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Abstract: This article proposes a new fractional-order discrete-time chaotic system, without equilibria,
included two quadratic nonlinearities terms. The dynamics of this system were experimentally
investigated via bifurcation diagrams and largest Lyapunov exponent. Besides, some chaotic tests
such as the 0-1 test and approximate entropy (ApEn) were included to detect the performance of our
numerical results. Furthermore, a valid control method of stabilization is introduced to regulate the
proposed system in such a way as to force all its states to adaptively tend toward the equilibrium
point at zero. All theoretical findings in this work have been verified numerically using MATLAB
software package.
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1. Introduction

After the disclosure of Lorenz system in one of Lorenz’s papers on climate expectation [1],
numerous researchers and analysts have broadly studied the chaotic dynamical system due to its
various applications in engineering and applied science. Over a long time, several researchers
proposed multiple discrete-time systems, such as the so-called logistic [2], Hénon's [3], Arnold’s-cat,
Lozi’s and tent maps [4]. In such maps, all chaotic attractors belong to the foremost common sort
of attractors, for which the initial conditions and the unstable fixed points are both located near
together [5]. These attractors are called self-excited due to being promptly found [5]. However, chaos
can be generated also in unusual systems, for example, in systems with no equilibria or with fixed
equilibria [6], for which the initial condition can only be found via extensive numerical searching.
The attractors generated by these systems are called hidden attractors. The topic of chaotic maps
characterized by “hidden attractors” has been only recently investigated [6-10]. For example, in [7]
Jafri et al. studied a new 1D chaotic discontinuous map without inspiration from a logistic map,
whereas in [6,8] 2D and 3D chaotic maps with different types of stable equilibria have been proposed.
Moreover, in [9] 2D chaotic quadratic maps without equilibria and with no discontinuity in the
right-hand equations have been introduced. Some other examples of chaotic attractors with curve
equilibrium were numerically presented in [10]. These studies have proven the significant role of
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hidden attractors in theoretical problems and engineering applications. For example, hidden attractor
can generate unexpected and potentially disastrous responses to perturbations in structures such as
bridges and airplane wings. This is one of the main motivations that still inspires many researchers
to devote their efforts in order to design new two or three-dimensional discrete-time chaotic systems
with hidden attractors.

In recent years, attention has been focused on fractional calculus and fractional difference
operators [11-13]. Referring to discrete fractional calculus, several types of difference fractional
operators have been introduced over the years [14,15]. Recently, modeling numerous chaotic
phenomena in the form of fractional-order systems, described by difference equations, has drawn
the attention of many researchers. Researchers have extensively examined the potential applications
of these maps in many fields, such as engineering, economics and others [16,17]. For this purpose,
many fractional maps have been reported in the literature to show the different dynamical phenomena,
for example, the fractional 3D generalized Hénon map that can be found in reference [18] and the
Stefanski, Rossler and Wang fractional maps in [19]; the fractional discrete double scroll can be found
in [20], and the dynamics of the fractional Grassi-Miller map are in reference [21]. Note that all these
fractional-order maps show only attractors belonging to the self-excited ones. From what has been
reported in the literature, the dynamical behavior of fractional-order discrete-time systems is heavily
dependent on the fractional order, which introduces a new degree of freedom and makes them more
suitable for secure communication and encryption, which has inspired researchers to devote themselves
to the design of new two and three-dimensional fractional discrete-time chaotic systems with hidden
attractors. To the best of our knowledge, few studies have been devoted in handling the fractional-order
discrete-time (FoDT) systems without fixed points. The only three-dimensional chaotic system of
fractional-order without equilibria has been proposed and reported in [22]. Said proposed system
has motivated us to study and discuss a new three-dimensional FoDT system with no equilibrium
points. Based on this consideration, this paper makes a contribution to the topic of fractional-order
discrete-time systems with “hidden attractors” by presenting a new three dimensional discrete time
system with no equilibria. The conceived system possesses an interesting property not explored in
literature so far; i.e., it is characterized, for various fractional-order values, by the coexistence of various
kinds of periodic and chaotic attractors. Moreover, the effects of the fractional-order, say r, on the
type and the range of chaotic behavior of the FoDT system, are examined together with its dynamics.
Besides, some tests of chaos, such as the 0-1 test and approximate entropy (ApEn), are included
to show the performance of our numerical results. Furthermore, a control scheme is introduced to
stabilize the trajectories of the system under consideration.

2. Necessary Discrete Fractional Operators

In this section, some preliminaries and basic concepts associated with discrete fractional calculus
are presented. In the following definitions, we consider the time scale, N, = {a, a +1, a+2, ...},
wherea € R.

