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Abstract: We consider the problem of channel coding over multiterminal state-dependent channels
in which neither transmitters nor receivers but only a helper node has a non-causal knowledge
of the state. Such channel models arise in many emerging communication schemes. We start
by investigating the parallel state-dependent channel with the same but differently scaled state
corrupting the receivers. A cognitive helper knows the state in a non-causal manner and wishes to
mitigate the interference that impacts the transmission between two transmit-receive pairs. Outer
and inner bounds are derived. In our analysis, the channel parameters are partitioned into various
cases, and segments on the capacity region boundary are characterized for each case. Furthermore,
we show that for a particular set of channel parameters, the capacity region is entirely characterized.
In the second part of this work, we address a similar scenario, but now each channel is corrupted by
an independent state. We derive an inner bound using a coding scheme that integrates single-bin
Gel’fand-Pinsker coding and Marton’s coding for the broadcast channel. We also derive an outer
bound and further partition the channel parameters into several cases for which parts of the capacity
region boundary are characterized.

Keywords: dirty paper coding; Gel’fand-Pinsker scheme; non-causal channel state information;
network information theory

1. Introduction

Cellular communication systems are designed to allow multiple users to share the same
communication medium. Traditionally, mobile networks have enabled this feature by dividing the
physical resources (such as time, frequency, code, and space) in an orthogonal manner between users.
An illustration of the typical methods, called Orthogonal Multiuser Access (OMA) is shown in Figure 1.

The future of cellular communications is facing exponential growth in bandwidth demand.
Furthermore, increased popularity in Internet of Things (IoT) applications and the emergence of
Vehicle-to-Vehicle (V2V) connectivity will further grow the number of network consumers. Hence,
fifth-generation (5G) wireless networks are required to support extensive connectivity, low latency,
and higher data rates. Such requirements cannot be satisfied using the traditional OMA methods and
thus to sustain more users and higher transmission rates, non-orthogonal multiuser access (NOMA)
has been intensively investigated, where interference mitigation is the key issue for non-orthogonal
transmission. A comprehensive survey on NOMA from an information theoretic perspective is given
in [1].
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Figure 1. Orthogonal Multiple Access Techniques.

In this work, we study a particular communication model that can be used in future NOMA
techniques. Specifically, we investigate a type of state-dependent channel with a helper, illustrated
in Figure 2, in which two transmitters wish to send messages to their corresponding receivers over
a parallel state-dependent channel. The state is not known to either transmitter or receiver but is
non-causally (the side information in all times is given to the encoder before the block transmission)
known to a state-cognitive helper, who tries to assist each receiver in mitigating the interference caused
by the state. This model captures interference cancelation in various practical scenarios. For example,
users in multi-cell systems may be interfered by a base station located in other cells. Such a base station,
being as the source that causes the interference, clearly knows the information of the interference
(modeled by state) and can serve as a helper to mitigate the interference. Alternatively, that base
station can also convey the interference information to other base stations via the backhaul network
so that other base stations can serve as helpers to reduce the interference. As another example,
consider a situation where there are two Device to Device (D2D) links located in two distinct cells,
and there is a downlink signal sent from the base station to some conventional mobile user in the
cell. Also, there is some central unit that knows in a non-causal manner the signal to be sent by each
base station, the helper in our model, and tries to assist the D2D communication links by mitigating
the interference (see Figure 3). As a comparison, this type of state-dependent models differs from
the original state-dependent channels studied in, e.g., [2,3], in that the state-cognitive helper is not
informed of the transmitters” messages, and hence its state cancelation strategies are necessarily
independent of message encoding at the transmitters.
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Figure 2. General State-Dependent Parallel Channel with a helper.
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Figure 3. Particular NOMA configuration.

The study of channel coding in the presence of channel side information (CSI) was initiated by
Shannon [4] who considered a discrete memoryless channel (DMC) channel with random parameters
and side information provided causally to the transmitter. The single-letter expression for the capacity
of the point-to-point DMC with non-causal CSI at the encoder (the G-P channel) was derived in the
seminal work of Gel’fand and Pinsker [2]. One of the most interesting special cases of the G-P channel
is the Gaussian additive noise and interference setting in which the additive interference plays the
role of the state sequence, which is known non-causally to the transmitter. Costa showed in [3] that
the capacity of this channel is equal to the capacity of the same channel without additive interference.
The capacity achieving scheme of [3] (which is that of [2] applied to the Gaussian case) is termed
“writing on dirty paper” (WDP), and consequently, the property of the channel where the known
interference can be completely removed is dubbed “the WDP property”. Cohen and Lapidoth [5]
showed that any interference sequence can be removed entirely when the channel noise is ergodic
and Gaussian.

The models we study in this work all have a broadcasting node. The discrete memoryless broadcast
channel (DM-BC) was introduced by Cover [6]. The capacity region of the DM-BC is still an open
problem. The largest known inner bound on the capacity region of the DM-BC with private messages
was derived by Marton [7]. Liang [8] derived an inner bound on the capacity region of the DM-BC
with an additional common message. The best outer bound for DM-BC with a common message is
due to Nair and EI Gamal [9]. There are, however, some special cases where the capacity region is
fully characterized. For example, the capacity region of the degraded DM-BC was established by
Gallager [10]. The capacity region of the Gaussian BC was derived by Bergmans [11]. An interesting
result is the capacity region of the Gaussian MIMO BC which was established by Weingarten et al. [12].
The authors introduced a new notion of an enhanced channel and used it jointly with the Entropy Power
Inequality (EPI) to show their result. The capacity achieving scheme relies on the dirty paper coding
technique. Liu and Viswanath [13] developed an extremal inequality proof technique and showed
that it can be used to establish a converse result in various Gaussian MIMO multiterminal networks,
including the Gaussian MIMO BC with private messages. Recently, Geng and Nair [14] developed
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a different technique to characterize the capacity region of Gaussian MIMO BC with common and
private messages.

Degraded DM-BC with causal and non-causal side information was introduced by Steinberg [15].
Inner and outer bounds on the capacity region were derived. For the particular case in which the
nondegraded user is informed about the channel parameters, it was shown that the bounds are tight,
thus obtaining the capacity region for that case. The general DM-BC with non-causal CSI at the encoder
was studied by Steinberg and Shamai [16]. An inner bound was derived, and it was shown to be tight
for the Gaussian BC with private messages and independent additive interference at both channels.
The latter setting was recently extended to the case of common and private messages in the Gaussian
framework with K users in [17]. The special case where the transmitter sends only a common message
to all receivers over an additive BC has been initially studied in [18] and has been recently extended to
the compound setting in [19]. Outer bounds for DM-BC with CSI at the encoder were derived in [20].

The models addressed in this paper have a mismatched property, that is the state sequence
is known only to some nodes, which differs from the classical study on state-dependent channels.
The type of channels with mismatched property has been addressed in the past for various models,
for example, in [21-25], the state-dependent multiple access channel (MAC) is studied with the state
known at only one transmitter. The best outer bound for the Gaussian MAC setting was recently
reported in [26]. The point-to-point helper channel studied in [27,28] can be considered as a special case
of [25], where the cognitive transmitter does not send any message. Further in [28], the state-dependent
MAC with an additional helper was studied, and the partial/full capacity region was characterized
under various channel parameters. Moreover, some state-dependent relay channel models can also be
viewed as an extension of the state-dependent channel with a helper, where the relay serves the role
of the helper by knowing the state information. In [29], the state-dependent relay channel with state
non-causally available at the relay is considered. An achievable rate was derived using a combination of
decode-and-forward, Gel'fand-Pinsker (GP) binning and codeword splitting. Also, in [30], additional
noiseless cooperation links with finite capacity were assumed between the transmitter and the relay,
and various coding techniques were explored. The authors of [31] have recently considered a different
scenario with a state-cognitive relay. The state-dependent Z-IC with a common state known in a
non-causal manner only to the primary user was studied in [32]. A good tutorial on channel coding in
the presence of CSI can be found in [33].

The basic state-dependent Gaussian channel with a helper is illustrated in Figure 4. It was first
introduced in [27], where the capacity in the infinite power regime was characterized and was shown
to be achievable by lattice coding. The capacity under arbitrary state power was established for some
special cases in [28]. Based on a single-bin GP binning scheme the following lower bound was derived
for the discrete memoryless case

R < max min{I(X;Y|U), [(UX;Y)—I(U;S)}.

Pyxy[sPx

This lower bound was further evaluated for Gaussian channel by appropriate choice of the
maximizing input distribution. The surprising result of that study was that when the helper power is
above some threshold, then the interference caused by the state is entirely canceled and the capacity of
the channel without the state can be achieved. This threshold does not depend on the state power, and
hence it was shown that this channel also has WDP property, that is the capacity of the channel is the
same as the capacity of the similar channel without the interference (which is modeled as the state).

