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Abstract: We apply the Simple Equations Method (SEsM) for obtaining exact travelling-wave so-
lutions of the extended fifth-order Korteweg-de Vries (KdV) equation. We present the solution
of this equation as a composite function of two functions of two independent variables. The two
composing functions are constructed as finite series of the solutions of two simple equations. For our
convenience, we express these solutions by special functions V, which are solutions of appropriate
ordinary differential equations, containing polynomial non-linearity. Various specific cases of the use
of the special functions V are presented depending on the highest degrees of the polynomials of the
used simple equations. We choose the simple equations used for this study to be ordinary differential
equations of first order. Based on this choice, we obtain various travelling-wave solutions of the
studied equation based on the solutions of appropriate ordinary differential equations, such as the
Bernoulli equation, the Abel equation of first kind, the Riccati equation, the extended tanh-function
equation and the linear equation.

Keywords: extended fifth-order Korteweg-de Vries equation; simple equations method; exact travelling-
wave solutions; composite functions

1. Introduction

Almost all processes occurring in human life and in nature can be considered to be
complex systems. Examples of such complex systems are stock markets, research groups,
traffic networks, etc. [1-6]. Moreover, most complex systems are characterized by their
non-linearity. Examples of non-linear complex systems can be found in many scientific
areas, from fluid mechanics and solid-state physics to biology and medicine [7-11]. Usually,
the non-linear behavior of the complex systems is described by differential or difference
equations [12-15]. In this direction, finding analytical and numerical solutions of non-linear
differential equations is a great challenge for researchers from various scientific fields.

Research related to finding exact analytical solutions of non-linear partial differential
equations (NPDFs) has a long history. At the beginning, to remove the non-linearity of the
solved equation, an appropriate transformation is introduced. An example can be given the
by so-called Hopf-Cole transformation [16,17], by which the non-linear Burger’s equation
is reduced to the linear heat equation. Later, the transformation, which reduces the standard
KdV equation to the famous linear equation of Schrdinger, leads to the appearance of the
Method of Inverse Scattering Transform [18-20]. Other popular methods using appropriate
transformations are the method of Hirota [21-23] and the method including the Painleve
expansions [24-26].

In this study, we shall use the SEsM (Simple Equations Method) for obtaining exact
solutions of non-linear differential equations. The idea for development of this method
comes from the Method of Simplest Equation (MSE), proposed by Kudryashov [27]. MSE
is based on searching for particular solutions of NPDEs as a series containing powers of
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solutions of a simpler equation called the simplest equation [28-32]. Application of the
MSE for obtaining exact solutions of various evolution equations can be found in [33—42].

Returning to the methodology used in this study, we note that some ideas of SEsM
were used in the papers of Martinov and Vitanov [43-47] as well as in the papers of
Vitanov [48,49] about 30 years ago. About 10 years ago, Vitanov and co-authors developed
methodology called Modified Method of Simplest Equation (MMSE) [50-53]. The MMSE
was first applied for obtaining exact solutions of models in ecology and population dynam-
ics [54-56]. In these investigations, the authors used the ordinary differential equation of
Bernoulli as the simplest equation. Indeed, the main idea of the MMSE is the introduction
of a balance equation. This equation allows the determination of the form of the solution of
the solved equation as a finite series of the solution of the simplest equation. Moreover,
it allows the determination of the kind of the simplest equations too. We note that with
respect to presentation of the solution of the solved NPDE as a series of solution of the
simplest equation by means of a balance equation, the MMSE is identical to the MSE
developed by Kudryashov. Applications of MMSE for obtaining exact solutions of different
non-linear differential equations can be found in [57-68]. In [57-65], the authors used
ordinary differential equations of first order, such as the equation of Riccati, the equation
of Bernoulli and the equation of Abel of the first kind as simplest equations. Ordinary
differential equations of the second order, such as elliptic equations and equations, based
on the function 1/cosh(ax + Bt)" are used as the simplest equations in [66—68].

In the last few years, Vitanov extended the MMSE to the SEsM [69,70]. In this extended
version of the methodology, the solution of the solved NPDE is constructed as a composite
function of the solutions of more simple equations. Moreover, the first step of the algorithm
of SEsM includes introduction of an appropriate transformation, which allows the solved
NPDE containing non-polynomial non-linearity to reduce to a NPDE, containing polyno-
mial non-linearity [71,72]. Such a procedure allows the further application of the SEsM. In
this direction, the SEsM covers all previous methodologies for finding exact solutions of
PDEs to this end, as proved in [73-78]. Although the SEsM is a relatively new methodology,
its application for finding exact solutions of different NPDEs can be seen in [79-83].

In this study, we shall focus on obtaining exact travelling-wave solutions of the
extended fifth-order KdV equation. It is well known that the standard KdV equation is a
general model for investigation of weakly non-linear long waves, including non-linearity
and dispersion effects. In more detail, it was derived using a multi-scale asymptotic
procedure on the governing Euler equations for inviscid and incompressible fluids, and
primarily it described surface waves with long wavelength and small amplitude in shallow
water [84] and internal waves in a shallow density-stratified fluid [85]. In fact, the KAV
equation is obtained at a first-perturbation expansion (non-linearity and dispersion of first
order are only taken into account). However, in many cases, the explanation of physical
processes needs better precision. Then the influence of non-linear and dispersive terms
with higher order in the physical systems cannot be neglected. In this case, applying the
perturbation procedure to the governing Euler equations and leaving second-order terms
in the perturbation expansions leads to the fifth-order KdV equation. In the context of
propagating surface water waves, the fifth-order KdV equation was first proposed by Olver
to describe the wave breaking [86]. Later, Marchant and Smyth [87] use the same equation
to model more precisely the resonant flow of a fluid over topography. An equation of such
a type was also derived in [88] to examine higher-order solitary-wave interactions. In [89],
the author was derived the same equation to explain the surface waves in shallow water
subjected to a linear shear flow. In the context of propagating internal waves in stratified
media, the fifth-order KdV equation was proposed first by Koop and Butler [90] for a
two-layer system, and then by Lamb and Yan [91] for a continuous density stratification
with no free surface and without a basic shear flow. Next, the same equation was adapted
by Pelinovsky et al. [92] to include a basic shear flow, but again with no free surface.
Internal solitary waves in a stratified shear flow but with a free surface are modeled in [93]
by the same evolution equation, as the authors expressed the model coefficients in terms of
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integrals of the modal function for the linear long-wave theory. In addition, the fifth-order
KdV equation was used to describe internal waves of moderate amplitude in density-
stratified fluids [94]. All these references are only a part of the possibilities that the studied
equation gives in a purely physical sense. This emphasizes the importance of finding its
exact analytical solutions.

The paper is structured as follows. In Section 2, we formulate the problem studied.
The methodology of SEsM is presented in the same section. In Section 3, we present various
types of exact travelling-wave solution of the extended fifth-order KdV equation depending
on the simple equations used. Numerical examples of the obtained analytical solutions are
shown in the same section. Some concluding remarks are made in Section 4.

2. Problem Formulation and Methodology
In this study, we discuss the extended KdV equation, presented in the form [86-94]:

2
Ut = Uxxxxx + CUUxxx — ,Buxuxx + YU Uy + Ollyyx + €Uy (1)

where u(x,t) is a displacement of surface at any varied natural instances, x is the spatial
coordinate, and f is time. In more detail, Equation (1) is a hydrodynamic model of an
incompressible, inviscid fluid and its irrotational motion is governed by gravitational
forces. In addition to the standard non-linear term with a coefficiente = a/h << 1, and
the standard linear dispersion term with a coefficient § = (h/1)?> << 1 (a denotes the wave
amplitude, h the average depth of the fluid container, and [ is the average wavelength),
involved in the standard KdV equation, Equation (1) involves a cubic non-linear term (with
a coefficient ), a linear dispersion term of 5th order (with a coefficient of 1), and also
higher-order non-linear dispersion terms with coefficients « and .

Here, we shall search for analytical solutions of Equation (1) applying the SEsM. The
SEsM can be used for obtaining analytical solutions of NPDEs:

D(u(x,t),.coenn... )=0 )

where the left-hand side of Equation (2) is a relationship containing the function u(x, t) and
some of its derivatives.