Definition 1. [23,24] Let X (t) : N, — R. The r'"-fractional-order sum is defined by:

AX() = 5 L (-5 UX ), <1>

where r > 0 and t € Nyy,. The term t\7) is the falling function which may be defined via gamma function, T,

as follows:
{1 _ r(t+1)

TT1-n) ?
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Definition 2. [13,15,25-27] Let X denote any function defined in Ny4,—,. The Caputo difference operator
with order r ¢ N is defined by:

t—(n—r)

Y (t—s-1)"TVANX (), @3)

s=a

CAr _ A= (n=r) Ay _ 1
BX () =8N = Fr—

forn=[r] +1

3. The New FoDT System

In [8] the authors Haibo Jiang et al. preformed a schematic approach to find three-dimensional
integer-order chaotic maps with no equilibrium or with stable equilibria. In this approach,
an exhaustive computer search was carried out to obtain the “elegant” chaotic cases by considering
numerous combinations of the coefficients and initial conditions [28]. Motivated by this strategy,
we consider the following integer-order system:

x(n+1) = y(n),
y(n+1) = z(n), @
2(n+1) = ax(n) + Pz(n) — x(n)y(n) + x(n)z(n) + 7.

Inspired by system (4), we remove and added some terms to obtain the following fractional
discrete-time system [29]:

CALx(H) = —x(t—1+71) +y(t—1+7),

CAy(t) = —y(t—1+71) +z(t—1+7),

CALz(H) = ax(t—1+7) +Bz(t—1+7) —x(t =147yt —1+7)
+x(t—=1+r)z(t—1+47r)+1,

©)

where x, y and z indicate all states of system (5) and «,  and v are the bifurcation parameters.
For calculating the equilibrium points of this system, the following condition should be satisfied:

—Xe T VYe = 0,
—Ye+2z,=0, (6)
&Xe 4 BZe — XelYe + Xeze +y =0,

where 7 # 0. Here, we need to determine the case in which there are no real solutions for the
following equation:
(a+B)xe+7v=0. (7)

Note that when a + 8 = 0, then (7) will have no real solutions; therefore, there are no equilibrium
points for system (5). Moreover, imposing the condition « + = 0 on the parameters of said system
yields the hidden attractors. Before exhibiting the major results of this work, one significant theorem
(Theorem 1) should be stated. This theorem is considered as a cornerstone for the next numerical
method, and it will be, surely, required when we deal with system (5). For a full overview about this
theorem and its proof, refer to [30].

Theorem 1. Consider the following fractional-order difference equations:

{ CATu(t) = f(t+r—1u(t+r—1)), ®)

Aku(a) =u, n=|[rl|+1,k=0,1,.,n—-1
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Then, the discrete integral equation which is equivalent to both equations in (8) is:

t—r
u(t):uo(t)ﬁ—% Y (t—s—1)UVf(s+r—1us+r—1)), 9)
s=a+n—r

where t € Nyyp, and
t—a) (k)
(k+ 1) u(a).

—

0-§

(10)

’-J

Using Theorem 1 and setting a = 0, we get

x(m) = x(0) + Ty Fah) (—x(i = 1) +y(i 1)),
y(n) =y (0) + Ty rpiyy (v = 1) +2(G = 1)), -
2(n) = 2 (0) + Ly pa—irif (ax(G = 1) + B2 = 1) = x( = y(j = 1)

+x(j = 1)z(i=1) +7),

where x(0),y(0) and z(0) are the initial conditions. In the next section, some numerical analyzes and
simulations are presented. In particular, the effect of the fractional-order, , on the behavior of the FoDT
system (i.e., system (5)) will be numerically explored and discussed based on the obtained results.

4. Bifurcation and Coexisting Attractors

In order to characterize the dynamics of system (5), some numerical simulations related to the
largest Lyapunov exponent (LE) and bifurcation diagrams are described in the next two subsections.