The most relevant work to this study is [34], in which the state-dependent parallel channel with a
helper was studied, for the regime with infinite state power and with two receivers being corrupted by
two independent states. A time-sharing scheme was proved to be capacity achieving under certain
channel parameters. In contrast, in this study, we expand those results for the arbitrary state power
regime. We also consider two extreme cases. At first, we address the problem where the two receivers
of the parallel channel are corrupted by the same but differently scaled states, and in the second part,
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those states are independent. For both cases, we show that the time-sharing scheme is no longer
optimal. Our main contribution in this work is a derivation of inner bound, which is an extension of
the Marton coding scheme for the discrete broadcast channel to the current model. We will apply this
bound for the MIMO Gaussian setting and characterize the segments of the capacity region for various
channel parameters. The material in this paper was presented in part at [35,36].
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2. Preliminaries

2.1. Notation Conventions

Throughout the paper, random variables are denoted using a sans-serif font, e.g., X, their
realizations are denoted by the respective lower-case letters, e.g., x, and their alphabets are denoted
by the respective calligraphic letters, e.g., X. Let X" stand for the set of all n-tuples of elements

from X. An element from X" is denoted by x" = (x1,x2,...,%,) and substrings are denoted by
x{ = (xi,Xi41,--.,%j). The cardinality of a finite set, say &, is denoted by |X|. The probability
distribution function of X, the joint distribution function of X and Y, and the conditional distribution
of X given Y are denoted by Px, Pxy and Px)y respectively. The expectation of X is denoted by E [X].

The probability of an event £ is denoted as P{£}. The set of jointly e-typical n-tuples (x",y") is
defined as 7'6(n) (Pxy) [37]. A set of consecutive integers starting at 1 and ending in [2"R] is denoted as

II(;) £ {1,2,...,[2"R]}. We assume throughout this paper that 2" are integers, for any R and n — co.
We denote the covariance of a zero mean vector X by £x £ E [XXT], Zxy £ E [XYT] is the
cross-correlation, and the conditional correlation matrix of X given Y as Myy LYy — ZxyZy I%yx.

2.2. Definitions

Definition 1. Random variables X, Y, Z are said to form a Markov chain in that order (denoted by X — Y — Z)
if the conditional distribution of Z depends only on Y and is conditionally independent of X. Specifically, X, Y
and Z form a Markov chain X — Y — Z if the joint probability mass function can be written as

Pxyz = PxPy|xPz)y- @

2.3. Auxiliary Results

This section introduces some auxiliary results that are relevant to the analysis in this work [37].
Lemma 1 (Data-processing inequality). If X — Y — Z, then
I(X;Y) > I(X; 2). )

The following inequality will be frequently used in the proofs of outer bounds on the
capacity regions.

Lemma 2 (Fano's Inequality). Let (X,Y) ~ Pxy and P, = Pr(X # Y). Then

H(X]Y) < H(P,) + P.log | X| <1+ P.log|X]. (3)
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The covering lemma and the packing lemma will be used in the achievability proofs throughout
this paper.

Lemma 3 (Covering Lemma). Let (U,X,X) ~ Py and €’ < e. Let (U",X") ~ Pyaxu be a pair of random
sequences with
lim P{(U",X") € T." (Pyx)} = 1,

n—oo

and let X”(m), m € A, where |A| > 2R e random sequences, conditionally independent of each other and of
X" given U", each distributed according to [T\, Py (%;|u;). Then, there exists 6(€) that approaches zero as
€ — 0 such that

nl1_r>r°10 P{(U", X", X"(m)) ¢ Te(”)for allme A} =0, 4)

if R > I(X;X|U) + é(e).

Lemma 4 (Packing Lemma). Let (U,X,Y) ~ Pyxy. Let (U",Y") ~ Pguyn be a pair of arbitrarily distributed
random sequences, not necessarily distributed according to [T\, Pyy (i;, 7;). Let X"(m), m € A, where
|A| < 2™R, be random sequences, each distributed according to TT", Pyy(xi|i;). Further assume that X" (m),
m € A, is pairwise conditionally independent of Y" given U", but is arbitrarily dependent on other X" (m)
sequences. Then, there exists 6(€) that approaches zero as € — 0 such that

lim P{(0",X"(m),Y") € ﬁ(")for somem € A} =0,

n—oo
ifR < I(X;Y|U) —d(e).
3. The MIMO Gaussian Channel with Same but Differently Scaled States

3.1. Channel Model

In this section, we study the state-dependent parallel network with a state-cognitive helper, in
which two transmitters communicate with two corresponding receivers over a state-dependent parallel
channel. The two receivers are corrupted by the same but differently scaled state, respectively. The state
information is not known to either the transmitters or the receivers, but a helper non-causally. Hence,
the helper assists these receivers to cancel the state interference (see Figure 5).

Xq Y] .
My —| Enc 1 —>®—>®—>®—>Decl -y

G |G Tn
X3 Z]
S" » Helper S”
Z;
Gy Gs,
X3 Y; .
My - Enc 2 + Dec2 = My

Figure 5. The state-dependent parallel channel with same but differently scaled states and a
state-cognitive helper.

More specifically, the encoder at transmitter [, f; : Il(z”]) — A", maps a message m; € Il(:l) to
a codeword x}', for I = 1,2. The inputs x} and x7 are sent respectively over the two subchannels
of the parallel channel. The two receivers are corrupted by the same but differently scaled and
identically distributed (i.i.d.) state sequence s” € S§", which is known to a common helper non-causally.
Hence, the encoder at the helper, fy : S" — &, maps the state sequence s” € §" into a codeword
xg € &y The channel transition probability is given by Py, x x,s * Py,|x,x,s- The decoder at receiver /,

: ) i ; 5 () —
81+ V' = Lg,, maps a received sequence y;' into a message i € Zr ', for [ =1,2. We assume that the
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messages are uniformly distributed over the sets Iz(?f and Iglz) . We define the average probability of
error for a length-n code as

1 anI 2nR2 R X
Pe(n) = TR Yo Y P{(i, 1p) # (my,mp)}. (5)
m1:1 m2:1

Definition 2. A rate pair (R, Ry) is said to be achievable if there exist a sequence of message sets Ilg? and Il(?z) ,

and encoder-decoder tuples < fé"), fl("), fz("), g%n), gé")) such that the average probability of error Pg(") — 0as
n — oo.

Definition 3. We define the capacity region of the channel as the closure of the set of all achievable rate pairs
(Rll RZ)

In this section, we focus on the MIMO Gaussian channel, with the outputs at the two receivers for
one channel use given by
Y; = G Xo+X; + G5, S+ Z l e {1,2}, 6)

where X, X1, X2, Sp, Z1 and Z; are all real vectors of size t x 1, and

* Xy, X1, X are the input vectors that are subject to the covariance matrix constraints % i Xlz‘XITl- =
K, 1€{0,1,2},

* Y, is the output vector, | € {1,2},

e  Sisareal Gaussian random vector with zero mean and covariance matrix Kg = E [SST] =0,

*  Z;is areal Gaussian random vector with zero mean and an identity covariance matrix Kz, = I,
forl € {1,2}.

Both the noise variables, and the state variable are i.i.d. over channel uses. G, (Gs,) is t x t
real matrix that represents the channel matrix connecting the state source to the first (second) user.
Similarly, G; (G2) is a t x t real channel matrix connecting the helper to the first (second) user. Thus,
our model captures a general scenario, where the helper’s power and the state power can be arbitrary.

Our goal is to characterize the capacity region of the Gaussian channel under various channel
parameters (G1, Gy, Gs,, Gs,, Ko, K1, K2, Kg).

3.2. Inner and Outer Bounds

In this section, we first derive inner and outer bounds on the capacity region for the
state-dependent parallel channel with a helper. Then by comparing the inner and outer bounds,
we characterize the segments on the capacity region boundary under various channel parameters.

We start by deriving an inner bound on the capacity region for the DMC based on the single-bin
GP scheme.

Proposition 1. For the discrete memoryless state-dependent parallel channel with a helper under the same
but differently scaled states at the two receivers, an inner bound on the capacity region consists of rate pairs

(R1, Ry) satisfying:
Ri <min{I(W,Xy; Y1) — I(W;S), [(X1; Y1|W)}, (7a)

Ry < min {I(W,Xp; Ya) — [(W;S), [(Xp; Yo| W)}, (7b)

for some distribution Pys Px,jwsPx, Px,-

Proof. The proof is relegated to Appendix A. [
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We evaluate the inner bound for the Gaussian channel by choosing the joint Gaussian distribution
for random variables as follows:

W =X+ AS,
Xo = X{, + BS,
Xy ~ N(0,Kp),
X1 ~N(0,Ky) Xz ~ N(0,Kp),

®)

where X'g, X1, Xp, S are independent and K{; < Kj.
Let f1(-),1(+), f2(+) and g»(-) be defined as

fi(A,B,Ky) = (W, X1, Y1) — I[(W;S),
81(A, B, Kp) = I(X1; Y1|W),
F(A,B,K)) = (W, X, Ya) — [(W;S),
82(A, B, Kp) = I(X2; Y2|W),

where the mutual information terms are evaluated using the joint Gaussian distribution chosen in (8).
Based on those definitions, we obtain an achievable region for the Gaussian channel.

Proposition 2. An inner bound on the capacity region of the parallel state-dependent MIMO Gaussian channel
with same but differently scaled states and a state-cognitive helper consists of rate pairs (R1, Rp) satisfying;

Ry < min{fi(A,B,K}),g1(A,B,Kj)}, (9a)

R2 S min{fz(A,B,K()),gz(A, B,K(/))}, (9b)
for some real matrices A, B and K, satisfying K{, = 0, K{, + BKg BT < K,.

We note that the above choice of the helper’s signal incorporates two parts with X, designed
using single-bin dirty paper coding, and BS acting as direct state subtraction.

We next present an outer bound which applies the point-to-point channel capacity and the upper
bound derived for the point-to-point channel with a helper in [27].

