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Abstract: This paper deals with the existence of solutions of the elliptic equation with nonlinear
gradient term —Au = f(x, u, Vu) on Q) restricted by the boundary condition u|y = 0, where Q is a
bounded domain in RN with sufficiently smooth boundary dQ), N > 2, and f : OxRxRN 5 R
is continuous. The existence results of classical solutions and positive solutions are obtained under
some inequality conditions on the nonlinearity f(x, ¢, 17) when |(&, #7)] is small or large enough.
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1. Introduction and Main Results

Let Q) be a bounded domain in RN (N > 2) whose boundary 9Q) is C>*#-smooth for
given y € (0, 1). In this paper, we discuss the existence of solutions of the elliptic boundary
value problem (BVP) with gradient term

{ —Au = f(x,u, Vu),

ulpn =0,

xeQ,
(1)

where f : O x R x RN — R is the nonlinearity. This problem arises in many different areas
of applied mathematics. Due to the appearance of the gradient term in the nonlinearity,
BVP(1) has no variational structure, and the variational method and critical point theory
cannot be applied to it directly. The authors of [1,2] proposed a method combining the
mountain-pass theorem with an approximation technique to solve BVP(1). Firstly, for any
given w € H}(Q), they considered the boundary value problem

{ —Au = f(x, u, Vw),

u|aQ =0.

x €,
2)

Note that BVP(2) has the variational structure. They established the existence of a
solution u,, of BVP(2) by using the mountain-pass theorem. Then, they constructed a
sequence {u,} C H}(Q) by the iterative equation

{ _Au}’l = f(x/ Up, vui’l*l) s

Unlpn =0

x €,
3)

starting with an arbitrary uy € H}(Q) N C'(Q), and they proved that {u,} converges
to a solution of BVP(1) in that f(x, ¢, ) satisfies Lipschitz conditions on (¢, ) in the
neighborhood of (0, 0) with appropriately small coefficients and certain growth conditions
on ¢. Later, this iterative method based on the mountain-pass theorem was applied to many
semilinear and quasilinear elliptic equations; see [3-7]. In [8], Ruiz obtained the existence
of a positive solution for BVP(1) by combining Krasnoselskii’s fixed-point theorem in cones
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with blow-up techniques when f(x, &, #7) is a nonnegative function and satisfies a suitable
growth condition on ¢ and #. When Q) is a ball, annulus, or exterior domain of a ball, and
f(x, &, n) is radially symmetric on x, the authors of [9-13] obtained the existence of positive
radial solutions of BVP(1) by discussing the corresponding boundary value problem of
second-order ordinary differential equations.

On the other hand, the lower- and upper-solutions method is an effective way to obtain
the existence of solutions of BVP(1). In [14], Amann built a lower- and upper-solution
theorem of BVP(1) in C2#(Q) in that f(x, ¢, 17) has a continuous partial derivative with
respect to ¢ and 7, and there is, at most, quadratic growth on 7. He assumed BVP(1) has
pair of ordered lower and upper solutions and proved the existence of a solution between
the lower and upper solutions. In [15], Amann and Crandall slightly generalized the results
of [14] by a more-direct argument. In [16], Pohozaev obtained the existence results for
BVP(1) via the method of lower and upper solutions in the Sobolev space W27 (Q)) with
p > N when f(x, ¢, n7) is Lipschitzian with respect to 7. In [17-22], the authors obtained
the existence of solutions or positive solutions by using the lower- and upper-solutions
method and fixed-point theorem under some growth condition of the nonlinearity.

In this paper, we apply the upper- and lower-solution method and the Leray—Schauder
fixed-point theory to obtain new existence results. In the following, we denote a generic
point of O x R x RN by (x, &) withx € Q, & € R, and 7 = (171, - - ,yn) € RN. To obtain
the classical solution of BVP(1), we assume the nonlinearity f : O x R x RN — R satisfies
the following conditions:

(F1) The partial derivatives fé, f,’]i, i=1,---,N,existand are continuous on Q x R x RN,
and for every p > 0, there exists L := L(p) > 0 such that

[f(x2, &) = fx1, & )| < Lxz — x|, @
forany x1, x2, € Q, ¢ € [—p, p] and 112 € B, := {7 € RN| || < p}.
(F2) For every p > 0, there exists C := C(p) > 0 such that
f(x, &l < C+[yl?), ®)

for any (x, &7) € Q x [—p, p] x RN,

Condition (F1) implies that f is continuous on Q x R x RN and is a stronger regularity
condition. Condition (F2) restricts f to at most quadratic growth with respect to ;. If f grows
at most like |7|2~¢ for some ¢ € (0, 1), the regularity condition (F1) can be weakened as

(F1)’ For every p > 0, there exists L := L(p) > 0 such that

|f (x2, &2, 12) — f(x1, &1,m1)| < L(|x2 — 1! + |62 — &1l + |2 — mil),

for any (x1, €1,1), (x2, &2,112) € Q X [—p, p] X B,.

