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Abstract: Two families of dependence measures between random variables are introduced. They are
based on the Rényi divergence of order « and the relative a-entropy, respectively, and both dependence
measures reduce to Shannon’s mutual information when their order « is one. The first measure shares
many properties with the mutual information, including the data-processing inequality, and can
be related to the optimal error exponents in composite hypothesis testing. The second measure
does not satisfy the data-processing inequality, but appears naturally in the context of distributed
task encoding.
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1. Introduction

The solutions to many information-theoretic problems can be expressed using Shannon’s
information measures such as entropy, relative entropy, and mutual information. Other problems
require Rényi’s information measures, which generalize Shannon’s. In this paper, we analyze two
Rényi measures of dependence, J,(X;Y) and K, (X;Y), between random variables X and Y taking
values in the finite sets X and ), with a € [0, c0] being a parameter. (Our notation is similar to the one
used for the mutual information: technically, J,(-) and K, (-) are functions not of X and Y, but of their
joint probability mass function (PMF) Pxy.) For a € [0, o], we define J,(X;Y) and K, (X;Y) as

(XY 2 . Dy (P , 1
] ( ) (Qx,Qy)énPng)Xp(y) ( XYHQXQY) ( )
Ky(X;Y) 2 min Ay (Pxy||QxQy), )

(Qx,Qy)eP(X)xP(Y)

where P(X) and P()) denote the set of all PMFs over X" and ), respectively; D, (P||Q) denotes the
Rényi divergence of order « (see (50) ahead); and A, (P||Q) denotes the relative a-entropy (see (55)
ahead). As shown in Proposition 7, J,(X;Y) and K, (X;Y) are in fact closely related.

The measures J,(X;Y) and Ky (X;Y) have the following operational meanings (see Section 3):
Jo(X;Y) is related to the optimal error exponents in testing whether the observed independent and
identically distributed (IID) samples were generated according to the joint PMF Pxy or an unknown
product PMF; and K,(X;Y) appears as a penalty term in the sum-rate constraint of distributed
task encoding.

The measures [,(X;Y) and K,(X;Y) share many properties with Shannon’s mutual
information [1], and both are equal to the mutual information when « is one. Except for some special
cases, we have no closed-form expressions for [, (X;Y) or Ky (X;Y). As illustrated in Figure 1, unless «
is one, the minimum in the definitions of J,(X;Y) and K, (X;Y) is typically not achieved by Qx = Px
and Qy = Py. (When « is one, then the minimum is always achieved by Qx = Px and Qy = Py; this
follows from Proposition 8 and the fact that D1 (Pxy ||QxQy) = A1(Pxy||QxQy) = D(Pxy||QxQy).)
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Figure 1. (Left) J4(X;Y) and Du(Pxy||PxPy) versus a. (Right) Ky (X;Y) and Ay (Pxy || PxPy) versus «.
In both plots, X is Bernoulli with Pr(X = 1) = 0.2, and Y is equal to X.

The rest of this paper is organized as follows. In Section 2, we review other generalizations of
the mutual information. In Section 3, we discuss the operational meanings of J,(X;Y) and K, (X;Y).
In Section 4, we recall the required Rényi information measures and prove some preparatory results.
In Section 5, we state the properties of J,(X;Y) and K, (X;Y). In Section 6, we prove these properties.

2. Related Work

The measure J,(X;Y) was discovered independently from the authors of the present paper by
Tomamichel and Hayashi [2] (Equation (58)), who, for the case when & > %, derived some of its
properties in [2] (Appendix A-C).

Other Rényi-based measures of dependence appeared in the past. Notable are those by Sibson [3],
Arimoto [4], and Csiszér [5], respectively denoted by I3 (-), I2(-), and I$(-):

1
«

E(X;Y) é longZP P(y|x) ] 3)

= Hélyn Dy (Pxy||PxQy), @)
I; (X/' Y) = Huc(X) - HIX(X|Y) ®)
e Zzzxe ) @')] ©

INCY émmZP ) Da(Py|x—x[Qy), @)

where, throughout the paper, log(-) denotes the base-2 logarithm; D,(P||/Q) denotes the Rényi
divergence of order « (see (50) ahead); Hy(X) denotes the Rényi entropy of order « (see (45) ahead);
and H,(X|Y) denotes the Arimoto—Rényi conditional entropy [4,6,7], which is defined for positive a
other than one as

logZ[ZP x,Y) ] ) (8)

Hy(X[Y) =

(Equation (4) follows from Proposition 9 ahead, and (6) follows from (45) and (8).) An overview of
I3(+), I12(+), and I$(-) is provided in [8]. Another Rényi-based measure of dependence can be found
in [9] (Equation (19)):

IL(X;Y) £ Du(Pxy||PxPy). ©)

The relation between I5(X;Y), Jo(X;Y), and I3(X;Y) for « > 1 was established recently:
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Proposition 1 ([10] (Theorem IV.1)). For every PMF Pxy and every a > 1,

E(XY) < Ju(XY) (10)
< I5(XY). (11)

~—

Proof. This is proved in [10] for a measure-theoretic setting. Here, we specialize the proof to finite
alphabets. We first prove (10):

Jo(X;Y) = Iglyn%lxn Da(Pxy || QxQy) (12)
o . 4 o 11—« :
=min_—log), [; P(x,y)" Qr(y) ] (13)

2=

logZP lZP ylx)* 1"‘] (14)
y

—mln
Qy

> min i Y P(x)log lzp(mx)“Qy(y)l_“] (15)
Qy a—1% 0

— min }_P(x) L log Y P(yl)* Qr (y) (16)
Y x Yy

= I$(X;Y), (17)

where (12) follows from the definition of J,(X;Y) in (1); (13) follows from Proposition 9 ahead with
the roles of Qx and Qy swapped; (15) follows from Jensen’s inequality because log(-) is concave and
because ;%7 > 0; and (17) follows from the definition of I$(X;Y) in (7).

We next prove (11):

Ja(X;Y) = QTQiéIY Dy (Pxy||QxQy) (18)
< %IYH Dy (Pxy||PxQy) (19)
= IZ(X; Y), (20)

where (18) follows from the definition of J,(X;Y) in (1), and (20) follows from (4). O

Many of the above Rényi information measures coincide when they are maximized over Px with
Py|x held fixed: for every conditional PMF Py x and every positive a other than one,

max I (Px Py|x) = max I (Px Py|x) (21)
Py Py

= n}?ax I,,f(Pxpy|X), (22)
X

where PxPy|x denotes the joint PMF of X and Y; (21) follows from [4] (Lemma 1); and (22) follows
from [5] (Proposition 1). It was recently established that, for & > 1, this is also true for J,(X;Y):

Proposition 2 ([10] (Theorem V.1)). For every conditional PMF Py|x and every o > 1,

max Jo(PxPy|x) = max I3 (PxPy|x)- (23)
Py Px
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Proof. By Proposition 1, we have forall o > 1
max I;<PXPY|X) S max IOL(PXPY‘X) (24)
Py Py
< max I; (PxPy|x)- (25)
X
By (22), the left-hand side (LHS) of (24) is equal to the right-hand side (RHS) of (25), so (24) and (25) both
hold with equality. O

Dependence measures can also be based on the f-divergence D¢(P||Q) [11-13]. Every convex
function f: (0,00) — R satisfying f(1) = 0 induces a dependence measure, namely

I§(X;Y) £ Df(Pxy| PxPy) (26)
- %P(x)P(y)f(Pfg;,@)), @)

where (27) follows from the definition of the f-divergence. (For f(t) = tlogt, I;(X;Y) is the mutual
information.) Such dependence measures are used for example in [14], and a construction equivalent
to (27) is studied in [15].

3. Operational Meanings

In this section, we discuss the operational meaning of J,(X;Y) in hypothesis testing (Section 3.1)
and of K, (X;Y) in distributed task encoding (Section 3.2).

3.1. Testing Against Independence and J,(X;Y)

Consider the hypothesis testing problem of guessing whether an observed sequence of pairs
was drawn IID from some given joint PMF Pxy or IID from some unknown product distribution.
Thus, based on a sequence of pairs of random variables {(X;, Y;)}"_;, two hypotheses have to be
distinguished:

0) Under the null hypothesis, (X1,Y1),...,(Xn, Ys) are IID according to Pxy.
1) Under the alternative hypothesis, (X3, Y1), ..., (X, Y») are IID according to some unknown PMF
of the form Qxy = QxQy, where Qx and Qy are arbitrary PMFs over & and ), respectively.

Associated with every deterministic test T,,: X" x V" — {0,1} and pair (Qx, Qy) are the type-I
error probability P¢'[T,(X",Y") = 1] and the type-II error probability (QxQy)*"[T,(X", Y") = 0],
where R;{[A] denotes the probability of an event .A when {(X;,Y;)}? ; are IID according to Rxy.
We seek sequences of tests whose worst-case type-II error probability decays exponentially faster
than 27"EQ. To be more specific, for a fixed Eq € R, denote by 7 (Eq) the set of all sequences of
deterministic tests { Ty }7_; for which

. . . _1 Xn n ny __
llr{gglerQlSY " log ((QxQy)"[Tu (X", Y") = 0]) > Eq, (28)
where log(-) denotes the base-2 logarithm. Note that (28) implies—but is not equivalent to—that
for n sufficiently large, (QxQy)*" [T, (X", Y") = 0] < 27"Eq for all (Qx, Qy) € P(X) x P(Y). For
a fixed Eq € R, the optimal type-I error exponent that can be asymptotically achieved under the
constraint (28) is given by

Ep(Eq) = sup 1iminf—11og(P;{;[Tn(X",Y”):1]). (29)
(T} €T(Eq) "7 7
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The measure [,(X;Y) appears as follows: In [2] (first part of (57)), it is shown that for Eq
sufficiently close to I(X;Y),

1 —
EP(EQ) = sup Ta(]uc(x} Y) - EQ)' (30)
€ (51]

and in [16] (Theorem 3), it is shown that for all Eq € R,

l _
Ep (Eq) = sup Ta(Lx(X;Y)—EQ)/ (31)
ae(0,1]

where Ef(-) denotes the Fenchel biconjugate of Ep(-). In general, the Fenchel biconjugation cannot be
omitted because sometimes [16] (Equation (11) and Example 14)

Ep(Eq) # Ep'(Eq)- (32)

For large values of Eq, the optimal type-I error tends to one as n tends to infinity. In this case, the
type-I strong-converse exponent [17,18], which is defined for a sequence of tests {T,}° ; as

SCp £ lim sup —% log(1 — Pgy [T (X", Y") =1]), (33)

n—o0

measures how fast the type-I error tends to one as n tends to infinity (smaller values correspond to
lower error probabilities). For a fixed Eq € R, the optimal type-I strong-converse exponent that can be
asymptotically achieved under the constraint (28) is given by

1
SCp(Eq) £ inf limsup — = log(1 — P T, (X", Y") =1]). 34
p( Q) (T} €T (Eq) n_mp 1 g( XY[ n( ) ]) (34)

In [2] (second part of (57)), it is shown that for Eq sufficiently close to I(X;Y),

11—«

SCp(Eq) = sup
a>1

(Ja(X;Y) — Eq). (35)

Here, the same % (Ja(X;Y) — EqQ) expression appears as in (30) and (31), but with a different set of
«’s to optimize over.

3.2. Distributed Task Encoding and Ky (X;Y)

The task-encoding problem studied in [19] can be extended to a distributed setting as follows [20]:
A source {(X;,Y;)}?2, emits pairs of random variables (X, Y;) taking values in a finite alphabet X' x ).
For a fixed rate pair (Rx,Ry) € R2, and a positive integer 1, the sequences {X;}" ; and {Y;}/,
are described separately using |2"Rx | and |2"RY | labels, respectively. The decoder produces a list
comprising all the pairs (x",y" ) whose description matches the given labels, and the goal is to minimize
the p-th moment of the list size as n tends to infinity (for some p > 0).

For a fixed p > 0, a rate pair (Rx, Ry) € R2 is called achievable if there exists a sequence of

encoders {(fu,gn)} o1,

fur X" = {1,..., 2"}, (36)
g V= {1,...,|2"R]}, (37)

such that the p-th moment of the list size tends to one as n tends to infinity, i.e.,

lim E[|£(X",Y")|F] =1, (38)

n—oo
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where

L(x"y") = {(F7") € X" x V"2 ful(2") = fula") A gu(7") = gn(y") }- (39)

For a memoryless source and a fixed p > 0, rate pairs in the interior of the region R (p) defined
next are achievable, while those outside R (p) are not achievable [20] (Theorem 1). The region R(p) is
defined as the set of all rate pairs (Rx, Ry) satisfying the following inequalities simultaneously:

Rx > H 1 (X), (40)
T+p
Ry > H (Y), (41)
T+p
Rx+Ry>H 1 (X,Y)+K 1 (X;Y), (42)
T+p T+p

where H,(X) denotes the Rényi entropy of order « (see (45) ahead).