Denote

’GZKOG + K; + GiZx,sGs, + G5, =% s GJ + G5, KsGI +1])

RY™! (Zx,s) a2 5 log
(GIKoG] + GiZx,s G + Gy T 5 G + Gy Ks G + 1]

+ %log (‘GZ(KO - ZXUSstlZ>T<OS)GlT + ID - (10)

Proposition 3. An outer bound on the capacity region of the state-dependent parallel MIMO Gaussian channel
with a helper consists of rate pairs (Ry, Ry) satisfying:

Rl < min {Rubl (Zxos) log (|K1 + ID }, (11)

forevery I € {1,2} and x,g that satisfies Yx,sKg 1Z>T<Os < Ko.

Proof. The second term in (11) is simply the capacity of a point-to-point channel without state. The first
term is derived in Appendix B. O
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3.3. Capacity Region Characterization

In this section, we optimize A and B in Proposition 2, and compare the rate bounds with the outer
bounds in Proposition 3 to characterize the points or segments on the capacity region boundary.

Since the inner bound in Proposition 2 is not convey, it is difficult to provide a closed form for the
jointly optimized bounds. Therefore, we first optimize the bounds for R; and R; respectively, and then
provide conditions on channel parameters such that these bounds match the outer bound. Based on
the conditions, we partition the channel parameters into the sets, in which different segments of the
capacity region boundary can be obtained.

We first consider the rate bound for R; in (9a). By setting

A" & (GIKYG] + 1) ' KGGT (GiB+1),  B* £ 3 Gy, Kg',

f1(A, B, K]) takes the following form

1 (|G1K0G1T + Ky + G2} sGsy + GJ 2 s Gl + G5, Ks G, + I|>

A", B" K{) = = lo
1 s ’
ult 0) =3 log [G1KoGT + G1Z§ 6Gs, + GLERTGGT + Gy, KsGT + 1]

1
+ 5 log (|G1K6G1T + I|) ,

where Ly ¢ maximizes f1(A”, B (Zx,s),Kj). In fact, A” maximizes fi(A, B,K{) for fixed B, and B*
maximizes the function with A = A“.

If f1(A% B", K}) < g1(A?, B% Kj), R1 = f1(A?, B% K})) is achievable, and this matches the outer
bound in (11). Thus, one segment of the capacity region is specified by

Ry = f1(A% B Ky), (12a)
Ry < min{f,(A" B%,K}), g2(A?, B*, Ky) }. (12b)

We further observe that the second term g;(A, B, K{) in (9a) is optimized by setting A' =B+
G, 1 Gs,, and hence

1
1(A’, B,Kp) = §1Og(|1<1 +1)).
If g1(B — G; 'Gs,, B,K}) < f1(B— G 'Gs,, B,K}), i.e.,
K{G1K{GT = AKsAT(Ky + 1) — K{GAKsATGY, (13)

then the inner bound for Ry becomes Ry = 1 log(|K; + I|), which is the capacity of the point-to-point
channel without state and matches the outer bound in (11). Thus, another segment of the capacity is
specified by

1
Ry = 5 log(|K1 +1I1), (14a)
R, < min{f>(A", B,K}),$2(A%, B,Kp)}. (14b)
We then consider the rate bound for Rp. Similarly, the following segments on the capacity

boundary can be obtained. If f,(A€, B, K})) < ¢2(AS, B, KJ)), one segment of the capacity region
boundary is specified by
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Ry <min{f (A, B, Kp), g1(A, BS, K))}, (15a)
GoKoGl + Ko + Gy} oG, + GLZ2T GI + Gy, KsGL + 1
RZ:%IO (l 2KoCg 1 Ky + GaisGsp 1 Gy Zp5Ca + CaaisG + 1| +%log<|G2K6G§+I|>, (15b)

|GaKoG] + GaZg gGs, + GLEX gG] + G, Ks G, + 1

2

where
A £ (GoK(Gy + 1) 'KyG] (GoB + Gs), B £ X Gy, Ky !,
and X3's maximizes f;(A¢, B, Kp).
Furthermore, if g2(A, A — G, 1G52,1<6) < fo(A,A-Gy 1G52,K6), one segment of the capacity
region boundary is specified by

Ry < min { fi(4, A~ G;'Ge,, Kb), 81(A, A — G 'Gey, Kp) | (16a)

1
Ry = Elog(|K2+I|). (16b)

Appendix C describes how (A%, B%), (A?, BY), (A, B°) and (A%, B?) were chosen.
Summarizing the above analysis, we obtain the following characterization of segments of the
capacity region boundary.

Theorem 1. The channel parameters (G, Gy, Gs,, Gs,, Ko, K1, Ko, Ks) can be partitioned into the sets
A1, By,Cq, where

Ay = {(Gy1,Ga, Gy, Gy, Ko, K1, Ko, Ks) : f1(A", B, Kp) < g1(A%, B*,Kp)},

C1 = {(Gy, Gy, Gs,, Gs,, Ko, K1, Ko, Ks) = K§G1KGGT = AKsAT(Ky + 1) — K{G AKsATGT
where K = Koy — (A — Gflel)Ks(A - Gl_lel)T, for some A € Qp},

By = (A1 UC)"

If (G1, Gy, Gs,,Gs,, Ko, K1,Ko,Ks) € Ay, then (12a)—(12b) captures one segment of the capacity
region boundary, where the state cannot be fully canceled. If (G, Gy, Gs,, Gs,, Ko, K1,K2,Ks) € Cy,
then (14a)—(14b) captures one segment of the capacity region boundary where the state is fully canceled.
If (G1,Gy,Gs,,Gs,, Ko, K1,Ko,Ks) € By, then the Ry segment of the capacity region boundary is
not characterized.

The channel parameters (Gi, Gy, Gs,, Gs,, Ko, K1,Ka,Ks) can also be partitioned into the sets
Ay, By, Co, where

Ay = {(Gy, Gy, Gs,, Gsy, Ko, K1, Ko, Ks) = f2(AS, BS, Kp) < g2(AS, B, Kp)}

C2 = {(G1,Ga, Gs,, Gs,, Ko, K1, Ko, Ks) : K{GoK(GI = AKsAT(Ky + 1) — K{G,AKsATGT
where Ky = Ky — (A — G5 'Gs, )Ks (A — G5 'Gs, )T, for some A € Qu}

By = (A UC) .

If (G1, Gy, Gy, Gs,, Ko, K1, Ko, Ks) € Ay, then (15a)—(15b) captures one segment of the capacity
region boundary, where the state cannot be fully canceled. If (Gi, Gy, Gs,, Gs,, Ko, K1,K2,Ks) € Cp,
then (16a)—(16b) captures one segment of the capacity boundary where the state is fully canceled.
If (G1,Gy,Gs,,Gs,, Ko, K1,K2,Ks) € By, then the Ry segment of the capacity region boundary is
not characterized.

The above theorem describes two partitions of the channel parameters, respectively under
which segments on the capacity region boundary corresponding to Ry and R; can be characterized.
Intersection of two sets, each from one partition, collectively characterizes the entire segments on the
capacity region boundary.
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Figure 6 lists all possible intersection of sets that the channel parameters can belong to. For each
case in Figure 6, we use red solid line to represent the segments on the capacity region that are
characterized in Theorem 1, and we also mark the value of the capacity that each segment corresponds
to as characterized in Theorem 1. Please note that the case By N B; is not illustrated in Figure 6 since
no segments are characterized in this case.

R2f R R R2

Ry = Llog(|Ky + I\ ( B
2 \
\

\
Ro= A7, B K},
\
,

~_ T~ |

Ro = /oA, B, K})

R1 R1 R1 \\‘ R1
Ry = fi(A", B, K}) Ry = fi(A", B, K}) Ry = fi(A%, B, K})
(@) A1 N Ay (b) A1 N B, () A1 NG, (d) By N Ay
R2f R2t R R2f
Ry = Ylog(|K> + 1)) \ h Ry = Ylog(|K, + 1))
: Ry = (A%, B, )

R1 R1 R1 R1
Ry = %log(\K. +1]) Ry zélng(\Klﬁ»I\) R, = %log(\}&] +1])

(e) ByNECy HCiNnA (g CiNBy (h)C1NCy

Figure 6. Segments of the capacity region for all cases of channel parameters.

One interesting example in Theorem 1 is the case with G| 1Gs, = G, 1Gs,, in which R; and R; are
optimized with the same set of coefficients A and B when (G, Gz, Gs,, Gs,, Ko, K1, Kz, Kg) € C1 N Ca.
Thus, the point-to-point channel capacity is simultaneously obtained for both R; and R, with state
being fully canceled. We state this result in the following theorem.

Theorem 2. If G, 'Gs, = G, 'Gs,, K\G1K)GT = AKsAT (Kq + I) — K\,G1 AKs ATGT and K)GoK)G] =
AKgAT(Ky +1) — K)GoyAKs ATG] where Kly = Ky — (A — G 'Gs,)Ks(A — G 1Gs,)T, for some A € Qu
then the capacity region of the state-dependent parallel Gaussian channel with a helper and under the same but
differently scaled states contains (Rq, Rp) satisfying

Ry <05log(|Ky +11),
Ry <0.5log(|Ky +IJ).

The channel conditions of Theorem 2 are not just of mathematical importance but also have a
practical utility. Consider, for example, a scenario where the helper is also the interferer (see Figure 3),
in such case it is reasonable to assume that Gs;;, = G; and Gs, = G, and thus the aforementioned
conditions are satisfied.

