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Abstract: We study the work fluctuations in ergotropic heat engines, namely two-stroke quantum
Otto engines where the work stroke is designed to extract the ergotropy (the maximum amount of
work by a cyclic unitary evolution) from a couple of quantum systems at canonical equilibrium at
two different temperatures, whereas the heat stroke thermalizes back the systems to their respective
reservoirs. We provide an exhaustive study for the case of two qutrits whose energy levels are
equally spaced at two different frequencies by deriving the complete work statistics. By varying the
values of temperatures and frequencies, only three kinds of optimal unitary strokes are found: the
swap operator Uy, an idle swap U, (where one of the qutrits is regarded as an effective qubit), and
a non-trivial permutation of energy eigenstates Uz, which indeed corresponds to the composition
of the two previous unitaries, namely Us = UyU;. While U; and U are Hermitian (and hence
involutions), U3 is not. This point has an impact on the thermodynamic uncertainty relations (TURs),
which bound the signal-to-noise ratio of the extracted work in terms of the entropy production. In
fact, we show that all TURs derived from a strong detailed fluctuation theorem are violated by the
transformation Uj.

Keywords: quantum thermodynamics; quantum heat engines; thermodynamic uncertainty relations;
two-stroke Otto cycles; ergotropy

1. Introduction

A quantum description of thermodynamic heat engines has lately become necessary
to consider physical systems at the mesoscale and nanoscale [1-3], such as nanojunctions
thermoelectrics [4], quantum dots [5], and biological [6,7] or chemical [8] systems. The
optimal transport theory has also recently been embedded in a thermodynamic quantum
framework [9]. At the quantum level, the fluctuations of the thermodynamic variables play
a fundamental role, due to the discrete spectral structure of quantum systems.

The probability distributions of a set of thermodynamic variables { X;} (energy, work,
heat, particles, ...) are related to the entropy production X through the so-called fluctuation
theorems, which in general can be expressed as [10-28]

p{Xi},Z)
pe({—Xi}, %) i M

where pp refers to the backward process, i.e., to the time-reversed process identified by
p. For a self-contained derivation of Equation (1) and its meaning in our context see
Appendix A and Equation (A22). There, a thermodynamical cycle is described by a set
of stochastic trajectories which correctly reproduce the mean values {(X;)}, (X) of all
variables {X;}, X by an average over all possible trajectories. Through the relation in
Equation (1), the symmetries of the processes set relevant constraints on the statistics of
the variables {X;}. Another class of relations that connects the statistical properties of
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mesoscopic and nanoscopic systems to the entropy production is given by the so-called
thermodynamic uncertainty relations (TURs) [9,26,29-39]. It has been shown that there is a
strong connection between fluctuation theorems and TUREs, i.e., every fluctuation theorem
implies a specific TUR [32]. Note that the converse does not hold: it was recently found in
Ref. [38] a TUR that does not stem from any fluctuation theorem.

Thermodynamic engines that admit a straightforward quantum description are the
ones based on the Otto cycle [28,35,36,40-50] since the work and heat exchanged are
unambiguously identified by their respective distinct strokes. The case considered in this
paper, namely a two-stroke Otto cycle, is outlined in Figure 1, where the working fluid is
represented by two qutrits.

Wa Wg

fennn

-—
=4

-
Qn

BE
EE

Figure 1. Scheme of a quantum thermodynamic engine based on the two-stroke Otto cycle with
two qutrits as working fluid. In the first stage, the qutrits A and B with frequency w4 and wp are
at thermal equilibrium with the corresponding baths at temperature T4 and Tp, respectively, with
T4 > Tg. In the second stage, the two systems are isolated and allowed to interact through a unitary
evolution extracting work W. Finally, in the last stage, the systems A and B are allowed to relax to
the corresponding thermal baths, implying that A absorbs the heat Qp and B releases the heat Q¢,
thus restoring the initial condition.