4.1. Bifurcation and Largest Lyapunov Exponent (LE)

We consider the parameter values &« = 1.07, § = —1.07 and v = 0.28; initial conditions
[x0, Yo, zo] = [0.91, 1.63, 2.02]; and fractional order r = 0.999. Obviously, Equation (7) has no
real solution. In other words, there are no equilibrium points for the fractional system (5). Figure 1
display the hidden attractor in different phase space projections. To investigate the dynamic of
the FoDT system given in (5) with respect to the fractional-order 7, fix the system parameters as
a =1.07, p = —1.07, v = 0.28 and let r vary from 0.93 to 1. The variation of local maxima of x(n)
in the term of r is shown in Figure 2a. Starting from [xo, yo, zo] = [0.91, 1.63, 2.02], the states of
system (5) show irregular motions along with periodic windows. We note that when r < 0.9334 the
FoDT system (5) diverges to infinity. To observe the dynamic behavior, the phase diagrams of the
FoDT system on the 3D plane with the same initial values and for different fractional order values are
shown in Figure 3. The phase diagram have been plotted so as to visualize the route to chaos. As can
be seen, the FoDT system (5) has different type of hidden attractors and it goes from stable state to
chaos as r increases.
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Figure 1. Hidden attractor of the fractional-order discrete system (5) for order » = 0.999, system
parameters « = 1.07, B = —1.07 and v = 0.028, and initial conditions xy = 0.91,y9 = 1.63 and
zp = 2.02.

Although bifurcation plot and phase portraits are useful tools in determining the existence of
chaos and quantifying it, the most agreed upon tool is the “Lyapunov exponent.” By definition,
the three-dimensional fractional-order system (5) displays sensitive dependence on initial conditions
when two trajectories that are starting from infinitesimally close initial conditions can diverge
exponentially with the rate given by LLE. The Lyapunov exponents can be approximated using
the Jacobian matrix, which in the case of fractional-order discrete-time systems is calculated in a similar
manner to the states in (11); see [31]. The Lyapunov exponents can be given by

Laum»:nm%mmﬁ|ﬁri:13 (12)
100
where A are the eigenvalues of the matrix J; defined as

ai b ¢

Ji=|di e fil], (13)
g hi om;



Entropy 2020, 22, 1344 6 of 19

where
sy B v
oy R v,
SN s
N
S
ety B
8 =80+ 75 j_il F I (= )+ 20 = x(0d + (P,
by —ho + r(1r> jil ?Ej :; : 3 (& = y(i) + 2())bi — x(i)ei + (x + B)hy),
=+ Jg F D (@ = y0) 4 20)e = (0)f+ (5-+ ).

Figure 2b shows the largest LE of system (5) that was calculated using the above method with MATLAB,
from which it can be seen that the system has positive LEs when r takes its highest values, indicating
that the system converges to hidden chaotic attractors, which is consistent with the corresponding
bifurcation diagram. LEs are negative or equal to zero for the remaining ranges, which indicates
that the system has limited cycles and periodic attractors, as shown in Figure 3. Taking r = 0.99
as an example, Figure 4a shows the estimated largest Lyapunov exponent and the phase portrait,
respectively. Obviously, the corresponding largest Lyapunov exponent is positive, which shows the
the fractional system (5) is chaotic in this case. All Lyapunov exponents are plotted in Figure 5 for
varied r to validate these results.

In order to further analyze the properties of the FoDT system (5), we plot the bifurcation diagrams
for different values of r (ie.,, ¥ = 093, r = 0.95, r = 0.9633, r = 0.9987). In Figures 6 and 7 we
show the bifurcation diagram of the FoDT system (5) with respect to the a and v, respectively.
In Figure 6, the diagrams are obtained by changing « from 0.6 to 1.088 and fixing  and y to § = —1.07,
v = 0.28, while in Figure 7 we present the 3D view of the bifurcation diagrams when y € (0.05,0.3).
Different dynamic behavior, including chaos periodic windows, is observed. Moreover, we observe
that decreasing the value of the fractional order lead to the disappearance of some chaotic region.
In particular, the diagrams of bifurcation in Figures 6 and 7 show that the bifurcation diagram of the
FoDT system (5) shrinks as r decreases.



Entropy 2020, 22, 1344 7 of 19

25r

L L L L L L
0.94 0.95 0.96 0.97 0.98 0.99 1

0.045
0.041-
0.035
0.03
0.025

0.02-

/\maac

0.015

0.005

-0.005

0.93 0.94 0.95 0.96 0.97 0.98 0.99
T

Figure 2. Bifurcation and the largest LE diagrams of the FoDT system (5) versus r, for system parameters
« = 1.07, B = —1.07 and v = 0.028, and initial conditions xg = 0.91,yp = 1.63 and zp = 2.02.
(a) Bifurcation diagram; (b) largest LE.
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Figure 3. Different attractors for different fractional-order values of r, (a) r = 0.9385, (b) r = 0.95,
(c) r = 0.9633, (d) r = 0.9868, (e) r = 0.99, (f) r = 0.9987.
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Figure 4. (a) Estimated latgest Lyapunov exponent of the fractional-order discrete system (5) for order
r =0.999, « =1.07, B = —1.07 and v = 0.028, and initial conditions xy = 0.91,y9 = 1.63 and zg = 2.02.
(b) Corresponding hidden chaotic attractor.
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Figure 5. Lyapunov exponent diagrams of the FoDT system (5) versus r, for system parameters
« =1.07, B = —1.07 and y = 0.028, and initial conditions xy = 0.91, ¢y = 1.63 and zy = 2.02.
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Figure 6. Different bifurcation diagrams of the FoDT system (5) in three-dimensional space with the
variation of system parameter « and fractional order r.