See [3,14].
Our existence results are related to the principle eigenvalue A, of Laplace operator
—A on the boundary condition u|yq = 0, which is given by

M = inf{ ”mﬂz | u e Hy(Q), [lull2 # 0}. ©6)
Theorem 1. Let f : O x R X RN - R satisfy (F1) and (F2). If there exist constants a, b > 0
satisfying 4 b
N + o <1 (7)
and H > 0 such that
fx, &) <ag+blyl,  x€Q, £>0, (&) >H ®)

and
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flx, =G =) = —a =blyl,  x€Q, £=0, [(&n)]=H, ©)
then, BVP(1) has at least one classical solution u € C>T#(Q)).

In Theorem 1, if b = 0, the result is known (see [1, Theorem 1.2]), and if b # 0, the
result is new.

Theorem 2. Let f : O x R x RN - R satisfy (F1) and (F2). If there exist constantsa, b > 0
satistying (7) and H > 0 such that f satisties (8), and there exists a positive constant &
such that

fe &m) =M xeQ, £20, [(& )] <9, (10)
then, BVP(1) has at least one classical positive solution u € C>*#(Q)).

If f satisfies the condition of Theorem 1, but assume that
f(x,0,0) >0, xeQ (11)
instead of (9), then vy = 0 is a lower solution of BVP(1), and BVP(1) has at least one

nonnegative solution, see [1, Theorem 1.3]. Theorem 2 is an addition of this result and uses
(10) instead of (11) to obtain a positive solution of BVP(1).

Theorem 3. Let the conditions of Theorem 1 be satisfied, and there exists a positive constant
6 such that (10) and
fla, =g =) <=Mg  x€0, §20, |(§ )<, (12)

hold. Then, BVP(1) has at least one positive solution u; € C2t#(Q) and one negative
solution uy € C2TH(Q)).

In Theorem 3, from (10) and (12), it follows that f(x, 0, 0) = 0 by letting |(&,7)| — 0.
Hence, u3 = 0 is a trivial solution. This means that BVP(1) has at least three
distinct solutions.

The proofs of Theorems 1-3 are based on the method of lower and upper solutions
built by Amann [14]. A lower solution v of BVP(1) means that v € C2*#(Q)) and satisfies

—Av < f(x, v, Vo), xeqQ,
{ ulapn <0,
and an upper solution w of BVP(1) means that w € C2*#(Q)) and satisfies
—Aw > f(x, w, Vw), xeQ,
{ wlan > 0.
By [1, Theorem 1.1], we have the following existence result:

Theorem 4. Let f : O x R x RN 5 R satisfy (F1) and (F2). If BVP(1) has a lower solution
vo and an upper solution wy such that vy < wo, then BVP(1) has at least one solution
up € C2T#(Q)) between vy and wy.

Theorem 4 is a special case of [1, Theorem 1.1]. In Section 3, we use Theorem 4 to
prove Theorems 1-3. Some preliminaries to discuss BVP(1) are presented in Section 2.

2. Preliminaries

Let W™ (Q) be the usual Sobolev space on domain Q) and H™(Q) := W"™2(Q). To
discuss BVP(1), we first consider the corresponding linear elliptic boundary value problem
(LBVP)
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—Au = h(x), xeQ,
{ (13)

u|aQ =0.
where h € LP(Q)(1 < p < +o0) is a given function. Since the boundary 9Q) of Q) is

C?*F-smooth, by the L theory of linear elliptic equations (see [23]), for every h € LF(Q),

LBVP(13) has a unique strong solution u := Sh € W2P(Q) N Wg’p (Q), and the solution
operator S : LP(Q)) — W??(Q) is a linear bounded operator. Especially when p = 2, the
solution u = Sh of LBVP(13) satisfies

[Jufl2 < [Vullz < (14)

1 1
—= [IVull2, —= [lAu]2.
N2 v
In fact, since the Laplace operator —A : H2(Q) N H}(Q) C L*(Q) — L[*(Q)isa
positive definite operator in L2(Q)),

IVull2? = (~Bu, u) > Ax(u, u) = Ay flull2>

Hence, the first inequality of (14) holds. Noting ||Au||; = ||k||2, from Equation (13), it
follows that

1
2
IVull2™ = (=Du, u) = (b, u) < [|hfl2f[ulla = | Aufl2llul2 < ol [[Aullz[ V2.