To better understand the role of Ky (X;Y), suppose that the sequences {X;} ; and {Y;}! ; were
allowed to be described jointly using | 2R | - | 2"Rv | ~ 2"(Rx+Rv) Jabels. Then, by [19] (Theorem 1.2),
all rate pairs (Rx,Ry) € R% satisfying the following inequality with strict inequality would be
achievable, while those not satisfying the inequality would not:

1
T+p
Comparing (42) and (43), we see that the measure K, (X;Y) appears as a penalty term on the sum-rate
constraint incurred by requiring that the sequences be described separately as opposed to jointly.

4. Preliminaries

Throughout the paper, log(-) denotes the base-2 logarithm, X and ) are finite sets, Pxy denotes
a joint PMF over X x ), Qx denotes a PMF over X, and Qy denotes a PMF over ). We use P and
Q as generic PMFs over a finite set X. We denote by supp(P) £ {x € X : P(x) > 0} the support
of P, and by P(X) the set of all PMFs over X'. When clear from the context, we often omit sets and
subscripts: for example, we write ming, o, for mino, o, )ep(x)xP (), Lx for Lyex, P(x) for Px(x),
and P(y|x) for Py|x(y|x). Whenever a conditional probability P(y|x) is undefined because P(x) = 0,
we define P(y|x) = 1/|)|. We denote by 1{condition} the indicator function that is one if the condition
is satisfied and zero otherwise. In the definitions below, we use the following conventions:

olo
|
L

I~

0= Vp >0, 0log0 =0, Blog0 = —o0 VB >0. (44)

The Rényi entropy of order « [21] is defined for positive « other than one as

1
11—«

Hy(X) & log ) P(x)". (45)

For « being zero, one, or infinity, we define by continuous extension of (45)

Ho(X) £ log|supp(P)], (46)
Hy(X) = H(X), (47)
Heo(X) & —logmfo(x), (48)

where H(X) is the Shannon entropy. With this extension to « € {0,1, 00}, the Rényi entropy satisfies
the following basic properties:
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Proposition 3 ([5]). Let P be a PMF. Then,

(i) Foralla € [0,00], Hy(X) < log|X|. Ifa € (0, 00], then Hy(X) = log|X| if and only if X is distributed
uniformly over X.
(ii) The mapping a — Hy (X)) is nonincreasing on [0, co].
(iii) The mapping « — H,(X) is continuous on [0, 00].

The relative entropy (or Kullback-Leibler divergence) is defined as

P(x)
D(P||Q) =) P(x (49)
(Pl Z 0(x)
The Rényi divergence of order « [21,22] is defined for positive « other than one as
Du(PIQ) = 1o L P(x) g (50)

where we read P(x)*Q(x)!=* as P(x)%/Q(x)* ! if & > 1. For a being zero, one, or infinity, we define
by continuous extension of (50)

Dy(P[|Q) = —log ) Q(x), (51)
xesupp(P)
D:1(P||Q) = D(P[|Q), (52)
A P(x)
D« (P|Q) = logm?x () (53)

With this extension to « € {0,1, o0}, the Rényi divergence satisfies the following basic properties:

Proposition 4. Let P and Q be PMFs. Then,

(i) Forall « € [0,1), Dy(P|| Q) is finite if and only if |supp(P) Nsupp(Q)| > 0. Forall a € [1,00],
Dy (P||Q) is finite if and only if supp(P) C supp(Q).
(ii) Forall a € [0,00], Do(P||Q) > 0. Ifa € (0,00], then Dy (P||Q) = 0 if and only if P = Q.
(iii) For every a € [0, 00|, the mapping Q +— D, (P||Q) is continuous.
(iv) The mapping « — Dy (P||Q) is nondecreasing on [0, oo].
(v) The mapping & — Dy (P||Q) is continuous on [0, 0.

Proof. Part (i) follows from the definition of D, (P||Q) and the conventions (44), and Parts (ii)—(v) are
shownin [22]. O

The Rényi divergence for negative « is defined as

1-a
De(PIQ) & 1 log Y, AV 64

P(x)=
(We use negative a only in Lemma 19. More about negative orders can be found in [22] (Section V).
For other applications of negative orders, see [23] (Proof of Theorem 1 and Example 1).)
The relative a-entropy [24,25] is defined for positive « other than one as

Ay (P||Q) é logZP ) 1—l—logZQ

i - log;P(x)"‘, (55)

where we read P(x) Q(x)* ! as P(x)/Q(x)! "% if « < 1. The relative a-entropy appears in mismatched
guessing [26], mismatched source coding [26] (Theorem 8), and mismatched task encoding [19]
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(Section 1V). It also arises in robust parameter estimation and constrained compression settings [25]
(Section II). For « being zero, one, or infinity, we define by continuous extension of (55)

po(PlQ) 2 B G if supp(P) C supp(Q), 56
00 otherwise,
M (PIQ) 2 D(P)Q), -
maxy P(x)

(58)

lo !
& largmax(Q)|~! erargmaX(Q) P(x)

where argmax(Q) £ {x € X : Q(x) = maxycy Q(x')} and |argmax(Q)| is the cardinality of this set.
With this extension to & € {0,1, o0}, the relative a-entropy satisfies the following basic properties:

Proposition 5. Let P and Q be PMFs. Then,

(i) Forall w € [0,1], Ay (P||Q) is finite if and only if supp(P) C supp(Q). Forall x € (1,00), Ay (P||Q)
is finite if and only if |supp(P) Nsupp(Q)| > 0.
(ii) Forall a € [0,00], Ay (P[|Q) > 0. Ifa € (0,00), then Ay (P||Q) = 0 if and only if P = Q.
(iii) For every o € (0, 00), the mapping Q — Ay (P||Q) is continuous.
(iv) The mapping a — Ay (P||Q) is continuous on [0, oo].

(Part (i) differs from [19] (Proposition IV.1), where the conventions for « > 1 differ from ours. Our
conventions are compatible with [24,25], and, as stated in Part (iii), they result in the continuity of the

mapping Q — Aq(P[|Q).)

Proof of Proposition 5. Part (i) follows from the definition of A,(P||Q) in (55) and the conventions
(44). For « € (0,1) U (1,00), Part (ii) follows from [19] (Proposition IV.1); for « = 1, Part (ii) holds
because A1(P||Q) = D(P||Q); and for & € {0, 00}, Part (ii) follows from the definition of A, (P||Q).
Part (iii) follows from the definition of A, (P||Q), and Part (iv) follows from [19] (Proposition IV.1). [

In the rest of this section, we prove some auxiliary results that we need later (Propositions 6-9).
We first establish the relation between D, (P||Q) and A,(P||Q).

Proposition 6 ([26] (Section V, Property 4)). Let P and Q be PMFs, and let « > 0. Then,

A.(P[Q) = D1 (P|IQ), (59)
where the PMFs P and Q are given by

504 s P)”

T L e ©

Sexy & Q)°

O Eer 0 o

Proof. If & = 1, then (59) holds because P = P, Q = Q, and A;(P||Q) = D1(P||Q) = D(P||Q). Now
let & # 1. Because P(x) and Q(x) are zero if and only if P(x) and Q(x) are zero, respectively, the LHS
of (59) is finite if and only if its RHS is finite. If Dy, (P||Q) is finite, then (59) follows from a simple
computation. [
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In light of Proposition 6, J,(X;Y) and K, (X;Y) are related as follows:
Proposition 7. Let Pxy be a joint PMF, and let « > 0. Then,
Ka(XY) = [1(XY), (62)
where the joint PMF of X and Y is given by

A PXY(x/y)a

: (63)
Yy yexxy Pxy (X, y')"

ﬁxy(x, Y)

Proof. Let « > 0. For fixed PMFs Qx and Qy, define the transformed PMFs Q/;Q/y, Q x, and Qy as

s [Qx (%) Qy(W)]* 64

QXQY(x'y) Z(x/’y/)EXXy[QX(x/)QY(]//)]IX’ ( )
5ol & Qx(®)

Qx(x) = Ywex Qx(x)®’ )

Sy e Qvm* 66

QY(y) Zy’ey QY(]//)“ ' ( )

Then,

Ko (X;Y) = Qr;\iély Au(Pxy[|QxQy) (67)

= min D (Pyy/|QxQy) (©8)

— Qr?/igy D1 (Pxy[|QxQy) (69)

= QI?,iSY Dy (Pxy[QxQy) (70)

=/ (X;Y), 71)

where (67) holds by the definition of K, (X;Y); (68) follows from Proposition 6; (69) holds because

é;_(\/Qy = Q X @y ; (70) holds because the transformations (65) and (66) are bijective on the set of PMFs
over X and ), respectively; and (71) holds by the definition of J,(X;Y). O

The next proposition provides a characterization of the mutual information that parallels the
definitions of J,(X;Y) and K4 (X;Y). Because D1 (P||Q) = A1(P||Q) = D(P||Q), this also shows that
Jo(X;Y) and Ky (X;Y) reduce to the mutual information when « is one.

Proposition 8 ([27] (Theorem 3.4)). Let Pxy be a joint PMF. Then, for all PMFs Qx and Qy,
D(Pxy|[QxQy) = D(Pxy||PxPy), (72)
with equality if and only if Qx = Px and Qy = Py. Thus,
I(X;Y) = min D(Pxy[|QxQy)- (73)
Qx,Qy
Proof. A simple computation reveals that

D(Pxy||QxQy) = D(Pxy|PxPy) + D(Px||Qx) + D(Py||Qy), (74)
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which implies (72) because D(P||Q) > 0 with equality if and only if P = Q. Thus, (73) holds because
I(X,Y) = D(nyHPXpy) O

The last proposition of this section is about a precursor to J,(X;Y), namely, the minimization
of Dy (Pxy||QxQy) with respect to Qy only, which can be carried out explicitly. (This proposition
extends [5] (Equation (13)) and [2] (Lemma 29).)

Proposition 9. Let Pxy be a joint PMF and Qx a PMF. Then, for every a € (0,1) U (1, 00),

o
14

IginDa(PXYHQXQY) = -1 log Y |Y_P(x,y)* Qx(x)'"*| , (75)
Y y X

with the conventions of (44). If the RHS of (75) is finite, then the minimum is achieved uniquely by

¥, P(x, 1) Qx ()14

Qy(y) = T (76)
Zy’ey [Zx P(x, y/)a QX(x)l_a} ¢
For a = oo,
min Do, (Pxy||QxQy) = log ) max Plxy) (77)
Qy T Qx(x) ’

with the conventions of (44). If the RHS of (77) is finite, then the minimum is achieved uniquely by

ey maxy[P(x,y)/Qx(x)]
QAr(y) = Yyeymaxe[P(x,y")/Qx(x)] 7

Proof. We first treat the case « € (0,1) U (1,00). If the RHS of (75) is infinite, then the conventions
imply that D, (Pxy||QxQy) is infinite for every Qy € P()), so (75) holds. Otherwise, if the RHS
of (75) is finite, then the PMF Q5 given by (76) is well-defined, and a simple computation shows that
for every Qy € P(Y),

o
o

Da(Pxr[[QxQy) = =7 108} |3 P(x)" Qx(x)"* | + Da(Qy[1Qv)- (79)
¥yl x

The only term on the RHS of (79) that depends on Qy is Dy (Q7 ||Qy). Because Dy (Q3 ||Qy) > 0 with
equality if and only if Qy = QJ (Proposition 4), (79) implies (75) and (76).

The case @ = oo is analogous: if the RHS of (77) is infinite, then the LHS of (77) is infinite, too; and
if the RHS of (77) is finite, then the PMF Q7 given by (78) is well-defined, and a simple computation
shows that for every Qy € P(Y),

p ’ *
e (P QxQy) = log P51+ De(QiI ) 0)

The only term on the RHS of (80) that depends on Qy is Do (Q3 || Qy ). Because Do (Q3[|Qy) > 0 with
equality if and only if Qy = QJ (Proposition 4), (80) implies (77) and (78). [
5. Two Measures of Dependence

We state the properties of J,(X;Y) in Theorem 1 and those of K,(X;Y) in Theorem 2.
The enumeration labels in the theorems refer to the lemmas in Section 6 where the properties are
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proved. (The enumeration labels are not consecutive because, in order to avoid forward references in
the proofs, the order of the results in Section 6 is not the same as here.)