Figure 7. Different bifurcation diagrams of the FoDT system (5) in three-dimensional space with the
variation of system parameter y and fractional order r.

4.2. Coexisting Attractors

Here, the dynamics of the FoDT system given in (5) are analyzed using the coefficient
« =1, p = —1 and v = 0.5, with three different values of initial conditions. The coexisting bifurcation
diagram, shown in Figure 8a, is obtained by varying r in the interval [0.96, 1], where the blue, green
and red diagrams are drawn according to the initial conditions [0.97, 0.54, 0.23], [—0.97, 0.54, 0.23]
and [0.97, 0.54, —0.23], respectively. Regarding with r again, the behavior of dynamical system (5)
can be exhibited by the largest LE graph shown in Figure 8b. One can observe that when r € [0.96, 1],
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the largest LE changes its values between positive and negative numbers, which indicates that there
is a transition from chaos to periodic to chaos with the various values of . When r € [0.9869, 1],
system (5) is chaotic as its largest LE is positive. At r = 0.9969, system (5) exhibits periodic motions.
Moreover, when we choose ¥ = 0.996, we can obtain a chaotic attractor for the initial condition
[0.97, 0.54, 0.23] and a periodic orbit for [—0.97, 0.54, 0.23], as shown in Figure 9d. Further, as r
decreases through the interval [0.9826, 0.9863], system (5) has two different types of attractors coexist
with respect to the initial condition [0.97, 0.54, 0.23] and [—0.97, 0.54, 0.23], as shown in Figure 9c.

35
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8
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T
(b)
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T
Figure 8. Bifurcation diagram of system (5) versus r depicted in (a), for parameters « = 1, p = —1

and y = 0.5 and initial conditions ((0.97,0.54,0.23) for the blue diagram and (—0.97,0.54,0.23) for the
green diagram and (0.97,0.54, —0.23)) for the red diagram. (b) The corresponding largest Lyapunov
exponent of system (5) for initial conditions (0.97,0.54,0.23).
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5. 0-1 Test and Approximate Entropy (AnEn)

In this section, the chaotic behavior of system (5) is tested using two chaotic tests: the 0-1 test and
the ApEn test. Such tests are added to quantify the amount of regularity and the unpredictability in
the FoDT system over the state data.

5.1. 0-1 Test

To detect the existence of chaos for deterministic systems, the 0-1 test is considered one of
the newest suitable tools that can be employed. It is applied on a series of data that can be
originated from such systems, such as the FoDT one. For system (5), consider a set of data x(j),
where j =1, 2, .., N. By following [32], one can define the two terms; p.(n) = Y1 ; x(j) cos(jc) and
ge(n) = 7:1 x(j)sin(jc), forn = 1, 2, ..., N. Such terms are called the translation components,
where ¢ could be randomly chosen from the interval (0, 27). To determine whether chaos occurs,
we can simply plot g and p. in the two-dimensional (p. — g.) plane. Namely, the Brownian-like

trajectories imply chaos, whereas the bounded-like trajectories imply regular dynamics. The mean
square displacement, which can be defined as M, = 4; Z]-I\il ((p(j +1) —p(i)*+ (q(j +n) — q(j))2>,

might be calculated in order to investigate the diffusive behavior of p(n) and g(n). Finally, we obtain
log M,

the asymptotic growth rate K via K. = median(K.), where K. = lim ° o

n—+oo
system becomes chaotic as K approaches 1, while it becomes periodic as K approaches 0. Table 1,

however, depicts the results of the test for different values of r, in which [xo, yo, zo] = [0.97, 0.54, 0.23]
andx« =1, B = —1, v = 0.5. Based on said table, one can observe that the output K has appeared
in a similar manner to the results of the largest LE and bifurcation diagram, shown in Figure 8.
Furthermore, as the FoDT system becomes chaotic, the growth rate, K, asymptotically approaches 1.

