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Abstract:



This study focuses preliminarily on the intra-tertiary catchment (TC) assessment of cross MAR pseudo-elasticity of entropy, which determines the impact of changes in MAR for a quaternary catchment (QC) on the entropy of another (other) QC(s). The TCs of the Upper Vaal catchment were used preliminarily for this assessment and surface water resources (WR) of South Africa of 1990 (WR90), of 2005 (WR2005) and of 2012 (WR2012) data sets were used. The TCs are grouped into three secondary catchments, i.e., downstream of Vaal Dam, upstrream of Vaal dam and Wilge. It is revealed that, there are linkages in terms of mean annual runoff (MAR) between QCs; which could be complements (negative cross elasticity) or substitutes (positive cross elasticity). It is shown that cross MAR pseudo-elasticity can be translated into correlation strength between QC pairs; i.e., high cross elasticity (low catchment resilience) and low cross elasticity (high catchment resilience). Implicitly, catchment resilience is shown to be associated with the risk of vulnerability (or sustainability level) of water resources, in terms of MAR, which is generally low (or high). Besides, for each TC, the dominance (of complements or substitutes) and the global highest cross MAR elasticity are determined. The overall average cross MAR elasticity of QCs for each TC was shown to be in the zone of tolerable entropy, hence the zone of functioning resilience. This could assure that water resources remained fairly sustainable in TCs that form the secondary catchments of the Upper Vaal. Cross MAR pseudo-elasticity concept could be further extended to an intra-secondary catchment assessment.
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1. Introduction


Elasticity, a concept borrowed from economic sciences has been used in hydrology and water resources to determine a relative change in a variable, e.g., rainfall, with respect to the change in runoff generated [1,2,3]. When rainfall is considered to be the most influential variable for generating runoff (e.g., bivariate rainfall-runoff relationships), rainfall elasticity of streamflow is generally positive, i.e., an increase in rainfall is translated into an increase in runoff [1]. This is contrary to the pure economic law on the price elasticity of demand, which is always negative [4,5], however market forces may dictate the sign (positive or negative) of price elasticity [5,6]. Nonetheless other parameters have been shown to influence positively or negatively rainfall elasticity of streamflow, e.g., temperature/evapotranspiration [7,8,9], land use, water use [10]. The notion of elasticity has been linked recently to entropy concept to assess catchment resilience, i.e., mean annual runoff (MAR) pseudo elasticity [11]. The notion of pseudo-elasticity of entropy was derived for linear regression models and measured the relative change in entropy with respect to the relative change in MAR for tertiary catchments (TC), which are comprised of quaternary catchments (QCs). For the specific case of TCs of the Upper Vaal, MAR pseudo-elasticity of entropy was shown to be relatively positive when considering regression models. In hydrology and water resources, the computation of elasticity is usually related to the same catchment that undergoes change/transformation, i.e., what will be the relative change in runoff/streamflow corresponding to 1% change in rainfall for a given catchment? Likewise, for MAR pseudo-elasticity of entropy, a certain % change in entropy will be associated with 1% change in MAR, for a given catchment. Pseudo-elasticity and elasticity concepts in water related studies could be referred to as self/own-elasticities since changes in the different variables have been formulated with respect to the same catchment. Self/own-elasticity is commonly used to mean elasticity [12,13,14]. Moreover, in hydrology and water resources, elasticity/pseudo-elasticity concept for a given catchment is often defined without the influence of changes in variables from other catchments. The current paper takes this opportunity by assessing how changes in MAR for a given catchment will likely impact on changes in entropy associated with MAR for another (other) catchment(s). Hence this was done by introducing explicitly the notion of cross elasticity of entropy associated with hydrological change (i.e., change in MAR) occurring in two different catchments belonging to the same hydrological region. In this study, the cross MAR pseudo-elasticity of entropy is defined as the ratio between the change in entropy of a given QC and the change in MAR of another catchment. Cross elasticity is assessed preliminarily at the smaller scale of catchment, i.e., QC. Currently, there is almost no literature in hydrology and water resources that deals explicitly with cross elasticity concept. Cross elasticity concept originated from economy, i.e., cross price-elasticity of demand and shows how the change in price of a given good is likely linked to the demand of another good [12,13,14,15,16]; as opposed to (self/own)-elasticity, which considers the change in price and demand for the same good. Cross price-elasticity of demand yields complementary goods when price and demand vary in different directions and to substitutable goods when the signs are the same [13,15]. Complementary goods and substitutable goods are usually referred to as complements and substitutes respectively [15,17]. Cross elasticity concept was later applied to other fields; e.g., transportation [6,18], marketing [13], electricity [19], etc. The following could also support the introduction of cross elasticity concept in hydrology and water resources:

	
In the same hydrological zone (TC) and beyond, different QCs are not considered in isolation (hence are interdependent) and are usually subject to activities such as domestic, industrial, social and economic [20], which are likely to impact on MAR [11]. For instance exaggerated inefficient water use from one part of the catchment may impact over time on other parts of the catchment, e.g., uneven distribution of water availability coupled with unbalanced water demand/supply; change in MAR, etc.



	
Water strategy exists to enable proper management and efficient use of water resources in a given region [21]. Thus an integrated water management resource approach is always required to balance water demand and supply. This is possible only if water is well managed at the smaller scale; i.e., quaternary level, within the TC and that water management takes into consideration of how changes in MAR for one QC is likely to affect the changes in another (other) catchment(s). Water resources could be explored from specific catchments of the region without compromising the sustainability of water resources in the region.



	
In reality, water transfers can be made intermittently among different catchments, in view of balancing water demand and supply. In a complementary way, water resources could be jointly sustainably used among two or more catchments. These could be seen as “complementary” catchments. Alternatively, water resources from specific catchments could be used to support several activities (domestic, industrial, social and economic) in other catchments. Catchments supplying water could be seen as “substitutes” of those receiving water. A practical example is the Vaal catchment of South Africa (with the Vaal dam) that supplies water from its catchments to several other catchments in Gauteng and beyond. Hence it is a fact that the Upper Vaal catchment impacts on the water balance of several catchments within South Africa and beyond [20].








Inspired by an economic aspect, e.g., [5], this study suggested that when water resources from two catchments can be used jointly sustainably to support their activities, the catchments will be referred to as complementary catchments (complements). One catchment could enhance the insufficient yield of another catchment, but not the opposite; hence the former will be seen as “complement” of the latter. When water resources from one catchment are used preferably over another (other) catchment(s) and vice-versa, these catchments will be referred to as substitutable catchments (substitutes). Water resources from one catchment could used to support another catchment, but not the opposite; the former will be referred to as “substitute” of the latter.



In the light of the above, this study investigates preliminarily, the change in uncertainty of MAR for a given QC with respect to the change in MAR of another (other) QC(s), hence cross MAR elasticity of entropy. Climatic conditions and human activities may cause changes in hydrological variables such as streamflow (runoff) [20,22,23,24,25,26], which has been associated with a degree of uncertainty expressed as Shannon entropy, e.g., [23,25,27,28]. As mentioned earlier, natural climatic conditions [7,8,9,11,29,30,31] and/or human activities [10] may influence positively or negatively streamflow elasticity. Nonetheless, naturalized streamflows, thus naturalized MAR plays an important role in South Africa for water resources planning, development and management; hydraulic structure control, natural variability associated with climatic conditions; and ecological water requirements [32]. Hence surface water resources of South Africa of 1990 (WR90), of 2005 (WR2005), and of 2012 (WR2012) usually present the naturalized MAR data of the different catchments, that include the Upper Vaal catchment. In their derivation, naturalized flows are observed flows adjusted with the net effect of upstream land use changes [33]. It is also acknowledged that a problem of unknown origin may occur during streamflow adjustments at a given gauge [33]. Meteorological data with limited human influence could be focused on climatic controls [31]. MAR is assumed to be relevant to a catchment under virgin conditions, i.e., prior to any human activities that have influenced the hydrology of the catchment [33]. Therefore naturalized MAR could assume adjustments of observed flows with quantifiably manageable land use changes. For that, cross MAR pseudo-elasticity could be assumed dependent on natural factors, e.g., climatic variations (temperature, rainfall, evapotranspiration), natural vegetation, natural wetlands and aquifers, soil type, topography, etc. Data at QC level is very important since a QC is usually considered as the smallest unit for hydrological studies, at tertiary, secondary and primary level. The Upper Vaal catchment is made of three secondary catchments, which comprise three TCs each. TCs are finally subdivided into QCs.



The implications of cross elasticity (in comparison with self-elasticity) on catchment resilience were assessed in so far as water resources are concerned. Cross elasticity of entropy was applied to the Upper Vaal catchment and the spatial assessment of cross MAR pseudo-elasticity at QC level, which is fundamental for tertiary and secondary catchments, was also investigated. It is noted that the assessment of spatial distribution (variation) of rainfall elasticity of streamflow [2,3,7,8,9,29,30,31], and entropy associated with streamflow [22,23] and with precipitation [34,35,36,37] have been documented. The use of maps for the spatial distribution analysis of the catchment under investigation, is common. This study is built on MAR pseudo-elasticity concept that was introduced recently [11]. It is a preliminary study that investigates cross MAR pseudo-elasticity concept within TCs. It is natural to consider QCs, which constitute a TC. It does not deal yet in detail with cross MAR pseudo-elasticity among TCs, within secondary catchments. Hence a separate study should be conducted at secondary level to determine the impact of change in entropy of a TC with respect to the change in MAR at another TC. Moreover, the individual as well as the combined effect of natural factors on cross MAR pseudo elasticity could be further investigated.



The paper is organized as follows: the first section gives an overview on cross elasticity, which focuses on cross price-elasticity concept from economics, as compared with elasticity (self-/own-elasticity). Main characteristics of the concept are given and its applications to other fields are outlined. The second section explores the main characteristics of cross-elasticity and extends the concept to hydrology and water resources, by focusing preliminarily on the change in MAR and its uncertainty (entropy), hence cross MAR pseudo-elasticity of entropy. MAR is a very important hydrological variable. The third section gives the methods for assessing cross MAR elasticity of entropy and its implication for catchment resilience/sustainability of water resources. The fourth section applies the methods to the Upper Vaal catchment; hereby presents the results and discussion on cross MAR pseudo-elasticity, by outlining the implications on hydrological resilience. The last section summarizes the findings from the previous section and presents recommendations and outlines further research.



In what follows, the prefix pseudo will be sometimes omitted from elasticity. Self/own-elasticity will mean elasticity as compared to cross elasticity. Hence cross MAR pseudo-elasticity will often mean cross MAR elasticity. MAR will mean naturalized mean annual runoff. Complementary catchments and substitutable catchments will be referred to as complements and substitutes respectively. Uncertainty and entropy could mean the same. Upper Vaal, Upper Vaal catchment and Upper Vaal region will be used interchangeably.




2. Overview on Cross Elasticity Concept


From an economic point of view, price-elasticity has been defined as the change in the demand of a good (brand) over the change in price of the same good [14,15]. Elasticity is referred some times to as self- or own-elasticity [13,14], since these changes are assessed with respect to the same good (brand). When changes are assessed with regard to two different goods, the term cross price-elasticity is used; i.e., how the demand of a good is linked to the change in price of another good [5]. The importance of cross price-elasticity has been shown to give power to the consumer for switching to other brand(s), when one good becomes unaffordable or rare, for instance [13,15].



Some of the important characteristics of cross price-elasticity are as follows: firstly a positive cross elasticity between two brands shows that these brands are substitutable; secondly brands are complementary when their cross price-elasticities vary in opposite direction (i.e., negative) [5,14]; and lastly the two brands do not compete at all when their cross elasticities are null [15]. These characteristics among brands are referred to as substitutability, complementarity and independence respectively [15]. The context of the market determines the extent to which substitutable, complementary goods could both appear together in the perpetual space [15]. It was shown also that a good (palm oil) could be a substitute for another good (soy oil) and not the opposite [5]. In specific situations, complementarity can be related to the purchase of two goods on a single buying opportunity, while substitutability can be related to switching between goods of interpurchase times [15]. The higher the cross elasticity between two brands, the more correlated the goods should be [13,14,15]. Results on cross-elasticity are usually summarized into a matrix called self and cross elasticity matrix; which was shown to be asymmetric generally with the upper left diagonal of the matrix being the line of asymmetry, for which the diagonal entries are self-elasticities [14,38]. The strength of a brand with respect to the interbrand price competition is measured by the amount of asymmetry [17]. In exceptional cases, constraints could be imposed to have a symmetric cross elasticity matrix [17,39].