3.4. Numerical Example

We now examine our results via simulations. In particular, we focus on the scalar channel case, i.e.,
G1 < 1,Gy < b, G, + 1,Gs, < a, Ky < Py, K| < P}, K1 <= P;, K - P, and Kg < Q. Furthermore,
we denote A < «, B + B and pps = Bv/PoQ.

Weset Py = 6, P, = P, =5,Q = 12, and b = 0.8, and plot the inner and outer bounds for
the capacity region (Rq,Ry) for two values of a. It can be observed from Figure 7 that the upper
bound is defined by the rectangular region of channel without state. The inner bound, in the contrary,
is susceptible to the value of 4, such that in the case where a = b, our inner and outer bounds
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coincide everywhere, while in the case a # b they coincide only on some segments. Both observations
corroborate the characterization of the capacity in Theorems 1 and 2.

1.4 T T T T T T

12

1 i
0.8 b
N
ad
0.6 T
Time Sharing a=0.8
s |Nner Bound a=0.3
0.4r Inner Bound a=0.5 b
Inner Bound a=0.6
=== |NNer Bound a=0.7
0.2r Inner Bound a=0.8 )
= = = Quter Bound

O 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 12 14

Ry

Figure 7. Capacity bounds for channel parameters Py = 6, P = P, =5, Q = 12, b = 0.8 and various
state gain a.

It is also interesting to illustrate how the channel parameters (a, b) affect our ability to characterize
the capacity region boundary. For this we propose the following setup:

*  we choose a and  such that R; lies on the capacity region boundary;
e we further choose pys that maximizes the achievable R, denoted as R%;
e we compare it to the outer bound of Ry, RY, and plot the gap A = RS — RE.

Figure 8 shows the results of such simulation for two values of Py: Py = 1 for which the state is not
fully canceled for user 1 and Py = 6, for which the state is canceled. We fix other parameters as before,
thatis P; = P, = 5and Q = 12. The right figure shows that the capacity gap is small around the line
a = b, this result is not surprising, and it appears in Theorem 2. The left Figure is also interesting.
It shows that there is a curve a # b for which the capacity gap is also near zero. The reason for this
phenomenon is explained as follows.

e The chosen channel parameters satisfy (a,b, Py, P, P,, Q) € A, and hence

(1+B1)P « P
_ — -0 17
X1 P(; _|_ 1 ,Bl POS Q ( )
optimize R;.
e Thus, if § satisfies

a
E =01 — ,Bll (18)
and V?P? > «?Q(P, + 1 — b2P}), then (a,b,Py, P, P, Q) € Ca, ie, Ry = Jlog(l+ Pp) is

achievable.
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Figure 8. Capacity gap for foxed Py.

We illustrate this result in Figure 9, where we fixed the channel parametersb =1, P, = P, =5,
Q = 12, and calculate the capacity gap for various values of a and Py. The shaded area is the region of
Py where the capacity of the point-to-point helper channel is not characterized.

2 2

1.2
18 12 18
16
1.6 ) N
1.4 14
0.8
12 08 12
4 4
06 0.6
0.8 0.8
0.6 04 0.6 H 04
0.4 0.4
02 0.2
0.2 0.2
0 0 0
ro2z 3 4 5 878910 12z 3 4 5 6 7 8 9 10
Po Py

(@ab=2 b)b=5
Figure 9. Capacity gap for fixed b.

a/b
-
a/b
-

o

In practical situations the channel parameters a and b are fixed but the helper can control Py.
The results here imply that for a fixed (a, b) we can choose Py such that the capacity gap is close to zero.
We emphasize this in Figure 10, where we plot the inner and outer bounds on achievable (Rj, Ry) with
the following channel parameters

(a,b, P, Py, Py, Q) = (35,5,2.17,5,5,12). (19)
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Figure 10. Inner and outer bounds for (a,b, Py, P;, P», Q) = (3.5,5,2,5,5,12).
4. MIMO Gaussian Channel with Independent States

In this section, we consider the problem of channel coding over MIMO Gaussian parallel
state-dependent channel with a cognitive helper where the states are independent. We start with
deriving an achievable region for a general discrete memoryless case. We then, evaluate this region for
the Gaussian setting by choosing an appropriate jointly Gaussian input distribution.

4.1. Problem Formulation

Consider a 3-transmitter, 2-receiver state-dependent parallel DMC depicted in Figure 11, where
Transmitter 1 wishes to communicate a message M; to Receiver 1, and similarly Transmitter 2 wishes
to transmit a message M; to its corresponding Receiver 2. The messages M; and M, are independent.
The communication takes over a parallel state-dependent channel characterized by a probability
transition matrix p(y1,y2|xo, X1, x2,s). The transmitter at the helper has non-causal knowledge of the
state and tries to mitigate the interference caused in both channels. The state variable S is random
taking values in S and drawn from a discrete memoryless source (DMS)

Por (") = [ Ps(s).
i=1

A (2"R1,2"R2 1) code for the parallel state-dependent channel with state known non-causally at
the helper consists of

*  two message sets Ilgll) and Ilgg ,

e three encoders, where the encoder at the helper assigns a codeword x{j (s") to each state sequence
s" € 8", encoder 1 assigns a codeword x/ (1111) to each message m; € II(?B and encoder 2 assigns a
codeword x4 (m;) to each message m; € Il(?z), and

* two decoders, where decoder 1 assigns an estimate 7i1; € Ilg? or an error message e to each

. . . A w
received sequence 7, and decoder 2 assigns an estimate 7, € Il(ez) or an error message e to each
received sequence y5.
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X3 Y; )
My —{ Enc 2 Dec 2 — M,

Figure 11. MIMO State-Dependent Parallel Channel with a Helper.

We assume that the message pair (M1, M) is uniformly distributed over Igll) X Ilg;) The average

probability of error for a length-n code is defined as
P = P{Nly # My or My # My} (20)

A rate pair (R, R,) is said to be achievable if there exists a sequence of (2"R1,2"R2 5) codes

)

such that lim, Pe(”
(Rl/ RZ) :

We observe that due to the lack of cooperation between the receivers, the capacity region of this
channel depends on the p(y1, y2|xo, x1, X2, 5) only through the conditional marginal PMFs p(y1|xo, x1, )
and p(y2|xo, x2,s). This observation is similar to the DM-BC ([37], Lemma 5.1).

Our goal is to characterize the capacity region ¢ for the state-dependent Gaussian parallel channel
with additive state known at the helper. Here, the state S = (S1,S,)”. The channel is modeled by a
Gaussian vector parallel state-dependent channel

= 0. The capacity region % is the closure of the set of all achievable rate pairs

Y, =GXo+ X +S;+7Z, 1=1,2, (21)

where G1, G, are t X t channel gain matrices. Xg, X1, Xz are the helper and the noncognitive transmitters
channel input signals, each subject to an average matrix power constraint

1 n
- Y XX =K, 1=012 (22)
i=1

The additive state variables S; and noise Z; are independent and identically distributed (i.i.d.)
Gaussian with zero mean and strictly positive definite covariance matrix Kg, and I respectively.

4.2. Outer and Inner Bounds

To characterize the capacity region of this channel, we first consider the following outer bound on
the capacity region for the Gaussian setting.

Let,
Ks, 0
Kg & 1 , 23
s <0 Ksz> (23)

and

T S
R¥™2(zy ) 2 1 log <|G1K0G1 + Ki + GiXxgs, + Xx,5,G/ +Ks; + I|>
1 0S) — E

|G1K0GIT + GiXx,s, + Ziosl GZT +Ks, + I|

1 _
+ 5 log (1Gi(Ko — ExysKs "2 6)GT +11) . 24)
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Proposition 4. Every achievable rate pair (Ry, Ry) of the state-dependent parallel Gaussian channel with a
helper must satisfy the following inequalities

. 1
R; < min {R;‘bZ (Zx,8)/ B log(|K; + I|) }, (25)
for I = {1,2} and some covariance matrices (Xxs,, Xxs, ), such that Xx,sKg 1Z>T<Os = Ky, where

Tx,s = (Zxos1 Zxosz) : (26)

The proof of this outer bound is quite similar to the proof of the outer bound in Proposition 3 and
is given in Appendix D.

The upper bound for each rate consists of two terms, the first one reflects the scenario when the
interference cannot be completely canceled, and the second is simply the point-to-point capacity of the
channel without the state. Furthermore, the individual rate bounds are connected through the choice
of ZXOS] and ZXOSZ'

We next derive an achievable region for the channel based on an achievable scheme that integrates
Marton’s coding, single-bin dirty paper coding, and state cancelation. More specifically, we generate
two auxiliary random variables, U and V to incorporate the state information so that Receiver 1
(and respectively 2) decodes U ( and respectively V) and then decodes the respective transmitter
information. Based on such an achievable scheme, we derive the following inner bound on the capacity
region for the DM case.