. Therefore, the proposed

Table 1. 0-1 test of the FoDT system (5) for different values of r.

r 09604 09615 09632 09739 0984  0.996
K 0957 08178 0.0052 09356 0.0027 0.9934

The coexistence of chaotic attractors in system (5) can be validated by plotting the translation
components of this test in a plane in which p and g are its axises. As in Figure 9, we have fixed
the system’s parameters «, B and v equal to 1, —1 and 0.5 respectively, and have constantly
varied r. Figure 10 illustrates the results of the 0-1 test for system (5) in which the blue and the
red diagrams are drawn according to the two initial conditions [xo, vo, zo] = [—0.97, 0.54, 0.23]
and [xg, yo, zo] = [0.97, 0.54, 0.23], respectively. In particular, Figure 10a depicts Brownian-like
trajectories for both initial conditions, confirming the coexistence of two chaotic attractors for ¥ = 0.9615.
On the other hand, Figure 10b depicts bounded-like trajectories for the same two initial condition,
confirming the coexistence of two periodic attractors for » = 0.984. Finally, the coexistence of chaotic
and periodic orbits is confirmed in Figure 10c, which depicts bounded-like trajectories for initial
condition [—0.97, 0.54, 0.23] and Brownian-like trajectories for [0.97, 0.54, 0.23], when r = 0.996.
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Figure 9. The coexisting attractors of FoDT system (5) with parametersa =1, 8 = —1 and v = 0.5,
and with the initial conditions (0.97,0.54,0.23) for the red attractor and (—0.97,0.54,0.23) for the blue
attractor. (a) Two coexisting periodic attractors for »r = 0.9615. (b) Periodic orbit and 5 limit cycles for
r = 0.984. (c) Two coexisting periodic attractors for r = 0.9855. (d) Chaotic attractor and periodic orbit
for r = 0.996.

5.2. Approximate Entropy (ApEn)

The so-called ApEn was first revealed by Pincus in [33] to measure the degree of complexity of
data in a time series from a multi-dimensional perspective. This method of testing is used to estimate
the regularity of some data and assign a non-negative number to a certain sequence, in which, e.g., these
data become more complex when the values of them being large. The detailed calculation steps for
detecting ApEn are stated as follows. Consider x(1), x(2), ..., x(n) as a set of n discrete data deduced
based on the FoDT system given in (5). The value of the ApEn depends on two important parameters,
m and T, where the input 7 is the similar tolerance and m is the embedding dimension. For a given
m, form a sequence of vectors X(j), forj =1, 2, .., n —m+1, as X(j) = (x(j), .., x(j +m —1)).
Let K the number of X(i) be such that the maximum absolute difference of two vectors, X(i) and
X(j), is equal or lower than 7. The relative frequency of X(7) is similar to X(j), and it has the form:

cr (1) = N_Lmﬂ From CI", calculate the logarithm and then define the average for all 7, as follows:
1 N—m+1
m _ m
") =y L logCl'(T). (14)

i=1
The ApEn of order m is, then, as follows:

ApEn = ¢" (1) — ¢" (7). (15)



Entropy 2020, 22, 1344 14 of 19

Table 2 and Figure 11 show the ApEn of the proposed FoDT system given in (5) for various values of 7,
whena =1, 8 = —1and v = 0.5, and according to xp = 0.97, yp = 0.54 and zp = 0.23. As one can see,
the complexity of this system varied according to the variation of . Hence, one should be conscious in
selecting the values of r in system (5), in order to obtain a relatively large structural complexity.

Table 2. Approximate entropy (ApEn) of the FoDT system (5) for different values of r.

r 09604 09615 09632 09739 0.984 0.996
ApE 03928 0.2037 0.1494 0.3933 0.069 0.4928

6. One-Dimensional Control Law

Here, we need to stabilize all states of the FoDT system and eliminate the chaotic motion by adding
an adaptive controller. In fact, this controller will regulate the trajectories generated by system (5) to
the zero equilibrium point. However, the following theorem is stated to discuss the stability analysis
of such system.

Theorem 2. The equilibrium at zero of the linear FoDT system:
CALX (1) =MX (t+7-1), (16)
is asymptotically stable if

largz| — 7

AE{ZGC: z|<<2cos >

r
) and |argz| > ZE},W\ (17)

where X(t) = (x1(t), ..., xn(£))T; Vt € Nyj1_,, 0 < r <1, M € R™" and where A is the eigenvalue of M.

For the proof of this theorem in detail, refer to [34]. However, the controlled three-dimensional
FoDT system given in (5) will be:

CALx(t) = —x(t—1+7)+y(t—1+7),

CAly(t) = —y(t —1+7) +z(t—1+71),

CALz(H) = ax(t—1+7)+Bz(t—1+7r) —x(t—1+7)
[z(t—1+7r)—y(t—14+7r)]+v+C(t),

(18)

where C(t) denotes the one-dimensional controller.

