utilized to study energy producing, converting and consuming systems. The volumetric rate of local entropy generation for a nanofluid along with thermal radiation and a magnetic field can be expressed as (see [18,22,23]:


[image: there is no content]



(27)







In Equation (27), the entropy generation is stated in four parts. The first part is entropy generation due to heat transfer irreversibility; the second part is the entropy generation due to the viscous dissipation irreversibility; the third part is the entropy generation due to the applied magnetic field irreversibility; and the fourth part is due to the diffusive irreversibility.



We define the entropy generation number as the ratio of the local volumetric entropy generation rate [image: there is no content] to a characteristic rate of entropy generation [image: there is no content], that is,


[image: there is no content]



(28)




where:


[image: there is no content]



(29)







Using Equations (27)–(29), the non-dimensional entropy generation can be represented as:


NG=Re1+Nrθ′2(η)+BrReΩf′′2+BrHa2Ωf′2+ReΣΩ2ϕ′2(η)+ReΣΩθ′(η)ϕ′(η),



(30)




where [image: there is no content] are the Reynolds number, the thermal radiation parameter, Brinkman number, dimensionless temperature difference, Hartmann number and the diffusive parameter, respectively. These parameters are expressed by the following relations:


[image: there is no content]



(31)








4. Method of Solution


The quasi-linearization method (QLM) is a generalization of the Newton–Raphson method (Bellman and Kalaba [31]). The derivation of the QLM is based on the linearization of the nonlinear components of the governing equations using the Taylor series assuming that the difference between the value of the unknown function is negligible between the current iteration, [image: there is no content], and the previous iteration, r.



Applying the quasi-linearization scheme to Equations (14)–(17) with the boundary conditions, Equation (18), yields the following iterative schemes:


a0,rfr+1′′′+a1,rfr+1′′+a2,rfr+1′+a3,rfr+1=Rf,



(32)






[image: there is no content]



(33)






[image: there is no content]



(34)






[image: there is no content]



(35)




subject to


fr+1(0)=0,fr+1′(0)=1,fr+1′(∞)→0,θr+1′(0)=−Bi(1−θr+1(0)),θr+1(∞)→0,Sr+1(0)=1,Sr+1(∞)→0,Nbϕr+1′(0)+Ntθr+1′(0)=0,andϕr+1(∞)→0,



(36)




where the coefficients in Equations (32)–(35) are obtained as:


a0,r=1,a1,r=n+32fr−A2η,










a2,r=−2nfr′−A−Ha,a3,r=n+32fr′′,b0,r=1+Nr1Pr,b1,r=n+32fr−A2η+Nbϕr′+2Ntθr′,b2,r=0,b3,r=n+32θr′,



(37)






b4,r=Nd,b5,r=Nbθr′,c0,r=1Sc,c1,r=n+32fr−A2η,c2,r=−R0,



(38)






c3,r=n+32Sr′,c4,r=Ld,d0,r=1,d1,r=n+32Scfr−A2Scη,



(39)






d2,r=n+32Scϕr′,d3,r=NtNb.



(40)







A Chebyshev pseudo-spectral method [24] was used to solve Equations (32)–(35). The Chebyshev interpolating polynomial defined by Equation (41) is used with Gauss–Lobatto points [32,33] to define the unknown functions where:


xi=cosπiN,i=0,1,...,N;−1≤xi≤1.



(41)







The variable N in Equation (41) is the number of collocation points. A truncated domain [image: there is no content] is used to approximate the semi-infinite domain to facilitate computations. The parameter L represents the boundary condition at infinity. In order to model the behavior of the flow at infinity, the parameter L should be a large number. The domain [image: there is no content] is transformed into [image: there is no content] using the linear transformation [image: there is no content]



The spectral collocation method is used to construct a differentiation matrix to approximate the derivative of unknown variables at the collocation points as a matrix vector product:


[image: there is no content]



(42)




where D=2D/LandF=f(η0),f(η1),f(η1),...,f(ηN)T represent the vector function at the collocation points. The high order derivatives are given as powers of D, such as:


[image: there is no content]



(43)




where p is the order of the derivative. Spectral collocation is applied at r using the differentiation matrix D in order to approximate derivatives of unknown functions in Equations(32)–(35) with Equation (36), which yields:


A1,1f+A1,2θ+A1,3S+A1,4ϕ=Rf,



(44)






[image: there is no content]



(45)






[image: there is no content]