Theorem 1. Let X, X1, Xo, Y, Y1, Yo, and Z be random variables taking values in finite sets. Then:
(Lemma 1) For every o € [0, 00|, the minimum in the definition of ], (X;Y) exists and is finite.
The following properties of the mutual information I1(X;Y') [28] (Chapter 2) are also satisfied by J.(X;Y):

(Lemma 2) Forall & € [0,00], [o(X;Y) > 0. Ifa € (0, 00|, then Jo(X;Y) = 0 if and only if X and Y are
independent (nonnegativity).
(Lemma 3) Forall w € [0,00], [(X;Y) = Ju(Y; X) (symmetry).
(Lemma 4) If X —— Y —o— Z form a Markov chain, then J,(X;Z) < Jo(X;Y) for all & € [0, 0]
(data-processing inequality).
(Lemma 12) If the pairs (X1,Y1) and (Xp, Ya) are independent, then J,(X1,X2;Y1,Y2) = Jo(X1; Y1) +
Ja(X2;Y2) for all a € [0, 0] (additivity).
(Lemma 13) Forall o € [0,00], Jo(X;Y) < log|X| with equality if and only if (« € [}, 0], X is distributed
uniformly over X, and H(X|Y) = 0).
(Lemma 14) For every a € [1,00], Jo(X;Y) is concave in P for fixed Py x.

Moreover:
(Lemma 5) Jo(X;Y) =0.

(Lemma 6) Let f:{1,...,|X|} — X and g: {1,...,|Y|} — Y be bijective functions, and let A be the
|X| x || matrix whose Row-i Column-j entry A; ; equals \/Pxy(f(i),g(j)). Then,

]%(X; Y) = —2log oy (A), (81)

where o1 (A) denotes the largest singular value of A. (Because the singular values of a matrix are
invariant under row and column permutations, the result does not depend on f or g.)

(Lemma7) J1(X;Y) =1(X;Y).

(Lemma 8) Forallx > 0,

(1—-a)Ja(X;Y) = nyelgi(r/\lf‘xy) [(1—a) D(Rxy|[[RxRy) + aD(Rxy|[Pxy)].  (82)
Thus, being the minimum of concave functions in «, the mapping a — (1 — a) Jo(X;Y) is concave
on (0,00).
(Lemma 9) The mapping & — Jo(X;Y) is nondecreasing on [0, co].
(Lemma 10) The mapping a — Jo(X;Y) is continuous on [0, co].
(Lemma 11) If X =Y with probability one, then

T Heo(X) ifa €0, 3],
Jo(X;Y) = H o (X) ifa>3, (83)
)

ifa = oo.

The minimization problem in the definition of ],(X;Y) has the following characteristics:

(Lemma 15) For every o € [%,oo], the mapping (Qx, Qy) — Da(Pxy||QxQy) is convex, i.e., forall A, " €
[0,1] with A+ A" =1,all Qx, Q% € P(X), and all Qy, Q) € P(Y),

D (Pxy [[(AQx + A'Q%)(AQy + A'QY)) < ADa(Pxy[|QxQy) + A’ Da(Pxy||Q%QY)-
(84)

For a € [0, %), the mapping need not be convex.
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(Lemma 16) Let a € (0,1) U (1,00). If (Q%, Q}) achieves the minimum in the definition of J,(X;Y'), then
there exist positive normalization constants ¢ and d such that

13

Qx(x) =c¢ ZP(x/y)“Qi(y)l“] Vxe &, (85)
y

o

QY (y) =d |} P(x,y)" QB?(X)H‘] Vyel, (86)

with the conventions of (44). The case & = oo is similar: if (Q%, Q) achieves the minimum in
the definition of Jo(X;Y), then there exist positive normalization constants ¢ and d such that

Qx(x) = cmax I;(;&yy)) Vx € X, (87)
P 7
Qy(y) = dmpx =Y vy ey, )

with the conventions of (44). (If x = 1, then Q% = Px and Q3 = Py by Proposition 8.) Thus, for
all & € (0,00], both inclusions supp(Q%) € supp(Px) and supp(Qy) C supp(Py) hold.

(Lemma 20) For every a € (%, 00], the mapping (Qx, Qy) + Da(Pxy||QxQy) has a unique minimizer. This
need not be the case when a € [0, %]

The measure J,(X;Y') can also be expressed as follows:

(Lemma 17) Forall a € (0, 0],
Ja(X;Y) = min ¢4 (Qx), (89)
Qx
where ¢, (Qx) is defined as

$2(Qx) = Hélyn Da(Pxy[|QxQy) (90)

and is given explicitly as follows: for « € (0,1) U (1,00),

1
«
114

9a(Qx) = ~—710g 3| Y P(x, )" Qx(x)' ™" (91)
y [ x

with the conventions of (44); and for « € {1, 00},

$1(Qx) = D(Pxy||QxPy), (92)
_ P(x,y)
$oo(Qx) = log ;mgx Ox(x)’ (93)

with the conventions of (44). For every a € [}, 0], the mapping Qx +— ¢u(Qx) is convex. For
a € (0, 1), the mapping need not be convex.
(Lemma 18) Forall a € (0,1) U (1,00],

i (R ifa € (0,1),
nyergl(gxy)l/ﬂ( xy) ifa€(0,1)

R ' 1,00,
nyer;;?;m%( xy) ifa € (1,00

Jo(X;Y) = (94)
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(Lemma 19)

where

D(Rxv||RxRy) + 7=—D(Rxy|[Pxy) ifa € (0,1)U(1,0), 5

Yu(Rxy) £ ,
D(Rxy|[RxRy) — D(Rxy|[Pxy) if & = oo.

For every a € (1, 00], the mapping Rxy + Pa(Rxy) is concave. Forall « € (1, 00| and all Rxy €

P(X x ), the statement [, (X;Y) = po(Rxy) is equivalent to P, (Rxy) = Da(Pxy||RxRy).

Foralla € (0,1) U (1,00),

J«(X;Y) = min !

Jin D s (PxRy) — 20152, Ry)], 6)

where the minimization is over all PMFs Rx satisfying Rx < Px (i.e., supp(Rx) C supp(Px));
D, (P||Q) for negative w is given by (54); and Gallager’s Eq function [29] is defined as

T+p
Eo(p, Rx) é—longZRX P(y|x) 1+p} ) (97)

We now move on to the properties of K, (X;Y). Some of these properties are derived from their
counterparts of J,(X;Y) using the relation Ko (X;Y) = J;,,(X;Y) described in Proposition 7.

Theorem 2.

(Lemma 21)

Let X, X1, X2, Y, Y1, Ya, and Z be random variables taking values in finite sets. Then:

For every a € [0, 0|, the minimum in the definition of Ko (X;Y) in (2) exists and is finite.

The following properties of the mutual information I1(X;Y') are also satisfied by Ky (X;Y):

(Lemma 22)

(Lemma 23)
(Lemma 34)

(Lemma 35)

Forall a € [0,00], Ko (X;Y) > 0. Ifa € (0,00), then Ko (X;Y) = 0 if and only if X and Y are
independent (nonnegativity).

Forall w € [0,00], Ky (X;Y) = Ko (Y; X) (symmetry).

If the pairs (X1,Y1) and (Xp,Y>) are independent, then Ky(Xq, X2;Y1,Y2) = Ko(X3; Y1) +
Ky (X2;Y2) for all a € [0, 0] (additivity).

Forall € [0,00], Ky (X;Y) < log|X]|.

Unlike the mutual information, Ky (X;Y') does not satisfy the data-processing inequality:

(Lemma 36)
Moreover:

(Lemma 24)

There exists a Markov chain X —— Y —o— Z for which K»(X; Z) > Kx(X;Y).

Forall x € (0,00),

Kﬂ((X; Y) + H{x(XI Y) - leél _log MM(QXI QY)/ (98)
XY a

where Mg(Qx, Qy) is the following weighted power mean [30] (Chapter I11): For p € R \ {0},

1

Mg(Qx, Qy) £ Zny [Qx(x)QyW)]P| (99)

where for B < 0, we read P(x,y)[Qx(x)Qy(y)]P as P(x,y)/[Qx(x)Qy(y)] P and use the

conventions (44); and for B = 0, using the convention 0° = 1,

Mo(Qx, Qv) 2 TTIQx(x) Qy ()P ). (100)

Xy
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(Lemma 25) Fora =0,

|supp(Px Py)|
Ko(X;Y) =log —F—~———~— 101
o(X:Y) = o8 A oo (P )| : (1on)
> min lo max —————— —log|supp(P 102
" Qx,Qy g(X,y)Esupp(PXy) QX(x> QY(]/) g‘ pp( XY)| ( )
=1imK,(X;Y), (103)

w0

where in the RHS of (102), we use the conventions (44). The inequality can be strict, so o —>
Ky (X;Y) need not be continuous at & = 0.

(Lemma 26) K1(X;Y) =I1(X;Y).

(Lemma 27) Let f: {1,...,|X|} — X and g: {1,...,|Y|} — Y be bijective functions, and let B be the
|X| x || matrix whose Row-i Column-j entry B; ; equals Pxy (f(i),g(j)). Then,

Ky (X;Y) = —2logoq (B) — Hy(X, Y), (104)

where o1 (B) denotes the largest singular value of B. (Because the singular values of a matrix are
invariant under row and column permutations, the result does not depend on f or g.)
(Lemma 28) Keo(X;Y) =0.
(Lemma 29) The mapping a — Ko (X;Y') need not be monotonic on [0, oo].
(Lemma 30) The mapping « — Ky (X;Y) + Hu(X,Y) is nonincreasing on [0, oo].
(Lemma 31) The mapping & — Ky (X;Y) is continuous on (0, 00]. (See Lemma 25 for the behavior at & = 0.)
(Lemma 32) If X =Y with probability one, then

2H s (X) - Ho(X) ifa€0,2),
Ka(X;Y) = 225 Ho(X) — Ho(X) ifa >2, (105)

ifa:oo.

o

(Lemma 33) For every a € (0,2), the mapping (Qx, Qy) — Ax(Pxy||QxQy) in the definition of Ky (X;Y)
in (2) has a unique minimizer. This need not be the case when o € {0} U [2, c0].

6. Proofs

In this section, we prove the properties of J,(X;Y) and K, (X;Y) stated in Section 5.
Lemma 1. For every a € [0, 00], the minimum in the definition of J,(X;Y) exists and is finite.

Proof. Let « € [0,00]. Then infg, o, Da(Pxy|QxQy) is finite because D, (Pxy||PxPy) is finite and
because the Rényi divergence is nonnegative. The minimum exists because the set P(X') x P()) is
compact and the mapping (Qx, Qy) — Da(Pxy||QxQy) is continuous. [

Lemma 2. Forall « € [0,00], [o(X;Y) > 0. Ifa € (0,00], then Jo(X;Y) = 0 if and only if X and Y are
independent (nonnegativity).

Proof. The nonnegativity follows from the definition of J,(X;Y) because the Rényi divergence is
nonnegative for a € [0,0]. If X and Y are independent, then Pxy = PxPy, and the choice Qx = Px
and Qy = Py in the definition of J,(X;Y) achieves J,(X;Y) = 0. Conversely, if ],(X;Y) = 0, then there
exist PMFs Q% and Qj satisfying D, (Pxy || Q%Q3) = 0. If, in addition, « € (0, 0], then Pxy = Q%Q%
by Proposition 4, and hence X and Y are independent. O

Lemma 3. Foralla € [0,00], [o(X;Y) = Ja(Y; X) (symmetry).

Proof. The definition of J,(X;Y) is symmetricin X and Y. O
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Lemma 4. If X —— Y —o— Z form a Markov chain, then [(X;Z) < Jo(X;Y) for all « € [0, 0]
(data-processing inequality).