Our goal here is to find a suitable one-dimensional controller that can stabilize all states of the
FoDT system towards zero asymptotically. For that purpose, we propose the following theorem.

Theorem 3. The following control law of one dimension:
C(t) = —ax(t) +0.07z(t) + x(t) [z(t) —y(t)] — 7, (19)
can stabilize the three-dimensional FoDT system given in (5).

Proof. Substituting (19) in the third state of the FoDT system given in (18) yields:

AL (x (), y(8),2(1)" =

M x (X(t_—l—i—r),y(t—l—f—r),z(t_1_|_,,))T, (20)
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where
-1 1 0

M=| 0 -1 1 . (21)
0 0 B+07

Now, one needs to show that all states of the controlled system converge to zero and stay there.
The eigenvalues Ay, A, and Az of the matrix M have been found; they satisfy the mentioned condition
in Theorem 2. That is,

Al =\
larg A;| = T > % and |\ =1< (2cos %) ,1=1,2,3.

Hence, the zero equilibrium of (20) is asymptotically stable, which implies that the proposed
three-dimensional discrete-time system given in (5) has been stabilized. [

To confirm the above theoretical results, some numerical simulations of the controlled system
are exhibited in Figure 12. The parameters of system (5), in this figure, are taken to be as («, B, ) =
(1.07, —1.07, 0.28), and r is chosen to be equal 0.98. Based on such simulation, we can easily observe
that the controller has compelled the states towards zeros as required.

7. Conclusions

A new three-dimensional, fractional-order discrete-time (FoDT) system has been examined in
this article based on the Caputo-type delta difference operator. Through phase portraits, bifurcation
diagrams and largest LE, the existence of the chaos for such a fractional map has been explored, as has
the type of the chaotic behavior and its range. It has been verified that this chaotic behavior and its
range depend on the values of fractional order. Further, all numerical examinations have demonstrated
that the system exhibits the property of coexisting attractors. In this work, the 0-1 test succeeded in
testing the chaotic behavior of the system, and an approximate entropy (ApEn) tool has been utilized
to measure the complexity of the system. In order to stabilize the FoDT system, a valid control method
of stabilization has been also proposed in such a way as to force all its states to be adaptively tended
toward an equilibrium point at zero. The linear stability theory of the FoDT systems has been utilized
to conclude that the equilibrium of the proposed controlled map is asymptotically stable at a zero
solution. For the duration of this work, all findings and results have been confirmed and explained
by implementing suitable numerical simulations. We will focus on putting this claim to the test in
a future study. An interesting goal is that of developing a new type of fractional pseudonumber
generator based on the fractional maps with hidden attractors for potential cryptographic application,
and another is implementing the previous model in terms of modeling electrical circuits. It is our
intention to investigate this issue further in future studies.
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35 T T T T T T

30r

251

-15

Figure 10. 0-1 test of the FoDT system (5): (a) Brownian-like trajectories for r = 0.9855, (b) bounded-like
trajectories for r = 0.9935, (c) Brownian-like trajectories for the initial conditions (0.97,0.54,0.23) and
r = 0.996; bounded-like trajectories for the initial conditions (—0.97,0.54,0.23) and r = 0.996.
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Figure 11. ApEn of the FoDT system (4) versus r, for system parametersx = 1, = 0 and y = 0.5,
and initial conditions (0.97,0.54,0.23).
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17 of 19



Entropy 2020, 22, 1344 18 of 19

Author Contributions: Conceptualization, A.O., A.-A K., A.O.A. and G.G,; data curation, A.-A.K.,, MM.A.-s., A.O.
and A.G,; investigation, A.-A.K., A.O.A., A.G. and G.G.; methodology, A.O.; supervision, A.-A.K,; Validation, A.O.
and G.G. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: This work has been supported by Scientific Research Deanship at University of Ha-il Saudi
Arabia though project number RG- 20115.

Conflicts of Interest: The authors declare that they have no competing interests.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Lorenz, E.N. Deterministic nonperiodic flow. J. Atmos. Sci. 1963, 20, 130-141. [CrossRef]

Pareek, N.K,; Patidar, V.; Sud, K.K. Image encryption using chaotic logistic map. Image Vis. Comput. 2006, 24,
926-934. [CrossRef]

Hénon, M. A two-dimensional mapping with a strange attractor. In The Theory of Chaotic Attractors; Springer:
New York, NY, USA, 1976; pp. 94-102.