These characteristics are so appealing that they were adapted to the case of water resources sustainability; in particular catchment resilience assessed using entropy associated with MAR. For instance, water managers could decide to switch to a water surplus catchment to ensure good water demand/supply balance in the region (substitutability). Hence water transfers among different catchments could be possible for water sustainability of the hydrological region. Water managers could also decide to use jointly water resources from different catchments (complementarity). Water transferred from one catchment to another catchment and possibly vice-versa, may not be necessarily the same (asymmetry); hence the impact of change in MAR of a catchment on entropy of another catchment and vice-versa may not necessarily be the same. MAR is one of the important hydrological variables for catchment resilience or water resources sustainability since the yield of a catchment depends on MAR [11]. Hence for the purpose of the current study, cross MAR pseudo-elasticity was used to assess how changes in uncertainty for a given catchment were possibly linked to changes in MAR for another catchment, within the same TC. In line with Ilunga (2017), the link between cross elasticity concept and catchment resilience in terms of water resources sustainability, was determined by using the concept of linear zoning of catchment resilience. Similar to selected studies on entropy of streamflow [22,23], entropy of rainfall [35,36,37] and in particular rainfall elasticity of streamflow [2,3,7,8,9,29,30,31], spatial distribution (variation) assessment of cross MAR pseudo-elasticity across the Upper Vaal catchment was carried out by using a map representation. This is a preliminarily study that introduces cross MAR pseudo-elasticity of entropy at QCs level within a TC and could be further extended to TCs within secondary catchments.




3. Cross MAR Pseudo-Elasticity in Hydrology and Water Resources


The literature of cross elasticity concept is almost inexistent in hydrology and water resources. As outlined earlier, MAR pseudo-elasticity of entropy concept has been introduced recently [11] and on which cross-MAR elasticity is built. A bivariate model (i.e., linear model) was used to derive MAR pseudo-elasticity of entropy for the different TCs of the Upper Vaal catchment. In particular, MAR pseudo-elasticity was interpreted as the regression coefficient of the linear regression. MAR pseudo-elasticity of entropy (εi) was defined as the ratio between relative changes in uncertainty associated with MAR and changes in MAR for different QCs of a given TC.



It is useful to give important equations that are critical in the determination of cross MAR elasticity as adapted from Ilunga [11].



Equation (1) below is derived from the Shannon entropy index of the variable zi, and shows the uncertainty associated with zi. Entropy can be written as H(zi). The variable zi can be MAR for a specific ith QC in a given TC. The i values (i = 1, 2, 3, …, k) represent the i QCs in the TC of the Upper Vaal catchment . Each QC contributes to the total MAR of their TC.


[image: ]



(1)







In Equation (1), the base of the logarithm is the unit of H(zi). It is in bits if the base is 2, in Napiers if the base is e, and in decibels (dB) if the base is 10. If Z is MAR of the TC in either WR90, 2005 or WR2012 data set, therefore [image: ].



For a specific ith QC in a given TC, the relative change/variation in MAR and relative change in entropy are given by Equations (2) and (3) respectively as shown below when using W90 and W2005 data sets:
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(2)
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(3)




where δ(zi), δH(zi) are the relative change/variation in MAR and relative change/variation in entropy for a specific i-th QC respectively. The variable zi is MAR as defined earlier.



Similar Equations to (2) and (3) can be established for WR2005/WR2012.



For hydrological changes occurring between 2 data sets, the MAR pseudo-elasticity for the i-th QC of a given TC, is given by Equation (4):
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(4)




where δHi is the relative change in entropy associated with MAR; δi is the relative change in MAR for the i-th QC in the TC.



Equation (4) can be referred to as self/own-MAR pseudo elasticity of entropy for the i-th QC since changes in the equation are defined with reference to the same i-th QC. Changes are expressed in relative terms. Hence cross MAR pseudo-elasticity (εij) can be defined as the ratio between the change in entropy of i-th QC and the change in MAR of j-th QC. Hence cross MAR pseudo-elasticity (εij) is given by Equation (5):
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(5)







Equation (5) determines the % change in entropy of i-th QC associated with a 1% change in MAR of the j-th QC.



Conversely, cross MAR pseudo-elasticity (εji) is the ratio between the change in entropy of j-th QC and the change in MAR of i-th QC. This is translated into Equation (6) as given below:
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(6)







The terms in Equation (6) can be defined in a similar way as in Equation (4).



In hydrology and water resources studies, rainfall elasticity of streamflow [1] and MAR pseudo elasticity of entropy for bivariate relationships [11] were generally positive. This is not in line with the ideal economic law of the price-elasticity of demand, which is negative [4,5]. However, other hydro-climatic variables (i.e., temperature and evapotranspiration) [9] and human activities (i.e., land use, water use, etc.) [10] could impact positively or negatively rainfall elasticity. Pseudo-elasticity of entropy varied in opposite direction with mean annual evaporation, and in the same direction with mean annual precipitation for TCs of the Upper Vaal [11]. A positive MAR pseudo-elasticity of entropy means that an increase/decrease in entropy is associated with an increase/decrease in MAR. A negative MAR pseudo-elasticity of entropy implies the variations in entropy and in MAR are of opposite signs. Similar to economic concept, two catchments will be said “complements” in terms of water resource sustainability, when the cross-MAR elasticities are negative. The sustainability of water resources is characterized by the level of catchment resilience defined with respect to the uncertainty associated with MAR [11]. Complementarity refers to the increase/decrease in entropy for one catchment, linked to the decrease/increase in MAR for another catchment and vice-versa. Hence water resources could be used jointly from the 2 catchments to balance water demand/supply. When cross MAR elasticities are positive, QCs could be regarded as substitutes, in terms of water resource sustainability (catchment resilience). In this case, water transfer between different QCs could also be promoted to balance water demand/supply. Substitutability is referred to the increase/decrease in entropy for one catchment linked to the increase/decrease in MAR for the other catchment and vice-versa. There could be a situation where one catchment could be a substitute/complement for another catchment, but not vice-versa [5]. Complementarity and substitutability for different QCs should always be comprehended within the zone of acceptable uncertainty (entropy), i.e., the zone of functioning resilience associated with MAR. The zone of acceptable uncertainty that defines catchment resilience was determined by the interval (10%, 25%) increase/decrease for pseudo elasticity; when considering a change in 10% MAR [11]. That is, MAR pseudo-elasticity of entropy should vary between −25% and 25%. This interval was confirmed valid when a statistical analysis was conducted on the significance of MAR pseudo-elasticity, within the context of linear regression. Hence, the cross MAR elasticity of entropy associated with MAR could be assumed acceptable, if it could fall into the above-mentioned interval.



The following could also enhance the introduction of cross MAR elasticity concept:



At a lower scale, the different QCs in a TC are not considered in isolation or may have a certain level of interdependence, as far as water resources are concerned. Streamflows from one catchment may have an impact in one way or the other on the runoff of another catchment. This interdependence may cause a change in runoff in the different catchments and change in uncertainty associated with MAR. For example surrounding catchments of the Vaal dam catchments may contribute to the inflow into Vaal dam. In return, water stored in the Vaal dam will be supplied and contribute to several activities in the QCs of the TCs and beyond.



At a relatively larger scale, water transfers can be made among different water management areas, in view of balancing water demand and supply between two or several catchments, i.e., in the Upper Vaal, water resources should be well managed and co-ordinated with other interdependent catchments, in a way to have an integrated water resource system [20]. Hence, there is a need for water resources to be properly managed strategically at the smaller scale; i.e., quaternary level, within the TC as well as at a larger scale such as secondary and primary catchments. Water management should take into consideration of how the change in MAR of a given catchment is likely to affect the change in uncertainty associated with MAR in another catchment, within the same hydrological zone and beyond.




4. Methods and Data Availability


4.1. Data Used


The Upper Vaal catchment is one of the three parts of the Vaal catchment (i.e., a primary catchment) of South Africa. The two other parts of the Vaal catchment are the Lower Vaal and Middle Vaal. The Upper Vaal falls partly into the Gauteng province, which is considered as the economic hub of the country. The Upper Vaal catchment is situated approximately between 26.5° and 30.5° E longitudes and between 25.2° and 26.2° S latitudes (Figure 1).


Figure 1. Quaternary, tertiary and secondary catchments of the Upper Vaal catchment [11].
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The Upper Vaal is subdivided into three secondary catchments: upstream of Vaal dam (C1), downstream of Vaal dam (C2) and Wilge (C8). Upstream of Vaal dam comprises the following TCs: C11, C12 and C13. Downstream of Vaal dam is formed of the following TCs: C21, C22 and C23. Wilge is subdivided into the following TCs: C81, C82 and C83. Each TC is subdivided into several QCs. A QC is considered to be the basic areal unit for WR90, WR2005 and WR2012 data sets of South Africa as published by Water Research Commission [40]. According to the nomenclature used by the Water Research Commission of South Africa (WRC), a given QC, e.g., C11A means that C is the primary catchment (i.e., Vaal catchment), 1 is the secondary catchment, 1 refers to the TC and the letter at the end is specific to the QC. Upper case letters are usually used in this nomenclature. A good summary of data used for the Upper Vaal was given previously [11]. Nonetheless, of importance is the number of QCs for each TC (Table 1). Details pertaining to catchment areas of QCs, MAR, mean annual precipitation (MAP), mean annual evaporation (MAE), are detailed in surface water resources of 2012 (WR2012) reports, which are the latest publications for water resources of South Africa [40]. MAP and MAE are around 700 mm and 1400 mm. The climate in the Upper Vaal is temperate and fairly uniform, with strongly seasonal rainfall, occurring during the summer period. Savannah grassland, with sparse bushveld is the type of vegetation; the foothills of the Maluti constitute the main topographic feature; the soils are arable and dolomitic. The surface water resources of 2012 (WR2012) reports contained all three data sets; i.e., surface water resources of 1990 (WR90), of 2005 (WR2005) and of 2012 (WR2012). WR90 included MAR data from 1920 to 1989; WR2005 included MAR data from 1920 to 2004 and WR2012 contained MAR data from 1920 to 2012 [40]. The reader should use this reference for further details. The methods laid down in the next section will be performed for both hydrological changes between data sets WR90 and WR2005, and between WR2005 and WR2012. These changes were also written as WR90/WR2005 and WR2005/2012 respectively. MAR is assumed for a catchment under virgin conditions, i.e., without any human influence that have affected catchment hydrology [33].


Table 1. The number of QCs in each tertiary catchment (TC), and their MAR, in the Upper Vaal region, as extracted from [11] and originally published by the Water Research Commission of South Africa [40].





	Tertiary Catchment (TC)
	Number of QC
	MAR (WR90) × 106 m3
	MAR (WR2005) × 106 m3
	MAR (WR2012) × 106 m3





	C11
	12
	548.2
	546.28
	527.34



	C12
	11
	296.7
	231.32
	211.96



	C13
	8
	291.8
	322.49
	343.05



	C21
	7
	141.5
	89.88
	98.98



	C22
	10
	131.5
	150.02
	157.51



	C23
	11
	238.7
	185.68
	219.00



	C81
	12
	450.6
	515.02
	529.08



	C82
	8
	198
	214.82
	151.72



	C83
	12
	283.8
	236.76
	252.56









In the above table, QC is quaternary catchment, MAR is mean annual runoff, WR90 is surface water resources of 1990 data sets, WR2005 is surface water resources of 2005 data sets, WR2012 is surface water resources of 2012 data sets.



Figure 2 shows the land use/cover of Upper Vaal catchment, with a total area of 55,565 km2. It is comprised of natural, cultivation, degraded, urban built-up, water bodies and plantations. The natural part is the most dominant part and constitutes more than the half of the total area. It is followed by the water bodies and the urban built-up area which constitute, each, approximately 3% of the total area. The urban built-up and mining areas (coal and gold) are mostly confined into the downstream of Vaal, particularly, in the northern and the north-west parts of the Upper Vaal catchment. Due to the presence of the large numbers of financial and business service institutions and head offices in Gauteng, the financial sector (with a number of business institutions in Gauteng) plays an important role in the Upper Vaal catchment.


Figure 2. Land use/cover in the Upper Vaal of 2009.
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In the next section, for the reason given earlier, the method is mainly based on cross MAR pseudo-elasticity for QCs, within TCs.