(46)






[image: there is no content]



(47)




Here:


[image: there is no content]



(48)






[image: there is no content]



(49)






A3,1=diagc3,rI,A3,2=diagc4,rD2,A3,3=c0,rD2+diagc1,rD+c2,rIandA3,4=0,



(50)






[image: there is no content]



(51)






[image: there is no content]










Rf=n+32frfr′′−nfr′2,Rϕ=n+32Scfrϕr′,



(52)






Rs=n+32frSr′andRϕ=n+32Scfrϕr′,



(53)




where [image: there is no content] represents diagonal matrices of order [image: there is no content], [image: there is no content] is an [image: there is no content] identity matrix and f,θ,Sandϕ are the values of functions f,θ,Sandϕ, respectively. Equations (44)–(47) are solved as a matrix system using the SQLM scheme where the iteration is started with initial approximate solutions obtained as:


f0(η)=1−exp(−η),θ0(η)=Bi1+Biexp(−η),S0(η)=exp(−η)andϕ0(η)=−NtNbBi1+Biexp(−η).



(54)







The above equations can be expressed in matrix form as follows:


[image: there is no content]



(55)








5. Results and Discussion


The study investigated entropy generation in an unsteady three-dimensional MHD nanofluid along a nonlinear stretching sheet and considered the influence of thermal radiation and a chemical reaction. The conservation equations are solved numerically using the spectral quasi-linearization method (SQLM). The SQLM has been used in a limited number of studies to solve boundary layer flow, heat and mass transfer problems [34]. The physical parameters in this paper are mostly chosen from the literature, for example in the papers [21,26,27,35].



A comparison with previously published results is shown in Table 1 when [image: there is no content], [image: there is no content] and [image: there is no content] (i.e., in the absence of unsteadiness parameter, Hartmann number, the thermal radiation number, Dufour parameter and Soret parameter, respectively). These results are comparable to those of Mustafa et al. [27], which validates this numerical method.



Table 1. Current Nusselt number [image: there is no content] compared with Mustafa et al. [27].







	
n

	
[image: there is no content]
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[image: there is no content]
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To demonstrate further the convergence of the SQLM, Figure 2, Figure 3, Figure 4 and Figure 5 show the effect of the number of collocation points on the accuracy of the solutions obtained for the velocity, temperature, solute concentration and nanoparticle concentration profiles, respectively.


Figure 2. Effects of the number of collocation points number on the residual error of the velocity profile [image: there is no content] when [image: there is no content][image: there is no content].



[image: Entropy 19 00168 g002]





Figure 3. Effects of the number of collocation points number on the residual error of the temperature profile [image: there is no content] when [image: there is no content], [image: there is no content].



[image: Entropy 19 00168 g003]





Figure 4. Effects of the number of collocation points number on the residual error of the solute concentration profile [image: there is no content] when [image: there is no content], [image: there is no content].



[image: Entropy 19 00168 g004]





Figure 5. Effects of the number of collocation points number on the residual error of the nanoparticle concentration profile [image: there is no content] when [image: there is no content], [image: there is no content].



[image: Entropy 19 00168 g005]






It was found that an increase in the number of collocation points results in a reduction of residual error. However, after a certain point (the point at which an optimal residual error is obtained), an increase in the number of collocation points does not have a significant effect on residual error.



In Figure 2, it is observed that the optimal residual error for the velocity profile is around [image: there is no content], which is achieved when the number of the collocation points is within the range 30 and 40; beyond that range, the accuracy starts declining. From Figure 3 and Figure 5, it is noted that the optimal residual errors for the temperature and nanoparticle concentration profiles, respectively, are found around [image: there is no content] when the number of collocation points is within 100 and 120. Figure 4 shows that the optimal residual of the solute concentration profile occurs approximately at [image: there is no content] when the number of collocation points is between 80 and 100. It is interesting to note that there is no magic number of collocation points that induces the optimal residual errors for all of the physical properties. Additionally, there is variability in the behavior of the decline of the accuracy after the range at which the optimal residuals are obtained; for instance, in Figure 2, the accuracy of the solution of the velocity profile declines much faster as compared to the accuracy of the solution of temperature, solute concentration and nanoparticle concentration profiles respectively shown in Figure 3, Figure 4 and Figure 5. Overall, these results demonstrate the accuracy and convergence of the SQLM technique.