Proposition 5. An inner bound on the capacity region of the discrete memoryless parallel state-dependent
channel with a helper consists of rate pairs (Ry, Rp) satisfying:

R1 <min{I(U,Xy;Y1) — I(U;S),[(X1;Y1|U) }, (27a)
Ry <min{I(V,X2;Y2) — I(V;S),1(X2; Y2|V)}, (27b)
Ry 4+ Ry <min{I(U,X1;Y1) — I(U;S) + I(V, X2, Y2) — I(V;S) — I(V; U|S),
I(X; Y1|U) + 1(X2; Y2[V)},  (27¢)
for some PMF Pyyx|sPx, Px,-
Remark 1. The achievable region in Proposition 5 is equivalent to the following region

Ry < min{I(U,X3; Y1) — I(U;S), [(X1; Y1 |U)}, (28a)
Ry <min{I(V,Xy;Y2) = I(V; U, S), [(X2; Y2|V)}, (28b)

for some PMF Pyyx,|sPx, Px,-

Proof. The proof of the inner bound is relegated to Appendix E. [
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We evaluate the latter inner bound for the Gaussian channel by choosing the joint Gaussian
distribution for random variables as follows:

U = X'o1 + A11S1 + A12Sy,

V = X2 4+ A2X'01 + A2181 + AnSy,

Xo = X61 + B1S1 + X62 + B»S,, (29)
X'o1 ~ N(0, Ké)l) X' oo ~ N(0, K(l)z),

X1 ~N(0,Ky) X2 ~N(0,Kp),

where X'o1,X/02,X1,X2,S1,S; are independent. For simplicity of representation, denote A; =
(A1, A1n), Ay = (Agg, A11, A1) and B = (By, Bo) . Let f1(+),£1(+), f2(+) and g»(-) be defined as

fi1(A1, B, Ky, Kip) = I(U, X3, Y1) — I(U; S),
81(A1, B, Ky, Kip) = I(X1;Y1[U),

f2(A2, B, Ky, Kpp) = 1(V,X2;Y2) = I(V; U, S),
82(Az, B, Ky, Kpp) = (X2 Y| V),

where the mutual information terms are evaluated using the joint Gaussian distribution set at (29).
Based on those definitions we obtain an achievable region for the Gaussian channel.

Proposition 6. An inner bound on the capacity region of the parallel state-dependent Gaussian channel with a
helper and with independent states, consists of rate pairs (R1, Ry) satisfying;

Ry < min{fi (A, B, Ky, Kgp), 81(A1, B, Ky, Kp) (30a)

Ry < min{f>(Ay, B, Ky, Kpp), 82(A2, B, Ky, K (30b)

for some real matrices Ay, Az1, Az, B1, By, Kiy, and K{, satisfying Kiy,, K{,, = 0, K{;; + K{, + B1Ksg, BlT +
BZKSZBZ = Kp.

Now we provide our intuition behind such construction of the RVs in the proof of Proposition 6.
Xp contains two parts, the one with B;, | = 1,2 controls the direct state cancelation of each state.
The second part X', I = 1,2, is used for dirty paper coding via generation of the state-correlated
auxiliary RVs U and V.

4.3. Capacity Region Characterization

In this section, we will characterize segments on the capacity boundary for various channel
parameters using the inner and outer bounds that were derived in Section 4.2. Consider the inner
bounds in (30a)-(30b). Each bound has two terms in the argument of min. We suggest optimizing
each term independently and then comparing it to the outer bounds in (25). In the last step we
will state the conditions under which those terms are valid. Our technique for optimal choice
of (A11,,A12, Az, Az1, Axp) be such that cancels the respective interfering terms from the mutual
information quantities. We explain how those matrices were chosen in Appendix F.

We begin by considering what choice of (A1, A12) can maximize f1(A;, B, K}, Ky, ). Let

11 = (G1(Kyy + Kpp) G + 1) 'Ky, G{ (G1By + 1),
1o = (G1(Kpy + Kpp)G{ + 1) 'Ky G G By.
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Then f; (A, B, K}y, K{y,) takes the following form

o 1
fi( ?rB/Kfanf)z) = log

<|G1K0G1T + Kq + G1B1Ks, + Ks, BTGT + K, + 1|>
2

|G1KoG] + G1B1Kg, + Kg,BI GI + 1|

1 G (KL, +Kh,)GT +1
+ - log G 01_’; 0%) 1+ . (3D
2 |G1K02G1 + 1|

If f1(Af,B% K}y, Kl,) < g1(Af, B Ky, Kp,), then Ry = f1(Af,B% K}y, K{,) is achievable.
Moreover, if we choose K62 = 0, then Ry = fl(A‘fl,A‘lzz, B{, B3, K(’),O) meets the outer bound (the
first term in “min” in (25)) with B1Ks, = Zx,s, and B;Ks, = Xx,s,. Furthermore, by setting

AI]71 = Bl + Gil/ A?2 = BZ/

we obtain

g1(AY, B, Kpy, Kpp) =

1 |G1K), G + Ky + 1
2 8\ TIGKL,GT+ 1] )

If g1(AY, B, K}y, K)y) < f1(AY, B, Ky, K,), then

Gi1K,GT + Ky 41
Rlzllog | ! 02/1_; 1+ ‘
2 |G1K}, G + 1|

is achievable. Similarly, by choosing K}, = 0, then Ry = } log |K; + I| is achievable and this meets the
outer bound (the second term in “min” in (25)). Next we consider the bound on R,. Let

A%y = (GoK(p G + 1) 'K Gy Gy,
A%y = (GoKpG3 + 1) 'KppG) GoBy,
Al = (GoKppGy + 1) 'Kp G (GaBy + 1).

Then f>(A,, B, K}, K{,) takes the following form

17 B 1 |G2KoGI + Ky + G2BaKs, + Ks,BIGT + K, + I
Al 5,B,K51,1<62>=210g< ! , +Ks,BIG] + K,

|G2K0G2T + G2B2Ks, + KsngGg + Ks, + I|
1
+ 5 log (16K GE +11) . (32

If f>(A%, B, K}y, K),) < §2(AS, B,K}y, K{p), then Ry = fo(AS, B, K}, K{;,) is achievable. Moreover,
if we choose K{; = 0, then R, = f>(A%, B,0, K[,) meets the outer bound (the first term in “min” in (25)).
Furthermore, we set

Aby=1, A =B, AL=B+G,, (33)
and then obtain 1
82(A%, B, Ky, Kpp) = Elog (1K +1])- (34)

If gz(Ag, B, K{, K{,) < fz(Ag, B, K{,,K{,), then R, = % log (|Kz + I|) is achievable and this meets
the outer bound. This also equals the maximum rate for R, when the channel is not corrupted by state.

Summarizing the above analysis, we obtain the following characterization of segments of the
capacity region boundary.
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Theorem 3. The channel parameters (G1,G2,K0,K1,K2,K51,K52) can be partitioned into the sets
A1, By, Cq, where

Ay = {(G1, Gy, Ko, Ky, Ko, Ks, Ks,) = f1(Af, B, Ky, Kpp) < 81(A7, BY, Kpyy, Kp),
Cl = {(Gll GZ/ KO/Kll KZ/ KS]/KSZ) :fl(Ab/ E/K61/ K62) 2 gl (Ah/ E/K61/K62)}/
By = (A UC) .

If (G1, Gy, Ko, Ky, Ky, Kg,, Kg, ) € Ay, then Ry = f; (A‘l’, B, K{,,0) captures one segment of the capacity
region boundary, where the state cannot be fully canceled. If (Gi, G, Ko, K1, K3, Ks],Ksz) € (Cq, then
Ry = % log |K1 + I| captures one segment of the capacity region boundary where the state is fully canceled.
If (G1, Gy, Ko, K1, Ky, Kg,, Ks, ) € By, then the Ry segment of the capacity region boundary is not characterized.

The channel parameters (Gi, Gy, Ko, Ky, Ko, Ksl,Ksz) can also be partitioned into the sets
As, By, Co, where

-’42 = {(Gl/ GZ/ KO/ Kl/ KZr Kslst2) : fZ(Ag/ B/ K61/ K62) S gZ(Agl B/ K(,n/ K62)r
Cy = {(G1, Gy, Ko, K1, K, Ks,, Ks,) : f2(A5, B, Kfy, Kp) > g2(A5, B, Kfy, Kb,
By, = (Ag UCz)c.

If (G1, G, Ko, K1, K2, Ks,,Ks,) € Ay, then Ry = f>(A%, B,0,K{) captures one segment of the capacity
region boundary, where the state cannot be fully canceled. If (G1, Gy, Ko, Ky, K, Ks,,Ks,) € Cp, then
Ry = %log (|Ky + I|) captures one segment of the capacity boundary where the state is fully canceled.
If (G1, Gy, Ko, K1, K3, Ks,, Ks, ) € By, then the Ry segment of the capacity region boundary is not characterized.

The above theorem describes two partitions of the channel parameters, respectively under
which segments on the capacity region boundary corresponding to R; and R, can be characterized.
Intersection of two sets, each from one partition, collectively characterizes the entire segments on the
capacity region boundary.

We note that our inner bound can be tight for some set of channel parameters. As an example,

! T
assume that (Gl,Gz,Ko,Kl,Kz,Ksl,Ksz) € C1 NCy. In such case, Ry = %log <Gl(13<012<’61G+T1i11+I> and
180251

Ry = Llog (|K; + I|) are achievable. For the point-to-point helper channel [28], it was shown that if
the helper power is above some threshold, the state is completely canceled, whereas in our model we
have two parallel channels. If the helper power is high enough, it can split its signal, similarly as for
the Gaussian BC, such that one part of it is intended for Receiver 2, where by using dirty paper coding
it eliminates completely the interference caused by the state and the part of the signal intended for
Receiver 1. In the same time the part of the helper signal intended for Receiver 1, can only cancel the
interference caused by the state while the part intended to Receiver 2 is treated as noise.