4.2. Methods


4.2.1. Complementarity and Substitutability of QCs


For different QCs in a given TC, MAR pseudo-elasticities and cross MAR pseudo-elasticities were computed according to Equations (1)–(6). The matrix of cross MAR elasticities could be set up and was assessed for symmetry/asymmetry. The matrix is a square matrix k × k, where k is the number of QCs in a given TC. For a specific QC pair, matrix symmetry helped to assess whether or not the change in MAR of one QC had the same impact on the change in entropy of the other QC, and vice-versa. This yielded the determination of complementarity and substitutability of QC pairs. The level of complementarity and substitutability of QC pairs was determined from the signs and magnitudes of cross MAR elasticities of entropy, as explained previously. Hence in this manner, complementary QCs (complements) and substitutable QCs (substitutes) could be determined. In line with Ilunga (2017), three zones of catchment resilience were essentially determined for cross MAR pseudo-elasticity, based on the linear resilience approach zoning:

	
Zone of high uncertainty: this is a zone of high entropy and assumes that water resources are not sustainable. It corresponds to higher values of cross elasticities, which are the result of relatively small changes in MAR associated with relatively higher values of entropy. This zone was considered for cross elasticity values above 25%, i.e., 2.5 in unit terms and was characterized with low resilience. Substitutability of QCs becomes impractical due to the higher magnitudes of relative changes in entropy as compared to the changes in MAR and these changes are of the same sign. Natural factors such as climatic conditions, topography, soil type, natural vegetation, etc. could dominate.



	
Zone of functioning resilience: this is a zone of tolerable uncertainty and assumes that water resources could be managed sustainably. It corresponds to the values of cross elasticities, which are derived from small changes in MAR associated with reasonable changes in entropy. This zone was considered for cross elasticity values between −25% and 25%, i.e., −2.5 and −2.5 units. Substitutability and complementarity of QCs for water resources planning and management could be sustainable.



	
Zone of uniformity: this is a zone, where a catchment is prompt to water resources vulnerability due to relatively low values of entropy and water resources cannot be sustainable if further changes in MAR occur. The zone corresponded to values of cross elasticity below −25%, i.e.,−2.5 in unit terms. Complementarity of QCs could be assumed impractical due to higher relative changes in entropy as compared to the change in MAR and these changes could be of opposite directions. Once again natural conditions could also prevail over land use/cover changes. The first and the last zones are characterized by low resilience.








In general, the interval (−25%, 25%) was used for both elasticities [11] and cross elasticities to assess catchment resilience/water resources sustainability.




4.2.2. Cross MAR Pseudo-Elasticities under Constant Change in MAR/Entropy


For any j-th column of the matrix, cross MAR pseudo-elasticity values were computed from the changes in entropy of the k QCs and a change in MAR of the j-th QC. Each value shows the extent to which a constant change in MAR for the j-th QC affects the entropy of remaining QCs. The average of these values is given by Equation (7) below:
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(7)







Likewise, for any i-th row of the matrix, the average cross MAR elasticities computed from a change in entropy of the i-th QC and the changes in MAR of the k QCs, is given by Equation (8) below:
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(8)







εj shows on average how a constant change in MAR of the j-th QC may impact on entropy of k QCs, whereas εi shows on average how changes in MAR of k QCs may impact on the i-th QC, such that the change in its entropy remains constant. If εi (εj) is positive, then the positive cross elasticities dominate over the negative cross-elasticities. Othewise εi (εj) is negative, hence the negative cross elasticities dominate over the positive cross elasticities. Equations (7) and (8) were useful in drawing the map of the spatial distribution of cross MAR elasticities of the different QCs, as explained in Section 4.2.6.



The average cross MAR pseudo-elasticity (εp) for any p-th TC in a secondary catchment as presented in Equation (9) below, was computed from either Equations (7) or (8):
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(9)




where k is the number of QCs in a given TC.



Similarly, the overall average of cross MAR pseudo-elasticity for a given secondary catchment was roughly computed from Equation (9) by using an average of three TCs. As mentioned in the previous section, the number of TCs in each secondary catchment is 3. Normally, a detailed study should be conducted at secondary catchment level to determine the impact of the change in entropy of one TC with respect to the change in MAR at another TC.




4.2.3. Strengths of Correlation between QCs


Similar to economics [15], cross MAR elasticity could show the correlation between QCs, in terms of water resources sustainability/vulnerability. The higher the cross MAR elasticity between two catchments, the more correlated the two catchments should be. That is, a strong correlation could correspond to low catchment resilience (high elastic instability of QCs) or zone of high uncertainty. Conversely, an acceptable catchment resilience could be associated with low cross MAR pseudo-elasticity. This could imply that resilient catchments could be correlated (linked) through the zone of acceptable uncertainty (elastic stability) for water resources sustainability. Therefore, in terms of MAR, high and weak cross elasticity of entropy will imply promptness to vulnerable and sustainable water resources respectively. Using the linear zoning of resilience for the different QCs as described earlier, the following conditions for the correlation strength between i-th and j-th QCs were applied:

	
Strong correlation between QCs i and j (low catchment resilience or vulnerability): εij, εji < −2.5 or εij, εji > 2.5.



	
Low correlation between QCs i and j (high catchment resilience or sustainability): εij, εji ≥ −2.5 and εij, εji ≤ 2.5. (This includes the case of complete independence between QCs, i.e., where εij, εji = 0).



	
In % form, the cross elasticity thresholds −2.5 and 2.5 are −25% and 25%, respectively.









4.2.4. Dominance between Complements and Substitutes


The number of occurrences of complements and substitutes in the different QCs pairs enabled to derive their frequencies, which were determined from the k × k entries of the matrix. Frequency in % showed the dominance between complements and substitutes, in each TC. This indicates whether or not water resources could be used jointly from different QCs or predominantly from specific catchments, alternatively to allow transfers among QCs.




4.2.5. Catchment Vulnerability Risk


As a flip side of resilience, catchment vulnerability could be seen as a risk for water resources not being sustainable, in terms of MAR. The focus is on strong cross MAR elasticities and their magnitudes within a TC, which may cause catchments having relatively low resilience. Catchment vulnerability was understood mainly in the context of the risk for a catchment not sustaining the yield, i.e., MAR. It shows the proportion of occurrences that a catchment could operate within the zone of elastic instability, i.e., either zone of high uncertainty or zone of uniformity [11]. In this way, the dominance of complementary catchments or substitutable catchments was determined.



Mathematically in terms of risk concept, catchment vulnerability (r), could be given by Equation (10):
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(10)




where N is the number of occurrences of strong cross MAR elasticities of entropy; k is the number of QCs in a TC.



Hence the level of assurance for a catchment not being vulnerable (R) will be defined by Equation (11)
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(11)







Lastly the highest cross elasticity per TC helped to assess the level of resilience. This is the highest variation in entropy versus change in MAR, which could be positive or negative. When highest cross MAR elasticities do not fall in the acceptable range of resilience, negative and positive values corresponded to the zone of uniformity (i.e., very low entropy) and zone of high entropy respectively. In other words, as explained previously cross MAR elasticity values were checked against the interval (−25%, 25%) for a change of 10% in MAR to decide whether the zone of functioning resilience/zone of acceptable entropy applied. Outside this range, water resources in QCs could be prompt to vulnerability unless found otherwise.




4.2.6. Spatial Distribution of Cross MAR Pseudo-Elasiticities


Similar to precipitation elasticity of streamflow [2,3,7,8,9,29,30,31], the analysis of the spatial distribution (variation) of cross MAR pseudo-elasticities was carried out by using a map representation of the Upper Vaal catchment depicting the different QCs. Threshold values of elasticities (e.g., 1.0 to 2.0 in absolute values) derived from statistical analysis were used for spatial distribution analysis of streamflow elasticity [1] and at the most 1.0 to 2.5 [11]. For example, a value above 2.0 was adopted and used for elastic conditions of streamflow, hence below this value, streamflows were considered inelastic [2,29]. The intent of spatial distribution, in this study was simply to assess the differences in the cross MAR elasticities across Upper Vaal catchment. In the current study, the spatial analysis was confined mainly to the thresholds values (−2.5 and 2.5) for the zone of acceptable resilience, as defined earlier. The thresholds for the linear zoning approach of catchment resilience were verified statistically for the Upper Vaal by conducting a significance test [11] and were adapted to this study. Two cases were mainly considered for spatial distribution analysis: the average cross MAR pseudo-elasticity under constant change in MAR and cross MAR pseudo-elasticity under constant change in entropy at a given QC. Hence Equations (7) and (8) were used to determine the values of cross MAR elasticities that were drawn on the map of Upper Vaal catchment.






5. Results and Discussion


The assessment of cross MAR elasiticities, was based on the methods outlined in Section 4. In the tables presented later in the current section, the computations revealed that most QCs in the different TCs were dominated by positive MAR elasticity values. Complementarity and substitutability for the different QCs of the TC are summarized as shown, i.e., from Table 2, Table 3, Table 4, Table 5, Table 6, Table 7, Table 8, Table 9, Table 10, Table 11, Table 12, Table 13, Table 14, Table 15, Table 16, Table 17, Table 18 and Table 19. Hence resilient QCs (in terms of water resources) displayed generally weak cross elasticity of entropy values, as opposed to unstably elastic QCs. It was observed that some QC pairs displayed both positive and negative cross MAR elasticity of entropy. Hence in a QC pair, one catchment could be regarded as complement and the other as substitute, when dealing with their changes in MAR respectively. The analysis of cross MAR pseudo-elasticity and interpretation of results was focused on specific QC pairs and could be naturally extended to the remaining QC pairs. Nonetheless the spatial distribution gave further insights in the differences of cross MAR elasticity across Upper Vaal. Catchment vulnerability risk was also assessed to have implicitly the level of assurance for sustainable water resources. The analysis of cross MAR pseudo-elasticity in hydrology and water resources has been carried out preliminarily at QC level, as shown in this section. For each TC, the number of QCs determined the dimension of the cross MAR elasticity matrix and two matrices were presented in a tabular form (e.g., for C11, Table 2 and Table 3). The matrices are representative of hydrological changes between WR90 and WR2005, and between WR2005 and WR2012 data sets. The last row in the tables depicts the average cross elasticity at constant change in MAR of each QC and the last column corresponds to the average cross elasticity at constant change in entropy of each QC.


Table 2. Cross MAR elasticities for tertiary catchment C11, between 1990 and 2005.





















	
	C11A
	C11B
	C11C
	C11D
	C11E
	C11F
	C11G
	C11H
	C11J
	C11K
	C11L
	C11M
	εi





	C11A
	0.56
	0.36
	0.29
	0.36
	0.40
	0.99
	−4.31
	−0.30
	−0.25
	0.22
	−0.86
	−0.23
	−0.23



	C11B
	1.01
	0.64
	0.51
	0.64
	0.71
	1.77
	−7.74
	−0.53
	−0.45
	0.39
	−1.55
	−0.41
	−0.42



	C11C
	1.25
	0.80
	0.63
	0.79
	0.88
	2.19
	−9.56
	−0.66
	−0.55
	0.48
	−1.91
	−0.50
	−0.51



	C11D
	1.09
	0.69
	0.55
	0.69
	0.76
	1.90
	−8.29
	−0.57
	−0.48
	0.41
	−1.66
	−0.43
	−0.44



	C11E
	0.74
	0.47
	0.37
	0.47
	0.52
	1.29
	−5.64
	−0.39
	−0.33
	0.28
	−1.13
	−0.30
	−0.30



	C11F
	0.31
	0.19
	0.15
	0.19
	0.21
	0.53
	−2.33
	−0.16
	−0.13
	0.12
	−0.47
	−0.12
	−0.13



	C11G
	−0.12
	−0.08
	−0.06
	−0.08
	−0.08
	−0.21
	0.93
	0.06
	0.05
	−0.05
	0.18
	0.05
	0.05



	C11H
	−0.86
	−0.55
	−0.43
	−0.54
	−0.60
	−1.50
	6.55
	0.45
	0.38
	−0.33
	1.31
	0.34
	0.35



	C11J
	−1.22
	−0.78
	−0.62
	−0.77
	−0.85
	−2.13
	9.31
	0.64
	0.54
	−0.47
	1.86
	0.49
	0.50



	C11K
	1.89
	1.20
	0.96
	1.19
	1.32
	3.31
	−14.44
	−0.99
	−0.84
	0.72
	−2.89
	−0.76
	−0.78



	C11L
	−0.38
	−0.24
	−0.19
	−0.24
	−0.27
	−0.67
	2.93
	0.20
	0.17
	−0.15
	0.59
	0.15
	0.16



	C11M
	−1.51
	−0.96
	−0.77
	−0.96
	−1.06
	−2.65
	11.57
	0.80
	0.67
	−0.58
	2.31
	0.61
	0.62



	εj
	0.23
	0.15
	0.12
	0.15
	0.16
	0.40
	−1.75
	−0.12
	−0.10
	0.09
	−0.35
	−0.09
	−0.09








Table 3. Cross MAR elasticities for tertiary catchment C11, between 2005 and 2012.





