Table 2 shows the computed skin friction, heat transfer and the mass transfer coefficients, which are represented by [image: there is no content] and [image: there is no content], respectively, for various values of [image: there is no content][image: there is no content] and [image: there is no content]. It is observed that the skin friction decreases as n increases, whereas the heat transfer coefficient and mass transfer increase with increasing n with other parameters fixed. It is also noted that the skin friction reduces as A increases while the heat and mass transfer rates decrease. The skin friction, heat and mass transfer rates vary inversely with [image: there is no content] and appear to be independent of changes in [image: there is no content], while the heat transfer rate decreases with the increase in [image: there is no content]. The same result also holds for the skin friction and the mass transfer with respect to [image: there is no content]. The heat transfer increases when [image: there is no content] increases.



Table 2. Skin friction coefficient, heat transfer coefficient and mass transfer coefficient for [image: there is no content], [image: there is no content]







	
n
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In Table 3 it is noted that for small values of the Biot number, small changes in the Biot number correspond to a large changes in the maximum temperature. In contrast, with high values of the Biot number, a large change in the Biot number does not appear to affect the maximum temperature significantly.



Table 3. Effects of the Biot number on the maximum temperature.
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The parameter n plays an important role in fluid flow. A fluid is called pseudoplastic fluid when [image: there is no content] and dilatant fluid when [image: there is no content]. It is a Newtonian fluid when [image: there is no content]. A fluid is shear-thinning or shear-thickening according as [image: there is no content] or [image: there is no content]. The effect of n on the fluid velocity, temperature and solute concentration profiles, respectively, is shown in Figure 6, Figure 7 and Figure 8. Figure 6 illustrates the velocity profile ([image: there is no content]) with the variation in the stretching sheet parameter keeping other parameters fixed. The magnitude of the radial component of the velocity decreases with increasing n. In contrast, n has a significant impact on [image: there is no content] and the velocity components u and w, respectively. Figure 7 shows that an increases in n leads to a decrease in the thickness of the thermal boundary layer. As a result, the temperature decreases with increasing n and an increase in the heat transfer rate from the sheet. Increasing n increases the deformation rate from the wall to the fluid. Figure 8 shows the effect of n on the solute concentration when the other parameters take fixed values. It is noticed that increases in the non-linear stretching lead to a decrease in the solutal concentration.


Figure 6. Effects of the stretching parameter n on [image: there is no content] when [image: there is no content], [image: there is no content], [image: there is no content]
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Figure 7. Effects of the stretching parameter n on [image: there is no content] where [image: there is no content], [image: there is no content]
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Figure 8. Effects of the stretching parameter n on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 9 and Figure 10 describe the effects of unsteadiness parameter A on the temperature and the solute concentration profiles, respectively. Two cases have been studied, namely [image: there is no content] and [image: there is no content]. From Figure 9, it is observed that the temperature increases with increasing values of [image: there is no content]. A similar effect is observed for [image: there is no content]. That the temperature decreases, as moving far away from the stretching sheet in the dynamics region due to the increase of the unsteadiness parameter. Physically, the decrease of temperature can be attributed to heat lostfrom the sheet as a result of the increase in the unsteadiness. Similar properties of solute concentration profiles are observed in Figure 10.


Figure 9. Effects of the unsteadiness parameter (A) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 10. Effects of the unsteadiness parameter (A) on [image: there is no content] when [image: there is no content], [image: there is no content]
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Figure 11 and Figure 12 demonstrate the behavior of several values of the Hartmann number on the velocity and temperature profiles when the other physical parameters are fixed. Figure 11 shows that the dimensionless radial component of the velocity decreases as the Hartmann number increases. This is an indication of a Lorentz force slowing the motion of the fluid in the radial direction. Consequently, the boundary layer thickness increases. The physical implication is that the momentum of the fluid flow may be controlled through an applied magnetic field. Figure 12 shows that the temperature increases with an increase in the Hartmann number due to the effect of the transverse magnetic field in the fluid. It is also worth noting that the application of the magnetic field affects the thermal boundary layer thickness positively in the sense that the thickness of the thermal boundary increases in the presence of a magnetic field.


Figure 11. Effects of the Hartmann number ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 12. Effects of the Hartmann number ([image: there is no content]) on [image: there is no content] when [image: there is no content], [image: there is no content]
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Figure 13 shows how the temperature profiles vary with the thermal radiation parameter. The temperature increases with increased thermal radiation, which is in line with physical observations regarding the impact of increasing thermal radiation.