The algorithm of SEsM includes the following four steps [71,72]:

(1). The transformation

u(x,...,t) =Tr(F(x,...,t),F(x,...,t),...Fn(x,... 1)) ©)]

is made, where Tr(F;(x,...,t), F(x,...,t),...FN(x,...,t)) is a composite function of other
functions F; i = 1...N. Fi(x,...,t),F(x,...,t),...,Fn(x,...,t) are functions of several
spatial variables, as well as of time. The transformations Tr(F;) have two goals: (1) They
can remove some non-linearities if possible (an example is the Hopf-Cole transformation,
which leads to the linearization of the Burger’s equation); (2) They can transform the
non-linearity of the solved differential equations to a more treatable kind of non-linearity
(e.g., to polynomial non-linearity). In many particular cases one may skip this step (then
we have just u(x,...,t) = F(x,...,t)), but in numerous cases this step is necessary for
obtaining a solution of the studied NPDE. The substitution of Equation (3) in Equation (2)
leads to a non-linear PDE for the function F(x,...,t). In many cases, the general form of
the transformation Tr(F) is not known.

(2). This step is based on the use of composite functions. In this step, the functions
Fi(x,...,t),F(x,...,t),... are chosen as composite functions of the functions f1, ..., fin,- - -,
which are solutions of simpler differential equations. There are two possibilities: (1) The
construction relationship for the composite function is not fixed. Then, the Faa di Bruno
relationship for the derivatives of a composite function is used; (2) The construction
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relationship for the composite function is fixed. For example, for the case of one solved
equation and one function F, the construction relationship can be given as:

N N N N N
F=a+ Y Bifi+ Y Y 9ufufo+- o+ Y o Y i fir - fin )
=1 i=1iy=1

=1 iy=1

Then, one can directly calculate the corresponding derivatives from the solved differential
equation.

(3). In this step, the simple equations for the functions f; , ..., f;, must be selected.
In addition, in accordance with the hypothesis of Point (1) of Step 2, the relationship
between the composite functions Fy(x,...,t),...,Fx(x,...,t) and the functions f; , ..., fi,
must be fixed. The fixation of the simple equations and the fixation of the relationships
for the composite functions are connected. The fixations transform the left-hand sides of
Equation (2). The result of this transformation can be functions that are the sum of terms.
Each of these terms contains some function multiplied by a coefficient. This coefficient
is a relationship containing some of the parameters of the solved equations and some
of the parameters of the solutions of the simple equations used. The fixation mentioned
above is performed by a balance procedure that ensures that the relationships for the
coefficients contain more than one term. This balance procedure leads to one or more
additional relationships among the parameters of the solved equation and parameters of
the solutions of the simple equations used. These additional relationships are known as
balance equations.

(4). A non-trivial solution of Equation (2) is obtained if all coefficients mentioned
in Step 3 are set to zero. This condition usually leads to a system of non-linear algebraic
equations. The unknown variables in these equations are the coefficients of the solved
non-linear differential equation and the coefficients of the solutions of the simple equations.
Any non-trivial solution of this algebraic system leads to a solution of the studied non-
linear PDE.

Below, we shall apply the methodology above given to obtain exact solutions of Equation (1).
We shall consider u as a composite function of two functions of two variables, i.e.,

u(61,62) =1+ F(&1) + F2(82), ©)
where
§1 =rix+wit, & =KX + wat, (6)
as n n
Fi(¢1) = leoéil (A&, B(&) = 'ioﬂiz[fz(ﬁz)}iz )

where (;, i1 = 0,...,n1 and 717;,, 1o = 0,...,ny are parameters, and 77 and 1, shall be
determined by means of balance procedure. Let us present the solutions of functions f; and
f2 by the special functions V}’O/ﬂlr---r.”ml (€1,kq, 11, mp) and Vo vtV (&2; ko, In, my), which are
solutions of the simple equations of the following kind:

ML M kel M
()" = Lomdls (52) = L st ®)
] ]

1=0 »=0

where kq ; are the orders of derivatives of f; and f, I ; are the degrees of derivatives in
the defining ODEs and m » are the highest degrees of the polynomials of f; and f; in the
defining ODE. The special functions Vito i1ty (&1; k1,11, mp) and VooV (&2;k2,1p,mp)
have interesting properties. These functions can be hyperbolic, trigonometric, elliptic
functions of Jacobi, etc. For our study, we choose one specific case of the functions V. We
shall assume that ky = k; = 1and I; = I = 1. Then, the functions Vi uy,..., (61,1, 1,m1)
and VV(]/Vlz---/sz (€2;1,1, my) are solutions of the simple equations:
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dfy % WA YA i
= HiJ1 - = Z Vi, J2 9
dGy j1=0 dcz j2=0

In the study, we shall present various examples of application of the special functions
V depending on the numerical value of m; and mj. We shall use the following general
types of simple equations:

*  The Bernoulli equation, whose general form is:

af _ m
iz~ @)+ Q)] (10)
The general solution of this equation is:
_(_aowplatn- @ +a@) \"
&)= <1—bexp[a(m—1)(€+§0)]> (v

for the casea > 0, b < 0 and

_(_aeplapm -] |\
1= (1 Fhexpla( - 1><¢+ao>1> 2

—_
|

for the case a < 0, b > 0, as {p is a constant of integration.
¢ The Abel equation of first kind, whose general form is:

%:”+bf(6) +e[f(E)1 +dIf(O)P (13)

For the special case a2 = 57 (b — 29%2), this equation has the following solution:

- —le-ses] . )
B 3d
Jor—des[2(b- ) (c+ &)
where C* and ¢y are constants of integration.
¢ The Riccati equation, whose general form is:
d
= alf @R+ () + 15)
The general solutions of this equation are:
b9 |%EES)
f(@) = —5 — 5 tanh | =2 (16)
and
_ b 6 6(¢ + %)
f(@) = —5- — 5-tanh |25 (17)
exp[e(%&’)]

_|_

2cosh[7g(€§§°)]

44 oC exp[e(é';é())] Cosh[e(%_é(’)]]
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where 62 = b2 — 4ac > 0 and C* and ¢o are constants of integration. In this study, we
shall use only the extended variant of the Riccati equation (Equation (17)). In addition,
as a particular case of the use of equations of Riccati as simple equations, we shall
consider also the so-called extended tanh-function equation:

A ai)s (18)

Equation (18) is obtained from Equation (15) whenb =0, a = —a
solution is:

2 ¢ =¢?andits

£(2) = < tanh[ac(¢ + o)), (19)

where 32 f(£)? < ¢% and & is a constant of integration.
*  The linear ODE, which has the following form:

;ZJ; — af(&) +1, (20)
and its solution is: .
f(@) = C"explae + )] - -, el)

where C* and ¢ are constants.

3. Exact Solutions of the Extended KdV Equation

Following the above given algorithm, we skip Step 1 of the SEsM (no additional
transformation of non-linearity). In Step 2, we consider u as a composite function of
two functions of two variables (see Equation (5)). Substitution of Equations (5)—(7) in
Equation (1) leads to the following ODE:

— + — —_— 4+ —= 22
(wl +w2) (dgl + déz) + <K1 + Ko ) d§5 + ng (22)
d3F,  &°F
B 4 4 1 2
Dc(Kl + K2 )(1+F1+F2) <d€3 d(:2>

dF, dF d’F,  d*F
3 3 1 2 1 2
+/5(K1 + o )( 7 +d§2> (dgz ;

&)

dF;  dF, d°F  d3F

Frlnr )RR (déi " déi) +0 (1% ) ( dgsl d§2>
2

dF. dF
+€ (Kl +K2)(1 + 5 +P2) (déi + déi) =

In Step 3 of the SEsM, we must select the equation for u(F;[f1(&1)], F2[f2(82)]) (the rela-
tionship for the composite function) and the equations for f{(&1) and f] () (the simple
equations). We assume that the expression for u is of kind (5). In addition, the simple
equations are assumed to be of kind (9). The substitution of Equations (5), (7) and (9) in
Equation (22) leads to polynomials of the functions f; and f,. To obtain the system of
non-linear algebraic equations, we must balance the largest degrees of these polynomials.
This procedure leads to the balance equations

ny =2m —2, np =2mp—2, (23)

Then Equation (1) may have solutions of the kind
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u(@, &) =1+ Y, Z;[AG)I"+ Y n,lf2(32)]? (24)
i1=0 i=0

and the functions f;(&1) and f»(¢2) are solutions of the simple Equation (9).