Proof. Let X —o— Y —o— Z form a Markov chain, and let & € [0, o0]. Let Ox and Oy be PMFs that
achieve the minimum in the definition of [,(X;Y), so

Jo(X;Y) = Du(Pxy||QxQy). (106)

Define the PMF Qy as

Qz(2) £ Y Qv (y) Py (2]y)- (107)
y

(As noted in the preliminaries, we define Py (z|y) £ 1/|Z| when Py (y) = 0.) We show below that

Dy (Pxz||QOxQz) < Du(Pxy||QxQy), (108)

which implies the data-processing inequality because

Jo(X;Z) < Da(Pxz||QxQ7) (109)
< Da(Pxy[|QxQy) (110)
= Jo(X;Y), (111)

where (109) holds by the definition of J,(X; Z); (110) follows from (108); and (111) follows from (106).
The proof of (108) is based on the data-processing inequality for the Rényi divergence. Define the
conditional PMF A7/ xy as

Axrzxy (X2 x,y) £ 1{x = x} Py (2 |y). (112)

If (X,Y) ~ Pxy, then the marginal distribution of X" and Z' is

(PxyAxizxy) (¥, 2) = %ny(x,y)AX/Z/|Xy(x’,z’|x,y) (113)
= ;ny(x’/y)Pzw(Z'ly) (114)
= ;ny(X’,y) Pzxy (2%, ) (115)
= Pxz(¥',2'), (116)

where (114) follows from (112); and (115) holds because X, Y, and Z form a Markov chain. If (X,Y) ~
QxQy, then the marginal distribution of X’ and Z’ is

(QxQvAxrzxy) (¢, 2') = ZQ (x) Qv () Axrzrxy (¢, 2%, ) (117)
ZQ (x") Qv (y) Pzy (Z'ly) (118)

y
= Ox(x')Qz(), (119)

where (118) follows from (112), and (119) follows from (107). Finally, we are ready to prove (108):

Da(Pxz||QxQz) = Da((Pxy Axrzxy) 1(QxQy Axrzxy)) (120)
< Da(Pxy[|QxQv), (121)
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where (120) follows from (116) and (119), and where (121) follows from the data-processing inequality
for the Rényi divergence [22] (Theorem 9). O

Lemma 5. Jj(X;Y) = 0.

Proof. By Lemma 2, Jo(X;Y) > 0, so it suffices to show that Jo(X;Y) < 0. Let (%,7) € X x ) satisfy
Pxy(%,7) > 0. Define the PMF Qx as Qx(x) £ 1{x = £} and the PMF Qy as Qy(y) = 1{y = 7}.
Then, Dy(Pxy||QxQy) = 0,50 Jo(X;Y) < 0 by the definition of Jo(X;Y). O

Lemma 6. Let f: {1,...,|X|} — Xand g: {1,...,|Y|} — Y be bijective functions, and let A be the
| X[ x || matrix whose Row-i Column-j entry A; ; equals \/Pxy(f(i),8(j)). Then,

J,(X;Y) = ~2log oy (A), (122)

where 1 (A) denotes the largest singular value of A. (Because the singular values of a matrix are invariant under
row and column permutations, the result does not depend on f or g.)

Proof. By the definitions of J,(X;Y) and the Rényi divergence,

] (X; )——210g max Z\/QX \/ny \/Qy (123)

ny

The claim follows from (123) because

&‘aQXyZ\/QX 0Pl Q) e [ UIAY (124)
= HnﬁaflﬂAVIIz (125)
— 51(A), (126)

where u and v are column vectors with |X| and |)| elements, respectively; (124) is shown below;
(125) follows from the Cauchy-Schwarz inequality [uTAv| < ||ul|2||Av||2, which holds with equality if
u and Av are linearly dependent; and (126) holds because the spectral norm of a matrix is equal to its
largest singular value [31] (Example 5.6.6).

We now prove (124). Let u and v be vectors that satisfy ||u|, = ||v||2 = 1, and define the PMFs
Qx and Qy as Qx(x) £ u}%,l(x) and Qy(y) £ Vz,l(y), where f~! and ¢~ ! denote the inverse functions
of f and g, respectively. Then,

uAv =Y uiA; v, (127)
i
< Y luil Aij[vil (128)
L]
= Z \/ Qx(x) \/ P(x,y) \/ Qv (v) (129)
g{lagyzng x)/P(x, 1)y Qv (), (130)

where (128) holds because all the entries of A are nonnegative, and in (129), we changed the summation
variables to x £ f(i) and y = g(j). It remains to show that equality can be achieved in (128) and (130).
To that end, let Q% and QY be PMFs that achieve the maximum on the RHS of (130), and define the
vectorsuand vasu; = Q%(f(i))!/? andv; = £ Q%(g(j))'/2. Then, ||lul]z = ||[v|l2 = 1, and (128) and (130)
hold with equality, which proves (124). D
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Lemma?7. [1(X;Y) = I(X;Y).

Proof. This follows from Proposition 8 because D; (Pxy||QxQy) in the definition of [;(X;Y) is equal
to D(Pxy[|QxQy). O

Lemma 8. Forall « > 0,

(1—a)u(X;Y) = nye%i&xy) [(1—a)D(Rxy|[RxRy) +aD(Rxy||Pxy)]- (131)

Thus, being the minimum of concave functions in «, the mapping & — (1 — a) Jo(X;Y) is concave on (0, 00).

Proof. For a =1, (131) holds because D(Rxy ||Pxy) > 0 with equality if Rxy = Pxy. Fora € (0,1),

(1—a)Ju(X;Y) = ernigy(l — ) Dy (Pxy||QxQy) (132)
= Qr;ligy rlle)g\ [(1—a)D(Rxy||QxQy) + aD(Rxy||Pxy)] (133)
= 1151;?[(1 —a)D(Rxy|[RxRy) +aD(Rxy || Pxy)], (134)

where (132) holds by the definition of [, (X;Y); (133) follows from [22] (Theorem 30); and (134) follows
from Proposition 8 after swapping the minima.
For « > 1, define the sets

Q £ {(Qx,Qy) € P(X) x P(¥) : supp(QxQy) = X x V}, (135)
R = {Rxy € P(X x V) : supp(Rxy) C supp(Pxy)}. (136)
Then,
(1—a)Ja(X;Y) = sup (1—a)Ds(Pxy||QxQy) (137)
(Qx,Qy)€Q

= sup min [(1—a)D(Rxy|QxQy) + aD(Rxy||Pxy)] (138)

(Qx,Qy)€Q RxyeR
= min  sup [(1—a)D(Rxy||QxQy) 4+ a«D(Rxy||Pxy)] (139)

Rxy€R (Qx,Qy)€eQ
= nyefgi(%xy) [(1—a) D(Rxy||[RxRy) + « D(Rxy | Pxy)], (140)

where (137) follows from the definition of J,(X;Y) because 1 —a < 0 and because the mapping
(Qx, Qy) — Du(Pxy||QxQy) is continuous; (138) follows from [22] (Theorem 30); (139) follows from
a minimax theorem and is justified below; and (140) follows from Proposition 8, a continuity argument,
and the observation that D(Rxy|| Pxy) is infinite if Rxy ¢ R.

We now verify the conditions of Ky Fan’s minimax theorem [32] (Theorem 2), which will
establish (139). (We use Ky Fan’s minimax theorem because it does not require that the set Q be
compact, and having a noncompact set Q helps to guarantee that the function f defined next takes
on finite values only. A brief proof of Ky Fan’s minimax theorem appears in [33].) Let the function
f: R x Q@ — R be defined by the expression in square brackets in (139), i.e.,

f(Rxy,Qx,Qy) £ (1 — &) D(Rxy||QxQy) + a D(Rxy||Pxy). (141)
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We check that

(i) the sets @ and R are convex;
(ii) the set R is compact;
(iii) the function f is real-valued;
(iv) forevery (Qx, Qy) € Q, the function f is continuous in Ryy;
(v) forevery (Qx, Qy) € Q, the function f is convex in Rxy; and
)

(vi) for every Rxy € R, the function f is concave in the pair (Qx, Qy).

Indeed, Parts (i) and (ii) are easy to see; Part (iii) holds because both relative entropies on the RHS
of (141) are finite by our definitions of Q and R; and to show Parts (iv)-(vi), we rewrite f as:

f(Rxy,Qx,Qy) = —H(Rxy) —a)_ Rxy(x,y)log P(x,y)
Xy

+ (a—1))_ Rx(x)log Qx(x) + (x — 1) Y 'Ry (y)log Qy (v). (142)
x Yy

From (142), we see that Part (iv) holds by our definitions of Q and R; Part (v) holds because the
entropy is a concave function (so —H(Rxy) is convex), because linear functionals of Rxy are convex,
and because the sum of convex functions is convex; and Part (vi) holds because the logarithm is a
concave function and because a nonnegative weighted sum of concave functions is concave. (In Ky
Fan’s theorem, weaker conditions than Parts (i)—(vi) are required, but it is not difficult to see that
Parts (i)—(vi) are sufficient.)

The last claim, namely, that the mapping & — (1 —«) Jo(X;Y) is concave on (0, ), is true because
the expression in square brackets on the RHS of (131) is concave in « for every Rxy and because the
pointwise minimum preserves the concavity. [

Lemma 9. The mapping a — J,(X;Y) is nondecreasing on [0, oo].
Proof. This is true because for every a,a’ € [0, 00] with a < &/,
min Dy (Pxy[|QxQy) < min Dy (Pxy[|QxQy), (143)
Qx,Qy Qx,Qy
which holds because the Rényi divergence is nondecreasing in & (Proposition 4). [
Lemma 10. The mapping « — Jo(X;Y) is continuous on [0, co].
Proof. By Lemma 8, the mapping « — (1 — «) Jo(X;Y) is concave on (0, c0), thus it is continuous on
(0, 00), which implies that « — J,(X;Y) is continuous on (0,1) U (1, o).

We next prove the continuity at « = 0. Let Q% and Q} be PMFs that achieve the minimum in the
definition of Jo(X;Y). Then, forall & > 0,

Do(Pxy||Q%xQYy) = Jo(X;Y) (144)
< Ju(X3Y) (145)
< Do (Pxy [|QxQY), (146)

where (145) holds because & — J,(X;Y) is nondecreasing (Lemma 9), and (146) holds by the definition
of Jo(X;Y). The Rényi divergence is continuous in « (Proposition 4), so (144)—(146) and the sandwich
theorem imply that J,(X;Y) is continuous at « = 0.

We continue with the continuity at & = co. Define

TS min  P(x,y). (147)

(x,y)€supp(Pxy)
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Then, forall « > 1,

Jo(X;Y) 2> Ja(X; Y) (148)
~ 30 a- = log L P(x,y) [Qxfggjg)l]“_l 4
> quiy o losma ng;)(nll 10
- L log + min logmax ((;ch)() (151)
= i ] log T+ Joo(X;Y), (152)

where (148) holds because a — [, (X;Y) is nondecreasing (Lemma 9), and (149) and (152) hold by the
definitions of J,(X;Y) and the Rényi divergence. The RHS of (152) tends to J(X;Y) as a tends to
infinity, so J,(X;Y) is continuous at & = oo by the sandwich theorem.

It remains to show the continuity ata = 1. Leta € (3,1)U(1,3),and leté £ |1 —a| € (0,1).
Then, for all PMFs Qx and Qy,

2~ 0Du(Pxy[lQxQr) < p—0D1-5(Pxv||QxQy) (153)
)
= ZP X, y) [QX(&%Y)( )} (154)
() Py ()] [Qx(x) Qv (1) |°
— L Pk [ P(x,y) ] [Px(x)PY(y)] (19)
() Py ()% Q)11
{ZP { P(x,) } } x,yP“'y){Px(x)Py(y)] (159
=~ 5D1 2 (Pxr | PxPy) (158)

where (153) holds because 1 — § < a and because the Rényi divergence is nondecreasing in «
(Proposition 4); (156) follows from the Cauchy-Schwarz inequality; and (157) holds because

ENERETNIRE NI Q) 4‘5}1
{ZP 0% (X)Py(y)} } s{;PXU[PX(X)} } {;PAJ/)[PY Y] (159)

— 2—0D1-45(Px[|Qx) . p—0D1_45(Py[|Qy) (160)
<1, (161)

where (159) follows from the Cauchy-Schwarz inequality, and (161) holds because 1 — 46 > 0 and
because the Rényi divergence is nonnegative for positive orders (Proposition 4). Thus, foralla € (3, 2),

Dy _pj1—o)(Pxy || PxPy) < Qmig D (Pxy[|QxQy) (162)
X/ KY

= Ju(X;Y) (163)
< Dy (Pxy||PxPy), (164)



Entropy 2019, 21, 778 20 of 40

where (162) follows from (158) if # # 1 and from Proposition 8 if « = 1; and (164) holds by the
definition of J,(X;Y). The Rényi divergence is continuous in « (Proposition 4), thus (162)-(164) and
the sandwich theorem imply that J,(X;Y) is continuous ata = 1. [

Lemma 11. If X =Y with probability one, then

»

L Heo(X) ifac0,3],
JuXY)={H « (X) ifa>1, (165)
H, (X)

Jy

x—1

(X if o = oo.