Figure 13. Effects of the thermal radiation parameter ([image: there is no content]) on [image: there is no content] where [image: there is no content], [image: there is no content]
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Figure 14 presents the influence of the Prandtl number on the temperature profiles. As the Prandtl number increases, the temperature decreases. Smaller Prandtl numbers suggest a fluid with higher thermal conductivities; hence, heat diffuses more rapidly from the heated surface than in the case of fluids with higher Prandtl numbers.


Figure 14. Effects of the Prandtl number ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 15 illustrates the behavior of the temperature profiles with different values of the thermophoresis parameter, [image: there is no content], when the other parameter are fixed. It is observed that the temperature increases as the thermophoresis parameter increases because the thermal boundary layer increases with increases in the thermophoresis parameter.


Figure 15. Effects of the thermophoresis parameter ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 16 demonstrates the influence of the Schmidt number on the solute concentration profile with fixing the other parameters. It is noticed that the solute concentration decreases as the Schmidt number increases.


Figure 16. Effects of the Schmidt number ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 17 shows the relation between the Biot number [image: there is no content] and the temperature profiles. The Biot number can be perceived as the ratio of internal (conductive) resistance of solid to external (convective resistance). Here, it is found that temperature increases with the increase in the Biot number. An increase in the Biot number causes a stronger convection, and this leads to higher surface temperatures. Further, for sufficiently large values of the Biot number, the temperature approaches its maximum value.


Figure 17. Effects of the Biot number ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 18 shows that high values of the stretching sheet parameter n lead to a reduction in the thickness of the nanoparticle concentration boundary layer thickness up to a certain value of [image: there is no content]. Beyond this critical distance, the opposite trend is observed. In Figure 19, we observe a similar pattern of nanoparticle concentration profiles as in Figure 9 and Figure 10. In Figure 20, the nanoparticle concentration profiles increase with the thermophoresis parameter. Similar results are shown in Figure 21 for the Brownian motion parameter. In Figure 22, it is observed that increasing the Schmidt number reduces the nanoparticle concentration profile. The Schmidt number [image: there is no content] has an opposite effect on the Brownian diffusion coefficient. When [image: there is no content] is small, the penetration depth of the nanoparticle concentration profiles becomes shorter. Thus, as the Schmidt number increases, the penetration depth becomes shorter. Moreover, the increase in [image: there is no content] results in a decrease in the concentration rate, as well as the heat transfer rate.


Figure 18. Effects of the stretching parameter (n) on [image: there is no content] when [image: there is no content], [image: there is no content]
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Figure 19. Effects of the unsteadiness parameter (A) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 20. Effects of the thermophoresis parameter ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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Figure 21. Effects of the Brownian motion parameter ([image: there is no content]) on [image: there is no content] when [image: there is no content], [image: there is no content], [image: there is no content]



[image: Entropy 19 00168 g021]





Figure 22. Effects of the Schmidt number ([image: there is no content]) on [image: there is no content] for [image: there is no content], [image: there is no content]
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It is interesting to note that Figure 23, Figure 24, Figure 25, Figure 26 and Figure 27 suggest different ways of controlling the entropy generation. Figure 23 shows the effect of the Reynolds number on the entropy generation [image: there is no content]. It is observed that entropy generation increases with the increase in the Reynolds number. This observation could be explained by the increase in random eddies, vortices and flow fluctuation in the fluid, which are associated with increasing [image: there is no content]. As a consequence, the heat transfer increases, which, in turn, enhances the entropy generation. The entropy generation number increases in the proximity of the sheet due to a decrease in the fluid friction. Reducing the Reynolds number induces a reduction in the entropy generation number.