Chen, G.; Huang, Y. Chaotic Maps: Dynamics, Fractals, and Rapid Fluctuations. Synth. Lect. Math. Stat. 2011,
4,1-241.

Leonov, G.A.; Kuznetsov, N.V.; Kiseleva, M.A.; Solovyeva, E.P.; Zaretskiy, A.M. Hidden oscillations in
mathematical model of drilling system actuated by induction motor with a wound rotor. Nonlinear Dyn.
2014, 77, 277-288. [CrossRef]

Jiang, H.; Liu, Y.; Wei, Z.; Zhang, L. Hidden chaotic attractors in a class of two-dimensional maps.
Nonlinear Dyn. 2016, 85, 2719-2727. [CrossRef]

Jafari, S.; Pham, V.T.; Golpayegani, S.M.R.H.; Moghtadaei, M.; Kingni, S.T. The relationship between chaotic
maps and some chaotic systems with hidden attractors. Int. |. Bifurc. Chaos 2016, 26, 1650211. [CrossRef]
Jiang, H.; Liu, Y.; Wei, Z.; Zhang, L. A new class of three-dimensional maps with hidden chaotic dynamics.
Int. . Bifurc. Chaos 2016, 26, 1650206. [CrossRef]

Panahi, S.; Sprott, ].C.; Jafari, 5. Two simplest quadratic chaotic maps without equilibrium. Int. ]. Bifurc. Chaos
2018, 28, 1850144. [CrossRef]

Jiang, H.; Liu, Y.; Wei, Z.; Zhang, L. A New Class of Two-Dimensional Chaotic Maps with Closed Curve
Fixed Points. Int. ]. Bifurc. Chaos 2019, 29, 1950094. [CrossRef]

Atici, F; Eloe, P. Initial value problems in discrete fractional calculus. Proc. Am. Math. Soc. 2009, 137, 981-989.
[CrossRef]

Goodrich, C.; Peterson, A.C. Discrete Fractional Calculus; Springer: Berlin/Heidelberg, Germany, 2015;
pp- 1-565.

Abdeljawad, T.; Baleanu, D. On fractional derivatives with exponential kernel and their discrete versions.
Rep. Math. Phys. 2017, 80, 11-27. [CrossRef]

Abdeljawad, T.; Baleanu, D. Discrete fractional differences with nonsingular discrete Mittag-Leffler kernels.
Adv. Differ. Equ. 2016, 2016, 232. [CrossRef]

Abdeljawad, T.; Baleanu, D. Fractional Differences and Integration by Parts. J. Comput. Anal. Appl. 2011, 13,
574-582.

Khennaoui, A.A.; Almatroud, A.O.; Ouannas, A.; Al-sawalha, M.M.; Grassi, G.; Pham, V.T. The effect of
caputo fractional difference operator on a novel game theory model. Discret. Contin. Dyn. Syst. B 2017, 22.
[CrossRef]

Kang, X.; Luo, X.; Zhang, X.; Jiang, J]. Homogenized Chebyshev-Arnold Map and its Application to Color
Image Encryption. IEEE Access 2019, 7, 114459-114471. [CrossRef]

Jouini, L.; Ouannas, A.; Khennaoui, A.A.; Wang, X.; Grassi, G.; Pham, V.T. The fractional form of a new
three-dimensional generalized Hénon map. Adv. Differ. Equ. 2019, 2019, 122. [CrossRef]

Khennaoui, A.A.; Ouannas, A.; Bendoukha, S.; Grassi, G.; Wang, X.; Pham, V.T.; Alsaadi, FE. Chaos, control,
and synchronization in some fractional-order difference equations. Adv. Differ. Equ. 2019, 2019, 1-23.
[CrossRef]

Ouannas, A.; Khennaoui, A.A.; Bendoukha, S.; Grassi, G. On the Dynamics and Control of a Fractional Form
of the Discrete Double Scroll. Int. J. Bifurc. Chaos 2019, 29, 1950078. [CrossRef]


http://dx.doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://dx.doi.org/10.1016/j.imavis.2006.02.021
http://dx.doi.org/10.1007/s11071-014-1292-6
http://dx.doi.org/10.1007/s11071-016-2857-3
http://dx.doi.org/10.1142/S0218127416502114
http://dx.doi.org/10.1142/S0218127416502060
http://dx.doi.org/10.1142/S0218127418501444
http://dx.doi.org/10.1142/S0218127419500949
http://dx.doi.org/10.1090/S0002-9939-08-09626-3
http://dx.doi.org/10.1016/S0034-4877(17)30059-9
http://dx.doi.org/10.1186/s13662-016-0949-5
http://dx.doi.org/10.3934/dcdsb.2020302
http://dx.doi.org/10.1109/ACCESS.2019.2930183
http://dx.doi.org/10.1186/s13662-019-2064-x
http://dx.doi.org/10.1186/s13662-019-2343-6
http://dx.doi.org/10.1142/S0218127419500780