	
	C11A
	C11B
	C11C
	C11D
	C11E
	C11F
	C11G
	C11H
	C11J
	C11K
	C11L
	C11M
	εi





	C11A
	0.92
	1.03
	0.82
	0.95
	1.24
	1.11
	1.54
	−0.43
	−0.24
	0.20
	−0.67
	−0.34
	0.51



	C11B
	0.97
	1.08
	0.86
	1.01
	1.31
	1.17
	1.62
	−0.45
	−0.26
	0.21
	−0.71
	−0.36
	0.54



	C11C
	1.09
	1.21
	0.97
	1.13
	1.47
	1.32
	1.82
	−0.51
	−0.29
	0.23
	−0.80
	−0.41
	0.60



	C11D
	1.08
	1.21
	0.97
	1.12
	1.47
	1.31
	1.82
	−0.51
	−0.29
	0.23
	−0.80
	−0.41
	0.60



	C11E
	0.70
	0.78
	0.63
	0.72
	0.94
	0.85
	1.18
	−0.33
	−0.19
	0.15
	−0.52
	−0.26
	0.39



	C11F
	0.80
	0.89
	0.72
	0.83
	1.09
	0.97
	1.34
	−0.37
	−0.21
	0.17
	−0.59
	−0.30
	0.44



	C11G
	0.84
	0.93
	0.75
	0.86
	1.14
	1.01
	1.40
	−0.39
	−0.22
	0.18
	−0.61
	−0.31
	0.46



	C11H
	−0.75
	−0.84
	−0.67
	−0.78
	−1.02
	−0.91
	−1.25
	0.34
	0.20
	−0.16
	0.55
	0.28
	−0.42



	C11J
	−1.94
	−2.16
	−1.73
	−2.00
	−2.64
	−2.34
	−3.23
	0.89
	0.51
	−0.41
	1.42
	0.72
	−1.08



	C11K
	3.67
	4.10
	3.28
	3.79
	5.00
	4.43
	6.11
	−1.69
	−0.96
	0.79
	−2.70
	−1.37
	2.04



	C11L
	−0.46
	−0.51
	−0.41
	−0.47
	−0.62
	−0.55
	−0.76
	0.21
	0.12
	−0.09
	0.34
	0.17
	−0.25



	C11M
	−1.39
	−1.55
	−1.25
	−1.44
	−1.90
	−1.68
	−2.32
	0.64
	0.36
	−0.28
	1.04
	0.52
	−0.77



	εj
	0.46
	0.51
	0.41
	0.48
	0.62
	0.56
	0.77
	−0.22
	−0.12
	0.10
	−0.34
	−0.17
	0.26








Table 4. Cross MAR elasticities for tertiary catchment C12, between 1990 and 2005.




















	
	C12A
	C12B
	C12C
	C12D
	C12E
	C12F
	C12G
	C12H
	C12J
	C12K
	C12L
	εi





	C12A
	0.20
	0.72
	0.18
	−0.38
	0.17
	0.18
	0.17
	0.16
	0.16
	0.21
	0.22
	0.18



	C12B
	−0.36
	−1.28
	−0.32
	0.67
	−0.30
	−0.32
	−0.30
	−0.29
	−0.28
	−0.37
	−0.39
	−0.32



	C12C
	0.31
	1.11
	0.27
	−0.58
	0.26
	0.28
	0.26
	0.25
	0.25
	0.32
	0.34
	0.28



	C12D
	−0.49
	−1.73
	−0.43
	0.91
	−0.40
	−0.43
	−0.41
	−0.40
	−0.38
	−0.50
	−0.53
	−0.43



	C12E
	0.38
	1.33
	0.33
	−0.70
	0.31
	0.34
	0.32
	0.31
	0.30
	0.38
	0.41
	0.34



	C12F
	0.25
	0.89
	0.22
	−0.47
	0.21
	0.22
	0.21
	0.20
	0.20
	0.26
	0.27
	0.22



	C12G
	0.34
	1.20
	0.30
	−0.63
	0.28
	0.30
	0.28
	0.28
	0.27
	0.35
	0.37
	0.30



	C12H
	0.44
	1.55
	0.38
	−0.82
	0.36
	0.39
	0.37
	0.36
	0.34
	0.45
	0.47
	0.39



	C12J
	0.48
	1.70
	0.42
	−0.89
	0.39
	0.43
	0.40
	0.39
	0.38
	0.49
	0.52
	0.43



	C12K
	0.19
	0.65
	0.16
	−0.34
	0.15
	0.16
	0.15
	0.15
	0.14
	0.19
	0.20
	0.16



	C12L
	0.12
	0.42
	0.10
	−0.22
	0.10
	0.11
	0.10
	0.10
	0.09
	0.12
	0.13
	0.11



	εj
	0.17
	0.60
	0.15
	−0.31
	0.14
	0.15
	0.14
	0.14
	0.13
	0.17
	0.18
	0.15








Table 5. Cross MAR elasticities for tertiary catchment C12, between 2005 and 2012.




















	
	C12A
	C12B
	C12C
	C12D
	C12E
	C12F
	C12G
	C12H
	C12J
	C12K
	C12L
	εi





	C12A
	0.50
	0.66
	0.46
	−4.47
	1.61
	1.56
	1.58
	1.63
	1.61
	1.56
	1.53
	0.75



	C12B
	0.28
	0.37
	0.26
	−2.52
	0.91
	0.88
	0.89
	0.92
	0.91
	0.88
	0.86
	0.42



	C12C
	0.53
	0.69
	0.49
	−4.72
	1.69
	1.65
	1.67
	1.71
	1.69
	1.65
	1.61
	0.79



	C12D
	−0.10
	−0.13
	−0.09
	0.88
	−0.31
	−0.31
	−0.31
	−0.32
	−0.31
	−0.31
	−0.30
	−0.15



	C12E
	−0.01
	−0.02
	−0.01
	0.12
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.02



	C12F
	−0.01
	−0.01
	−0.01
	0.06
	−0.02
	−0.02
	−0.02
	−0.02
	−0.02
	−0.02
	−0.02
	−0.01



	C12G
	−0.01
	−0.01
	−0.01
	0.10
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.03
	−0.02



	C12H
	−0.02
	−0.03
	−0.02
	0.18
	−0.06
	−0.06
	−0.06
	−0.06
	−0.06
	−0.06
	−0.06
	−0.03



	C12J
	−0.02
	−0.02
	−0.02
	0.16
	−0.06
	−0.06
	−0.06
	−0.06
	−0.06
	−0.06
	−0.05
	−0.03



	C12K
	0.00
	0.00
	0.00
	0.03
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	0.00



	C12L
	0.00
	0.00
	0.00
	0.02
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	0.00



	εj
	0.10
	0.14
	0.10
	−0.92
	0.33
	0.32
	0.33
	0.34
	0.33
	0.32
	0.32
	0.15








Table 6. Cross MAR elasticities for tertiary catchment C13, between 1990 and 2005.

















	
	C13A
	C13B
	C13C
	C13D
	C13E
	C13F
	C13G
	C13H
	εi





	C13A
	−0.27
	−0.15
	−0.20
	−0.16
	−0.17
	−0.08
	−0.17
	−0.13
	−0.17



	C13B
	0.04
	0.02
	0.03
	0.02
	0.02
	0.01
	0.02
	0.02
	0.02



	C13C
	−0.12
	−0.07
	−0.09
	−0.07
	−0.07
	−0.04
	−0.07
	−0.06
	−0.07



	C13D
	−0.02
	−0.01
	−0.02
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01
	−0.01



	C13E
	−0.03
	−0.02
	−0.02
	−0.02
	−0.02
	−0.01
	−0.02
	−0.01
	−0.02



	C13F
	0.81
	0.46
	0.59
	0.50
	0.50
	0.24
	0.51
	0.38
	0.50



	C13G
	−0.06
	−0.03
	−0.04
	−0.03
	−0.03
	−0.02
	−0.04
	−0.03
	−0.03



	C13H
	0.25
	0.14
	0.19
	0.16
	0.16
	0.08
	0.16
	0.12
	0.16



	εj
	0.08
	0.04
	0.06
	0.05
	0.05
	0.02
	0.05
	0.04
	0.05








Table 7. Cross MAR elasticities for tertiary catchment C13, between 2005 and 2012.

















	
	C13A
	C13B
	C13C
	C13D
	C13E
	C13F
	C13G
	C13H
	εi





	C13A
	−0.10
	−0.07
	−0.09
	−0.08
	−0.08
	−0.07
	−0.07
	−0.06
	−0.08



	C13B
	0.07
	0.05
	0.06
	0.05
	0.06
	0.05
	0.05
	0.04
	0.05



	C13C
	−0.06
	−0.04
	−0.05
	−0.05
	−0.05
	−0.04
	−0.04
	−0.03
	−0.05



	C13D
	0.02
	0.01
	0.02
	0.01
	0.01
	0.01
	0.01
	0.01
	0.01



	C13E
	−0.01
	0.00
	−0.01
	0.00
	−0.01
	0.00
	0.00
	0.00
	0.00



	C13F
	0.03
	0.02
	0.03
	0.02
	0.03
	0.02
	0.02
	0.02
	0.02



	C13G
	0.10
	0.07
	0.09
	0.08
	0.08
	0.08
	0.07
	0.06
	0.08



	C13H
	0.27
	0.19
	0.24
	0.21
	0.22
	0.20
	0.19
	0.16
	0.21



	εj
	0.04
	0.03
	0.04
	0.03
	0.03
	0.03
	0.03
	0.02
	0.03








Table 8. Cross MAR elasticities for tertiary catchment C21, between 1990 and 2005.
















	
	C21A
	C21B
	C21C
	C21D
	C21E
	C21F
	C21G
	εi





	C21A
	0.22
	0.49
	0.47
	0.58
	0.57
	0.56
	0.71
	0.51



	C21B
	−0.11
	−0.23
	−0.22
	−0.28
	−0.27
	−0.26
	−0.33
	−0.24



	C21C
	−0.10
	−0.22
	−0.21
	−0.26
	−0.25
	−0.25
	−0.31
	−0.23



	C21D
	−0.16
	−0.35
	−0.34
	−0.42
	−0.41
	−0.40
	−0.51
	−0.37



	C21E
	−0.13
	−0.28
	−0.28
	−0.34
	−0.33
	−0.32
	−0.41
	−0.30



	C21F
	−0.15
	−0.32
	−0.31
	−0.39
	−0.38
	−0.37
	−0.47
	−0.34



	C21G
	−0.22
	−0.49
	−0.47
	−0.58
	−0.57
	−0.56
	−0.70
	−0.51



	εj
	−0.09
	−0.20
	−0.19
	−0.24
	−0.23
	−0.23
	−0.29
	−0.21








Table 9. Cross MAR elasticities for tertiary catchment C21, between 2005 and 2012.
















	
	C21A
	C21B
	C21C
	C21D
	C21E
	C21F
	C21G
	εi





	C21A
	−0.06
	−0.04
	−0.04
	−0.05
	−0.05
	−0.04
	−0.12
	−0.06



	C21B
	0.16
	0.10
	0.10
	0.14
	0.14
	0.11
	0.31
	0.15



	C21C
	0.18
	0.12
	0.12
	0.16
	0.16
	0.13
	0.36
	0.17



	C21D
	−0.01
	0.00
	0.00
	0.00
	0.00
	0.00
	−0.01
	−0.01



	C21E
	−0.02
	−0.01
	−0.01
	−0.02
	−0.02
	−0.02
	−0.04
	−0.02



	C21F
	0.13
	0.08
	0.08
	0.11
	0.11
	0.09
	0.25
	0.12



	C21G
	−0.32
	−0.21
	−0.21
	−0.28
	−0.29
	−0.22
	−0.64
	−0.31



	εj
	0.01
	0.01
	0.01
	0.01
	0.01
	0.01
	0.02
	0.01








Table 10. Cross MAR elasticities for tertiary catchment C22, between 1990 and 2005.



