Hence, the second inequality of (14) holds.

When h € CY(Q) for some v € (0, u], by the Schauder theory of linear elliptic
equations (see [23,24]), the solution of LBVP(13) u = Sh € C>*V(Q) is a classical solution.

Next, consider the nonlinear elliptic equation BVP(1). We have the following existence
result of the classical solution:

Theorem 5. Let f : O x R x RN — R satisfy (F1)' and in the following growth condition

(E3) let there exist constants a, b > 0 satisfying (7) and ¢ > 0 such that

e & oml <algl+blnl+¢, (x, 8 1) € QxR xRY.
Then, BVP(1) has a unique classical solution u € C*>t#(Q}).

Proof. We first show that BVP(1) has an L? solution ug € H?(Q) N H}(Q). Since the
solution operator of LBVP(13) S : L?(Q)) — H?(Q)) N H}(Q) is a linear bounded operator,
by the compactness of the Sobolev embedding H2(Q)) — H'(Q), S : L*(Q)) — H}(Q) is
completely continuous. Define a mapping F on H}(Q) by

F(u)(x) = f(x, u(x), Vu(x)), uec H{Q), xeQ. (15)

By Condition (F3), F : H}(Q) — L?(Q) is continuous, and it maps every bounded set
of H}(Q) into a bounded set of L?(Q2). Hence, the composite mapping

A=SoF:H)O) — HL{O) (16)

is completely continuous. By the definition of S, the strong L? solution of LBVP(13) is
equivalent to the fixed point of A. We use the Leray—Schauder fixed point theorem [25] to
show that A has a fixed point. For this, we consider the equation family

u=AAu, 0< AL, (17)

and show that the set of their solutions is bounded in H}(Q).

Let u € H}(Q) be a solution of (17) for A € (0, 1). Seth = A F(u). Since h € L?(Q)), by
the definition of S, u = Sh € H2(Q) N H}(Q) is the unique solution of LBVP(13). Hence, u
satisfies the differential equation
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—Au=Af(x,u, Vu), x e,
{ (18)

ulan =0.
By this equation and Condition (F3), we have
[Au(x)| = |A f(x, u(x), Vu(x))| <alu(x)| +b|Vu(x)|+¢, x€Q.

By this inequality and (14), we obtain that

N

VAIIVulz < [[Aullz < allulla +0[[Vullz +cy/]O]

(\/{% +b)||Vu||2 +c\/ﬁ.

From this, it follows that
QO
IVu, < - 'ﬂ' =G
VA (1= (8 + )

Hence, the set of the solutions of Equation Family (17) is bounded in H}(Q). By the
Leray-Schauder fixed-point theorem, A = S o F has a fixed point uy € H}(Q), which
belongs to H?(Q) and is an L? solution of BVP(1).

Next, we show that uy € C>#(Q)), and it is a classical solution of BVP(1). Set

ho(x) = f(x, up(x), Vup(x)), x € Q. (19)

Then, uy = Shy is the solution of LBVP(13) for h = hy,.

If po := 2 < N, choose p; = Zé\]fpoo (> po); then, by the Sobolev embedding theorem,

H?2(Q) — WYP1(Q). Since ug € H?(Q), it follows that uyg € WP1(Q). By Condition
(F3) and (19), we see that hy € LF1(Q)). Hence, by the existence and uniqueness of the L?
solution of LBVP(13), ug = Shg € W*P1(Q).

If p4 < N, choose p; = 1\1]\1 P ;1 (> p1); then, by the Sobolev embedding theorem,

W2P1(Q)) — WLP2(Q). Hence, uy € WP2(Q). By Condition (F3) and (19), we obtain that
ho € LP2(Q). Hence, ug = Shy € WhP2(Q).