Figure 23. Effects of the Reynolds number [image: there is no content] on the entropy generation number [image: there is no content] when [image: there is no content], Br=1,Ω=1,Ha=0.5andΣ=0.5.
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Figure 24. Effects of Brinkman number [image: there is no content] on the entropy generation number [image: there is no content] when [image: there is no content], [image: there is no content], Ω=1,Ha=0.5andΣ=0.5.
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Figure 25. Effects of Hartmann number [image: there is no content] on the entropy generation number [image: there is no content] when [image: there is no content], Nr=0.2,Br=1,Ω=1andΣ=0.5.
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Figure 26. Effects of the Brinkman group parameter [image: there is no content] on the entropy generation number [image: there is no content] when Re=2,Nr=0.2,Br=1andΣ=0.5.
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Figure 27. Effects of Biot number [image: there is no content] on the entropy generation number [image: there is no content] when [image: there is no content], [image: there is no content], Br=1,Ha=0.5,Ω=1andΣ=0.5.
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Figure 24 shows entropy generation with the Brinkman number. The Brinkman number is a measure of the importance of heat produced by viscous heating relative to heat transported by molecular conduction. An increase in the Brinkman number causes an increase in the entropy generation in the vicinity of the sheet. Heat produced by viscous dissipation dominates over heat transported by molecular conduction in the proximity of the sheet. In the vicinity of the sheet, significant heat generation occurs within the layers of the moving fluid particles, which in turn increases the entropy generation number by enhancing the degree of disorder of the system. This gradually fades with the distance from the sheet.



The influence of the Hartmann number on the entropy generation number is given in Figure 25. In close proximity to the sheet, an increase in the Hartmann number corresponds to a noticeable increase in the entropy generation, whereas far from the sheet, the increase in the Hartmann number has rather negligible impact on entropy generation. This change in entropy generation number in response to the Hartmann number is related to the increase in the resistance of the fluid motion due to an increase in the Hartmann number. This variation in entropy generation with the Hartmann number can be attributed to higher heat transfer rates, which result in an increase of the entropy generation number. However, far from the sheet, the effect of the Hartmann number is insignificant, causing a corresponding insignificant entropy generation.



Figure 26 displays the entropy generation with the Brinkman parameter ([image: there is no content]). An increase in [image: there is no content] results in a remarkable increase in the entropy generation number in the area surrounding the sheet. The increase in the entropy generation number around the sheet due to the increase in [image: there is no content] can be related to a decrease in the fluid friction caused by increasing [image: there is no content]. Moreover, Equation (31) suggests that the increase in [image: there is no content] results in an increase in the sheet velocity, which affects the fluid in the surroundings of the sheet and that explains, in part, the noticeable effect of [image: there is no content] on the entropy generation proximity of the sheet and the negligible effect in the further region. Figure 27 demonstrates the relation between the Biot number and the entropy generation number. The entropy generation number increases prominently in the proximity of the sheet as the Biot number increases. On the contrary, the Biot number has an insignificant effect on the entropy generation number far away from the sheet.



Figure 28 demonstrates how the skin friction [image: there is no content] varies according to different values of the magnetic field parameter [image: there is no content] and the stretching sheet parameter n. It is observed that [image: there is no content] increases with increasing values of [image: there is no content] and n.


Figure 28. Effect of the magnetic field [image: there is no content] and the stretching sheet parameter n on the skin friction [image: there is no content] when [image: there is no content], [image: there is no content], [image: there is no content].
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The variation in the Nusselt number [image: there is no content] due to the thermophoresis number [image: there is no content] and the stretching sheet parameter n is graphed in Figure 29. It is noticed that with increasing values of [image: there is no content] and n, [image: there is no content] decreases.


Figure 29. Effect of the thermophoresis number ([image: there is no content]) and the stretching sheet parameter (n) on the Nusselt number ([image: there is no content]) when [image: there is no content], [image: there is no content].
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Figure 30 displays the change in the Sherwood number [image: there is no content] caused by the effect of the Schmidt number [image: there is no content] and the stretching sheet parameter n. It is observed that [image: there is no content] increases as [image: there is no content] and n increase.


Figure 30. Effect of the Schmidt number [image: there is no content] and the stretching sheet parameter n on the Sherwood number [image: there is no content] when [image: there is no content], [image: there is no content].
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The changing of the Nusselt number [image: there is no content] due to the effect of the Prandtl number [image: there is no content], and the thermal radiation parameter [image: there is no content] is exhibited in Figure 31. The figure depicts that the [image: there is no content] is an increasing function of [image: there is no content] and [image: there is no content].


Figure 31. Effect of the Prandtl number [image: there is no content] and the thermal radiation parameter [image: there is no content] on the Nusselt number [image: there is no content] when [image: there is no content], [image: there is no content].



[image: Entropy 19 00168 g031]







6. Conclusions


A mathematical formulation and analysis of the entropy generation rate in an unsteady three-dimensional axisymmetric MHD nanofluid flow over a non-linear stretching sheet subject to thermal radiation and a chemical reaction has been presented. The influence of different physical parameters on the entropy generation number has been demonstrated and discussed in detail. From the discussion, the following outcomes may be inferred:

	
The heat transfer rate increases with increasing sheet stretching.