4.4. Numerical Results

In this section, we provide specific numerical examples to illustrate the bounds obtained in the
previous sections. In particular, we focus on scalar Gaussian channel setting, such that: Gy < #y;
Gy < 112; Ko <= Po; Kfyy < Pyy; Kiyy <= Pyp; Ky <= Py; Ky = Py, K, < Q1; Kg, < Qp. We also denote
(A11, A12, Ao, An1, A2z, B1, Ba) < (w11, 12, &20, ®21, 22, B1, B2). We plot the inner and outer bounds
for various values of helper power Py, channel gains, #; and 7, and different state power. The results
are shown in Figure 12. The outer bound is based on Proposition 4. The inner bound is the convex hull
of all the achievable regions, with interchange between the roles of the decoders. The time-sharing
inner bound is according to point-to-point helper channel achievable region [28]. The scenario where
the helper power is less than the users power is depicted in Figure 12a,b, while the channel gains
in Figure 12a are equal, they are mismatched in Figure 12b. Please note that in both cases our inner
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bound outperforms the time-sharing bound, especially in the mismatched case, and some segments of
the capacity region are characterized.

The scenario with helper power being higher than the user power and matched and mismatched
channel gain is depicted in Figure 12¢,d respectively. Similar to for low helper power regime, our
proposed achievability scheme performs better than time-sharing.

= 1,112= 1, PO= 2, P1= 5, P2= 5, Q1=12, %: 12 n= 043,1'2= 1, PD= 2, P1= 5, P2= 5, Q1=12‘ %: 12

= = = -Outer Bound
Inner Bound
TS Inner Bound

0 02 0.4 06 0.8 1 12

(@)

= 1.112: 1, PO: 50, Pl: 5, P2: 5, QIZIOO, g: 100

R
o
>

= = = -Outer Bound
Inner Bound
TS Inner Bound

(b)

0.9

— — -Outer Bound
Inner Bound
TS Inner Bound

— — -Outer Bound
Inner Bound
TS Inner Bound

Figure 12. Numerical Results.
5. Conclusions

In the first part of this paper, we have studied the parallel state-dependent Gaussian channel
with a state-cognitive helper and with same but differently scaled states. An inner bound was derived
and was compared to an upper bound, and the segments of the capacity region boundary were
characterized for various channel parameters. We have shown that if the channel gain matrices satisfy
a certain symmetry property, the full rectangular capacity region of the two point-to-point channels
without the state can be achieved. Furthermore, for the scalar channel case, we have shown that for a
given ratio of state gain over the helper signal gain, 4/b, one can find a value of the helper power—P,,
such that the capacity region is fully characterized.

A different model of the parallel state-dependent Gaussian channel with a state-cognitive helper
and independent states was considered in the second part of this study. Inner and outer bounds
were derived, and segments of the capacity region boundary were characterized for various channel
parameters. We have also demonstrated our results using numerical simulation and have shown that
our achievability scheme outperforms time-sharing that was shown to be optimal for the infinite state
power regime in [34].

These two models represent a special case of a more general scenario with correlated states,
our results in both studies imply that as the states get more correlated, it is easier to mitigate the
interference. Furthermore, the gap between the inner bound and the outer bound in this work suggests
that a new techniques for outer bound derivation is needed as we believe that the inner bounds
consisting of pairs (Ry, Ry) = (f1(A], B, K}y, K{,), f2(Az, B, K}, K{;,)) is indeed tight for some set of
channel parameters.
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Appendix A. Proof of Proposition 1
Fix the following joint PMF

Pswixox1X,Y1 Y2 = PsPwis Px|swPx; Px, Py, 1sx0x, Py, 5% - (A1)
Appendix A.1. Codebook Generation

Randomly and independently generate 2nR sequences w" (1), i € II(;), each according to

[T/, Pw(w;). Similarly, for I = {1,2}, generate 2"%t sequences xJ'(m;), m; € I, (7), each according
to [T, Py, (x;;). These sequences constitute the codebook, which is revealed to the encoders and
the decoders.

Appendix A.2. Encoding

Appendix A.2.1. Encoder at the Helper

Fix ¢’ > 0. Given s", find 7, such that (w"(’),s") € Tegn)(PSW). If no such sequence exists,
it declares an error. Then, given (w" (i), s"), generate xjj according to [T Px,sw (Xoilsi, w;(#")).
The encoder at the helper then transmits x; at time i € [1 : n].

Appendix A.2.2. Encoder at Transmitter 1
To send message m;, encoder ! transmits x}' (1), for [ = {1,2}.
Appendix A.3. Decoding

Lete > € and | € {1,2}. Upon receiving y}, the decoder at Receiver ! declares that 1; € II({’:)

is sent if it is the unique message such that (w" (1#1), x}' (111;), y}') € 7 (Pwx,Y,) for some 11 € II%”);

otherwise it declares an error.

Appendix A.4. Analysis of the Probability of Error

The encoder at the helper declares an error if the following event occurs
€0 = {(S", W' (1)) ¢ T\") (Psw) for all sit € T{"}. (A2)

By the covering lemma (Section 2.3), with setting the original random variables (U, X, X) as
(@,S, W) respectively, and A = II({[), P{&y} tends to zero as n — oo if

R > I(W;S). (A3)
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Assume without loss of generality that (M;,M,) = (1,1), condition (A3) holds, and let M denote
the index of the chosen w" sequence for s”. The decoder at Receiver I makes an error only if one or
more of the following events occur:

En = {(W"(¥1), X} (1),Y]) & T (Buxy,) ),

Ep = { (W (F1), X} (my), Y]) € T&™ (P, ) for some my # 13,

&3 = {(W" (1), X (my), Y7) € T&™ (Pwx,y, ) for some my # 1and it # M.
Thus, by the union of events bound,

P{&} = P{EnUELUERY < P{&L} 4+ P{&n} +P{&3}. (A4)

By the LLN, the first term P{&}; } tend to zero as n — oc. For the second term, note that for m; # 1,

=
=

Hence, by the packing lemma, choosing the original random variable (U, X,Y) as (@, X;, (W, Y;))
(n

respectively, A = Rz)’ P{&p} tends to zero as n — oo if R; < I(X;;Y;,W). Since X; and W are
independent, R; < I(X;;Y;|W). Finally, for the third term, note that for n; # 1 and 7t # M

" (M), xG (M), x}' (1), x]' (my), 5", yI')

I
=
]

=
G
E

)X
= p(xq (my)) p(w" (m)) o p(@"(M), xg (M), s")p(x]' (1) p(y] |xG (M), x7'(1),5")
wh (M), x} (1),x5 (M),s"

Again, by the packing lemma, choosing the original random variable (U, X,Y) as (@, (W, X;),Y;)
respectively, A = II({;) X II({’), P{&3} tends to zero as n — oo if R+ R; < (W, X;;Y}).

Appendix B. Proof of Proposition 3

We prove for a general | € {1,2}. By Fano’s inequality (Lemma 2),

H(M[Y") < nRP" +1 < ne,

where €, tends to zero as n — oo by the assumption that lim;, e Pg(n) =0.
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Now consider

nR; +1(S"; Y} M)

= H(M;) — HM|Y]') + H(M[Y]") + I(S"; Y]'|M;)
< I(M;,S";Y]) + ney

= h(Y]) = h(Y[ M}, S") + ney

h(Y]) = h(Y] M, X[, X5, S") + nen

(Y?) h(Z]) + ney

| /\

IN
I\J\:

log (|GIKoG] + Ki + GiZx,s Gl + Gy, Tk s Gf + Gy KsGl +1]) + e,
I(S";Y}'|M;) can be lower bounded as follows:
(8™ X[ [M;) = h(S") — h(S"|Y), (A5)
where Y/ £ G/ X! + G,S" + Z'. The conditional differential entropy can be upper bounded as follows

h(S"Y}) < ) h(SilYy)

-

I
—

<

N3

log(27re)! ‘KS Ty, T3 Tay, (A6)
where gy = E [SY]] = KsGI + Z)T(OSGZT, and
2y, = GIKoG] + G1Ex,sGq, + G5, Zx,sG/ + G5, KsGy, + 1.

Now we apply Silvester’s Determinant Theorem [38] to have

1vT_ | _ -1 15T
Ks — Zgq, Iy 20 | = IKs| |1 - Kg'Egg Ty 1L |
=|KS|‘I— Ks'Zeg, X! ’
1 1
= [Ks| |25, — =5¢, K5 "5 | [=5! |-
Consider the argument of the middle determinant. Since Kg 12591 = GSTI + Ks_lz)T(osGlT , it
follows that
T -1 T ~1yT AT
Zsy,Ks Zsy, = [GsKs + Gixs] [Gs] + Kg Zx,s6 }
= Gg,KgGL + Gg 2% oGl + GXx sGL + GEx sKs 2L ¢Gf
! S S, XS V1 1~XoS S 14XoS™s XoS™1
and

T -1 AT AT
Ly, — Xy Ks Zgy, = Gi(Ko — XxysKg Ex,5)G) + 1.

Finally, by collecting terms,

I(S”-Y?|M1)>”1og<|GIKOG + GiZx,sG] + G Tk ¢G + G KsG] +1|>
4 -_ 2 .

|Gi(Ko — Ex,sKg ' 2X )G +1]|

Thus, the bound in (11) is satisfied.
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It remains to show that £y gKg !=T « < Kj. We use the non-negativity property of the covariance
0SS ~X,S g Y prop
matrix of the vector (Xg, S)T

Ko  Xx,s

detE [(xo,s)T(xo,s)} =det |y’ T
XoS

= |Kg] - ’KO — ZxysKg = s

>0,

where the last inequality follows since any covariance matrix (Zx,s) is by definition positive definite.
Now we arrange parts to have:

Zx,sK5 ' Z%,s =< Ko.
This completes the proof of Proposition 3.