To continue, since the step length py — px_1(k =1, 2, - - - ) is increasing, we can choose
p > N such that iy € L (Q). Thus, ug = Shy € W2P(Q).

Choose ¢ = min{l — &, u}. By the Sobolev embedding theorem, W2#(Q)) —
CH7(Q). Hence, uy € C*7(Q). By Assumption (F1)’ and (19), iy € C7(Q). Hence, by the
Schauder theory of linear elliptic equations, the solution of LBVP(2.1) uy = Shy € C27(Q).
By this and Assumption (F1)/, iy € C*(Q)). Hence, ug = Shy € C**#(Q). Clearly, ug is a
classical solution of BVP(1). O

Strengthen Condition (F3) of Theorem 5; we have following existence and uniqueness
result.

Theorem 6. Let f : O x R x RN — R satisfy (F1)/, and for Following Condition

(F4), there exist constants a, b > 0 satisfying (19) such that

|f(x, G2, 12) — f(x, &1, m)| < ala— Gl +Dblna—ml,

x€Q, (&,m), (&, m) € xR x RN,

Then, BVP(1) has at least one classical solution u € C*#(Q)).
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Proof. We show that (F4) = (F3). Set ¢ = max{|f(x, 0,0)| : x € Q} + 1. For every
(x, & 1) e QxR x RN, by Condition (F4), we have

fe &ml < 1f(x & n) = f(x,0,0)[+[f(x, 0, 0)]

al&| +b|n| + c.

IN

Hence, f satisfies Condition (F3). By Theorem 5, BVP(1) has at least one classical
solution in C2#(Q)).

Let uy, up € C2t#(Q) be the solutions of BVP(1). Set u = up — uq and h = F(up) —
F(uq). By Assumption (F1), h € C*(Q)). Since u = uy — u; = Aup — Aup = S(F(up)) —
S(F(up)) = Sh, it follows that u is the clasical solution of LBVP(13). By (14) and Condition
(F4), we have

IVulls < < bl = = Il = 2 Flu) — Flu)l
< \/%(a|u2—u1||2+b|Vu2—VM1||2)
— \/%||u|2+\/%llwllz
< (/(lle\/l;Tl)HV”Hz-

Since 1 + ﬁ < 1, from this inequality, it follows that ||Vul|; = 0. By (14), ||u|j2 =0,
and hence, 17 = uy. This implies that BVP(1) has only one solution.
The proof of Theorem 6 is completed. []

Theorem 7. Leta, b > 0 and ¢ > 0 be constants, and A% + ﬁ < 1. Then, the elliptic

boundary value

—Au=au+b|Vu|+ec, x e,
(20)
ulpn =0
has a unique positive classical solution u € C2*#(Q) N CT(Q).
Proof. Consider the elliptic boundary value
—Au=alu|+b|Vu|+c, xeQ,
(21)
ulagn = 0.
Corresponding to BVP(1), the nonlinearity f of BVP(21) is given by
fx &) =algl+blpl+c (x, 8 n) € AxRxRN. (22)

It is easy to verify that the function f defined by (22) satisfies Conditions (F1)" and
(F4). Hence, by Theorem 6, BVP(21) has a unique solution wy € C2+#(Q)). Set

h(x) = f(x, wo(x), Vwy(x))), x e (23)

then, wy is the classical solution of LBVP(13). Since —Awg = h > 0, by the maximum
principle of the elliptic operators, wy(x) > 0 for every x € Q). Hence, wy is a positive
classical solution of BVP(20). On the other hand, the positive solution of BVP(20) is also a
solution of BVP(21). By the uniqueness of the solution of BVP(21), wy is the unique positive
classical solution of BVP(20). [
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3. Proofs of the Main Results

Proof of Theorem 1. Let a, b, H be the constants in the condition of Theorem 1. Choose a
positive constant by

c=max{|f(x, & | : (x, & n) e QxRxRY, |(&n)| <H}+1; (24)

then, from Conditions (8) and (9), it follows that
fle, &) <ag+blgl+c,  (x, &) € QxR xRY, (25)
and fr~&—n) > —ag byl —c, (5§ ) QxRS xRY, 6)

respectively. By Theorem 7, BVP(20) has a unique positive solution wy € C2T#(Q)). By
Equation (20) and Inequality (25), we easily see that wy is an upper solution of BVP(1), and
by (20) and (26), —wy is a lower solution of BVP(1). Since —wy < wy, by Theorem 4, BVP(1)
has at least one solution u € C>*#(Q)) between —wg and wy. [

Proof of Theorem 2. Let c be the positive constant defined by (24) and wy be the unique
positive solution of BVP(20). Then by the proof of Theorem 1, wy € C2*#(Q)) is a upper
solution of BVP(1).