	
	C22A
	C22B
	C22C
	C22D
	C22E
	C22F
	C22G
	C22H
	C22J
	C22K
	εi





	C22A
	0.28
	0.31
	0.31
	0.29
	−2.84
	−1.00
	−1.06
	−1.00
	−0.99
	−0.83
	−0.65



	C22B
	0.30
	0.33
	0.33
	0.31
	−3.02
	−1.06
	−1.13
	−1.07
	−1.05
	−0.88
	−0.70



	C22C
	0.27
	0.30
	0.30
	0.28
	−2.77
	−0.97
	−1.04
	−0.98
	−0.97
	−0.81
	−0.64



	C22D
	0.33
	0.36
	0.37
	0.34
	−3.39
	−1.19
	−1.27
	−1.20
	−1.18
	−0.99
	−0.78



	C22E
	−0.18
	−0.20
	−0.20
	−0.19
	1.83
	0.64
	0.69
	0.65
	0.64
	0.54
	0.42



	C22F
	−0.31
	−0.34
	−0.34
	−0.32
	3.14
	1.10
	1.18
	1.11
	1.09
	0.92
	0.72



	C22G
	−0.27
	−0.29
	−0.30
	−0.27
	2.69
	0.94
	1.01
	0.95
	0.94
	0.79
	0.62



	C22H
	−0.31
	−0.34
	−0.35
	−0.32
	3.17
	1.11
	1.19
	1.12
	1.11
	0.93
	0.73



	C22J
	−0.29
	−0.32
	−0.33
	−0.30
	2.96
	1.04
	1.11
	1.04
	1.03
	0.87
	0.68



	C22K
	−0.35
	−0.38
	−0.39
	−0.36
	3.54
	1.24
	1.33
	1.25
	1.23
	1.03
	0.82



	εj
	−0.05
	−0.06
	−0.06
	−0.05
	0.53
	0.19
	0.20
	0.19
	0.19
	0.16
	0.12








Table 11. Cross MAR elasticities for tertiary catchment C22, between 2005 and 2012.



















	
	C22A
	C22B
	C22C
	C22D
	C22E
	C22F
	C22G
	C22H
	C22J
	C22K
	εi





	C22A
	−0.05
	−0.05
	−0.03
	−0.03
	−0.06
	−0.02
	−0.02
	−0.02
	−0.02
	−0.02
	−0.03



	C22B
	−0.09
	−0.10
	−0.05
	−0.06
	−0.10
	−0.04
	−0.04
	−0.04
	−0.04
	−0.04
	−0.06



	C22C
	0.33
	0.34
	0.18
	0.21
	0.37
	0.15
	0.12
	0.15
	0.15
	0.15
	0.21



	C22D
	0.21
	0.22
	0.11
	0.13
	0.23
	0.09
	0.08
	0.09
	0.09
	0.09
	0.14



	C22E
	−0.14
	−0.14
	−0.07
	−0.09
	−0.15
	−0.06
	−0.05
	−0.06
	−0.06
	−0.06
	−0.09



	C22F
	0.64
	0.67
	0.34
	0.41
	0.72
	0.29
	0.24
	0.29
	0.28
	0.29
	0.42



	C22G
	−2.18
	−2.30
	−1.18
	−1.41
	−2.46
	−1.00
	−0.84
	−0.98
	−0.97
	−0.98
	−1.43



	C22H
	0.67
	0.70
	0.36
	0.43
	0.76
	0.31
	0.26
	0.30
	0.30
	0.30
	0.44



	C22J
	0.64
	0.67
	0.34
	0.41
	0.72
	0.29
	0.24
	0.29
	0.28
	0.29
	0.42



	C22K
	0.67
	0.70
	0.36
	0.43
	0.75
	0.31
	0.26
	0.30
	0.30
	0.30
	0.44



	εj
	0.07
	0.07
	0.04
	0.04
	0.08
	0.03
	0.03
	0.03
	0.03
	0.03
	0.04








Table 12. Cross MAR elasticities for tertiary catchment C23, between 1990 and 2005.




















	
	C23A
	C23B
	C23C
	C23D
	C23E
	C23F
	C23G
	C23H
	C23J
	C23K
	C23L
	εi





	C23A
	0.58
	0.58
	0.61
	0.93
	0.93
	−0.27
	0.89
	0.78
	0.80
	0.80
	0.81
	0.68



	C23B
	0.49
	0.50
	0.52
	0.79
	0.79
	−0.23
	0.76
	0.66
	0.68
	0.68
	0.69
	0.58



	C23C
	0.39
	0.40
	0.41
	0.63
	0.63
	−0.18
	0.60
	0.53
	0.54
	0.54
	0.55
	0.46



	C23D
	0.12
	0.13
	0.13
	0.20
	0.20
	−0.06
	0.19
	0.17
	0.17
	0.17
	0.17
	0.14



	C23E
	0.12
	0.12
	0.13
	0.19
	0.19
	−0.06
	0.18
	0.16
	0.17
	0.17
	0.17
	0.14



	C23F
	−0.96
	−0.97
	−1.02
	−1.54
	−1.54
	0.45
	−1.48
	−1.30
	−1.33
	−1.33
	−1.35
	−1.12



	C23G
	0.15
	0.16
	0.16
	0.25
	0.25
	−0.07
	0.24
	0.21
	0.21
	0.21
	0.22
	0.18



	C23H
	0.26
	0.26
	0.27
	0.42
	0.42
	−0.12
	0.40
	0.35
	0.36
	0.36
	0.36
	0.30



	C23J
	0.18
	0.18
	0.19
	0.29
	0.29
	−0.09
	0.28
	0.25
	0.25
	0.25
	0.26
	0.21



	C23K
	0.23
	0.23
	0.24
	0.37
	0.37
	−0.11
	0.35
	0.31
	0.32
	0.32
	0.32
	0.27



	C23L
	0.15
	0.15
	0.16
	0.24
	0.24
	−0.07
	0.23
	0.20
	0.21
	0.21
	0.21
	0.18



	εj
	0.16
	0.16
	0.17
	0.25
	0.25
	−0.07
	0.24
	0.21
	0.22
	0.22
	0.22
	0.18








Table 13. Cross MAR elasticities for tertiary catchment C23, between 2005 and 2012.




















	
	C23A
	C23B
	C23C
	C23D
	C23E
	C23F
	C23G
	C23H
	C23J
	C23K
	C23L
	εi





	C23A
	0.40
	0.40
	0.49
	−1.73
	−1.86
	−6.73
	−1.73
	0.72
	1.27
	1.98
	2.03
	−0.51



	C23B
	0.31
	0.32
	0.38
	−1.36
	−1.46
	−5.29
	−1.36
	0.57
	1.00
	1.56
	1.60
	−0.41



	C23C
	0.21
	0.21
	0.26
	−0.91
	−0.99
	−3.56
	−0.91
	0.38
	0.67
	1.05
	1.07
	−0.27



	C23D
	−0.24
	−0.24
	−0.29
	1.04
	1.12
	4.06
	1.04
	−0.44
	−0.76
	−1.20
	−1.23
	0.31



	C23E
	−0.23
	−0.23
	−0.28
	0.98
	1.06
	3.83
	0.98
	−0.41
	−0.72
	−1.13
	−1.15
	0.29



	C23F
	−0.05
	−0.05
	−0.06
	0.20
	0.22
	0.79
	0.20
	−0.08
	−0.15
	−0.23
	−0.24
	0.06



	C23G
	−0.24
	−0.24
	−0.30
	1.05
	1.13
	4.10
	1.05
	−0.44
	−0.77
	−1.21
	−1.24
	0.31



	C23H
	0.18
	0.18
	0.22
	−0.77
	−0.83
	−3.00
	−0.77
	0.32
	0.57
	0.88
	0.91
	−0.23



	C23J
	0.05
	0.05
	0.06
	−0.22
	−0.24
	−0.86
	−0.22
	0.09
	0.16
	0.25
	0.26
	−0.07



	C23K
	0.01
	0.01
	0.01
	−0.05
	−0.05
	−0.18
	−0.05
	0.02
	0.03
	0.05
	0.05
	−0.01



	C23L
	0.01
	0.01
	0.01
	−0.03
	−0.03
	−0.10
	−0.03
	0.01
	0.02
	0.03
	0.03
	−0.01



	εj
	0.04
	0.04
	0.05
	−0.16
	−0.17
	−0.63
	−0.16
	0.07
	0.12
	0.19
	0.19
	−0.05








Table 14. Cross MAR elasticities for tertiary catchment C81, between 1990 and 2005.





















	
	C81A
	C81B
	C81C
	C81D
	C81E
	C81F
	C81G
	C81H
	C81J
	C81K
	C81L
	C81M
	εi





	C81A
	4.06
	2.51
	16.42
	5.02
	1.38
	2.02
	−1.35
	−0.99
	−5.98
	0.95
	2.26
	1.29
	2.30



	C81B
	4.20
	2.59
	16.97
	5.19
	1.42
	2.09
	−1.40
	−1.03
	−6.18
	0.98
	2.34
	1.34
	2.38



	C81C
	1.62
	1.00
	6.52
	2.00
	0.55
	0.80
	−0.54
	−0.39
	−2.38
	0.38
	0.90
	0.51
	0.91



	C81D
	1.86
	1.14
	7.50
	2.29
	0.63
	0.92
	−0.62
	−0.45
	−2.73
	0.43
	1.03
	0.59
	1.05



	C81E
	4.12
	2.54
	16.64
	5.09
	1.39
	2.05
	−1.37
	−1.01
	−6.06
	0.96
	2.29
	1.31
	2.33



	C81F
	6.64
	4.09
	26.80
	8.19
	2.25
	3.30
	−2.20
	−1.62
	−9.76
	1.55
	3.69
	2.11
	3.75



	C81G
	−0.92
	−0.57
	−3.72
	−1.14
	−0.31
	−0.46
	0.31
	0.22
	1.35
	−0.21
	−0.51
	−0.29
	−0.52



	C81H
	−2.42
	−1.49
	−9.77
	−2.99
	−0.82
	−1.20
	0.80
	0.59
	3.56
	−0.56
	−1.35
	−0.77
	−1.37



	C81J
	0.49
	0.30
	1.98
	0.61
	0.17
	0.24
	−0.16
	−0.12
	−0.72
	0.11
	0.27
	0.16
	0.28



	C81K
	4.23
	2.61
	17.10
	5.23
	1.43
	2.11
	−1.41
	−1.03
	−6.23
	0.99
	2.36
	1.35
	2.39



	C81L
	4.93
	3.04
	19.91
	6.09
	1.67
	2.45
	−1.64
	−1.20
	−7.25
	1.15
	2.74
	1.57
	2.79



	C81M
	5.22
	3.22
	21.08
	6.44
	1.77
	2.60
	−1.73
	−1.27
	−7.68
	1.22
	2.91
	1.66
	2.95



	εj
	2.84
	1.75
	11.45
	3.50
	0.96
	1.41
	−0.94
	−0.69
	−4.17
	0.66
	1.58
	0.90
	1.60








Table 15. Cross MAR elasticities for tertiary catchment C81, between 2005 and 2012.





















	
	C81A
	C81B
	C81C
	C81D
	C81E
	C81F
	C81G
	C81H
	C81J
	C81K
	C81L
	C81M
	εi





	C81A
	−0.30
	−0.40
	0.06
	−0.01
	−0.29
	−0.46
	−0.22
	−0.21
	−0.41
	−0.13
	−0.17
	−0.16
	−0.23



	C81B
	−0.45
	−0.62
	0.09
	−0.02
	−0.44
	−0.70
	−0.34
	−0.32
	−0.63
	−0.20
	−0.26
	−0.24
	−0.34



	C81C
	−4.68
	−6.37
	0.90
	−0.23
	−4.52
	−7.24
	−3.52
	−3.29
	−6.53
	−2.05
	−2.68
	−2.47
	−3.56



	C81D
	12.05
	16.39
	−2.33
	0.59
	11.64
	18.63
	9.07
	8.47
	16.80
	5.27
	6.89
	6.36
	9.15



	C81E
	−0.34
	−0.46
	0.07
	−0.02
	−0.33
	−0.52
	−0.25
	−0.24
	−0.47
	−0.15
	−0.19
	−0.18
	−0.26



	C81F
	−0.34
	−0.47
	0.07
	−0.02
	−0.33
	−0.53
	−0.26
	−0.24
	−0.48
	−0.15
	−0.20
	−0.18
	−0.26



	C81G
	−0.19
	−0.26
	0.04
	−0.01
	−0.18
	−0.30
	−0.14
	−0.13
	−0.27
	−0.08
	−0.11
	−0.10
	−0.15



	C81H
	−0.13
	−0.18
	0.03
	−0.01
	−0.13
	−0.20
	−0.10
	−0.09
	−0.18
	−0.06
	−0.08
	−0.07
	−0.10



	C81J
	−0.63
	−0.86
	0.12
	−0.03
	−0.61
	−0.98
	−0.48
	−0.45
	−0.88
	−0.28
	−0.36
	−0.33
	−0.48



	C81K
	0.46
	0.63
	−0.09
	0.02
	0.45
	0.72
	0.35
	0.33
	0.65
	0.20
	0.27
	0.25
	0.35



	C81L
	0.07
	0.09
	−0.01
	0.00
	0.06
	0.10
	0.05
	0.05
	0.09
	0.03
	0.04
	0.04
	0.05



	C81M
	0.14
	0.19
	−0.03
	0.01
	0.13
	0.21
	0.10
	0.10
	0.19
	0.06
	0.08
	0.07
	0.11



	εj
	0.47
	0.64
	−0.09
	0.02
	0.45
	0.73
	0.35
	0.33
	0.66
	0.21
	0.27
	0.25
	0.36








Table 16. Cross MAR elasticities for tertiary catchment C82 between 1990 and 2005.

