3.1. Casemy =3, my =3

First, we shall search for analytical solutions of Equation (1) for m; = 3, my = 3.
According to the balance Equation (23), n1 = 4, np = 4. The general solution of Equation (1)
can be written as

4 o4 4
u(8i,82) =1+ Z G A" + Z i, [f2(82)]" (25)

i1=0 ip=0

where

d d
dé = po+ prfi+ paft + pafis dé =vo +vifa +v2f; +vsf; (26)

Substitution of Equations (25) and (26) in Equation (22) leads to the following system of
non-linear algebraic equations:

96 B11° 04> 3> + 23040107 Capis® + 96 Bro> LaPps + 4y 110473 (27)
—192 « K24g42]433 -+ 4(TK2€43]/I3 + 23040 K15€4y35 — 192« K14€42]/l33 =0

—500 a1 4% pa®pup — 500 & k124> p3® py — 297 a1 Lalaps® + 11712030473
+272 B304 3y + 4y kalaPpn + 11y 1103842 s + 132 B3 Cups s
+93660 11°Capz a4+ 10395117 Cap3” — 297 2 T3 aps® + 10395 15°3p3°
+132 B o> Capz>Ca + 93660 12> Capis* o + 272 Breo®La’ s’y + 4y 110> 1o = 0

—105a k%32 u3> + 45 B 13032 s> + 45 B o332 s> + 41205 1 st 3 pun 4 76800 112 Capat iy
+149860 11° 13> L pin* + 41205 15 u3* Z3pp + 76800 k5° Lapiztyy = 0

149860 1”3 Capin® — 105 k14332 ps® + 4y 11 0a i + 3840 %1° Lo pis”
13840 12°0p 13> + 10y k20284 i3 4+ 10y k2832 Captz + 11y k20304212 = 0

10y k182043 + 10y k1332 Capts + 11y k10384 o — 240 a k1 * 0o lapis® — 767 a k1 * (3 lapis? o
—240 12 0p0aps — 43212 o sy — 428 aka* Ly papn® = 0

—432 « K14€42]132]41 — 428« K14€42‘1/l3]122 + 80 ‘B K? " yg {> + 256 ﬁ K% gﬁ U3 y%
+256 B 1> Ca 13’ + 80 B2 Tapa Lo + 256 B2 Laatin?
+256 B> La? U3 — 767 wxx*{3lapz’ia = 0

372 Bra’Caps®Capn + 372 B3 Caps®Papa + 4y 11 la’in + 4y 100’ = 0

11y k10384% 11 + 945%1°Caps> + 945 12°Ca ps” + 9y k20104’ 3

+10y x20204% o + 10y k203 Lapin — 618 iy *Talapua’ o — 657 a1 *T3lapis’

—650 a1 Capalapn” — 728w *CuP papiopy + 241848 k17 3 palapn

+241848 1 3 palapn — 207 a1 Gaps® — 207 arr i Gaps’ — 120wy 0a”p® = 0

80 Br1°0a?pa® + 80 B> L’ o — 267 wicr* L3P s’y — 372 a1 *Ta? s po
—~153a kp (o033 — 153 a k1 0alams® — 267 a1y {32 s pa — 372 a ko * 2413 o
+36 BK1>Caps>Cr + 240 B> aP s’ o + 54 B> Capse = 0

126 B 113052 s 1a + 36 B> Capiz®gn + 240 Bra®LuP s o + 54 B2’ Lo’ ln
+126 B2 (32 s’ o — 728wy L papiopn — 618 o Lolaps®a — 657 axa*T3laps’ i
—650 0 k2 T3p3lapn® + 47 k108 1o + 47 K2la o + 3 K203 U3 = 0
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224 B1o>Caps®Copn + 348 B2 TapisTap + 480 B> aPpspiapin + 348 B> Lapalapa’
+224 Br1°Caps Loy + 348 B 1> Lapislapa” + 348 Bry> Capis®Gapn + 480 B> Ly uapapn
+11 9 k28384211 + 97 18184% 3 + 10y k100842 1a + 107 11832 Captn = 0

14730 %1° 3 Copin + 33075 11”3 * Gapy + 63756 11 °Lapuz* o + 64020 113> Gapin?
+117616 k1° 324> 4 14730 1% ua* Lo pin + 33075 02> ua* 3 py + 63756 12> Laps o
+64020 5% 13 (3107 — 120 161?12 + 18 v k10203 0apts

—117616 k5° 3> apio>y 1103° 3 + 18 y 62020304z = 0

8 x2la*yaps — 192 ko alaps® — 192 a1 nalaps® + 8y x10a>Haps = 0
8y Kk18a* s + 8y xalaips — 192k 1 Capis® — 192 sy 1 Zapis® = 0

8 k10285713 + 9y 201047 12 + 8y k20205 3 + 87 2027 Latts

+9 v x101842 2 + 87 1200847 13 + 8y 110004 3 + 87 k1022 apis

+10y k152841 + 10y k1852 Capy + 11y 5123847 1o + 8y k10470 k3
+10y k2820411 + 10y k2032 Capn + 11 k203042 po + 8 ¥ kala*nous = 0

18y k2020384 H2 + 18 ¥ x1023Capa + 16y k181033 + 16 ¥ k20103043

+45096 12> 3 lapin® — 1921 *Capia® — 48 a w1 0% s> — 192 p*Typis?

+3465 11”3 (g + 1152051z Gapin + 27027 1173 Capio + 2201051 iz Gopia”
+96000 11”3 Lapun® + 48522 k1 3 Lapia” + 45096 161 uslapn* + 3465153 G
+11520 52° 3t Co iy + 27027 12° st 3o + 22010 10° 3> o o

+96000 K2 133411 + 48522 1, 32 310° = 0

14y k2031748aps — 500 a ko alapis? o — 105 ey alaa® + 8y k1 0a>apio
—500 a1 4 Qaps® o + 14y k1850alapis + 8 k20aHapn — 105 a ko alaps® = 0

8 x104>n3m2 — 500 & k1 1730apa o + 14y x203130ams — 500 & ko 13 Capapa
—105a 1 385 15% + 149 k1 8a13laps + 8y 120a>n3a — 105 a1 1730505° = 0

149 12037284t + 87 kala*napn — 105 ko 1123 ps® — 500 & k1 72 lapis’ o
~105 a1 283 p3% + 8y 11 0a 122 — 500 ka2 laps®pa + 14y k183720apis = 0

14911831 8apts — 500 e 171 Qapis® o + 14y k203171 apis + 8y k18a1 112
+8 v x20a 1 p2 — 105 xcy 1 Gaps® — 105 wea 1 Zaps® — 500 a ko *1 {apiapn = 0

41004 14v3 + 96 Brr Navalapia® + 4 k104> navs + 96 o avalaps® = 0

72 B2 yavalapa’ + 3 1204°13V3 + 96 B avalaps® + 96 P 1 navalapis®
+4 9 K1842 0400 + 4y k2042410 + 72 Br13valapia® + 3y K104 3v3 = 0

48 B2 o3 laps® + 72 B yavalapia® 4 96 Bro’iavi {apia” + 48 B 1> avalaps?
+72 Bry>113valapa? + 96 By naviTaps® + 4y 20a sy + 3y k204 1302

481 alopis® — 48y nalops® + 4y k1aPnavs + 31104730,

+29 k10421203 + 6 Y 11057 Napis + 8y 10047 Naps + 8y k104 Hapy =0

14 k2831a8apta + 14y x103748api + 27 k284?203 + 6 7 K205 a3
—267 iy *apa®Lapia — 4320 ky nalaps® iy — 428w Mpapalapin® — 267 aix napis®Capn
—432 o s Qaps® iy — 428 a ko apalapn® + 12 x10analaps + 12y k2lonalapis = 0
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—48 i y3laps® — 48ary alops’ + 29 k1047 mve + 67112537313

+87 12047311 + 8y 184 nap + v K2lavs + ¥ k104 v

+47120470av0 + 37y 1204731 + 2y K204 2va + 6 K203 3ps + 4y k1047 4v0
+3y:18aPn3v1 + 72 B navilaps” + 96 P o> navolaps® — 267 axr yaps®Capia
—432 a1 3 apia® i1 — 428w kp 3palapn® — 267 ary 3psCapn = 0