It is well-known that the minimum positive real eigenvalue A; of the elliptic eigenvalue

problem —Au = Au, x €Q,
(27)
u|aQ =0,

has a positive unit eigenfunction; that is, there exists a function ¢; € C2(Q) N C*(Q) with
l[¢1llc(@m) = 1 that satisfies the equation

—AgD] = )\1 ?1, X € Q,
(28)
¢1laa = 0.
Let 6 be the constant in (10), and choose
5o = min{d/(1+ ||V c*)/?, ¢/A1}. (29)

Set vg = do¢1. By the regularity of the solution of the linear equation LBVP(13),
vg € C2HH(Q). For every x € Q, since vp(x) > 0 and

|(w0(x), Voo(x))| < do (lg1 ()P + [Vr () )/ < o (1 + | Verll ) /* < 6, (30)
by the inequality (10) and Equation (28), we have

f(x,00(x), Voo(x)) > Aog(x) = —Avg(x).

Hence, vy is a lower solution of BVP(1). We show that vy < wy.
Consider the function u = wy — vg. Since wy satisfies Equation (20) and v satisfies
Equation (28), it follows that

—Au(x) = awg(x) + b |Vwy(x)| + ¢ — Avg(x) > ¢c— A1éy > 0, x e Q.

Since 1|3 = 0, by the maximum principle of the elliptic operators, u(x) > 0 for every
x € Q. Hence, vy < wy.

Therefore by Theorem 4, BVP(1) has at least one solution 1y € C2*#(Q)) between vy
and wy that is a positive solution of BVP(1). O

Proof of Theorem 3. Let c be the positive constant defined by (24) and wy be the unique
positive solution of BVP(20). Then by the proof of Theorem 1, wy is an upper solution and
—wy is a lower solution of BVP(1).
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Let &y be the positive constant defined by (29) and vy = Jp¢;. By the proof of Theorem 2,
g satisfies (30) and is a positive lower solution of BVP(1), and vy < wy. By the inequalities
(30) and (12), we have

f(x, —vg(x), =Vuvg(x)) < —Aqvg(x) = Avg(x) = —A(—vp(x)).

That is, —vg is an upper solution of BVP(1). Hence, we obtain two lower and upper
solution pairs: (vg, wp) and (—wp, —vg), respectively. By Theorem 4, BVP(1) has one
solution, u, between vy and w(, and has another solution, u;, between —wy and —vy.
Obviously, 1 > vy is positive and 1y < —vg is negative. 0O

Example 1. Consider the elliptic boundary value problem

—Au=au—u®+b|Vu| —u|Vul?, xeQ,
(31)
ulaga = 0.

Clearly, 0 is a trivial solution of BVP(31). Leta > A1 and b < /A;. We use Theorem 2
to prove that BVP(31) has a positive classical solution.

Corresponding to BVP(1), the nonlinearity of BVP(31) is

f(x, &, ) = ag — &+ bly| — &y (32)
Obviously, f satisfies (F1) and (F2). Choose
1A —VALb _ B _a?
872 TV a1 =g, by =b+eg, Hf4€.

Then,

b 1 1 b 1 1 AM— VA b b
2= (rt)et=<(r+=) T+ —=
A VM Mo VM VA A VA 14+ VA VA1

when |(&, )| > H, by (32), we have

1;

2
a
fx,&m) < af—E +blyl < +blyl = He+bly)

IN

el(¢, )| +0blyl < elg]+ (e+b)n|
= m|¢]+ byl

Hence, f satisfies (8) for a; and b; restricted by (7). On the other hand, choose

. a— /\1
= 1 .
1) mm{ P }

Then, when & > 0 and |(&, )| < 6, by (32)

fx, &n) > ME+Ea—A—¢—n)

> ME+Ea—A =& )= & nP)
> MC+E(a—A—2[(E 1))
> M

Hence, f satisfies (10). By Theorem 2, BVP(31) has at least one positive solution. This
result cannot be obtained from [14,15].
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