	
	C82A
	C82B
	C82C
	C82D
	C82E
	C82F
	C82G
	C82H
	εi





	C82A
	0.42
	−0.14
	−0.22
	0.32
	0.05
	0.51
	0.60
	3.33
	0.61



	C82B
	−1.46
	0.50
	0.75
	−1.11
	−0.17
	−1.77
	−2.09
	−11.59
	−2.12



	C82C
	−1.19
	0.40
	0.62
	−0.91
	−0.14
	−1.45
	−1.70
	−9.45
	−1.73



	C82D
	0.68
	−0.23
	−0.35
	0.52
	0.08
	0.83
	0.98
	5.42
	0.99



	C82E
	0.34
	−0.12
	−0.18
	0.26
	0.04
	0.42
	0.49
	2.74
	0.50



	C82F
	0.41
	−0.14
	−0.21
	0.31
	0.05
	0.50
	0.59
	3.28
	0.60



	C82G
	0.30
	−0.10
	−0.16
	0.23
	0.04
	0.37
	0.43
	2.40
	0.44



	C82H
	0.01
	0.00
	0.00
	0.01
	0.00
	0.01
	0.01
	0.07
	0.01



	εj
	−0.06
	0.02
	0.03
	−0.05
	−0.01
	−0.07
	−0.09
	−0.47
	−0.09








Table 17. Cross MAR elasticities for tertiary catchment C82 between 2005 and 2012.

















	
	C82A
	C82B
	C82C
	C82D
	C82E
	C82F
	C82G
	C82H
	εi





	C82A
	−0.17
	−2.72
	−0.10
	−0.12
	−0.12
	1.24
	−0.07
	−0.11
	−0.27



	C82B
	−0.24
	−2.81
	−0.14
	−0.17
	−0.18
	1.81
	−0.10
	−0.17
	−0.25



	C82C
	0.32
	−1.08
	0.19
	0.22
	0.24
	−2.42
	0.13
	0.22
	−0.27



	C82D
	0.11
	−1.24
	0.07
	0.08
	0.09
	−0.86
	0.05
	0.08
	−0.20



	C82E
	0.04
	−2.76
	0.02
	0.03
	0.03
	−0.29
	0.02
	0.03
	−0.36



	C82F
	−0.93
	−4.44
	−0.55
	−0.65
	−0.70
	6.99
	−0.37
	−0.64
	−0.16



	C82G
	0.93
	0.62
	0.55
	0.64
	0.69
	−6.92
	0.37
	0.64
	−0.31



	C82H
	0.11
	1.62
	0.07
	0.08
	0.08
	−0.84
	0.04
	0.08
	0.16



	εj
	0.02
	−1.60
	0.01
	0.01
	0.02
	−0.16
	0.01
	0.01
	−0.21








Table 18. Cross MAR elasticities for tertiary catchment C83 between 1990 and 2005.





















	
	C83A
	C83B
	C83C
	C83D
	C83E
	C83F
	C83G
	C83H
	C83J
	C83K
	C83L
	C83M
	εi





	C83A
	−5.53
	1.84
	0.98
	−0.88
	1.62
	−1.44
	−0.83
	−0.83
	16.04
	−1.02
	−1.02
	−1.00
	0.66



	C83B
	−7.84
	2.60
	1.40
	−1.24
	2.30
	−2.05
	−1.18
	−1.17
	22.75
	−1.45
	−1.44
	−1.42
	0.94



	C83C
	−9.58
	3.18
	1.71
	−1.52
	2.81
	−2.51
	−1.44
	−1.44
	27.82
	−1.77
	−1.76
	−1.74
	1.15



	C83D
	0.26
	−0.09
	−0.05
	0.04
	−0.08
	0.0
	0.04
	0.04
	−0.75
	0.05
	0.05
	0.05
	−0.03



	C83E
	−8.19
	2.72
	1.46
	−1.30
	2.40
	−2.14
	−1.23
	−1.23
	23.77
	−1.51
	−1.51
	−1.49
	0.98



	C83F
	−3.30
	1.10
	0.59
	−0.52
	0.97
	−0.86
	−0.50
	−0.49
	9.57
	−0.61
	−0.61
	−0.60
	0.39



	C83G
	−0.50
	0.17
	0.09
	−0.08
	0.15
	−0.13
	−0.08
	−0.07
	1.45
	−0.09
	−0.09
	−0.09
	0.06



	C83H
	−0.07
	0.02
	0.01
	−0.01
	0.02
	−0.02
	−0.01
	−0.01
	0.20
	−0.01
	−0.01
	−0.01
	0.01



	C83J
	−5.53
	1.84
	0.99
	−0.88
	1.62
	−1.45
	−0.83
	−0.83
	16.06
	−1.02
	−1.02
	−1.00
	0.66



	C83K
	−1.52
	0.51
	0.27
	−0.24
	0.45
	−0.40
	−0.23
	−0.23
	4.42
	−0.28
	−0.28
	−0.28
	0.18



	C83L
	−2.49
	0.83
	0.44
	−0.39
	0.73
	−0.65
	−0.37
	−0.37
	7.23
	−0.46
	−0.46
	−0.45
	0.30



	C83M
	−3.21
	1.07
	0.57
	−0.51
	0.94
	−0.84
	−0.48
	−0.48
	9.33
	−0.59
	−0.59
	−0.58
	0.38



	εj
	−3.96
	1.32
	0.71
	−0.63
	1.16
	−1.03
	−0.59
	−0.59
	11.49
	−0.73
	−0.73
	−0.72
	0.47








Table 19. Cross MAR elasticities for tertiary catchment C83 between 2005 and 2012.





















	
	C83A
	C83B
	C83C
	C83D
	C83E
	C83F
	C83G
	C83H
	C83J
	C83K
	C83L
	C83M
	εi





	C83A
	0.97
	−0.74
	−0.60
	−1.15
	−0.51
	−0.43
	−1.23
	−1.65
	−1.37
	−1.30
	−1.44
	−1.32
	−0.90



	C83B
	−0.28
	0.22
	0.18
	0.34
	0.15
	0.13
	0.36
	0.48
	0.40
	0.38
	0.42
	0.39
	0.26



	C83C
	−0.34
	0.26
	0.21
	0.40
	0.18
	0.15
	0.43
	0.58
	0.48
	0.46
	0.50
	0.46
	0.31



	C83D
	0.02
	−0.01
	−0.01
	−0.02
	−0.01
	−0.01
	−0.02
	−0.03
	−0.03
	−0.03
	−0.03
	−0.03
	−0.02



	C83E
	−0.60
	0.46
	0.37
	0.71
	0.32
	0.26
	0.76
	1.02
	0.84
	0.80
	0.89
	0.81
	0.55



	C83F
	−0.70
	0.53
	0.43
	0.83
	0.37
	0.31
	0.89
	1.19
	0.99
	0.94
	1.04
	0.95
	0.65



	C83G
	0.05
	−0.04
	−0.03
	−0.06
	−0.03
	−0.02
	−0.07
	−0.09
	−0.07
	−0.07
	−0.08
	−0.07
	−0.05



	C83H
	0.18
	−0.13
	−0.11
	−0.21
	−0.09
	−0.08
	−0.22
	−0.30
	−0.25
	−0.24
	−0.26
	−0.24
	−0.16



	C83J
	0.11
	−0.08
	−0.07
	−0.13
	−0.06
	−0.05
	−0.14
	−0.19
	−0.16
	−0.15
	−0.16
	−0.15
	−0.10



	C83K
	0.08
	−0.06
	−0.05
	−0.09
	−0.04
	−0.03
	−0.10
	−0.13
	−0.11
	−0.10
	−0.11
	−0.10
	−0.07



	C83L
	0.10
	−0.08
	−0.06
	−0.12
	−0.05
	−0.05
	−0.13
	−0.18
	−0.14
	−0.14
	−0.15
	−0.14
	−0.10



	C83M
	0.07
	−0.05
	−0.04
	−0.08
	−0.03
	−0.03
	−0.08
	−0.11
	−0.09
	−0.09
	−0.10
	−0.09
	−0.06



	εj
	−0.03
	0.02
	0.02
	0.03
	0.02
	0.01
	0.04
	0.05
	0.04
	0.04
	0.04
	0.04
	0.03









5.1. Complementarity and Substitutability of QCs


5.1.1. Tertiary Catchment C11


The results of cross MAR elasticties are displayed in Table 2 and Table 3. As in economics related studies [14,36], the two matrices were found to be asymmetric as shown in these tables. The asymmetry shows the degree of complementarity or substitutability in terms of water resource utilization within the same QC pair. For example, the cross elasticity values for the pair (C11A, C11B) were 0.3 and 1. It was observed from Table 2 and Table 3 that all the entries (self-elasticities) in the upper left diagonal were positive and acceptable for the zone of functioning resilience. In the above-mentioned tables, it was revealed that the cross MAR elasticities were either complements or substitutes and were not necessarily always in the zone of functioning resilience.



For instance, between 1990 and 2005, and between 2005 and 2012, the QC pair (C11A, C11B) was in the zone of functioning resilience. Since the cross elasticities were positive, they could be considered as substitutes with different strengths, i.e., between 1990 and 2005, a decrease of 10% in MAR for catchment C11A, corresponded to a 10% decrease in entropy for C11B, whereas a decrease of 10% in MAR for C11B was associated with 3.6% decrease in entropy for C11A. It could mean that water resources for these two QCs could still be used interchangeably in a sustainable manner, at different periods. However, the level of catchment resilience for C11A was relatively slightly higher than that for C11B. Between 2005 and 2012, a decrease of 10% in MAR for C11A (C11B) implied almost the same decrease in entropy for C11B (C11A).



Between 1990 and 2005, for the pair of complements (C11F, C11K), it was observed that a decrease of 10% in MAR for catchment C11K, corresponded to a decrease of 1.2% in entropy for C11F whereas a decrease of 10% in MAR for C11F was associated with 33% decrease in entropy for C11K. Although these two QCs could be substitutes, it could mean that the change in MAR for C11K was associated with the zone of functioning resilience for C11F, while the opposite implied promptness to vulnerability for C11K. This could be an alarming situation for water managers, of the implications of a decrease in MAR for C11F. This situation would coincide with the zone of uniformity; where water resources were regarded as unsustainable [11]. Between 2005 and 2012; 10% increase in MAR for C11F was associated with 44% increase in entropy for C11K. In the same perspective, between 2005 and 2012, it was observed that a 10% increase in MAR (for QCs, from C11A to C11G), corresponded to an increase between 33 and 61% in entropy for C11K. This situation would correspond to water resources vulnerability for C11K, i.e., with C11K operating in the zone of high entropy [11]. Overall, C11K was subjected to higher increase and decrease in uncertainty, when slight changes in MAR occurred in other catchments. A small positive constant change in MAR for C11G yielded to strong positive cross elasticities of 66%, 93%, 29% and 116% for C11H, C11J, C11L and C11M respectively. It could be suggested that these QCs were in the zone of high uncertainty or low resilience. The cause of these higher cross MAR pseudo-elasticities could be further investigated in the natural factors, e.g., climatic variations (temperature, rainfall, evapotranspiration), natural vegetation, natural wetlands and aquifers, soil type, topography, etc. The effect of unquantifiable land use changes should be taken into consideration. On the other hand, the cause of relatively low cross MAR elasticities could be investigated in the combined effect among natural conditions. This combined effect could be complex with the increasing number of factors. They could influence positively or negatively cross MAR pseudo-elasticities. Previous studies on hydrological elasticity [2,9,11,29,30,31], showed such an influence. A similar analysis could be extended to the rest of substitutes presented in the tables.