—432 a1 3 Qapis®pn — 428 iy M psCapn® + 12y k1 0onalapts + 129 kalon3laits
+48 B2 > 1ovalaps® + 14 1003130a o + 14y k1031304 + 24 Br1 11 valapis®
+48 Br1>ovalaps® + 72 Br1 > avilaps® + 96 Br1°navolaps® + 24 Bra’ivalaps® =0

14y 118302842 + 27 k1042001 — 48 a ko malops® — 48 awy*nalops® + 6 v k10521003
+8 k184 nap1 + v 12847 mva + ¥ k18472 + 3y k204 3w

+271004° 201 + 8y K284 ap + 37 k184 3v0 + 6.7 k23 a3

+12y 10012843 + 24 By valapis® + 72 Briyavolapa® + 72 Bro>3volapis®

+24 B o 1 valaps® + 48 B navi Capis® + 48 By’ navi Lapts®

—267 aa 243> Capin — 432 kp alapis® iy — 428 aa apalapn® — 267 ey napslapn
—432a k1 *paps® iy — 428 iy Mo palapia® + 12y 00omalapis + 14y 20312 0ap2 = 0

—48 a1 Qops® 4 2y 12 0a vy + 24 By Py viCapta® — 432 a ko i Captain

—428 iy palapn” + 12y ;1 amaps — 428wy *ppslapn® + 24 P o’ mviZapis®
+48 B 11 avolaps” — 267 arcy iy pa®lapn — 48w i Lops + y 11 347 mv

—432 a1 1 Qapis®in — 267 iy gy ps*Gapn + 48 B avolaps® + 14y k1 lamlatia
+8y 11247 + 67 1852 + 12y koo Laps + 6 7120571 i3

+14 7 K203 Zapi + 27 51847120 + 8y kala iy + v 1204 v = 0

60 Brc1°y4v3laps” + 176 B> navalapiapis + 87 k103041avs
+176 B k1 14v3apzpia + 60 B2 1avalapa® + 8y kal3lanavs = 0

6y K1030a3V3 + 176 Br1>n4valapiapia + 45 Br1°13v3lapia” + 67 k203l473V3
+176 B ko> avalapapia + 45 Bra’yavalapa® + 8 kalalanava + 60 B 1> 1avalans”
+87 k1038an4v2 + 60 B2 n4valapa® + 132 B o yavalaptapiz + 132 By yavalapiapz =0

—728 o apapalapn — 728 awy apspalapn + 10y koQ11alapts + 132 o 13valapapin
—15a k1 alaps® — 120 i 4 8apin® + 67 12057 napin + 6 k1052 1a gt
+8 7 12047 Napto + 8y K104 Napo + 30 Pr1 1avalaps® + 45 By svalaps® =0

60 B 1 n4v1Zaps® — 118wy naps®opin — 225 iy *napaZapn — 372y *alapa’po
=222 iy apalapn® — 118 a ky naps®Copin — 225 a ko napsapn — 372y  nalaps’po
—222a0 apaGapa” + 10y K1Ganalaps + 12 Y k1 Ganalapiz + 4 Y K1 53041203

+67 K138an3v2 + 87 K103041avt + 4y K203lan2vs + 176 Bro>navi Lapiapin

+10y k28o1al3ps + 12y k20pnalapz + 14 v x203nalapiy + 147 k1 {31alapn

+88 Bx1 navalapapz + 10y k18114laps + 132 By n3valapapz + 8y 120304ram

+176 B 1> nav1lapiatia + 67 k203lanzva — 120w alapn® — 150 4y pis®

+88 B2 > 1avalapaz + 60 Bro 1avi Zaps” + 30 B o avalapia® + 45 B y3valaps® = 0

12y 100013842 + 60 11> avolaps + 15 B ko yv3lapa® + 30 B> ovalaps®

+45 B 1301 {3 s + 60 P o navolaps® — 118 awa nsps®Copn — 118 aky *n3ps*Copin

—225 11 *y3p3% Gapr + 88 B> avalapispia + 132 B 1o yavalapiapia + 176 P o> navolapspia
+44 By 1valapapz + 88 By mavalapap + 132 B> vy Captapia + 176 By > navolapiapia = 0
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4 By > mvalapapn — 728 iy apuspalapy — 728 ki mapapalapy — 15 3 s
120 axy*3lap® — 15a w1 381 ps® — 120 @y *y3lapia® + 6.y k20332

+67 k1037312 + 8y 1204730 + 8y K104 3o — 372 & k1 y3Taps o

—222 iy *y3palapn’ — 225 aka 3ps?Gap — 372 aka alapapo = 0

—222a kx 3 palapn® + 12y k10onalapin + 2y 1038 vs + 4 K1030am0v2

+6 7 x10304173v1 + 8y kK10304navo + 10y k2811304p3 + v 102113033

+10y 120am383p3 + 15 B 1 *1valaps® + 30 Brer > iavadaps® + 45 By 3va aps”
+14 v k203130ap1 + 14y k183138ap1 + 10y k181738ap3 + 8 ¥ k20304tavo = 0

6 %203Cam3v1 + 47 k2030an2v2 + 27 K2030411v3 = 0

132 By > avolapiapia — 120 ko nalapn® — 15 a1 5™ + 88 By movi Lapapia

—372ax 11aGapis” o — 222wy fpapalapn” + 132 B o avolapaiia + 30 B o avi Capis’

+88 B o aviZapapz + 8y 1204 apto — 15axcy *alyps® — 120 ey ppfapia®

118wy *mops®lapta — 225wy *mops®Gapn — 728wy mapapalapn — 728 o ipapuapalapy =0

2 k2038amva + 15 By > mvalaps® + 6 k1338anavo + 10y k180120303

+6 7y k203Cati3v0 + 12y K100128apn + 2y K183Can1v2 + 4y k103041211

+10y k151128443 + 67 1837242 + 10y k2012843 + 10y k282120313

+49 K2030am2v1 + 67 12037 Mopn + 127y k2 0amalapin + 147y k2031020411

—225 w1y o3> Gap + 30 By PyaviGapa” — 118 & ko yaps®Copa + 15 B>y valaps®
+45 B 1 3v0laps” + 45 B2 navolapa® + 44 Bro’mvalapaiiy + 44 By’ mvalapaiia
+8y k104> ap0 + 14y K1 8312apn — 222 akx o palapn® = 0

—728 iy papalapn + 44 Bro v Capapia + 88 Bro iovolaain + 44 By niviapisiin
+88 B> 1avolapapa — 728 ko nipspalapn — 15a ko i Gaps® — 120 oty Gapea®
=150y Gaps® — 120wy iy Capea® + 8y 10l o + 6y 120571 2

+6y k103 2 + 8y 1147 po — 118w iy s opn + 15 By myva Gaps® = 0

30 B 11 n2v0aHs” + 15 Bra>mvaZapa® + 30 B o mavolaps” — 225 ary s o
=372 a1 Gapis® o — 222 aky iy palapn? — 118 a iy i puaZapo

—225 i y p3® Gapn — 372 ka* apis® o — 222w kx m palapn® + 2y k<1Galamv
+4 v x1030a12v0 + 10y k280118313 + 12y k20211 0apia + 14 v 28371 0at

+14 K103 8apt1 + 10y 28111 8apz + 12y k10211 0apta + 10y k10211833

+10y k18111 8ap3 + 4y k2038an2v0 + 2y k283041111 = 0

60 Bx1°Lapanava® + 60 Bra’Capanava® + 176 Bra®Lapanavava
+8 k1713774843 + 176 B k1> Capianiavava + 8y Ka1j3alapts = 0

72 B2’ Cauanava® + 4y kinaPTapn + 3y k1114°Ca s + 96 Br1°Lapionavs®
+4yx0114> Capin + 37 kana®Taps + 72 a3 Capianava® + 96 B o> Laponavs® = 0

241610 1uq* 4 2416 k17t + wy — 44611311 — 448 1% 112 + wp = 0

—486 k12112 + 5280 k1% 1 — 480123112 4+ 5280 1271 = 0

Thanks to the computer algebra system MAPLE, solutions of the system (27) can be
derived. We note that this is performed step by step starting from the simplest equation
of the system of algebraic equations and then moving in the direction of solving of the
more complicated equations. There are many variants of solutions, which can be obtaining
by the computational software, but our goal is to express the coefficients of the solved
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equation and the coefficients of its solution by the coefficients of the simple equations and
the coefficients in the solutions of the simple equations, so far as it is possible.