Ni= N

Proof. We show below that (165) holds for « € (0,1) U (1, 00). Thus, (165) holds also for « € {0,1, 00}
because both its sides are continuous in a: its LHS by Lemma 10, and its RHS by the continuity of the
Rényi entropy (Proposition 3).

Fixa € (0,1) U (1,00). Then,

Jo(X;Y) = minmin Dy (Pxy ||QxQy) (166)
Qx Qy

= Iglxn " i I logg [; P(x,y)" Qx(x)' ™" (167)

= min log 1 Px (x) Qx(x)'®, (168)

where (167) follows from Proposition 9, and (168) holds because

Py (x,y) = {PX(x) =y, (169)

0 otherwise.

First consider the case a > % Definey 2 ¥, Px(x)ﬁ. Then, for all Qx € P(X),

& 1-a 14 _ a o201 1-a
—log} Px(x)Qx(x) © = —log} [y Px(x)* 1]« Qx(x) ® (170)
x X
20— 1 .
= ;_1 logy + D (77 Px21]|Qx) (171)
= Hpe, (X) +D2ﬁ;1(77lpxﬁlle), 172)

where (171) holds because x — 7! Px(x) %1 is a PMF. Because % > 0, Proposition 4 implies that
Dp4—1y74(P[|Q) > 0 with equality if Q = P. This together with (168) and (172) establishes (165).
Now consider the case a € (0, 3]. Forall Qx € P(X),

Y Px(x) Qx(x) & < ¥ Px(x) Qx () (173)

< 1 [max ()| Qu() a74)

= max Px(x), (175)



Entropy 2019, 21, 778 21 of 40

where (173) holds because Qx(x) € [0,1] for all x € X and because =% > 1. The inequalities (173)
and (174) both hold with equality when Qx(x) = 1{x = x*}, where x* € X is such that Px(x*) =
maxy Px(x). Thus,

max Y P (x) Qx () = max Py(x). (176)
Now (165) follows:
Jo(X3Y) = min = log . Px(x) Qx (x) < a77)
= " log max 1 Px (x) Qx(x) = (178)
= - - - log max Py (x) (179)
= - - — Hao(X), (180)

where (177) follows from (168); (178) holds because %5 < 0; (179) follows from (176); and (180) follows
from the definition of He(X). O

Lemma 12. If the pairs (X1,Y1) and (Xp,Y>) are independent, then Jo(X1,X2;Y1,Y2) = Ju(X1; Y1) +
Ja(X2; Y2) for all a € [0, 00] (additivity).

Proof. Let the pairs (X1, Y1) and (X3, Y>2) be independent. For « € (0,1) U (1,00), we establish the
lemma by showing the following two inequalities:

Ja (X1, X0, Y1, Y2) < Ju(Xq; Y1) + Ja(X2; Y2), (181)
Ja (X1, X2; Y1, Y2) > Ja(Xq; Y1) + Ja(X2; Y2). (182)
Because [, (X;Y) is continuous in « (Lemma 10), this will also establish the lemma for « € {0,1,c0}.

To show (181), let Q% and Q§1 be PMFs that achieve the minimum in the definition of J,(Xy; Y1),
and let Q’)‘(2 and Q’{,z be PMFs that achieve the minimum in the definition of J,(X5; Y2), so

Ju(X1;Y1) = Da(Px,v, [|Q%, QY, ), (183)
Ju(X2;Y2) = Da(Px,y, [|Qx, QY,)- (184)
Then, (181) holds because
Ju(X1, X2; Y1, Y2) < Da(Px, 5,17, | Q%, Q, Q3, QF,) (185)
= Da(Px,yv,[1Qx, Q¥,) + Du(Px,1, 1| Qx, QY,) (186)
= Jo(X1; Y1) + Ju(X2; Y2), (187)

where (185) holds by the definition of J, (X, Xp; Y3, Y2) as a minimum; (186) follows from a simple
computation using the independence hypothesis Px, x,v,v, = Px,y, Px,y,; and (187) follows from (183)
and (184).

To establish (182), we consider the cases « > 1 and & < 1 separately, starting with « > 1. Let
0] X, x, and le y, be PMFs that achieve the minimum in the definition of J,(Xj, X»;Y1,Y2), so

Jo (X1, X2; Y1, Y2) = Da(Px, %717, 1 Q%% Qvi v, )- (188)
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Define the function f: X7 x }; = RU {0} as

flxy1) £ Y Pxoy, (02, 12)" [Qxy x, (22]21) Qv (3/2|}/1)]1_af (189)

X2,Y2

and let (x],y]) € &j x Y1 be such that

f(x1,¥4) = min f(x1,y1). (190)
1/Y1
Define the PMFs Qg(z and ngz as
Qk, (12) £ Qxy x, (x2]x1), (191)
Qy, 2) = Qyypy, (v2lyh) (192)
Then,
9 (a=1)]u(X1,X2:Y1,Ya) — o(@=1)Da(Px; 3117, [ Qx; %, Qv v,) (193)
= Y [Pxyv(x1,51) Py, (22,12)] [Oxyx (11, %2) Ovyy, (v, v2)]© (199)
X1,X2,Y1/Y2
= Y Px,y, (x1,51)%[Qx, (x1) Oy, (11)] U f(xn, ) (195)
X1Y1
A ~ 1—
> Z PXlYl (xlfyl)tx [QX] (xl)QYl (yl)] af(xi’yll) (196)
X1.Y1
— »(@=1)Du(Pxyyy 1Qx, le)+('X*1)Da(1’xzyzHQ&ZQ@Z), (197)

where (193) follows from (188); (194) holds by the independence hypothesis Px, x,v,v, = Px,v, Px,v,;
(195) follows from (189); (196) follows from (190); and (197) follows from (191) and (192). Taking the
logarithm and multiplying by ﬁ > 0 establishes (182):

Ja(X1, X2;Y1,Y2) > Da(Px,y, [|Qx, Qy,) + Da(Px,y, [|Q%, QY,) (198)
> (X5 1) + Ja (X2 Ya), (199)

where (199) holds by the definition of [, (X7; Y1) and J,(X2; Y2).

The proof of (182) for « € (0,1) is essentially the same as for « > 1: Replace the minimum in
(190) by a maximum. Inequality (196) is then reversed, but (198) continues to hold because ﬁ < 0.
Inequality (199) also continues to hold, and (198) and (199) together imply (182). O

Lemma 13. Forall a € [0,00], Jo(X;Y) < log|X| with equality if and only if (« € [}, c0], X is distributed
uniformly over X, and H(X|Y) = 0).

A

Proof. Throughout the proof, define X’ = X. We first show that J,(X;Y) < log|X| for all & € [0, c]:

Jo(X;Y) < Ja(X; X') (200)
< Joo(X; X) (201)
= H% (X) (202)
< log|¥|, (203)

where (200) follows from the data-processing inequality (Lemma 4) because X —o— X' —o— Y form
a Markov chain; (201) holds because J,(X; X’) is nondecreasing in a (Lemma 9); (202) follows from
Lemma 11; and (203) follows from Proposition 3.
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We now show that (200)-(203) can hold with equality only if the following conditions all hold:
(i) & € [3,00];
(ii) X is distributed uniformly over X’; and
(iii) H(X]Y) =0, i.e., for every y € supp(Py), there exists an x € X for which P(x|y) = 1.

Indeed, if & < %, then Lemma 11 implies that

o
11—«

Jo(X; X') = Heo(X). (204)
Because 12, < 1 for such a’s and because He(X) < log|X| (Proposition 3), the RHS of (204) is
strictly smaller than log|X'|. This, together with (200), shows that Part (i) is a necessary condition.
The necessity of Part (ii) follows from (203): if X is not distributed uniformly over &, then (203) holds
with strict inequality (Proposition 3). As to the necessity of Part (iii),

Juo(X;Y) < Joo(X;Y) (205)
= HQ“XH %1Yn Doo(Pxy [|QxQy) (206)

— m P(x,y)
= rg;nlog;m;ix Ox(x) (207)

P(y) P(x|y)
<log) max —<——-"= (208)

Xy: VI
=log|X| +1log ) P(y) max P(x|y) (209)
Y

<log|X|, (210)

where (205) holds because J,(X;Y) is nondecreasing in « (Lemma 9); (207) follows from Proposition 9;
and (208) follows from choosing Qx to be the uniform distribution. The inequality (210) is strict when
Part (iii) does not hold, so Part (iii) is a necessary condition.

It remains to show that when Parts (i)-(iii) all hold, J.(X;Y) = log|X|. By (203), J((X;Y) <
log|X| always holds, so it suffices to show that Parts (i)—(iii) together imply [,(X;Y) > log|X|.
Indeed,

Ju(X;Y) > ]%(X; Y) (211)
> ]% (X; X’) (212)
= Heo(X) (213)
= log|X/|, (214)

where (211) holds because Part (i) implies that « > % and because J,(X;Y) is nondecreasing in «
(Lemma 9); (212) follows from the data-processing inequality (Lemma 4) because Part (iii) implies
that X —o— Y —o— X’ form a Markov chain; (213) follows from Lemma 11; and (214) follows from
Part (ii). O

Lemma 14. For every a € [1,0], Jo(X;Y) is concave in Px for fixed Py|x.

Proof. We prove the claim for & € (1,00); for & € {1, 00} the claim will then hold because J,(X;Y) is
continuous in & (Lemma 10).
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Fix w € (1,00). Let A, A" € [0,1] with A + A" =1, let Px and P} be PMFs, let Py|x be a conditional
PMEF, and define f: X x P(Y) — RU {o0} as

1
o

f(x,Qy) £ lzpyx (y]x)*Qy(y)'~ ] . (215)

Denoting Ju(X;Y) by Ju(PxPy|x),

Jau((APx + A" Px)Py|x)

= rgiynrgixn Da((APx + A" P§) Py [ QxQv) (216)
=min > longZ APx(x) + A Px(x)]* Pyx(yIX)”‘Qy(y)”‘r (217)
:rréiyna logZ[/\PX )+ A/ Py (x) }[ZPYX y|x)*Qy (y)~ r (218)
= min fllog A;Px(x)f(x,Qy)+A’;P§<(x)f(x,Qy)] (219)
> min = I lA log;Px(x)f (x,Qy) + A’ log;Pg(x)f (x, Qy)] (220)
> Amin - 1 log;mx)f (x,Qy) +A'min = % 1 log;P&(xmx, Qy) (221)

= Mu(PxPy|x) + A Ju(PxPy|x), (222)

where (217) follows from Proposition 9 with the roles of Qx and Qy swapped; (220) holds because
log(-) is concave; (221) holds because optimizing Qy separately cannot be worse than optimizing a
common Qy; and (222) can be established using steps similar to (216)—(218). O

Lemma 15. For every a € [}, 00|, the mapping (Qx, Qy) — Du(Pxy||QxQy) is convex, i.e., for all A, \" €
[0,1] with A+ A" =1,all Qx, Q% € P(X), and all Qy, Q% € P(Y),

Dy (Pxy|[(AQx + A'Q% ) (AQy +A'QY)) < ADa(Pxy||QxQy) + A’ Da(Pxy || Q% QY)- (223)

For a € [0, %), the mapping need not be convex.

Proof. We establish (223) for a € [%, 1) and for a € (1,00), which also establishes (223) for « € {1,c0}
because the Rényi divergence is continuous in & (Proposition 4). Afterwards, we provide an example
where (223) is violated for all « € [0, 3).

We begin with the case where « € [1,1):

9 (a=1)ADq (Pxy [[Qx Qy)+(a—1)A'Da (Pxy Q% QY )

)\,
ZP x,y)* [Qx(x) Qy (v ] [ZP %) [Qx () Qv ()] ] (224)
< AZP %, 9) [Qx (%) Qy ()] + A" Y P(x,)* [Qk () Qy (v)] " (225)
X,y Xy
= ¥ P(ry)" [VAQx(0)! ™ VAQy (1)~ + VIV Qi (x) VAT Q ()] (226)
XYy

< Y P(r,y)* | AQx ()20 A Qi (x)20-0)  JAQy (y)2(-0) + N Q} (y)21-0)  (227)
Xy
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< DP9 [MQxl) + N Qk(x) 11 Ay ()20 1V Q (201 (228)

< ZP(x Y)* [AQx (%) + M Qy (x)] 7 [AQy(y) + A Qy ()] " (229)
Xy

_ (e 1)Da Py | (AQx-+N Q) (AQy +V' DY) (230)

where (225) follows from the arithmetic mean-geometric mean inequality; (227) follows from the
Cauchy-Schwarz inequality; and (228) and (229) hold because the mapping z — z2(1=% is concave on
R>o fora € [2, ). Taking the logarithm and multiplying by —=1 < 0 establishes (223).