The results in Table 2 and Table 3 revealed also that C11A and C11L were substitutable QCs between 2005 and 2012 and displayed an acceptable level of resilience for water resources. However, they were complementary QCs with different strengths, i.e., between 1990 and 2005, a decrease of 10% in MAR for catchment C11A, corresponded to an increase of 3.8% in entropy for C11L, whereas an increase of 10% in MAR for C11L was associated with 8.6% decrease in entropy for C11A. These results could mean that the relatively high uniform distribution of MAR for C11L (i.e., entropy increase) could be an indication of sustaining water resources. Water resources from C11L could be used as a complement of the yield from C11A to balance water demand/supply. Between 2005 and 2012, an increase of 10% in MAR for catchment C11A, corresponded to a decrease of 4.6% in entropy for C11L, whereas a decrease of 10% in MAR for C11L was associated with 6.7% increase in entropy for C11A. It could mean that a relatively high yield could be available for C11A, and hence used to assure the sustainability of water resources. Water managers could use more water from C11A than from C11L to balance water demand/supply. Water resources from C11A could be used to complement MAR for C11L.



Between 2005 and 2012, all cross MAR elasticity values were relatively weak (low) and implied that all complements could maintain a good level of resilience for water resources. This was not the case between 1990 and 2005; where there were instances of vulnerability of water resources for selected QC pairs. Hence complements displayed elastic instability, between 1990 and 2005, whereas they were elastically stable between 2005 and 2012.




5.1.2. Tertiary Catchment C12


According to the results displayed in Table 4 and Table 5, there were complementary and substitutable QC pairs in C12. In addition, there were QC pairs which displayed both positive and negative cross MAR elasticities, hence having a mixture of complement and substitute in the same QC pairs. Between 1990 and 2005, all QCs had relatively low cross MAR elasticities, hence displayed an acceptable level of resilience, except for few QCs pairs between 2005 and 2012. All substitutes had relatively low cross elasticities, hence displayed an acceptable level of resilience. The implications in terms of water sustainability are similar to substitutes as discussed for TC C11.



Between 2005 and 2012, for the pair (C12A, C12D), 10% increase in MAR for C12D, led to 45% decrease in entropy for C12A, while 10% decrease in MAR for C12A, led to 1% increase in entropy for C12D. The increase in MAR for C12D might cause water resources for C12A to be elastically unstable. Hence a change in MAR from catchments other than C12D could be considered to maintain the level of acceptable resilience.



It was observed in selected QC pairs that one catchment was a substitute while the other was complement and vice-versa. Just an illustration; e.g., between 1990 and 2005, and between 2005 and 2012, the QC pair (C12E, C12A) was in the zone of functioning resilience. Interestingly, between 1990 and 2005, both C12A and C12E were substitutes; however between 2005 and 2012, C12E was a complement of C12A and C12A was a substitute of C12E.



Between 2005 and 2012, a decrease of 10% in MAR for catchment C12A, corresponded to an increase of 0.1% in entropy for C12E, whereas a decrease of 10% in MAR for C12E was associated with 16% decrease in entropy for C12A. It is believed that an increase in entropy for C12E could help have fairly a good distribution of MAR in the pair, for water resource sustainability. Hence water resources for C12E could be used as a complement to balance water demand/supply from C12A. When MAR for C12E decreases, water resources from C12A could be used as a substitute for C12E, without compromising the zone of acceptable uncertainty.




5.1.3. Tertiary Catchment C13


From 1990 to 2012, the results in Table 6 and Table 7 revealed that the complementary QC pairs displayed very low cross elasticities, i.e., close to 0. Hence, a variation of MAR for a given QC was insignificant to cause an opposite variation in uncertainty for another QC. These weak cross elasticities could mean that the water resources from QCs could be used jointly to maintain high resilience.



Similar to complements, very low cross MAR elasticities were observed for substitutable QC pairs. As shown in Table 6 and Table 7, variations of MAR for specific QCs caused in the same direction, insignificant variations of uncertainty for other QCs. Water resources from those specific QCs could be used as substitutes of other QCs and still maintaining a high level of resilience. The results in these tables showed that there was a mixture of complement and substitute in selected QC pairs. The implications of this mixture on water sustainability can be interpreted as done earlier.




5.1.4. Tertiary Catchment C21


As displayed in Table 8 and Table 9, the values of cross MAR elasticities were relatively low; hence catchments could operate in the zone of tolerable entropy. Complementary, substitutable QC pairs as well as a mixture of complement and substitute in specific QC pairs were observed.




5.1.5. Tertiary Catchment C22


The results of cross MAR elasticities were summarized in Table 10 and Table 11. Weak cross elasticities were observed, from 2005 and 2012, however cases of high elastic instability of water resources could be observed from 1990 to 2005 due to high changes in entropy associated with a constant change in MAR for C22E. Water management could focus on constant changes in MAR for QCs other than C22E to avoid elastic instability, in terms of water resources.




5.1.6. Tertiary Catchment C23


From 1990 to 2005, low cross elasticities were observed as displayed in Table 12 and Table 13. However, from 2005 and 2012, cases of low catchment resilience could be observed due to high changes in entropy associated with a constant change in MAR for C23F; except relatively low changes in uncertainty were observed for C23J, C23K and C23L. In situations where a change in MAR for C23F remained constant, water management could focus more on C23J, C23K and C23L for water resource sustainability. Alternatively, a constant change in MAR for QCs other than C23F should be considered to assure elastic stability in catchment yields.




5.1.7. Tertiary Catchment C81


As depicted in Table 14 and Table 15, several cases of very low resilience for QCs were observed between 1990 and 2005. C81M and C81C had the highest cross MAR elasticity; that is 210% change in entropy for C81M was associated with 10% change in MAR for C81C. During the same period, TC C81 scored cases of vulnerability of water resources for C81A, C81B, C81C, C81F and C81L, due to relatively high self-elasticities. QC pairs in C81 which do not fall in the range of acceptable resilience would need particular attention as far as water resources management is concerned. Between 2005 and 2012, cases of high elastic instability were observed only for a constant value in entropy for C81D associated with different changes in MAR for other QCs.




5.1.8. Tertiary Catchment C82


Low cross MAR elasticity values were observed, from 1990 to 2005, and from 2005 and 2012, as shown in Table 16 and Table 17 respectively. However, between 1990 to 2005 a constant decrease in MAR for C82H yielded high values of cross elasticity (high elastic instability). Between 2005 and 2012, a decrease in MAR for C82B, was linked to a higher increase in uncertainty for C82A, C82B, C82E and C82F. Likewise, an increase in MAR for C82F was associated with a drastic decrease in uncertainty for C82G, which could yield water resource vulnerability, within the zone of uniformity.




5.1.9. Tertiary Catchment C83


Between 2005 and 2012, the results in Table 18 and Table 19, displayed weak cross elasticities. However, between 1990 and 2005, a constant decrease in MAR for C83A, yielded elastic instability, with C83B, C83C, C83E, C83F, C83J and C83M, due to high entropy in these QCs. Similarly, a change in MAR for C83J, yielded vulnerable water resources with all QCs, except C83D, C83G and C83H. It was also observed that high self-elasticity values were recorded for C83A, C83B and C83J. Hence a decrease in MAR for these QCS could be associated with unsustainable water resources in the same QCs.





5.2. Dominance of Complements or Substitutes


The number of complements and substitutes per TC were computed and their corresponding frequencies within the TC were summarized in Figure 3a,b. It could be observed that, in most TCs, substitutable QCs dominated over complementary QCs.


Figure 3. (a) Cross mean annual elasticity dominance between 1990 and 2005. (b) Cross mean annual runoff elasticity dominance between 2005 and 2012.
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5.3. Catchment Vulnerability (Risk)


The level of assurance for QCs to sustain water resources QCs in the Upper Vaal and the risk for not sustaining water resources were computed and presented in Figure 4a,b, respectively. It was observed that the risk associated with water resources vulnerability varied between 0 and 16%. Hence between 1990 and 2012, sustainability level (i.e., the level of assurance) to sustain water resources was relatively high and varied between 84 and 100%. Nonetheless, between 1990 and 2005, in most cases QCs displayed slightly higher level of assurance, as compared to the period between 2005 and 2012. In reality, when sustainability notion of water resources includes several variables other than MAR, it could be very likely that the values of the risk of vulnerability would increase from the above-mentioned values, hence the level of assurance to sustain water resources would decrease further.


Figure 4. (a) Level of assurance of water resources sustainability (R) in tertiary catchments of Upper Vaal. (b) Vulnerability risk of water resources (r) in tertiary catchments of Upper Vaal.
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Table 20 depicts the highest cross MAR elasticity for each TC, between 1990 and 2005 and, between 2005 and 2012. Between 1990 and 2005, the following QC pairs C11K & C11G, C22K & C22E, C81M & C81C and C83C & C83J scored their highest cross elasticity values outside the zone of functioning resilience; hence these QCs could be associated with the lowest resilience, in terms of water resources. Likewise, between 2005 and 2012, the QC pairs C11G & C11K, C12C & C11D, C23A & C23F, C81D & C81F and C82G & C82GF were associated with low resilience. For example 10% change in MAR for C11G was linked to 144% reduction and 61% increase in entropy for C11K, between 1990 and 2005 and between 2005 and 2012 respectively. On the other hand 10% change in MAR for C83J was linked to 278% increase in entropy for C83C, between 1990 and 2005. This reduction and increase in entropy implied that C11G and C11K were in the zone of elastic instability associated with a relatively smaller change in MAR as compared to the change in entropy. Situations of higher cross MAR pseudo-elasticities could be due to climatic influences on changes in MAR. Water management and planning should take care of this situation.


Table 20. Highest cross mean annual runoff pseudo-elasticity of QCs in TCs of the Upper Vaal region.





	
Tertiary Catchment

	
Highest Cross MAR Elasticity (%)




	
W90/WR2005 (Quaternary Catchment Pair)

	
W2005/WR2012 (Quaternary Catchment Pair)






	
C11

	
−144.4 (C11K & C11G)

	
61 (C11G & C11K)




	
C12

	
−17.2 (C12D & C12B)

	
−47.1 (C12C & C11D)




	
C13

	
8 (C13F & C13A)

	
2.7 (C13F & C11A)




	
C21

	
7.1 (C21A & C11G)

	
3.6 (C21C & C11G)




	
C22

	
35 (C22K & C22E)

	
−23 (C22G & C22B)




	
C23

	
−15 (C23F & C23D)

	
−67 (C23A & C23F)




	
C81

	
211 (C81M & C81C)

	
186 (C81D & C81F)




	
C82

	
−116 (C82B & C82H)

	
−70 (C82G & C82GF)




	
C83

	
278(C83C & C83J)

	
−17(C83A & C83H)










The results in Table 20 have been plotted in Figure 5. This figure shows that selected QCs in C11, C22, C81, C82 and C83 their highest cross MAR elasticity outside the range the zone of acceptable entropy/resilience. The global highest cross MAR elasticity of entropy value was located in the tertiary catchment C83, followed by C81 and C82. These TCs could be prompt to vulnerability when their highest cross elasticity values were considered.


Figure 5. Highest cross mean annual runoff pseudo-elasticity for tertiary catchments of the Upper Vaal region.
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From the results shown in Table 20, the highest cross MAR elasticity values were derived roughly for secondary catchments C1, C2 and C3. For each secondary catchment, the QC pair was selected based on the overall highest value among three TCs. In this manner, the QC pairs were C11K & C11G, C22K & C22E and C83C & C83J respectively for C1, C2 and C3, between 1990 and 2005. Between 1990 and 2005, the QC pairs corresponding to the secondary catchments were C12C & C11D, C23A & C23F, C81D & C81F. Since these QCs scored their highest cross-elasticity values; they could be associated with a high risk of vulnerability, with regard to water resources.