For the special case 9 = o = 0 and 19 = v, = 0, one non-trivial solution of the
system (27), presenting the relationships between the coefficients of the solved equation
and the coefficients of the simple equations and their solutions, is:

0=0=03=00=04=1L,nm=mn=mp3=0,n=n=1u=—u, vz=-v;, (28
K15 + K25>1/12 4_ K2K13 + K22K12 — K23K1 + K24)U12

K1
a =120 ( 7} i 5 5
K2* + 1K1 K14 — KoK1 + K2

’

,/3:—120(

v = 2880 (K14 — 1ok1> + k%K1 2 — KKy + K24)v14, wy = 1984(i + 15V} — wo,
10114112 — 10 k0513112 + 10 62251 21012 — 10 K251 112 + 10 K004 2
K12 — KoK + K22
€ = —4800 k1 *v1% + 4800 1cp11 21712 — 4800 1022161 212 + 4800 10> k1 112 — 4800 104112,

6=10

7

where x1, k2, 1, V1 and w; are free parameters.
Then, the solution of Equation (1) has the following form:

u(81,62) =1+ f(6)* + A6 + £(82)* + f(8)* (29)
where the simple equations are ODEs of Bernoulli kind, i.e.,
afv _ o o3 4 3
a5, ~mh—mfi, 2 =wvf-uf (30)

The solutions of Equation (30) can be presented by the special functions V in the follow-
ing way:
fl = VO,]/ll,O,—‘ul (éll 1/ 1/ 3)/ f2 == VO,Vl,O,—l/l (62/ l/ 1/ 3) (31)

Then, the solution of Equation (29) can be rewritten as

(@1,82) = 1+ Vg0 G 1L1,3) + Vo 0, (651,1,3) (32)
+V02,V1,0,—V1 (gz; 1’ 1’ 3) + V(;l,vl,o,—vl (62" 1’ 1’ 3)
We note that in the context of the general solution of the Bernoulli ordinary differential

equation (see Equations (11) and (12)), the special functions given above reduce to the
following specific forms:

p1exp(2p161)
Vo,m,o,—yl(‘:l}l, 1,3) = \/1 71y1 exp(zlﬂ11§1)/ )

) vy exp(2v1Gy)
o (@13 = \/1 v exp i)

for y; > 0and v; > 0 and

. p1exp(2p161)
Vou1,0,-p1 (611,1,3) = \/1 + upexp(2u11)’ (34)
v1 exp(2v1¢1)
VO,V1,0,71/1 (érl/ 1/ 1/ 3) = \/1 + 1/1 el:))(p(zylél)

for y; < 0and v; < 0, where
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1 =x1x+ <1984(K? + 1)V — w2) t, & = Kox + wyt (35)

Finally, for this specific case, the travelling-wave solutions of Equation (1) can be presented
as follows:

11 exp [2;11 (k1x — (wp — 1984(1(? + K;)V%)t):|
u(x,t) =1+

1—piexp {Zyl(le —(wy — 1984(1(5’ + K%)U%)t)]

}i1exp [Zﬂl(le — (wy — 1984(x + KE)V%)t)} 2
+( ) (36)
)

1— ujexp {2;41(1(13( — (wp — 1984(1 +15)vi)t

+

V1 exp [21/1(K2x + wzt)] v1 exp[2vy (rx + wzt)} 2
1—vyexp {21/1 (r2x + wyt)] 1—v1exp [21/1(1(236 + wzt)}
for y; > 0and v; > 0 and

11 exp [2;41(K1x — (wy — 1984(1(? + K%)U%)t):|

u(x, t) =1+
1+ pyexp {Zyl(xlx — (wp — 1984(x3 + Kg)vf)t)]

U1 exp [2]41 (K1x — (wq — 1984(1({’ + K;)v%)t):|
+<

2
) 37)
1+ ppexp [Zyl (r1x — (wy — 1984(x5 + Kg)v‘f)t)}

+

Vi exp {21/1 (r2x + th)] V1 exp [21/1 (kx + wzt)} 2
] - 4)

1+ viexp {21/1 (2% + wyt 14+ v1exp [21/1(1(29( + wyt

for y3 < 0and vy < 0.

3.2.Casem; =2, my =23

For this case, ji3 = 0. Then, according to balance equation for 1, (see Equation (23)),
{3 =0, too, i.e., n; = 2. The function u is presented as follows:

2 . 4 .
u(@r, &) =1+ Y_ Z; [ACOI" + Y 1, [f2(82)]2, (38)
=0 ir=0
where p p
i=P10+141f14rﬂzf12, £=V0+V1f2+1/2f22+1/3f23 (39)
dgy déo

For this case, one non-trivial solution of the system (27) is:
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1 ]1101 1 1 16 Mo + (@)}
= = 11 =9 1. A - = = 1/ = A I~ = ’ 4
lo=10 01 8oty M =HB=M Mm=5i—g H2=8 o (40)
_ (D tpo)(=5+16m) 1 (1672 -3)(16po+ ) = 1640+
160 1Ty 0 » V2 o
5 5 16 0 2
vy =g 10H D gy (7 K2) (16700 + Qo)
O] (K14 + K24)Ql
B =—1920 (1* = 1ox1® + 0%K1% — Ko%K1 + K2*) (16 g + )?
O3 (K12 — KoK + 122) ’
(k} — 1063 + k3x% — 15x1 + 65) (16 g + Qp)*
v = 737280 - ,
0
15 32 3,2 2.2 2
6= 72012(1(12 e ) — 6957 k1K 11" — 6957 11 ka1 + 6957 117K U1

—16384 1} 3172 + 32768 k1 g% 102 — 37248 1141210 + 50240 K1 g 212

—1024 1141121723 + 391168 1011 21> — 391168 K22 k1% 1o + 391168 1112 11>

—16384 1y} 1102172 + 32768 Ky 1?02 — 37248 Ky 112170 + 50240 K0y g 2172

—1024 5% 112172° 4 6957 Ky* 1112 + 6957 161 * 112 — 391168 124 1>

—391168 k14 110% + 37248 11 k23 11 2175 — 50240 161 62> 11 21702 + 1024 K1560° i 2
—32768 11 Ko 1n 2 po? 4 16384 1613 kp pto 170 + 37248 113K i1 217p — 50240 k131041 217>
+1024 113 ko 11210 — 37248 1612102 11 %175 + 50240 k12102 11 21702 — 1024 k1 %1002 11 21723
—16384 11 2Kk2% 102112 + 32768 101 2Kk0 2 1o 112% + 16384 K1k 122 — 32768 112> o2 1722
—24448 105* 1oy — 1024 11 Q17 — 1024 102* 1o Qo170 + 2048 1654119 Q17

12048 11 10 Qp1pn? + 24448 1p11 21 Oy — 24448 Ky %11 21 Q) + 24448 k1122 11g

—2048 11311722 10 Qg + 1024 102513 o Qo172 — 1024 1022 K1 % 1o Qo172 + 2048 1022 K1 % 1o Q1722

41024 101 162° o Qorgp — 2048 K110 1o Qp1pp? — 24448 K14y0Q2>,

5760
€= —+

o (—24448 11411000y — 24448 102* 110 Oy + 37248 110> 112170 — 50240 10100 g 217
1

+1024 101 502° 1 21723 — 32768 1axc1 P22 po? + 16384 1ca101 > o170 + 37248 Kpi1 2 1 21
—50240 61> 121702 4+ 1024 10y561 3y 2172% — 37248 10y% 11 g 21 + 50240 10711 2 g g0
—1024 102211 2 pur 212> — 16384 Ky %101 2 o170 + 32768 19211 2 o> 1102 + 16384 101 162° o172

—32768 K1K23‘uo27]22 — 2048 K2K137722]1002 + 1024 K2K13]1002772 — 1024 K22K12]/l0021’]2

42048 1022161 2o Q1702 4 1024 161 162> 1o Qo170 — 1024 1004 1o Qa1 + 2048 153 110 Q172
—1024 161 * 1o Qo172 + 2048 161 g Qpipn? + 24448 Kp11 2 1o Oy — 24448 K%K, 2 1o Oy
124448 11 %5° 1o Oy — 6957 k1127 112 + 391168 K161 > po® — 6957 rearey > pig 2