Appendix C. Optimal Coefficients for the MIMO Gaussian with Differently Scaled
States Channel

We first consider the bound on R;. Consider the first argument in min of (7a)

I(W,X1; Y1) — I(W;S) = I(Xq; Y1) + I(W; Y1|Xq) — I(W; S]Xq)
= I(Xl}Yl) + h(W‘S,Xl) — h(W|X1,Y1).

It is straightforward to show that

1
I(Xl,'Yl) = ElOg (

1

|G1KoG] + G1BKsGL + G5, KsBTG] + G KsGI + 1

|G1KoG] + K; + G1BKsGl + Gy KsBTG] + G5 KsGI + 1|>

and
(WIS, X1) = h(X}).
As for the third term, denote Y; = Y; — Xy, thus

h(W|X1, Y1) = h(W|Yq)

h
h(W — Myyy, Y1)

= It (X + AS — Myg, (Gr (Xg+BS) + G5, S +21)) .

We require that term S in the argument of the differential entropy be completely canceled,
therefore we choose

A" = My g, (G1B+ Gs,).
With the above choice of A, we have
h(W[X1,Y1) = h (xg ~ My, (GiX§ + zl)) .
Finally, we demand that Mwm be the MMSE of X|, given G1X(, + Z;, i.e.

My, = (GIKGGT + 1) Ky Gy -
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In such case
A" = (GiK\G] + 1) 'K{GT (G1B + Gs)).

Hence
h(W|Xq, Y1) = h(XH|GiX4 + Z1),

and thus

h(WIS,X1) — (WX, Y1) = h(Xp) — h(Xp|G1Xg + Z1)
= I(X{; G1X{, + Z1)

1
flog (\GlKOGl + I|)
Furthermore, if we choose A? = B + Gy GSl , then

1(X1; Y1|W) = I[(X1; G1(X) + BS) + G5, S + X1 + Z1 X + (B + G 'G,)S)
=I(Xy; X1 +Zy)

1
= Elog(|K1 +1).
With this choice of A, h(W|Y1) is equal to

h(W([Y)
= h(Xy + AS|G1(X) + (A — G 'Gs,)S) + G5, S+ Z)
= h(X} + AS|G1(X) + AS) + Z1)

1

= 5 log(27e)! K)+AKsAT— (K{GT + AKsATGT) (G, (K6+A1<5AT)G{+1)*1(K6G1T+AKSATG1T)T’
1

=5 log(2me)!|K) + AKs AT — (K + AKsAT)GI (G1(K) 4+ AKsAT)GT + 1) ~1Gy (K} + AKSAT)T‘

- % log(27te)t| K + AKSAT‘ ‘1 — GT(Gy (K} + AKs AT)GT + 1)"1G, (K} + AKSAT)T‘

- % log(27e)’ |K + AKs AT| |1 = (Gi(Kp + AKsAT)GT +1)7'Ga (K + AKs AT)TG] |
|K) + AKgAT|
|G1(K) + AKsAT)GT + 1|
|Kj + AKsAT|
|G1(K) + AKsAT)GT + 1|

1
= 5 log(2rte)" ] G1 (K} + AKsAT)GT + 1) — Gl(K(’)+AKsAT)TG1T‘

t

= %log(Zme)

Thus

Ky 1|Ga (K) + AKsAT)G + Ky + 1]
I(W Xerl) - I(W S) zlog ( |K/ —|—AKsAT|

We would like to obtain a condition under which g (A?, B, K) < fi (AP, B, K}), i.e.
|K)||G1(Kh + AKsAT)GT + Ky + 1| > |K) + AKsAT||Ky + 1|
that is equivalent to

K{Gy(K) + AKsAT)GT + K{Ky + K{) = K{K; + K) + AKsATK; + AKgAT.
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Furthermore, after rearranging terms, we have
/ 1 ~T T ! T~T
KyGi1KyGi = AKgA* (K1 +1) — KyG1AKgA™ Gy .

The choices of A® and A“ for the achievability proof of R, follows using similar steps by
interchanging the indices 1 + 2.
Appendix D. Proof of Proposition 4

This proof relies greatly on the proof of the outer bound in the differently scaled states scenario in
Appendix B. The main differences are:

e S=(S, SZ)T. Since S1 and S; are independent, the covariance matrix of S is block-diagonal

Ks, 0
K= (S ,
s ( 0 1<52>

*  thehelper signal X correlates with S; and S, and it characterized by the cross-covariance matrices
Yx,s, and Xy s, respectively,
U the state gain matrices, G5, and G;, are unity matrices.

Hence, in the independent-states case, we have the following upper bound on nR; + I(S"; Y}|M;)
n
nRy + (8" Y{|My) < 2 log <|G1K0G1T +Ki + GiZxys, + % 5,G1 +Ks, + 1|) fnen. (A7)

Let Y/ £ G;X! + S" + Z. We proceed to lower bound I(S"; Y/|M;) = h(S") — h(S"|Y}) In
similar fashion to (A6), the conditional differential entropy can be upper bounded as follows

~ n _ _
h(S"[¥}) < 7 log(2me) |Ks| ]zYl —K&,Zslzsv,) ‘sz ) (A8)
where
- KS —|—ZT GT
Z ~ :]E SY] — 1 XS 1 ,
i [ } e

and Ly, = GlKOGlT + G1Zx,s, + Z)T(Osl GlT + Kg, + I. The power 2t in (A8) is due to the size of the
vector (Sq, SZ)T. The argument of the inner determinant in (A8) can be further evaluated as follows,

—1 T T
1 0 Kg %%s,61
—1vT T
_ H“Kls1 szoslTGl
Ksz ZxoszG1
and
I+ K12T o GT
T -1 _ S XoS 1
Zov, s Zsv, — |Ksi + Gilixgs, G1ZX052} nglgiosjéf

= Ksl + Glzxosl + Z)T(()Sl GI + Glz‘xoSlKS_llZ;OSl G{ + G12X052K§212§052 G{'
Thus,

T -1 15T 15T T
2y, ~ Zeg,Zs 'Zsy, = G1(Ko — Ixys, K5 Zx s, — Ixys,Ks, Ex,s,) 61 + 1

= G1(Ko — Zx,sKg'Zx,s)GI + 1,
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where in the last equality we used the definition of X5 from (26). Consequently, we established an
upper bound on I(S"; Y} |M;):

(A9)

I(S™; Y] M) > n log ('GlKOGlT T G12xsy +2>T<051 G{ +Ks, + I|>
s 11 - A5
2

|G1(Ko — Ex,sKg 2% §)GT + 1

Finally, collecting (A7) and (A9), the bound in (25), with [ = 1, is satisfied. The bound (25) for
I = 2 follows from similar considerations. It remains to show that Xy sKg 1Z)T(OS = Kp. We use the
non-negativity property of the covariance matrix of the vector (Xo, S1,S2)7

Ko Zxps;  Zxgs,
detE [(Xo,81,52)" (X0, 81,82)| = det | ks, Ks; 0

T
ZXO S, 0 Ks,

-1

K51 0 Kg 0 2£ S
— -Ko—{zxs ZXS] ' o
|0 Ks, TR0 K] |2,
_Ksl 0] Ks! 0 ] [Zxs
_ Ky — [2 p) ] ' .
0 K, 0 Xo81 2%oS2| | g Ks_zl Z,T(OSZ
_KS 0 ] -1 T —1yT
= 1 - | Ko — Z‘)(051K51 Z“XoSl B ZXOS2K52 Z:XOSZ
0 Ks,
(b)
>0

where the last inequality follows from non-negativity of covariance matrix. Now we arrange parts
to have:

~1yT 1y T ~1yT
2x08,Kg, Zxos, T Zx08,Ks, Exys, = Zxo8Kg Zx,s = Ko.
This completes the proof of Proposition 4.

Appendix E. Proof of Proposition 5

We use random codes and fix the following joint distribution:

Psuvxoxixov1vs = Psuv Py, suvPx, Px, Py, |sx0%, Pya|sx0 %,

Appendix E.1. Codebook Generation

Generate 2"Ru randomly and independently generated sequences u"(r), r € II({;)

to [T7; Pu(u;). Similarly, generate onRy randomly and independently generated sequences v"(t),
te Ig:/) according to [T ; Py (v;).

, each according

Let ! € {1,2}. Randomly and independently generate 2"Ri sequences x/ (m;), m; € II({;), each
according to [T\, Px, (x;;)-
These sequences constitute the codebook, which is revealed to the encoders and the decoders.

Appendix E.2. Encoding

Fix €’ > € > 0. The encoder at the helper, given s", finds 7 such that

(s, u"(7)) € TS (Psu),
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if there is more than one such 7, choose the smallest one. If no such 7 can be found declare an error.
Next, given s”, u" (7) , find f such that

(s", u"(7), 0" () € T3 (Psuv),

if there is more than one such f, choose the smallest one. If no such f can be found declare an error. Then,
given s”, u" (7) and v" (), generate x{j with i.i.d. components according to TTi_; Px,suv (¥oilsi, i, v;)-
Let (m1, my) be the messages to be sent. The encoder at transmitter ! transmits xj' ().