Now, consider « € (1, 00). Then,

9(a=1) Da (Pxy | (AQx+A'Q% ) (AQy+A' QY )

=Y P(x,y)*[AQx(x) + A Qx ()] [AQy(y) + A QY ()] " (231)
Xy

< Y P(ry) [Qx(x)AQ%(X)N] Tawreer] 32)
Xy

—EP 2, y)*[Qx (¥) Qv ()] TN [Qk (1) Qy ()] (233)

/\/
ZP x,y)* [Qx(x) Qy(y ] [ZP x,y)* [Qk (x) QY ()] ] (234)

:2(“ DADa(Pxy [|QxQy)+(a—1)A"Da (Pxy[|Qx Qy) (235)

where (232) follows from the arithmetic mean-geometric mean inequality and the fact that the mapping
z +» z!7% is decreasing on R>0 for « > 1, and (234) follows from Holder’s inequality. Taking the
logarithm and multiplying by —=1 > 0 establishes (223).

Finally, we show that the mapping (Qx, Qy) — D« (Pxy||QxQy) does not need to be convex for
a € [0,1). Let X be uniformly distributed over {0,1}, and let Y = X. Then, foralla € [0, 1),

Dy (Pxy][(0.5,0.5)(0.5,0.5)) > 0.5Dq (Pxy||(1,0)(1,0)) + 0.5 D4 (Pxy|(0,1)(0,1)), (236)
because the LHS of (236) is equal to log 2, and the RHS of (236) is equal to % log2. [

Lemma16. Leta € (0,1)U (1,00). If (Q%, Q%) achieves the minimum in the definition of ], (X;Y'), then there
exist positive normalization constants ¢ and d such that

EI=

Qk(x —C[ZPJC]/ Qv ()t~ 1 Vx e X, (237)

Qi (y) = dlZP X, y)* Qx(x)! "‘] Vy e, (238)

2=

with the conventions of (44). The case & = oo is similar: if (Q%, QY ) achieves the minimum in the definition of
Joo(X;Y), then there exist positive normalization constants ¢ and d such that

P(x,y)
Qi (v)

] P(xy
QY( )—dmax QX( )

Qx(x) = cmax Vx e X, (239)

~—

Yy e, (240)
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with the conventions of (44). (If & = 1, then Q% = Px and Qy = Py by Proposition 8.) Thus, for all
a € (0, 00], both inclusions supp(Q%) C supp(Px) and supp(Q3) C supp(Py) hold.

Proof. If (Q%, Q}) achieves the minimum in the definition of J,(X;Y'), then

Héiyn Dy (Pxy||QxQy) = Da(Pxy || QxQY)- (241)

Hence, (238) and (240) follow from (76) and (78) of Proposition 9 because D, (Pxy ||Q%Q3) = Ja(X;Y)
is finite. Swapping the roles of Qx and Qy establishes (237) and (239). For a € (0,1) U (1, 0) the
claimed inclusions follow from (237) and (238); for &« = oo from (239) and (240); and for &« = 1 from
Proposition 8. [J

Lemma 17. Forall « € (0, 0],
Ju(X;Y) = rgin $u(Qx), (242)
X
where o (Qx ) is defined as

¢ (Qx) = HQHYH Da(Pxy||QxQy) (243)

and is given explicitly as follows: for « € (0,1) U (1,00),

1
I

z 7 logz ZP(x,y)"‘QX(x)lf‘X , (244)
y | x

‘Ptx(QX) =

o —

with the conventions of (44); and for o € {1, 00},

$1(Qx) = D(Pxy | QxPy), (245)
_ P(x,y)
¢ (Qx) = log§mgx Ox (1)’ (246)

with the conventions of (44). For every a € [, 0], the mapping Qx — ¢o(Qx) is convex. For o € (0,1),
the mapping need not be convex.

Proof. We first establish (242) and (244)—(246): (242) follows from the definition of J,(X;Y); (244)
and (246) follow from Proposition 9; and (245) holds because

fféiyn D(Pxy||QxQy) = %iYH[D(PXYHQXPY) + D(Py[|Qy)] (247)
= D(Pxy||QxPy), (248)

where (247) follows from a simple computation, and (248) holds because D (Py|Qy) > 0 with equality
if Qy = Py.

We now show that the mapping Qx — ¢a(Qx) is convex for every a € [4,00]. To that end,
leta € [3,00],let A, A’ € [0,1] with A + A’ = 1, and let Qx, Q% € P(X). Let Qy and Q) be PMFs that
achieve the minimum in the definitions of ¢, (Qx) and ¢, (QY), respectively. Then,

$u(AQx + A’ Q) < Da(Pxy[|(AQx +A'Q%) (AQy + 1'QY)) (249)
< ADy(Pxy||QxQy) + A Du(Pxy| Q% Q%) (250)
= Ada(Qx) + N P (QY), (251)
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where (249) holds by the definition of ¢ (+); (250) holds because D, (Pxy||QxQy) is convex in the pair
(Qx, Qy) for a € [1, 0] (Lemma 15); and (251) follows from our choice of Qy and Q}.

Finally, we show that the mapping Qx — ¢ (Qx) need not be convex for a € (0, 3). Let X be
uniformly distributed over {0,1}, and let Y = X. Then, for alla € (0, %),

¢« ((0.5,0.5)) > 0.5¢4((1,0)) 4+ 0.5¢4((0,1)), (252)
because the LHS of (252) is equal to log 2, and the RHS of (252) is equal to 125 log2. [

Lemma 18. Foralla € (0,1) U (1,00],

min )¢N(RXY) lfﬂ( S (0,1),

Ja(X;Y) = { RorePoy (Re) ifac (253)

14 E 7 7

Ry X ) ¥ xy) ifa € (1,00]
where
e
D(Rxy|[RxRy) + ——D(Rxy||Pxy) ifa € (0,1)U(1,00),

Ya(Rxy) £ { l1—a . (254)

D(Rxy||RxRy) — D(Rxy||Pxy) if o = oo.

For every w € (1, 00|, the mapping Rxy — a(Rxy) is concave. For all & € (1,00] and all Rxy € P(X x Y),
the statement Jo(X;Y) = ¢ (Rxy) is equivalent to P, (Rxy) = Da(Pxy||RxRy).

Proof. Fora € (0,1) U (1,00), (253) follows from Lemma 8 by dividing by 1 — &, which is positive or
negative depending on whether « is smaller than or greater than one. For « = oo, we establish (253) as
follows: By Lemma 10, its LHS is continuous at « = co. We argue below that its RHS is continuous at
a = o0, i.e., that

Alm, max Ya(Rxy) = max Yoo (Rxy)- (255)
Because (253) holds for a € (1,00) and because both its sides are continuous at & = oo, it must also
hold for & = co.

We now establish (255). Let Ry, be a PMF that achieves the maximum on the RHS of (255). Then,
foralla > 1,

oo (Ryy) = max oo (Rxy) (256)
> max iy (Rxy) (257)
> Pa(Rxy), (258)

where (257) holds because, by (254), eo(Rxy) = $a(Rxy) + aljD(nyHPX)/) > o (Rxy) for all
Rxy € P(X x ). By (254), a — 1po(R%y ) is continuous at @ = oo, so the RHS of (258) approaches
oo (R%y) as a tends to infinity, and (255) follows from the sandwich theorem.

We now show that Rxy — 9, (Rxy) is concave for a € (1,00]. A simple computation reveals that
forallw € (1,00),

Pu(Rxy) = H(Rx) + H(Ry) + —= H(Ryy) + —2= ¥ Ruy(x,9)logP(x,y).  (259)
Xy
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Because the entropy is a concave function and because a nonnegative weighted sum of concave
functions is concave, this implies that ¢, (Rxy) is concave in Rxy fora € (1,0). By (254), & — 9o (Rxy)
is continuous at &« = 00, s0 § (Rxy) is concave in Ryy also for a = oo.
We next show that if & € (1, 00] and o (Rxy) = Da(Pxy||RxRy), then J4(X;Y) = o (Rxy). Let
€ (1,00}, and let Rxy be a PMF that satisfies ¢, (Rxy) = Da(Pxy||[RxRy). Then,

Pa(Rxy) < Ju(X3Y) (260)
< Du(Pxy||[RxRy), (261)

where (260) follows from (253), and (261) holds by the definition of J,(X;Y). Because ¢, (Rxy) is equal
to Dy (Pxy||RxRy), both inequalities hold with equality, which implies the claim.

Finally, we show that if & € (1,00] and Jo(X;Y) = o (Rxy), then ¢4 (Rxy) = Da(Pxy||RxRy).
We first consider & € (1, 00). Let Rxy be a PMF that satisfies [, (X;Y) = ¢a(Rxy), and let Q% and Q5
be PMFs that achieve the minimum in the definition of J,(X;Y). Then,

Jo(X;Y) = Pa(Rxy) (262)
= D(Rxy||[RxRy) + %D(RXYHPXY) (263)
< D(Rxy Q% QY) + 17— D(Ryv[1Px) (264)
< Da(Pxv[|QxQy) (265)
LY, (266)

where (264) follows from Proposition 8, and (265) follows from [22] (Theorem 30). Thus, all inequalities
hold with equality. Because (264) holds with equality, Q% = Rx and Q3 = Ry by Proposition 8. Hence,
Pa(Rxy) = Da(Pxy || Q%Q%) = Da(Pxy||[RxRy) as desired. We now consider & = co. Here, (262)-(266)
remain valid after replacing 1% by —1. (Now, (265) follows from a short computation.) Consequently,
Pu(Rxy) = Da(Pxy||RxRy) holds also fora = co. [J

Lemma 19. Forallx € (0,1) U (1,0),

1
X:Y) = i
Ja(X:Y) = pin, -~ —

[D « (Px||Rx) — wEo (152 RX)} (267)

where the minimization is over all PMFs Rx satisfying Rx < Px (i.e., supp(Rx) C supp(Px)); Da(P[|Q)
for negative « is given by (54); and Gallager’s Eg function [29] is defined as

1+p
Eo(p,Rx) = —1og2 ZRX P(y|x) w] ) (268)

Proof. Let « € (0,1) U (1,00), and define the set R £ {Rx € P(X) : supp(Rx) C supp(Px)}. We
establish (267) by showing that for all Rx € R,

1
a—1

[Ds (Px[|Rx) = aBo (352, Ry) | = Ju(XY), (269)

with equality for some Rx € R.
Fix Rx € R. If the LHS of (269) is infinite, then (269) holds trivially. Otherwise, define the PMF

Qx as

— (270)
Ywex Px(x') TRy (x) ¢
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where we use the convention that 03T - Oﬁ = 0. (The RHS of (270) is finite whenever the LHS of (269)
is finite.) Then, (269) holds because

1
o

Jol(X;Y) = min - -log ) [Z P(x,y)"‘QX(x)l_"‘] 271)
X v |z
< - 1 logzlzp(xfy)“Qx(x)”] (272)
y | x
= log }_ Px(x) 7T Rx(x) 7% + ——log }_ ZRX(X)P(yx)“] (273)
x y | x
= [P (PxIIRx) — aEo( 154, Rx)], 7y

where (271) follows from Lemma 17, and (273) follows from (270) using some algebra. It remains to
show that there exists an Rx € R for which (272) holds with equality. To that end, let Q% be a PMF
that achieves the minimum on the RHS of (271), and define the PMF Ry as

Px (x)* Q% (x)! ¢
Lwex Px(x)*Qx (x)1 =

Rx(x) & (275)

where we use the convention that 0% - 01=* = 0. Because supp(Q%) C supp(Px) (Lemma 16), the
definitions (275) and (270) imply that Ox = Q%- Hence, (272) holds with equality for this Ry € R. [

Lemma 20. For every a € (%, 00], the mapping (Qx, Qy) + Du(Pxy||QxQy) has a unique minimizer. This
need not be the case when « € [0, %}

Proof. First consider a € (1,1). Let (Q%, Q%) and (Qx, Qy) be pairs of PMFs that both minimize

(Qx,Qy) — Da(Pxy||QxQy). We establish uniqueness by arguing that (Q%, Qy) and (QX, Qy) must
be identical. Observe that

Ja(X;Y) < Da(Pxyl|(05Q% +0.5Qx)(0.5Qy +0.5Qy)) (276)
< 0.5D4(Pxy||Q%QY) +0.5D4(Pxy [ QxQy) (277)
= Ju(X;Y), (278)

where (276) holds by the definition of J,(X;Y), and (277) follows from Lemma 15. Hence, (277) holds
with equality, which implies that (228) in the proof of Lemma 15 holds with equality, i.e.,

Y P(,y)*/0.5Q5 (1)2179) +05Qx (x)20-0) /0,505 (1)21-9) +0.5Qy (y)21-)
Xy

— Y P(x,)*[05Q%(x) +050x(x)] \/0-5Q§(y)2(1“"> +0.5Qy (y)2179). (279)
XY

We first argue that Q% = Ox. Since Qx and Oy are PMFs, it suffices to show that Qx(x) = Qx(x) for
every x € supp(Qx). Let £ € supp(Qx). Because supp(Qx) C supp(Px) (Lemma 16), there exists a
7 € Y such that P(%,7) > 0. Again by Lemma 16, this implies that Qy (7)) > 0. Because the mapping
z + 220179 g strictly concave on R for a € (1,1), it follows from (279) that Q% (%) = Qx(%).
Swapping the roles of Qx and Qy, we obtain that Q3 = Oy.