46957 k22 K1 212 — 391168 12 2K1 2 g2 + 391168 101 102° po? — 16384 11 1o %12
432768 K14y021722 — 37248 K14y12772 + 50240 K14y121722 — 1024 K14y12r]23

—16384 15 10170 + 32768 rp 1% — 37248 1yt py 2 4 50240 102% 1 21702

—1024 2% 1112172> 4 6957 K2* 112 + 6957 101 412 — 391168 1% 1

—2048 k110> 1o Q1702 — 391168 161 41402) (16 p1g + )?
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1
©wi= 57 (496166400 11° 1% 10172 — 9313320960 11 111 2 o Q170>
1

167108864 12° 1112 1o O 172® + 81313376256 1° 1 % 1o o172 — 105809080320 1° 1 2 oo 1722
—339738624 K5° 1 2 1o Qo17n> + 67108864 11 1112 1o Q172 — 9313320960 162° 11219 Q172
19496166400 15° 112 1o Qp172* + 81313376256 15 1112 1o Qatgp — 105809080320 12° 11 2 o Q170
472213331968 11° o> Qo1jp + 13770946510848 i1 ° 1o + 13770946510848 15° 1g* + 559872 wa i
—5225472 wyip? — 92897280 warjp* + 198180864 wy112® — 264241152 wyip°

4201326592 wo 112" — 67108864 wyipy® + 2177966961 15 11 * + 2177966961 112y *

127869184 woipy® + 2571730255872 161° i1 2 g2y, — 3265734574080 11”1 2 g2 112
—506682408960 1 1121102 112> 4 428825640960 11”12 o> np* + 13287555072 k1 1 2 g2 112°
—9932111872 161> pt1 2 o> 172° + 5502926848 161° 110> Q172 — 486986452992 161 ° 112 g

— 486986452992 15° 1112 11g% + 1155413311488 161 ° ot 172 — 2290291310592 k1 11 1,

— 83751862272 11 % jo 112> + 88046829568 11° p1o* 172 + 1155413311488 10,° 1o 1y
—2290291310592 5% o 17p% — 83751862272 2% g 170> + 88046829568 162 i 170
—169033844736 15° 11 *172> + 116922470400 15y 4172+ — 4431937536 102° i1 17°

—217055232 15° iy 41720 + 201326592 15 11 1757 — 67108864 10,° 1141728

—169033844736 1c1° 1141753 + 116922470400 161 1 1% — 4431937536 161 i1 170>

—217055232 x1° iy 41720 4 201326592 112 g 177 — 67108864 161 ° 11 41728

193885153408 11 *175102> + 93885153408 x1° 11 1702 — 23321530368 17217 1 *

—23321530368 51" * — 5234491392 161 ° 110> Qp17p> + 13287555072 15° 11 2 1o 172°
1428825640960 12° 112 1102 172" — 506682408960 102> 1112 10> 172> — 15307439616 11° 12 119
—3265734574080 15° 1112 o 1722 + 2571730255872 15 11 % o> 172 + 860684156928 1121103 — 26244 w,
15502926848 15° 10> o170t — 9932111872 162 111 2 o> 172° + 860684156928 12° 11>
472213331968 12° 10> Qo 1jp — 15307439616 15° 12y — 143143206912 15° 10> Q1702
339738624 11> 11 2 poQa1gn” — 5234491392 105° 1o> Q170> — 143143206912 161 ° o> Qo1722),

where

O =9 481 + 64727, Qp = (/256 4> —9pus? + 482y — 6422 (41)

and 72, o, 41, €1, k2 and wy are free parameters.
Then, the solution of Equation (1) has the following form:

u(81,82) :3+51516;P1l;21()2f1(€1)+f1(§1)2 (42)
1 1

+(5 1 = (%) +12(82)* + £2(82)° + fa(82)*
For this case, the first simple equation is an ODE of Riccati kind:

df 160+
822 43
i o + p1f1 O fi (43)

while the second simple equation is the Abel ordinary differential equation of first kind:

dfs _ (o +po)(=5+161>) 41 (16172 —3)(16 1o + )
iz 1600, 1 o

1610 + O 1610 + O
43 bH0 IR, TOH T
O %

f2 (44)
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The solutions of Equations (43) and (44) can be expressed by the special functions V as
follows:

A=V

10,118 16H8+02 (61/‘ 1, 1/2)/ (45)
! 1

fo= V(02+;¢0)(75+16:72) 1 (167,-3) (16 50+0)) 5 1649+ 4 164 +Qy (¢2,1,1,3)
1603 1 0 Py AT

In this way, the solution of Equation (42) is reduced to:

I
=3+_- "=V
u8182) =34 g g+ 3y Vo s g
1 1
+(§ 2 — g)V(QZ+;¢O)(—5+16n2) 1 (167-3) (16 9+Qp) 4 161+Qy , 16y+Q (62/' 1, 1/3)
160y 4 (o7} 3 (o7} A 0

:1,1,2) + V2 :1,1,2 46
(61 ) Ho, 8 16;18;er (él ) ( )

2 .
+12 V(Qz+y0)(75+16;/2) (1611p-3) (16 119+ ) 3 1600+0) 4 165040y @2' L1, 3)
oy

1
T60; % 0N ’ [oN
3
+V(Qz+y0)(—5+167/2) 1 (1675-3)(169+0p) 3 1650+ 4 16519+ (€21,1,3)
1601 % 0 SO R o)
+V

(Qp+pg)(=5+16175) 1 (167-3) (16 up+0y) 3 16 g +Qy 4 16 g +Qy (52' 1, 1'3)
1600 g (o7} , 0 o7}

In the context of the general solution of the Riccati ordinary differential equation (see
Equation (17)), the special function VH 8 1610702 (¢1,1,1,2) reduces to the following spe-
0/H1/ T

cific forms:

1 #1hy 1 O3 1
;1,1,2) = —— - — tanh(=Q 47
Vﬂoxﬂl,sw(CL r ) 16 (16ﬂ0+02) 16 (16}!0+Qz) a (2 351) (47)
1 exp (3381)

_l’_f
2
cosh (33¢1) (”zﬂvaﬂl +2Cexp (3Q3¢1) cosh (%Q3§1)>

where

200 — 321( 16 Q
032\/% 1 to( 16 pio + 2)>0 48)

M

and §; = x1x + wit, as the expression for w; is given in Equation (40) and «; is a free
parameter. In Equation (47), C is a constant of integration.

For the special case (Qﬁml)ééfﬂé ) — ( (16 '72_3)(()16”°+02)

6
function Vg, 1 (51165 1 (1615-3)(1650-0y) 5 1600+0) 4 161+0y (€2:1,1,3) can be presented by
1600, 2 o) A= A0

116 &+02 ), the special

1 1
the solution of the Abel ordinary differential equation of first kind (see Equation (14)):

Vi

1 (1612-3)(1640+0)) 4 1619+ 4 1649+ (62,1,1,3)
g 0 S oY oV

D +pg) (—5+1617)
T60%;

o) 5 0y
= - =, (49)
C*—3 16 o+ exp [( (16172—3)(16 o +Q2) 1l6y0+02)€2]

exp [( (1672-3) 160 +05) _ 11650400 Cz]

[oN) 0, 6 (4
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where ¢y = xox + wyt, as xp and w; are free parameters. In Equation (49), C* is a constant
of integration. Then, the solution of Equation (1) presented in its initial coordinates is

P N 1 I e 10 1 03 1 ]
u(x,t) =3 8 16710+ O3 | 16 (1610 1 O09) t 16 (1670 + ) tanh 203(K1x+w1t)_ (50)
1 exp {%03(K1X+w1f)] 1
2

cosh %03(K1x+w1t)] <"2(\)/;Tl +2Cexp [%03(K1x+w]t)] cosh {%03(K1x+w1t)}> i

B { 1T mM 1 Qs

— = tanh FQ (Kx +w t)_
16 (16 o + Q) 16 (16 g + ) 2 8\ ]

exp {%Q%(’ﬁx + Wlt)}

N =

2
1 H2v/ 1 1 ]
cosh {203(1(13( +w1t)} <Qs +2Cexp {703(K1x + wlt)} cosh [703(;(13( —&—wﬁ)])