5.4. Cross MAR Pseudo Elasticities under Constant Change in MAR/Entropy


5.4.1. Constant Change in MAR


The last row of each table (i.e., from Table 2, Table 3, Table 4, Table 5, Table 6, Table 7, Table 8, Table 9, Table 10, Table 11, Table 12, Table 13, Table 14, Table 15, Table 16, Table 17, Table 18 and Table 19) showed that, on average a constant change in MAR for any QC was associated with a relatively low change in entropy for the remaining QCs, hence yielded low cross MAR elasticity values. This could lead to QCs operating in the zone of functioning resilience. However, higher values of cross MAR elasticity (low catchment resilience) were scored by a change in MAR for C81A, C81C, C81D, C81J, C83A and C83J, between 1990 and 2005. It was observed generally that on average, positive cross MAR elasticities overshadowed negative cross elasticities. For a change in MAR for a given QC, the remaining QCs could be used as substitutes of the given QC in most cases, without compromising the sustainability of water resources. Nonetheless, between 2005 and 2012, exceptions were observed for changes in MAR for C11H, C11J and C11L; hence the remaining QCs could be used as complements of these 3 QCs respectively. Between 1990 and 2005, only C11G made an exception. Similarly, between 1990 and 2005, such an exception was observed for C12D, C21B, C21C, C21D, C21E, C21F, C21G, C22A, C22B, C22C, C22D, C23E, C81G, C81H, C81J, C82B, C82F and C83A; and between 2005 and 2012 for C12D, C23D, C23E, C23F, C23G, C81C, C82A, C82D, C82E, C82F, C82G and C82H.




5.4.2. Constant Change in Entropy


The last column of each table (i.e., from Table 2, Table 3, Table 4, Table 5, Table 6, Table 7, Table 8, Table 9, Table 10, Table 11, Table 12, Table 13, Table 14, Table 15, Table 16, Table 17, Table 18 and Table 19) showed that on average, changes in MAR of QCs could lead to a constant change in entropy for any QC, within the zone of functioning resilience. However, between 2005 and 2012, cases of high cross MAR elasticities were observed for C81C and C81D; likewise, for C81F, C81L and C81M, between 1990 and 2005. On average, for a constant change in entropy for a given QC, it was observed that positive cross MAR elasticities overweighed negative cross elasticities and vice-versa. Hence, for a constant change in entropy of a given QC, the remaining QCs could be used as substitutes or complements of the given QC, without compromising the sustainability of water resources, within the TC.





5.5. Spatial Distributions of Cross MAR Pseudo-Elasticity of Entropy


The spatial distribution of entropy MAR cross elasticities computed earlier in the different tables, were presented in Figure 6a,b and Figure 7a,b. For each of the following hydrological changes WR90/WR2005 and WR2005/WR2012, two cases were considered for spatial distribution, i.e., average cross MAR pseudo-elasticities under constant change in MAR and under constant entropy for a given QC. In this manner, it was easier to plot the value of cross-elasticity for each QC.


Figure 6. (a) Spatial distribution of average cross MAR pseudo-elasticities under constant entropy of QCs for WR90/WR2005. (b) Spatial distribution of average cross MAR pseudo-elasticities under constant entropy of QCs for WR2005/WR2012.
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Figure 7. (a) Spatial distribution of average cross MAR pseudo-elasticities under constant MAR of QCs for WR90/WR2005. (b) Spatial distribution of average cross MAR pseudo-elasticities under constant MAR of QCs for WR2005/WR2012.
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Figure 6a,b show the spatial distributions of average cross elasticities at constant entropy for the different QCs, between WR90 and WR2005; and between WR2005 and WR2012 data sets. In Figure 6a, it was observed that the majority of QCs were situated in the zone of functioning resilience since the cross elasticity values were in the interval (−2.5, 2.5). The results in this figure revealed that there were 64% of substitutable QCs as compared to 33% of complementary QCs and 3% of vulnerable QCs in the Upper Vaal. Substitutes were distributed across the majority of QCs and in all TCs. The Upper Vaal catchment could be a good location for water transfers between a given QC and its surrounding QCs of the same TC. Complements were situated mostly in the North West (urban built-up areas of the downstream of Vaal dam) and in the North East of upstream of Vaal dam. Besides water transfers, this could mean that in these locations of Upper Vaal, water could also be jointly used to balance water demand/supply in a specific QC, due to the change in MAR of the surrounding QCs, within their TC. Nonetheless, QCs associated with relatively higher cross-elasticities (>2.5) were located in the Wilge region. This region has been found to have the lowest water requirements currently and as projected in 2025 and this projection showed small differences in water requirements between 2000 and 2025 [20]. Further small increases of MAR as compared to entropy could only make more vulnerable water resources as far as a joint water use or water transfers between a specific QC and the remaining QCs are concerned.



From Figure 6b, it was observed that 54% of complementary QCs, 44% of substitutable QCs were in the zone of acceptable resilience, while 2% QCs were in the zone of low resilience. Hence the complements dominated over substitutes, but both were distributed fairly in all TCs. This could imply that while water transfers between QCs could be promoted in the Upper Vaal, there could be a huge potential for joint water use in over 50% of QCs, to maintain a good water balance in the different TCs. Once again, it was observed that vulnerable QCs were situated in Wilge and their number was insignificant as compared to resilient QCs. However, the level of vulnerability could be very high in vulnerable QCs, as shown through the computation of cross MAR pseudo-elasticities.



Figure 7a revealed that 57% of complementary QCs, 36% of substitutable QCs were in the zone of functionning resilience. Substitutes and complements were fairly distributed across the Upper Vaal. Although the majority of QCs were situated in the zone of functioning resilience, there were few QCs in the zone of low resilience (i.e., cross-elasticity <−2.5 or >2.5). These QCs constituted 7% and were mostly concentrated in the Wilge sub-region. For a TC of this sub-region, water resources planners should monitor relatively small changes (negative or positive) in MAR for a given QC as compared to the changes in entropy of surrounding QCs. Changes in climatic conditions (e.g., precipitation, evapotranspiration) that could cause such changes in entropy, should be assessed. A decrease in MAR and in yield could be experienced in South Africa, which is located in the South Hemisphere [41], where evaporation losses are higher than rainfall [20,42].



Figure 7b revealed that the substitutable QCs were distributed in the majority of the QCs and in all TCs, across Upper Vaal while complementary QCs were located in the North West of the downstream of dam Vaal, towards the centre of upstream of Vaal dam and the Wilge. All QCs were in the zone of acceptable resilience. Substitutes represented 86% as compared to 14% of complements. This showed a strong dominance of substitutes. Hence water transfer could prevail as compared to joint uses of water within the Upper Vaal. The spatial differences in cross MAR pseudo-elasticities for the Upper Vaal did not give any information related to natural factors such as soil, natural vegetation, topology, aquifers, etc.




5.6. Overall Cross MAR Elasticity of Entropy for Each Tertiary and Each Secondary Catchment in the Upper Vaal


The average cross elasticity of each TC was found to be positive and was relatively small (<1), as shown in Table 21. This showed that the different TCs were elastically stable (i.e., relatively inelastic) as far as changes in MAR were concerned. Hence water transfers, joint use of water from different QCs, etc. could result in the zone of acceptable uncertainty. Overall, the increase in MAR for the Upper Vaal catchment was associated with an increase in entropy, such that the catchment was in the zone of functioning resilience.


Table 21. Overall average cross MAR pseudo elasticity for tertiary catchments of Upper Vaal.





	
Tertiary Catchment

	
Elasticity [-]




	
WR90/2005

	
WR2005/WR2012






	
C11

	
−0.094

	
0.26




	
C12

	
0.15

	
0.16




	
C13

	
0.046

	
0.032




	
C21

	
−0.211

	
0.08




	
C22

	
0.122

	
0.045




	
C23

	
0.183

	
−0.048




	
C81

	
1.604

	
0.36




	
C82

	
−0.087

	
−0.209




	
C83

	
0.47

	
0.027










As presented in Table 22, the cross MAR pseudo-elasticity for each secondary catchment was roughly determined by averaging the values of cross elasticity for its TCs. The positive cross MAR pseudo-elasticities in the secondary catchments of Upper Vaal supported that substitutable QCs remained dominant within the zone of acceptable resilience for water resources. As said previously, a complete study should be conducted for cross MAR elasticity with TC pairs within the secondary catchments.


Table 22. Cross MAR pseudo elasticity for secondary catchments of Upper Vaal.





	
Secondary Catchment

	
Elasticity [-]




	
WR90/2005

	
WR2005/WR2012






	
Upstream of Vaal dam (C1)

	
0.03

	
0.15




	
Downstream of Vaal dam (C2)

	
0.03

	
0.077




	
Wilge (C8)

	
0.66

	
0.059










In this study, the influence of climatic parameters on cross MAR pseudo-elasticity was not investigated, but could be assumed to be the cause of changes in the naturalized MAR data sets of the Upper Vaal catchment. Besides, the influence of other natural conditions associated with the soil type, natural vegetation, natural water storages, and geology could also be informative in the determination of cross elasticity. The combined effect of climatic conditions, together with human activities could impact positively or negatively on cross MAR pseudo-elasticity. When considering the influence of human activities, historical data could be used to assess the change in cross MAR pseudo-elasticity.





6. Conclusions


For the first time, cross elasticity concept has been extended to hydrology and water resources using entropy concept; i.e., cross MAR pseudo-elasticity of entropy. The level of linkage between changes in MAR and changes in entropy of another (other) catchment(s) was established in the Upper Vaal. The analysis of cross MAR pseudo-elasticity of entropy was carried out on surface water resource data sets; i.e., WR90, WR2005 and WR2012. These data were in their naturalized form when extracted from WRC database and this could assume there was little influence of the human factor. Climatic controls could be associated with these data [36] as far as cross MAR elasticity was concerned. Thresholds of a linear resilience zoning [11] were extended to the assessment of cross elasticity values. The notion of cross MAR pseudo-elasticity was shown as a fair tool to assess the complementarity and substitutability for the different QCs of the TCs in the Upper Vaal region. That is, the use of water resources for some QCs could be done jointly, while in some cases, water transfer between QCs could be an option to sustain the yield (or water resources) from selected QCs, in a way to balance demand/supply in the region. However, the Wilge sub-region of Upper Vaal displayed promptness to water resources vulnerability in fewer QCs. Cross MAR elasticity characterized the correlation strength between QC pairs (weak versus high cross elasticity) to determine the resilience of catchments. Resilient QCs (in terms of water resources) displayed relatively weak cross elasticity values as opposed to vulnerable QCs, which were characterized by high cross elasticity values. In particular, instances of cross elasticities, close to 0 were observed; showing that a variation of MAR for a given QC was insignificant to cause an opposite variation in entropy for another QC. Although the resilience was acceptable in most cases, it was revealed that in some instances some QCs displayed very strong correlations. For instance, the global highest cross MAR elasticity of entropy was located in the TCs C83, followed by C81 and could go above 100% in magnitude for specific QCs. This implied that decision-makers could pay attention to water resources planning and management, and control of water infrastructures. A spatial analysis conducted on cross MAR pseudo-elasticity revealed that, in general, there was a fair distribution of complementary and substitutable QCs in the TCs. In most cases, the latter were dominant as compared to the former. Hence, this supported that water transfers between the different QCs and beyond could prevail in the Upper Vaal as it is the current situation [20]. However, this analysis did not give more information on the cross MAR elasticity differences related to the natural characteristics of the catchments. In general, it found out that the level of assurance to sustain water resources was relatively acceptable; hence low vulnerability risk of water resources, generally less than 20%. Overall, cross MAR elasticity for QCs of the Upper Vaal region yielded the zone of tolerable entropy.



However, it should be noted that entropy through cross MAR elasticity does not show how complementary or substitutable QCs should be managed and operated, a different time scales. The concept of cross MAR pseudo-elasticity was built on MAR pseudo-elasticity, therefore it considered only one parameter; i.e., MAR. Therefore, the inclusion of variables other than runoff, such as temperature, evaporation, precipitation should be investigated. This is a preliminary study dealing specifically with the intra-tertiary catchment assessment of cross MAR elasticity for QCs. Further work could be done on cross MAR elasticity between TCs within secondary catchments and on the assessment of its implications on the Upper Vaal catchment resilience and beyond. The impacts of climatic parameters on cross MAR pseudo-elasticity and other natural conditions associated with soil type, topography, natural vegetation, natural water storages and wetlands, could be investigated. Similar to previous studies on hydrological elasticity [2,7,8,9,11,29,30,31], the impact of these factors on cross elasticities investigated individually (bivariate relationships) could be different when these impacts are considered simultaneously in a multivariate configuration. The effect of unquantifiable land use changes should be taken into consideration. The combined effect of natural conditions, together with human activities such as land use, water use, etc. could impact positively or negatively on cross MAR pseudo-elasticity and would need to be also researched when historical data are considered. The concept should be investigated when considering runoff data of different time scales, i.e., monthly, seasonal, and annual, etc. The inclusion of parameters other than MAR in the determination of catchment vulnerability risk should be investigated. The linkage between cross MAR elasticity and the existing cross entropy concept could also be researched.
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