For « = 1, the minimizer is unique by Proposition 8 because D1 (Pxy | QxQy) = D(Pxy||QxQy)-

Now consider a € (1,00]. Here, we establish uniqueness via the characterization of J,(X;Y)
provided by Lemma 18. Let §,(Rxy) be defined as in Lemma 18. Let Rxy be a PMF that satisfies
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Ja(X;Y) = ¢a(Rxy), and let (Q%, Q}) be a pair of PMFs that minimizes (Qx, Qy) — Da(Pxy|/QxQy)-
If & € (1,00), then (264) in the proof of Lemma 18 holds with equality, i.e.,

n
D(Rxy[[RxRy) + 17— D(Rxy||Pxy) = D(Rxy[|QxQy) +

n
1 T P(Rxv||Pxy)- (280)

1
Because the LHS of (280) is finite, Proposition 8 implies that Q% = Rx and Q} = Ry, thus the
minimizer is unique. As shown in the proof of Lemma 18, (280) remains valid for & = co after replacing
12 by —1, thus the same argument establishes the uniqueness for a = co.

Finally, we show that, for a € [0, }], the mapping (Qx, Qy) — Da(Pxy|/QxQy) can have more
than one minimizer. Let X be uniformly distributed over {0,1}, and let Y = X. Then, for all « € [0, %},

Jo(X;Y) = T log? (281)
= sz(PXYH (1,0)) (282)
= Da(Pxyl(0,1)(0,1)), (283)

where (281) follows from Lemma 11. O
Lemma 21. For every a € [0, 0], the minimum in the definition of Ko (X;Y) in (2) exists and is finite.

Proof. Let a € [0, c0], and denote by Ux and Uy the uniform distribution over X and Y, respectively.
Then info, o, Ax(Pxy||QxQy) is finite because A, (Pxy||/UxUy) is finite and because the relative
a-entropy is nonnegative (Proposition 5). For a € (0, c0), the minimum exists because the set P(X’) x
P(Y) is compact and the mapping (Qx, Qy) — Ax(Pxy||QxQy) is continuous. For a« € {0,o0},
the minimum exists because (Qx, Qy) — Ax(Pxy||QxQy) takes on only a finite number of values:
if & = 0, then Ay (Pxy||QxQy) depends on QxQy only via supp(QxQy) € X x Y; and if & = oo,
then A, (Pxy||QxQy) depends on QxQy only via argmax(QxQy) C X x ). O

Lemma 22. Forall a € [0,00], Ko (X;Y) > 0. Ifa € (0,00), then Ko (X;Y) = 0 if and only if X and Y are
independent (nonnegativity).

Proof. The nonnegativity follows from the definition of K, (X;Y) because the relative a-entropy is
nonnegative for a € [0, 00| (Proposition 5). If X and Y are independent, then Pxy = PxPy, and the
choice Qx = Px and Qy = Py in the definition of K,(X;Y) achieves K,(X;Y) = 0. Conversely,
if Ku(X;Y) = 0, then there exist PMFs Q% and Q3 satisfying A, (Pxy||Q%Q3}) = 0. If, in addition,
a € (0,00), then Pxy = Q% Q3 by Proposition 5, and hence X and Y are independent. [J

Lemma 23. Forall « € [0,00], Ko (X;Y) = Ko (Y; X) (symmetry).
Proof. The definition of K;(X;Y) is symmetricin X and Y. O
Lemma 24. Forall o € (0,00),

Ko(X;Y) + Hy(X,Y) = min —logM.-1(Qx, Qy), (284)

X QY
where Mg(Qx, Qy) is the following weighted power mean [30] (Chapter I11): For p € R\ {0},
1
B

Mg(Qx,Qv) £ | Y P(x,y)[Qx(x) Qv ()]F| , (285)

Xy
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where for B < 0, we read P(x,y)[Qx(x) Qy (y)]P as P(x,y)/[Qx (x) Qy(y)] P and use the conventions (44);
and for B = 0, using the convention 0° = 1,

Mo(Qx, Q) 2 TTIQx(x) Qy (y)]7). (286)

Xy
Proof. Leta € (0,0), and define the PMF ﬁxy as

Pxy (x,y)"

Pyxy(x,y) £ ) 287
XY( y) Z(x’,y’)e)(xy PXY(X/, y/)tx ( )
Then,
Ko(X;Y) =1 (X;Y) (288)
= min D, (Pxy||QxQy), (289)
Qx,Qy «

where (288) follows from Proposition 7, and (289) follows from the definition of J; /,X()? ; 17) A simple
computation reveals that for all PMFs Qx and Qy,

D1 (Pxy[|QxQy) = —log Me-1(Qx, Qy) — Hu(X,Y). (290)
Hence, (284) follows from (289) and (290). O

Lemma 25. Fora = 0,

Y) = log SUPP(PxPy)|
Ko(X;Y) = log |supp(Pxy)| : (291)
> min lo max - _ogl|supp(P 200
2 o8 X ) Ox() O (y) 08 ISP (Px)] (292)
w0

where in the RHS of (292), we use the conventions (44). The inequality can be strict, so a — Ky (X;Y) need
not be continuous at & = 0.

Proof. We first prove (291). Recall that

1 Isupp(QxQy)| if P c )
Bo(Pxy | QxQy) = { e ) S en ) (299)
o

otherwise.

Observe that Ag(Pxy||QxQy) is finite only if supp(Px) C supp(Qx) and supp(Py) C supp(Qy). For
such PMFs Qx and Qy, we have |supp(QxQy)| > |supp(PxPy)|. Thus, for all PMFs Qx and Qy,

supp(Px Py)|
Ao(Pxy||QxQy) > log —————. (295)
(Pl QxQ) 2108 eupp By )
Choosing Qx = Px and Qy = Py achieves equality in (295), which establishes (291).
We now show (292). Let Qx and Qy be the uniform distributions over supp(Px) and supp(Py),
respectively. Then,

1 supp (Px P
log ~ max = ———=o—— —log|supp(Pxy)| = log m,

296
(xy)esupp(Pxy) Qx (%) Qy () (296)
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and hence (292) holds.
We next establish (293). To that end, define

= min P(x,y). (297)
(x;y)€supp(Pxy) (o)

T

We bound K, (X;Y) + Hy(X,Y) as follows: Foralla € (0,1),

o

a—1

Ko(X;Y) + Ho(X,Y) = min ——1log) P(x,y)[Qx(x)Qv(y)] = (298)

Qx,Qy 2 XY

>min —“log ¥ tlQxmQv)T (299)
QuQv 2787 () esupp(Pxy)

a—1

> mi 1 e 300

o QI?,ISY 1-a o8 (x/y)eg‘}l?’);(ljxy) F1Qx(x)Qr () 0

= min lo max ! -~ % 1 (301)
Qx,Qy & (x,y)€supp(Pxy) QX(x) QY(]/) 1—w 8 T’

where (298) follows from Lemma 24. Similarly, for all « € (0,1),

Ke(X;Y) + Ho(X,Y) = min ——1log )" P(x,y)[Qx (x) Qv (v)] T’ (302)
Qx,Qy 1- Xy
a—1
< i I Tx 303
S nin T—a 108 (x,y)ersr};;(m)[Qx(x) Qv ()] (303)
1

= 3088 oy i XY )” 09
where (302) is the same as (298). Now (293) follows from (301), (304), and the sandwich theorem
because lim, g 2= log 1 = 0 and because lim, ;g Hx (X, Y) = log|supp(Pxy)| (Proposition 3).

Finally, we provide an example for which (292) holds with strict inequality. Let X = {1,2,3}, let
Y ={1,2}, and let (X, Y) be uniformly distributed over {(1,1), (2,2), (3,1) }. The LHS of (292) then
equals log 2. Using

028 ifx e (1,3},
x) 2 305
Q) {0.44 ifx =2, (30)
. (060 ify=1,
A 306
Qv(v) {0.40 ify =2, (306)

we see that the RHS of (292) is upper bounded by log 5'922'", which is smaller than log2. O
Lemma 26. K{(X;Y) = I[(X;Y).

Proof. The claim follows from Proposition 8 because A1 (Pxy||QxQy) in the definition of K1 (X;Y) is
equal to D(Pxy||QxQy). O

Lemma 27. Let f: {1,...,|X|} — X and g: {1,...,|V|} — Y be bijective functions, and let B be the
| X[ x || matrix whose Row-i Column-j entry B; ; equals Pxy(f(i),g(j)). Then,

Ky (X;Y) = —2logoq(B) — Hy(X, Y), (307)

where o1 (B) denotes the largest singular value of B. (Because the singular values of a matrix are invariant under
row and column permutations, the result does not depend on f or g.)
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Proof. Let (X,Y) be distributed according to the joint PMF

Pry(x,y) 2 [BPxy(x,1)], (308)

where
B= lZ ny(x,y)zl : (309)

XY

Then,
K(X;Y) =1 (X;Y) (310)
— —2log a1 (B) G11)
= —2log[po(B)] (312)
= —2logo(B) — Ha(X,Y), (313)

where (310) follows from Proposition 7; (311) follows from Lemma 6 and (308); (312) holds because
B > 0; and (313) follows from the definition of Hp(X,Y). O

Lemma 28. Koo(X;Y) = 0.

Proof. Let the pair (%,1) be such that P(%,7) = maxyy P(x,y), and define the PMFs Qx and Qy as
Qx(x) = 1{x = £} and Qy(y) = 1{y = 9}. Then, Aws(Pxy[|QxQy) = 0, 50 Ks(X;Y) < 0. Because
Keo(X;Y) > 0 (Lemma 22), this implies Koo (X;Y) = 0. O

Lemma 29. The mapping « — K (X;Y') need not be monotonic on [0, 0].

Proof. Let Pxy be such that supp(Pxy) = & x Y and I(X;Y) > 0. Then,

Ko(X;Y) =0, (314)
K (X;Y) >0, (315)
Koo(X;Y) =0, (316)

which follow from Lemmas 25, 26, and 28, respectively. Thus, « — K(X;Y) is not monotonic on
[0,00]. O

Lemma 30. The mapping a — Ko (X;Y) + Hy (X, Y) is nonincreasing on [0, co].