	
An increase in the Reynolds number and the Brinkman number corresponds to a significant increase in the entropy generation number. Therefore, it can be ascertained that the entropy generation number is highly affected by viscous dissipation when the nanofluid flow has a large Reynolds number.



	
An increase in the Biot and Hartmann numbers corresponds to a significant increase in the entropy generation number in the vicinity of the sheet surface. The significance of the Biot and Hartmann numbers gradually fades with distance from the sheet.



	
The entropy generation rate can be minimized by controlling the physical parameters.



	
The number of collocation points has a significant influence on the accuracy of the solutions.
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Abbreviations


The following abbreviations are used in this manuscript:



	[image: there is no content]
	cylindrical polar coordinate axes



	[image: there is no content]
	magnetic field strength (kg·s−2A−1)



	u
	velocity in radial direction (m·s−1)



	[image: there is no content]
	constants



	w
	velocity in axial direction (m·s−1)



	[image: there is no content]
	kinematic viscosity (m2s−1)



	T
	temperature variable (K)



	[image: there is no content]
	electrical conductivity ([image: there is no content]m−1)



	[image: there is no content]
	temperature of fluid at sheet (K)



	[image: there is no content]
	density of fluid (kg·m−3)



	[image: there is no content]
	ambient temperature of fluid (K)



	[image: there is no content]
	thermal diffusion of fluid (m2s−1)



	C
	solute concentration of fluid (kg·m−3)



	[image: there is no content]
	solute concentration at wall (kg·m−3)



	[image: there is no content]
	solute concentration far away from the disk (kg·m−3)



	[image: there is no content]
	nanoparticle concentration



	[image: there is no content]
	nanoparticle concentration at wall



	[image: there is no content]
	nanoparticle concentration far away from the disk



	[image: there is no content]
	ratio of nanoparticle heat capacity



	[image: there is no content]
	Brownian mention coefficient (kg·m−1s−1)



	[image: there is no content]
	Thermophoretic diffusion coefficient (kg·m−1s−1K−1)



	[image: there is no content]
	Dufour diffusion coefficient



	[image: there is no content]
	specific heat (m2s−2K−1)



	[image: there is no content]
	thermal conductivity (W·m−1K−1)



	[image: there is no content]
	radiative heat flux (kg·m−2)



	[image: there is no content]
	solute diffusion coefficient



	[image: there is no content]
	Soret diffusion coefficient



	R
	chemical reaction parameter



	[image: there is no content]
	heat capacity of the nanoparticle



	[image: there is no content]
	heat capacity of fluid



	[image: there is no content]
	Stefan–Boltzmann constant



	[image: there is no content]
	mean absorption coefficient



	[image: there is no content]
	constants



	[image: there is no content]
	constants



	[image: there is no content]
	heat transfer coefficient (W·m−2 K−1)



	[image: there is no content]
	Biot number



	[image: there is no content]
	dimensionless variable



	[image: there is no content]
	dimensionless temperature



	S
	dimensionless solute concentration



	[image: there is no content]
	dimensionless nanoparticle concentration



	f
	dimensionless velocity



	A
	unsteadiness parameter



	[image: there is no content]
	Hartmann number



	[image: there is no content]
	thermal radiation parameter



	[image: there is no content]
	Prandtl number



	[image: there is no content]
	Brownian mention parameter



	[image: there is no content]
	Thermophoresis parameter



	[image: there is no content]
	Dufour parameter



	[image: there is no content]
	Schmidt number



	[image: there is no content]
	Soret parameter



	[image: there is no content]
	skin friction coefficient



	[image: there is no content]
	Nusselt number



	[image: there is no content]
	Sherwood number



	[image: there is no content]
	velocity of the stretching sheet



	[image: there is no content]
	Reynolds number



	[image: there is no content]
	heat flux (W·m−2)



	[image: there is no content]
	mass flux (kg·m−2s−1)



	[image: there is no content]
	volumetric entropy generation per unit length (W·m−3 K−1)



	[image: there is no content]
	dimensionless entropy generation rate



	[image: there is no content]
	Brinkman number



	[image: there is no content]
	dimensionless parameter



	[image: there is no content]
	Hartmann number



	[image: there is no content]
	diffusive constant parameter



	[image: there is no content]
	difference between ([image: there is no content])(K)
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