Appendix E.3. Decoding

Fix e > €”. Given y}, decoder 1 declares that 111 was sent if it is the unique message such that

(W (), %1 (i), v) € T (Puxyy, )-

If no or more than one such 7, can be found, it declares an error.
Similarly, given y4, decoder 2 finds the unique message 1, such that

(0" (), %5 (72), y5) € T (Puxyy, ).
If no or more than one such 71, can be found, it declares an error.

Appendix E.4. Analysis of the Probability of Error

Assume without loss of generality that the message pair (My, My) = (1,1) was sent and let ry be
the chosen index for u" and ¢y be the chosen index for v". The encoder at the helper makes an error
only if one or both of the following errors occur:

£ = {(S",U"(r)) & T\" (Psy) forall r € II({;)}’
E = {(S",U"(r0), V(1)) & TS (Psyy) forall t € Z{")}.

Thus, by the union of events bound, the probability that the encoder at the helper makes an error,
can be upper bounded as

Pr(&) =Pr(Ep U &) < Pr(&n) + PI‘(E& N &)

By the covering lemma with U = &, X <~ S, X+ U,and A = II({;), Pr(&p ) tends to zero asn — oo
if Ry > I(U;S) +5(€).

Similarly, using the covering lemma with U = @, X < (S, U), X+« V,and A = II({:/), Pr(&5 N &)
tends to zero as n — o if Ry > I(V;S,U) + 6(€”).

The decoder at receiver 1 makes an error only if one or more of the following events occur

11 = {(U"(ro), X (1),Y}) & T (Pux,v,) b,

1
12 = {(U"(r0), X3 (m1),Y}) € T (Pyx,y, ) for some my # 1},
&3 = {(U"(r), X} (m),YT) € ’7'6(")(PUX1Y1) for some r # rg and my # 1}.

X
X
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Again, by the union of events bound, the probability that the decoder at receiver 1 makes an error,
can be upper bounded as

Pr(€1) = Pr(&11 U &R U &)
< Pr(&n U U&RUER)

<Pr(&n)+ PI‘(E(CH Nén)+ Pr(E(‘jl N &) + Pr(&13). (A10)
We have already shown that Pr(&y; ) tends to zero as n — oo if Ry>1 (U;S) +6(€’). Next, note
that
€6 = {(S",U"(r)) € TS (Psu)} = {(S",U" (ro), X&) € T3") (Psux, )},
and

n
n|.n n n ny __ . . . . .
PY’f\S”U”(rO)XSX;‘(l)(yl|S ", xg,xq) = HPY1|SUX0X1 (yailsi, ui, xoi, %17)
i=1

n
= [ T Pvyisxox, (ailsi, xoi, x1:)-
i=1

Hence, by the conditionally typicality lemma, Pr(&5;, N £11) tends to zero as n — co.

As for the probability of the event (£5 N &12), X[ (mq) is independent of (U"(rg),Y}) ~
[TZ; Puy, (ui, y1;). Hence, by the packing lemma, with U = @, X <= X1, Y < (U,Y1)and A = [2:: 2mR1],
Pr(£§ N &1p) tends to zero as n — if Ry < I(Xy;U, Y1) —d(e). Xq and U are mutually independent,
hence the latter condition is equivalent to Ry < I(X3;Y1|U) —d(e).

Finally, since for m; # 1, r # ro, (X} (m1),U"(r)) is independent of (X} (1), U"(ro), Y] ), again by
the packing lemma with U = @, X + (U, X1),Y < Yyand A = [2: 2] x [1 : Z”RU}/;’O, Pr(&13) tends
to zero as n — oo if Ryy + Ry < I(U, X1;Y1) — é(e).

Next consider the average probability of error for decoder 2. The decoder at receiver 2 makes an
error only if one or more of the following events occur

Ea1 = {(V"(t0), X4 (1), Y5) & T (Puxoy,) 1,
Ex = {(V"(to), Xi (m3),Y3) € T&™ (Pyx,v,) for some my # 1},
Ex3 = {(V*(), X4 (m3),Y3) € T (Pyx,v, ) for some t # to and my # 1}.

Similar to (A10), the probability that the decoder at receiver 2 makes an error, can be upper
bounded as

Pr(&) < Pr(&) +Pr(E§ N &) +Pr(€G N Exn) + Pr(&s).

In a very similar fashion as was shown for decoder 1, it can be shown that Pr(&;) tends to zero as
n — oo if

Ry > I(V;S,U) +6(e"),
Ry < I(X2;Y2|V) —6(€),
Ry +RV < I(V,Xz,‘Yz) —(5(6‘).

Finally, combining the aforementioned bounds yields the following achievable region:

Ry < min {I(U,X; Y1) — I(U;S), I(X3; Y1]U) },
Ry < min {I(V,X3;Y2) — I(V;U,S), [(X2; Y2|V) }.

This completes the proof of achievability.
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Appendix FE. Optimal Coefficients for the MIMO Gaussian with Independent States Channel

We first consider the bound on R;. Consider the first argument in min of (28a)

I(U,Xl,‘Yl) - I(U,S) = I(Xl;Yl) + I(U,Yl\Xl) - I(U,S|X1)
= I(Xl,'Y1> + l’l(U|S,X1) - I’Z(U|X1,Y])

It is straightforward to show that

I(X1;Y1) = = log

1 <|Gll<ocf + Ky + G1BiKs, + Ks,B]G] +Ks, + II>

2 |G1KoG] + G1B1Ks, + Ks, BTGT + 1|
and ,
h(U[S, X1) = h(Xp;) = Elog(ZNE)t\Kéﬂ-
As for the third term in (A11), denote Y; = Y; — X,
h(U|X41, Y1) = h(U[Y1)

h
h

(Al1)

(X61 +AnSi + A12Sy — My, (G1 (Xo1 + Xoz + B1S1+ B2S2) +S1 + Zl)> .

We require that the terms S; and S; in the argument of the differential entropy be completely

canceled, hence we choose
Al = My, (GiBi +1),  Afy = My)y,G1Ba.
With the above choice of (A11, A12), we have
B(UIXe, Ya) = I (Xoy = Mgy, (Gr Xy +Xto) +21) )

Finally, we demand that My, be the MMSE of X{;, given G (X{;, + X{,) + Z1, i.e,

-1
My, = (Gl (Ko +Kpp) GI + I) K G-
In such case
-1
t = (G1 (Ko +Kip) G +1) Ky Gl (GaBy + 1),
-1
f2= (G (Ko + Kip) G +1) K Gl GiBa.

Hence
h(U|X1, Y1) = h (Xgq |G1 (Xpy + Xo2) +Z1)

and thus

h(U[S, X1) — h(U[X1, Y1) = h(Xgy) — b (Xin|G1 (Xo1 + Xo2) + Z1)
I (Xp1; G1 (X1 + Xpp) +Z1)

1 |G1(Kpy + Kip)G{ +1]
2 %8 G1K,GT + 1] '
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Furthermore, if we choose All’1 =B+ Gy land All’2 = B,, then

I(%;Y2|U) = I (X3 Gy (X + Xgp + B1S1 + B2S2) + X1 + 81+ Z1 X, + Al 1+ A}S, )
= I(X1; G1 X + X1 + Z1)
1 <|G1K02G1T+K1 +I|>
== EIO

|G1 Ko G{ + 1 |
We next consider the bound on R;. Consider the first argument in min of (28b)

I(V, Xz;Yz) - I(V; U,S) = I(Xz;Yz) + I(V,‘ Y2|X2) - I(V; U,S|X2)
= I(X2;Y2) + h(V|U, S, Xz) — h(V[Y2,Xz). (A12)

It is straightforward to show that

1 |G2KoGY + Ky 4+ G2BoKs, + Ks,BIGI + K, + I
I(Xz,‘Yz):flO T T~T ’
2 |G2K0G2 + GszKsz =+ K5232 GZ + K52 + I|
and h(V|U, S, X;) = h(X{,). As for the third term in (A12), denote Y, = Y, — X»
h(V[Y2,X2) = h(V[Y2) = h(V — Myy,Y2)
=h (X62 =+ A20X61 + A21S1 + Ax»S, — MV|Y2 (Gz (X61 + X62 + B1S1 + BzSz) + S, + Zz)) .

We require that terms X{;, S1 and S, in the argument of the differential entropy be completely
canceled, hence we choose

Ag = MV\YZGZf Ay = Myy,G2B1, Al = MV|Y2(G2B2 +1).
With the above choice of (Ayg, Az1, A), we have
h(V|Y2,Xo) = I (x()2 ~ Myg, (GaXbo. + zz)) .
Following this we demand that My, be the MMSE of X{,, given GoX{, + Z», i.e.,
MV\YZ = (GzKong + I)ilKong.
In such case
A%y = (GaKoaGa + 1) 'Kga Gl Gy,

A%y = (GoKpG] + 1) 'KnGI GyBy,
Ay = (GoKpnG; + I) 'KnpG3 (G2By + I).
Hence
h(V[Y2,X2) = h(Xga|GaXpp + Z2),
and thus

h(V|U,S,Xo) — h(V|Y2,X2) = h(X{y) — h(X{,|Ga Xy + Z)
= I(Xpp G2 Xpp + Z2)

- %log(|G2K02G2T+I|).
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Furthermore, if we choose Ago =1, Agl = By and Agz =B+ G, 1 then

1
I(XZ;Y2|V) = I(X2,’X2+Zz) = Elog(|K2+I|) .
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