Entropy 2020, 22, 1344 19 of 19

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

Ouannas, A.; Khennaoui, A.A.; Grassi, G.; Bendoukha, S. On chaos in the fractional-order Grassi-Miller map
and its control. J. Comput. Appl. Math. 2019, 358, 293-305. [CrossRef]

QOuannas, A.; Khennaoui, A.A.; Momani, S.; Grassi, G.; Pham, V.T. Chaos and control of a three-dimensional
fractional order discrete-time system with no equilibrium and its synchronization. AIP Adv. 2020, 10, 045310.
[CrossRef]

Atici, EM.; Eloe, PW. Discrete fractional calculus with the nabla operator. Electron. . Qual. Theory Differ. Equ.
2009, 2009, 1-12. [CrossRef]

Abdeljawad, T.; Baleanu, D.; Jarad, F.; Agarwal, R.P. Fractional sums and differences with binomial
coefficients. Discret. Dyn. Nat. Soc. 2013, 2013, 104173. [CrossRef]

Abdeljawad, T. On Riemann and Caputo fractional differences. Comput. Math. Appl. 2011, 62, 1602-1611.
[CrossRef]

Abdeljawad, T.; Al-Mdallal, Q.M. Discrete Mittag-Leffler kernel type fractional difference initial value
problems and Gronwall’s inequality. . Comput. Appl. Math. 2018, 339, 218-230. [CrossRef]

Abdeljawad, T. On delta and nabla Caputo fractional differences and dual identities. Discret. Dyn. Nat. Soc.
2013, 2013, 406910. [CrossRef]

Sprott, J.C. Elegant Chaos: Algebraically Simple Chaotic Flows; World Scientific: Singapore, 2010.

Ouannas, A.; Wang, X.; Khennaoui, A.A.; Bendoukha, S.; Pham, V.T.; Alsaadi, FE. Fractional form of a
chaotic map without fixed points: Chaos, entropy and control. Entropy 2018, 20, 720. [CrossRef]
Anastassiou, G.A. Principles of delta fractional calculus on time scales and inequalities. Math. Comput. Model.
2010, 52, 556-566. [CrossRef]

Wu, G.C.; Baleanu, D. Jacobian matrix algorithm for Lyapunov exponents of the discrete fractional maps.
Commun. Nonlinear Sci. Numer. Simul.2015, 22, 95-100. [CrossRef]

Gottwald, G.A.; Melbourne, I. On the implementation of the 0-1 test for chaos. SIAM . Appl. Dyn. Syst.
2009, 8, 129-145. [CrossRef]

Pincus, S.M. Approximate entropy as a measure of system complexity. Proc. Natl. Acad. Sci. USA 1991, 88,
2297-2301. [CrossRef]

Cermak, J.; Gyori, I.; Nechvatal, L. On explicit stability conditions for a linear fractional difference system.
Fract. Calc. Appl. Anal. 2015, 18, 651. [CrossRef]

Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional
affiliations.

® © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.cam.2019.03.031
http://dx.doi.org/10.1063/5.0004884
http://dx.doi.org/10.14232/ejqtde.2009.4.3
http://dx.doi.org/10.1155/2013/104173
http://dx.doi.org/10.1016/j.camwa.2011.03.036
http://dx.doi.org/10.1016/j.cam.2017.10.021
http://dx.doi.org/10.1155/2013/406910
http://dx.doi.org/10.3390/e20100720
http://dx.doi.org/10.1016/j.mcm.2010.03.055
http://dx.doi.org/10.1016/j.cnsns.2014.06.042
http://dx.doi.org/10.1137/080718851
http://dx.doi.org/10.1073/pnas.88.6.2297
http://dx.doi.org/10.1515/fca-2015-0040
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Necessary Discrete Fractional Operators
	The New FoDT System
	Bifurcation and Coexisting Attractors
	Bifurcation and Largest Lyapunov Exponent (LE)
	Coexisting Attractors

	0–1 Test and Approximate Entropy (AnEn)
	0–1 Test
	Approximate Entropy (ApEn)

	One-Dimensional Control Law
	Conclusions
	References