16 72 —3) (16 1o+ 16 po+Q)
o exp [(< po6urtn) | 1IME0 ) 4 ) 1
+ (2 M2 — 8) - 4:|
3 T xp (B0 _ syt g
exp {((16172_3)(()116}10+02) - %16}[&T02)(K2x+w2t) 1 2
+i1 _4}
3 S x| (2RO _ st
1617,—3) (16 1o+ 16 po+Q)
exp {(( 12 )(()1 Ho+) ,% V(U)T 2) (kox + wpt) 1 3
+ _4
C =3 g o {N”v”)&émmﬁ S 0 gt
16172—3) (16 pip+Q) 16 po+2
exp {(< 6t 0n) 116000 (4 o) T
+ _4
16 po+0Q 32112—6) (16 po+Q2 16 puo+Q
C* 73%6(13 |:(( 2 )(()1 o+ ) 7% V((’)T 2) (kot 4 wyt)

For the particular case vy = v, = 0, one non-trivial solution of the system (27) has the
following form:
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11 15

372/ ]72:%/1/0:1/2:0/

Co=0=1, Clz—%&, n=m=1n=1mn=
41
__4 _ 3 4wt 8 640 (k7 +d)uy?
BETRMT T Ty T TR T T T g
_ 640 (1t —roor® kP - kP it
p= 3 K12 — KoK1 + K2

81920
= T ( 14 — KpKq +K22K12 — K2 K1 + K2 )1/14

€= —% v12(—2485 11 112 4 2485 1p11 3112 4 24 1126

—2485 1211 2112 — 24 KK1 0 + 2485 Ky k1112 + 24 1225 — 2485 Kyt 112)

1 1
—2160 x1%,%6 u1% — 2160 11%6 11 %k
14400 K% — KzK% + K%K% — ngl + K% ( 1K270 Y1 1 0H17K2

+2160 %30 p3x3 + 2160 K36 p3x5 + 806520 k1x55 v2 + 1575900 rcq ko 12172
+1575900 18 111 2001 % — 1575900 117 p1 2162 °v4 % 4 1575900 K16;412K23v12
+806520 110112k — 806520 K1 °K228 112 — 1575900 17 %1 ;41%12

—1575900 11 4#02° 112172 + 1575900 16121020 1 2112 — 806520 161 242”8 172
—1575900 k1 2#5” 2112 4 2160 1,76 1% + 106965025 K171/14K22

—806520 117 v126 — 8100 1151 10 + 3024 1613 x2%6 + 8100 17 pip e
+14400 K13w21c2 + 21606 ylz 7 + 8100 k142" g ® + 8100 %1 3y *
—8100 %1041 4100% — 8100 #1300y * — 3024 17 6%K) — 14400 1 w2K22

—1575900 157 1112172 — 14400 woier* + 3024 k%62 + 8100 157 iy *
+106965025 #1714 4 8100 11 py* + 3024 16,°6% — 14400 11 2w,
4106965025 «1*11* — 1575900 17 112172 — 106965025 k1% 15>
+106965025 i1 4x%11 % — 106965025 i1 1y — 106965025 K1 K>
+106965025 K/ Kz 1/14 + 106965025 K7 K2 711 — 106965025 K1 Ky
—106965025 &1 317 41y — 806520 1,7 1/1 — 106965025 i1 21201 4
43024 11212362 + 8100 11 2x27 iy * — 106965025 k1
—8100 168 7 * 4 14400 10y wa k0> — 3024 K11 40%)

where 6, y1, 11, %1, k2 and wy are free parameters.
For this case, the solution of Equation (1) can be presented as

2

w1 =

u(81,62) =3— **fl((fl) +(61)* + 32f2(f§2) + 16f2((§2) +f2(62)° + f2(82)*
where the simple equations are of Riccati kind and of Bernoulli kind, as follows:

dfi _ 3 4m®—9vy? 8 o dfs 4 4
dé'l 128 11 +V1f1 3V1f1, dgz —Vle 3V1f2

We present again the solutions of Equation (53) by the special functions V:

fi= V_ 3 4pp2-9v,2 i1, B (¢1;1,1,2), fo= VO,vl,Oﬁ%vl (62,1,1,3)

128 2] #1730

)
!

Then, the solution of Equation (52) reduces to the following form:

_ 3m , |
u(G1,62) =3 — §Zvﬂ%s iou? e 1(61,1 1,2)+V Dot s, (51,1,1,2)
1 15 ,
+32V0V1r /**Vl (62'1 1 3) + 16V01/10 (62/1 1, 3)
3 4 )
Voo (52,1 1,3) +V0v1,0, ](52, 1,1,3)

(51)

(52)

(53)

(54)

(55)
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where in the context of the general solution of the Riccati differential equation (see

Equation (17), the special function V 3 42912 o (¢1,1,1,2) assumes the following
A=, 3

128 G}
form:
3 m 3
4 1,1,2) = 2Py 2
R T , 6 )= 1o u T 16 BnR(G1E1) (56)
1 ex 1%
_|_§ P( 181)

cosh(3 V1§1)< § +2C; exp(31181) cosh(3 V1§1)>

for v1 > 0. In Equation (56), ¢1 = x1x + wit, where the expression of w; is presented in
Equation (51) and « is a free parameter. In addition, Cj is a constant of integration.

On the other hand, in the context of the general solutions of the Bernoulli differential
equation (see Equations (11) and (12), the special function VO 0, ((:2 ;1,1,3) is presented

only by the following solution:

v o, (E21,1,3) = \/ V1 exp(2v182) (57)

0v1,0,— 1— vy exp(211¢2)

for v; > 0, because of the restriction for the solution V- |, 2 4,2 o
T8 v MmN
above. In Equation (57), §» = x2x + wat, where «p and w, are free parameters.
For this particular case, the solution of Equation (1) written in its primary coordinates,
takes the form:

(¢1;1,1,2) given

s 3m(3m 9 |3 _
u(x,t) =3 51, [16V1+16tanh[ 1(f1x + wit) (58)

exp [ v1(K1x + wrt)

1
*2

cosh {%vl(xlx—kwlt) ( 5 +2C*exp{ v1(K1x + wyt) cosh[ v1(K1x + wrt) )

3 3 ]

n [16 ﬂi + E tanh [vl(le + wqt)

exp { v1(K1x + wyt)

1
2

1

cosh [ v1 (k1% 4+ wqt)

( 5 +2C* exp[ v1 (k1% + wqt)

cosh |: 1% (le + wlt)

V1 exp {21/1 (k2x + wat) V1 exp {21/1 (r2x + wot) o
11 15
i T }
1— 3vy exp |2v1 ((ox + wot) 1— 3vy exp |2v1 (kX + wot)
V1 exp [21/1 (12X + wot) 3 V1 exp {21/1 (r2x + wot) 4
+ + }
1— 3vexp {21/1(;(23( + wot) 1— 3vexp [21/1(sz + wot)
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3.3. Casemy =2, my =2

For this case we assume that 3 = 0 and v3 = 0. Then, according to the balance
Equation (23), n; = np = 2. The general solution of Equation (1) becomes

2 2 4
u(@i, &) =1+ Y 0y [AC)I" + Y 73,[f2(82)]2 (59)
=0 i2=0

where the simple equations are of Riccati kind:

d d
h = po + prfr + Haft af2 =w+nfatnf; (60)
déy dacp

One non-trivial solution of the reduced variant of the system (27) is:

20 20
lo=01=O=1Lnm=m=m=1w = —3 Kot —wy — = H24K25, (61)
2= 30 (1° + 12 ) ﬁ _ (K14 —Kok1° + 122,12 — 12311 + 1% ) po?
Kz + Kl K12 — KoK1 + K2

2
=180 (Kl — Kok1® + 107117 — 10%K1 + 1 )ﬂz4l Mo = —7 M2 1= H2

2
6_20<K1 —K2K1 + xp K12—K2 K1 + Ko )y24, 1/0:—51/2,
4 2,2 2
s 5(1 *KzKl + K2%K1° — Ko K1+K2 )]42 » y
= - 1 =1y
3 K12 — Kok + K02 ’

where jip, 12, k1, k2 and wy are free parameters. Then, the solution of Equation (1) reduces to:

(81, 82) =3+ f1(51) + f1(§1) + f2(52) + f7(&2) (62)

where p 5
ah_ V2+V2f1 + 1o ft, af2 _ = X t+wnftnf (63)

gy ac, 3

We present the solutions of Equation (63) by the special functions V as follows:

A=V CuLL2), o=V g, 0, (6251,1,2), (64)

Then Equation (62) transforms to

u(G,8) =3+ V_gy 0, U112 + V2, (E01,1,2) (65)
2
+V——v2m2(é’2,1 1,2) +V?, 2o, Vz(gz,l 1,2)
where
1 V33 V3
Vg G711,2) = =5 = == tanh(Zpdy) (66)
41 exp(Y&n81)

COSh(\/éﬁll 51)( 3 1+ 2C) exp( 23#251)C05h(\/6373m§1)>

1 \/ﬁ V33
Vf%VZrVZ,VZ ((:2/. 1/ 1/ 2) = 75 - T (TV2€2)
V33
1
" exp(Y21aa)

cosh( SIS < +2C5 exp( ‘/71/262) cosh( fv2§2)>
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for yp > 0 and v, > 0. In Equation (66), {1 = x1x + wyt and ¢ = Kxpx + wyt, where the
expression for wj is given in Equation (61) and «x;, x and w; are free parameters. In
addition, C, and Cj are constants of integration. The solution of Equation (1), rewritten in

its primary form is:
_ e\/gg‘}lz(le-’rwlt)/ (67)

)

1 V33
3 + e tan [6y2(1<1x+w1t)

B

u(x,t) =3—

8

2 cosh {\/6373#2(1(1]( + wqt)

<11 —|—2C2€ 3 VZ(K1x+w1t) COSh |:\/§‘u2 K1X + (Ult

- %-i— @ tanh [\/?m(xlx—kwlt) _ e Bmbartan) /

2 cosh {\/?yz(xlx + wit) (\ﬁ?’ +2Cpe"s Falkixt@nt) oogh {\/373]42 K1X + wyt) )]
- %—i— @ tanh {\/gigvz(mx—i-wzt) _ e Enlortot /

2 cosh {\/fvz(xzx + wot) (\{31.73 +2Cje Eua(ortwt) cosh {\/;731/2 KX + wyt) >}
- %—i— @ tanh {\/gigvz(mx—i-wzt) _ o Pularrant /

2 cosh [\/6373]/2(;(23( + wot) <\ﬁ§ +2Cje Y845 (kax+w2t) cosh {\/63731/2(1(29( + wot) )]

For the particular case y; = 0 and vy = 0, the simple equations reduce to the follow-
ing form:

d d
dé = o + Haff, dg =vifa+12f3, (68)
In this case, one simple non-trivial solution of the system (27) is:
K1 + & K1 + & K1 + K
Co=1m0="0, 1 =—30" "2, 5 =305 gy =y =302, (69)

1
Ho = 1, H2 = *1rvl =-1, vy = 1, :B = 7“(1(1 +K2)/ Y= g (Klz +K22)0‘2/
1 1
= E(Kl +x2) (20 —10(x1 + x2)), € = —g(K% + K%)(ZO& —10(x1 + x2))

where a, K1, k2, w1, wy are free parameters. The solutions of Equation (68), presented by the
special functions V are:

fi=Vi0-1081;1,1,2), fo=Vy-11(621,1,2) (70)
Then, the solution of Equation (59) transforms to

K1 -|—K2 K1 +K2

u(G1,62) = —30

+30

Vig_1(¢1;1,1,2) +30 V2 1(61;1,1,2) (71)

ot V2, 4(E21,1,2),

K1 +K2

Vo1,-1(82;1,1,2) +30

where in the context of the solution of the extended tanh-function equation (see
Equation (19)) and the solution of the Bernoulli equation (see Equation (12)), the solu-
tions of Equation (68) obtain the following form:

1

Vi01(81;1,1,2) = tanh(¢1), Vo,-11(82,1,1,2) = 1+exp(&)’

(72)
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where tanh(&;) < 1. In Equation (72), {1 = x1x + wyt and & = xox + wyt, as k1, Kp, wy and
w» are free parameters.
Then, for this simplest case, the final form of Equation (1) is:

u(x,t) = —30 il Z 2 tanh(x1x + wit) +30 ———= it tanh? (k1x + w1 t) (73)
2
K1 + %2 1 K1+ K2 1
30 30
* a1+ exp(kax + wat) + o <1 +exp(;c2x—|—w2t)>

34. Casemy =1, my =1

For this case, according to the balance Equation (23), n; = np = 0. However, for the
simple equations

afr _ afs _
i Hif, i vif2, (74)
the general solution of Equation (1) can be presented in the following specific form:
u(G1,82) = 1+ f1(61) f2(2) (75)

The substitution of Equations (74) and (75) in Equation (22) leads to the following system
of non-linear algebraic equations:

v Kol + YK + ’)/K1V1 + 'y;czyl =0 (76)

€KV + 27 K21 —i—e;q;q —l—,BKz ;41 +,8K1 1/1 - zx;cz 3 + exop

+[3K1 m +27K1y1+BK2 13 — iy M1 S _artyd

tervy + 27Ky + 2710 — 3a Ky pn® + 3 Br’urny

+38 K13y11/12 —3u K24y12v1 —3u K24y11/12 +38 Kzgylzvl

+3ﬁ1<23y11/12 — 0(1(24‘1113 - 30c1<14],112v1 =0

YKoV + YKV + Y K11 + Yy Kopg + 5 K25y14v1 + K151/15 + wivq + w2v1
+K15y15 + 10 K25]1131/12 +10 K15y1 1/1 +5K1 ylvl + 10 x;° M1 1/1
+5 K25y1v14 +6%1°11° +101%° U1 213 +5%;,° U1 1+ 013 ;41

+6 K13;413 +0r% + K25y15 + K210 + 3 (51{13],1121/1 +36 K13y1v12

+36 K23y12v1 +3 5K23y11/12 + wopy +wip — 3« K14y1v12

—30c1c24],1121/1 —3u K24;¢1v12 + €KV — K241/13 +exip

3

+exapy — uuc14;413 +exqv — ocK141/1 — aK24y13 - 30(1{14‘14121/1 =0

One non-trivial solution of the system (76) is:

1
Y= —v1, Y= —Ee, (77)

where «, ,6,€,v1,K1,%kp, w1, wy are free parameters. For this case, the solutions of
Equation (74) can be presented as

fi=Vo,,(C1;1,1,1) = exp(—v181), f2 = Vo, (82;1,1,1) = exp(v12) (78)

Then, the solution of Equation (1) becomes:

u(él/ 62) = 1 + VO,*V] (Cl/ ’ ]-/ ]-/ 1)V0,1/1 (62/ ’ 1/ ]-/ ]-)/ (79)
or

u(G1,62) =1+exp | —vi(x1x + wit) (80)

exp [vl(xzx + wyt)
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Several illustrative numerical examples of one analytical solution of Equation (1)
obtained in this study are presented in Figures 1-3. As can be seen, different complex multi-
soliton structures can be observed depending on the numerical values the free parameters
in Equation (36) as well depending on the numerical space and time intervals chosen for the
simulations. In this specific case, we vary only the numerical value of the travelling-wave
velocity w», as the numerical value of the travelling-wave velocity w; varies indirectly,
too (see Equation (28)). We also vary the space coordinate in the numerical intervals from
[—10,10] to [—100, 100], while the time intervals vary from [0,0.03] to [0, 1.5].

Figure 2. Numerical simulation of Equation (36) for y; = 2,v; = 3,x7 = 0.001,x; = 0.02, wp = 1.
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Figure 3. Numerical simulation of Equation (36) for y; = 2,v; = 3,x; = 0.001,x; = 0.02,wy = 5.

4. Conclusions

In this paper, we have shown the effectiveness of the SEsM for obtaining exact solutions
of a famous evolution equation in mathematical physics. We have presented various types
of the travelling-wave solution of the fifth-order KdV equation, using the special functions
V, which are solutions of so-called simple equations in SEsM. The obtained results are only
a part of the possible variety of exact solutions of the studied equation that can be derived
using the special functions V. We believe that the presented results are new. Moreover, the
use of composite functions in the methodology of the SEsM gives possibilities for obtaining
other specific solutions of the physical phenomena, discussed in the paper. However, this
will be the goal of further investigations.
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