Proof. We first show the monotonicity for a € (0,00). To that end, let o, &’ € (0, 00) with a < &/, and
let Mﬁ( Qx, Qy) be defined as in (285) and (286). Then, for all PMFs Qx and Qy,

M1 (Qx,Qy) < My (Qx, Qy), (317)

which follows from the power mean inequality [30] (III 3.1.1 Theorem 1) because 21 < “;71. Hence,

Ko(X;Y)+ Ho(X,Y) = Qmi(rgl —log M. 1(Qx, Qy) (318)
XY a
> min —log My, (Qx, Qy) (319)
Qx,Qy e

= Ky (X;Y) + Hy (X, Y), (320)
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where (318) and (320) follow from Lemma 24, and (319) follows from (317).
The monotonicity extends to & = 0 because

Ko(X;Y) + Ho(X,Y) 2 limKa(X;Y) + Ho(X, Y) (321)
o
= lim(Ka(X;Y) + Ha(X, V)], (322)
14
where (321) follows from Lemma 25, and (322) holds because « — H,(X,Y) is continuous at &« = 0

(Proposition 3).
The monotonicity extends to @ = oo because for all « € (0, 00),

le(X; Y) + HIX(X/ Y) > Ha(X/ Y) (323)
> Heo(X,Y) (324)
= Keo(X;Y) + Ho (X, Y), (325)

where (323) holds because K, (X;Y) > 0 (Lemma 22); (324) holds because H, (X, Y) is nonincreasing in
« (Proposition 3); and (325) holds because Koo (X;Y) = 0 (Lemma 28). [

Lemma 31. The mapping a — Ko (X;Y) is continuous on (0, oo]. (See Lemma 25 for the behavior at & = 0.)

Proof. Because « — H,(X,Y) is continuous on [0, co] (Proposition 3), it suffices to show that the
mapping « — Ky (X;Y) + Hy(X,Y) is continuous on (0, oo]. We first show that it is continuous on
(0,1) U (1, 00) by showing that « — (1 — 1) [K,(X;Y) 4+ H, (X, Y)] is concave and hence continuous

on (0,00). For a fixed « € (0,c0), let (X, Y) be distributed according to the joint PMF

PXY(x/y)lX (326)

5 2
Pxy(x,y) = ey Py (2 y)E

Then, for all & € (0, ),

= (1= (XY) + (1 1) Hu(X,Y) (327)
= %1;?[(1 — D)D(Rxy||IRxRy) + 1 D(Rxy||Pxy) + (1 — 1) Ha(X, Y)} (328)
= min| (1~ ) D(Rxy [RxRy) + (1= 1) H(Rxy) + D(Rxy[|Pxy)], (329)

where (327) follows from Proposition 7; (328) follows from Lemma 8; and (329) follows from a short
computation. For every Rxy € P(X x )), the expression in square brackets on the RHS of (329) is
concave in a because the mapping a — 1 — 1 is concave on (0, ) and because D(Rxy||[RxRy) and
H(Rxy) are nonnegative. The pointwise minimum preserves the concavity, thus the LHS of (327) is
concave in a and hence continuous in a € (0,0). This implies that « — Ky (X;Y) + Hx(X,Y) and
hence a — K (X;Y) is continuous on (0,1) U (1, c0).

We now establish continuity at « = co. Let (£, ) be such that P(%,7) = maxy,, P(x,y); define the
PMFs Qy and Qy as Qx(x) 2 1{x = £} and Qy(y) £ 1{y = 7}, and let Mg (Qx, Qy) be defined as
in (285). Then, for all & € (1,00),

Keo(X;Y) + Hoo(X,Y) < Ka(XGY) + Ho(X,Y) (330)
< —log M.t (Qx, Qy) (331)
= 1 Ho(X,Y) (332)

a—1
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= Keo(X;Y) + 2

— 1H00(X, Y), (333)
where (330) holds because Ky (X;Y) + Hy(X,Y) is nonincreasing in a (Lemma 30); (331) follows
from Lemma 24; (332) follows from the definitions of Mg(Qx, Qy) in (285) and He(X,Y) in (48);
and (333) holds because K (X;Y) = 0 (Lemma 28). Because limy ;0o 7%y = 1, (330)-(333) and the
sandwich theorem imply that « — Ku(X;Y) + Hx(X,Y) is continuous at « = oo. This and the
continuity of « — Hy(X,Y) at « = oo (Proposition 3) establish the continuity of a — K,(X;Y) at
& = oo,

It remains to show the continuity at & = 1. Let & € (2,1) U (1, 3), and define § £ ‘“a;” € (0.
(These definitions ensure that on the RHS of (340) ahead, 1 — 44 will be positive.) Let Mﬁ(Q x, Qy) be
defined as in (285) and (286). Then, for all PMFs Qx and Qy,

M1 (Qx, Qy) < M;s(Qx, Qy) (334)
T f[Qerm)* :
= Zy P(x,y) [Px(x) Py (y)] [ Py (x) Py () ] (335)
i 26 2175_ Qx(x)Qy(y)ré %
< | Y P(x,y) [Px(x) Py(y)]zﬂ (337)
LXY
= Mas(Px, Py), (338)
where (334) follows from the power mean inequality [30] (III 3.1.1 Theorem 1) because % <
(336) follows from the Cauchy-Schwarz inequality; and (337) holds because
QX(x):|26|:QY(y):|26 217
@P(W ) [ Px(x) ] | Pr(y)
Qx(x)1¥ %. [QY(}/)r& o
— 2~ D1-4s(Px|Qx) . o~ D1-4s(Py[IQy) (340)
<1, (341)

where (339) follows from the Cauchy-Schwarz inequality, and (341) holds because 1 — 46 > 0 and
because the Rényi divergence is nonnegative for positive orders (Proposition 4). Thus, forall & € (%, %),

—log M1 (Px, Py) < Qmié‘ —log M1 (Qx, Qy) (342)
o XKy «

< —log M1 (Px, Py), (343)

where (342) follows from (338) if « # 1 and from Proposition 8 and a simple computation if « = 1. By
Lemma 24, this implies that for all « € (%, %),

—log My 1| (Px, Py) < Ku(X;Y) + Ha(X,Y) (344)
< —logMg_1(Px, Py). (345)



Entropy 2019, 21, 778 36 of 40

Because g — Mlg(Px, Py) is continuous at f = 0[30] (III 1 Theorem 2(b)), (344)—(345) and the sandwich
theorem imply that a — Ky(X;Y) + Hy(X,Y) is continuous at « = 1. This and the continuity of
a — Hy(X,Y) ata = 1 (Proposition 3) establish the continuity of & — Ky (X;Y) ata =1. O

Lemma 32. If X =Y with probability one, then

2H .« (X)—Hy(X) ifae02),

Ki(X;Y) = § 25 Ho(X) — Ho(X)  ifa >2, (346)

if o = oo.

O =

Proof. We first treat the casesa« = 0, « = 1, and a« = 0. For « = 0, (346) holds because

v\ _ 1. |supp(PxPy)|
Ko(X;Y) = log TappPer)] (347)
= log|supp(Px)| (348)
= Hy(X), (349)

where (347) follows from Lemma 25, and (348) holds because the hypothesis Pr[X = Y] = 1 implies
that [supp(PxPy)| = |supp(Px)|? and |supp(Pxy)| = |supp(Px)|. For a = 1, (346) holds because
Ki(X;Y) = I(X;Y) (Lemma 26) and because Pr[X = Y] = 1 implies that [(X;Y) = H(X) = Hy(X).
For & = oo, (346) holds because Ko (X;Y) = 0 (Lemma 28).

Now let « € (0,1) U (1,00), and let (X, Y) be distributed according to the joint PMF

= Pxy (%, y)*
Pyy(x, 1) 2 XY 350
XY(x y) Z(x’,y/)eXXy ny(x/, y/)lx ( )
G CIY S (351)

B ZX’GX PX(x/)“

where (351) holds because Pxy(x,y) = Px(x)1{x = y} forallx € X andally € Y. Ifa < 2,
then (346) holds because

Ko(XY) = J1(XY) (352)
=H, (X) (353)
2o I
Cl-a log; |:Zx’€/\.’ Px(x)* (354)
=2H . (X) — Ha(X), (355)

where (352) follows from Proposition 7; (353) follows from Lemma 11 because Pr[X = Y] = 1 and
because % > 1; and (355) follows from a simple computation. If & > 2, then (346) holds because

Ko(X;Y) = T1(X;Y) (356)
1 ~
= — Ho(X) (357)
_ -1 _ Px()t
T a1 BT P (o) (559
= i 7 Heo(X) = Ha(X), (359)

where (356) follows from Proposition 7; (357) follows from Lemma 11 because Pr[X = Y] = 1 and
because % < % ; and (359) follows from a simple computation. [
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Lemma 33. For every a € (0,2), the mapping (Qx, Qy) — Ax(Pxy||QxQy) in the definition of Ky (X;Y)
in (2) has a unique minimizer. This need not be the case when o € {0} U [2, 00].

Proof. Let « € (0,2). By Proposition 7, Ky(X;Y) = J1,4(X;Y), where the pair (X,Y) is distributed
according to the joint PMF Pyy defined in Proposition 7. The mapping (Qx, Qy) — D1/, (Pxy||QxQy)
in the definition of [, /, (X;Y) has a unique minimizer by Lemma 20 because % > % By Proposition 6,
there is a bijection between the minimizers of Dy /,, (Pxy||QxQy) and A, (Pxy||QxQy), so the mapping
(Qx, Qy) — Au(Pxy||QxQy) also has a unique minimizer.

We next show that for & € {0} U [2, 00|, the mapping (Qx, Qy) — Ax(Pxy| QxQy) can have more
than one minimizer. Let X be uniformly distributed over {0,1}, and let Y = X. Then, by Lemma 32,

log2 ifa =0,
Ke(X;Y) = ¢ Lilog2 ifa>2, (360)

0 if ¢ = o0.

If « = 0, then it follows from the definition of Ay(P||Q) in (56) that Ag(Pxy ||QxQy) = log2 whenever
supp(Qx) = supp(Qy) = {0,1}, so the minimizer is not unique. Otherwise, if & € [2, 0], it can be
verified that

Aw(Pxyl[(1,0)(1,0)) = Aa(Pxy[[(0,1)(0,1)) (361)
_ {lxlllogz ifa >2, (362)
0 if & = oo,

so the minimizer is not unique in this case either. [J

Lemma 34. If the pairs (X1,Y1) and (Xp,Y>) are independent, then Ky(Xq, X2;Y1,Y2) = Ko(X1; Y1) +
Ky (X2;Y?) for all a € [0, o0] (additivity).

Proof. We first treat the cases « = 0 and &« = co. For & = 0, the claim is true because

|supp(Px, x, Pr,v, )|
KO X ,Xz,’Y,YQ =1lo 172 172 (363)
(X 1Y2) = log Isupp(Px, x,v,v,) |
Isupp(Px,v,)| - [supp(Px,y,)|
= Ko(X1; Y1) + Ko(X2; Y2), (365)

where (363) and (365) follow from Lemma 25, and (364) follows from the independence hypothesis
Px,%,v,Y, = Px,v, Px,v,- For & = oo, the claim is true because Koo (X;Y) = 0 (Lemma 28).
Now let w € (0,00), and let (X1, X5, Y1, Y2) be distributed according to the joint PMF

. Px, %,v,Y, (X1, %2, Y1, 2)"
Py, xoviv, (X1, X2, 41, 42) = = (366)
e Yt s Pxixovivs (%1, X5, 41, 15)*
P Goy)t Py (,p0)” (367)
Loty Pxy (X1, 41)% Ly Py, (x5, 1)
where (367) follows from the independence hypothesis Py, x,v,y, = Px,v, Px,v,- Then,
Ka(X1, X2;Y1,Y2) = J1 (X1, X2, Y1, 12) (368)

=]
=] (%1; Yl) + ]% (Xz; Yz) (369)

1
w
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= Ku(X1; Y1) + Ko (X2; Y2), (370)

where (368) and (370) follow from Proposition 7, and (369) follows from Lemma 12 because the pairs
(X1,Y1) and (X, Y,) are independent by (367). [

Lemma 35. Forall « € [0,00], Ky (X;Y) < log|X]|.

Proof. For & = 0, this is true because

|supp(PxPy)|
Ko(X;Y) = log 2211 (371)

) =198 Toupp Py )|

| X] - [supp(Py)]
—_—— 372
=18 "oupp(Pxy) 7
< log| |, (373)
where (371) follows from Lemma 25. For a € (0, o), the claim is true because

Ke(X;Y) = J1(X;Y) (374)
< log| X, (375)

where (374) follows from Proposition 7, and (375) follows from Lemma 13. For & = oo, the claim is true
because K (X;Y) = 0 (Lemma 28). O

Lemma 36. There exists a Markov chain X —o— Y —o— Z for which Ky(X; Z) > Kz(X;Y).

Proof. Let the Markov chain X —o— Y —o— Z be given by

Pxy(xy) |y=0 y=1 Pyy(zly) [z=0 z=1
x=0 | 06 0 y=0 | 09 01
x=1 0 04 y=1 0 1

Using Lemma 27, we see that K»(X; Z) = 0.605 bits, which is larger than K»(X;Y) ~ 0.531 bits. [
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