In the case of an engine based on a two-stroke Otto cycle, the full probability dis-
tribution of work and heat has been retrieved for two qudits [35] and for two bosonic
modes [36] as working fluids, where the transformation for the work extraction is the
unitary partial-swap interaction. The two-stroke Otto engine is particularly interesting
with respect to its well-known four-stroke version because it allows the extraction of the
maximum amount of work in the adiabatic step of the cycle by a single unitary operation,
the so-called ergotropy [51-57]. Note that the extraction of the ergotropy necessarily also
depends on the transformation that couples the systems. We show here that if the systems
are qudits with dimensions larger than two, unitary evolutions different from the swap
interaction can increase the extracted work.

We define a procedure for determining the unitary interaction that provides the
maximum work from two multilevel systems A and B for a given choice of the relevant
parameters, i.e., the frequency gaps w4 and wp of the qudits and the temperatures T4 and
Tp of the reservoirs. Then we take the specific case of a working fluid described by two
qutrits and classify all the transformations that extract the ergotropy. Specifically, we find
three different kinds of optimal unitary strokes: the swap operator Uj, an idle swap Uy
(where one of the qutrits is regarded as an effective qubit), and a non-trivial permutation
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U3z given by a composition of the two previous unitaries, namely Uz = UpU;. Each
transformation extracts the ergotropy from a different regime defined by the frequency gaps
w4 and wp of the two qutrits and by the temperatures T4 and Ty of the baths. By deriving
the characteristic function of work and heat, we evaluate the work statistics and the entropy
production for every case. Note that a complete description of a quantum ergotropic heat
engine and of the procedure for determining the work statistics is detailed in Appendix A.
Then, we focus on the trade-off between ergotropy extraction and relative fluctuations
var(W)/(W)?, i.e., the inverse of the signal-to-noise ratio (SNR). The evaluation of the
fluctuations allows us to establish the relation between the variance of the work and the
mean entropy production in terms of the TURs. A standard reference TUR bounds the
fluctuations with the inverse of the entropy production as follows [29]

var(W) 2

Wi = ) @
We show that all three ergotropic transformations violate this TUR. Moreover, U3 is proved
to beat all the TURs derived by the strong fluctuation theorem where the forward and
backward processes in Equation (1) are related by the same condition pp({X;},X) =
p({Xi},2).

This paper is structured as follows. In Section 2, we define the procedure for deter-
mining the transformations extracting the ergotropy in the case where the working fluid is
described by two qudits with generic dimensions d4 and dp. Then, in Section 3, we apply
our procedure to the case of two qutrits. In particular, in Section 3.1, we classify all the
transformations extracting the ergotropy and their properties. In Section 3.2, we evaluate
the maximum work extracted by each transformation in terms of the frequency gaps and
the temperatures. In Section 3.3, we study the mean entropy production related to each
interaction. In Section 3.4, we derive the work distributions. Finally, in Section 3.5, we find
the relative fluctuations of work, compare the corresponding SNR to the bounds provided
by the most relevant TURs, and discuss the assumptions required for these TURs to hold.
In Section 4, we draw our conclusions.

2. Materials and Methods
In this work, we fix the Planck and Boltzmann constants to natural units, i.e., i = kg = 1.
We consider two qudits A and B in a product of Gibbs states, i.e.,
e—PBaHa  o,—PrHs
Po = Za ® 2

®)

where Hx = wx ZZ’; 61 n|n)(n| is the Hamiltonian of the system X = A, B, each one with
equally-spaced energy levels, and Zx = Tr[e~fxHx] denotes the corresponding partition
function, and Bx = Ty ! the inverse temperature. The number states |1) in the expansion
of the Hamiltonians are eigenstates of the occupation number nx = Hyx/wx. Without loss
of generality, we fix T4 > Tjp.

We use the state in Equation (3) as the input to a two-stroke Otto engine. As depicted
in Figure 1, the process starts with the two qudits in thermal equilibrium with their baths,
at temperature T4 and Tp. Afterwards, the two qudits are isolated from their baths and
we make them interact through a unitary evolution in order to extract the ergotropy. The
procedure for the ergotropy extraction will be detailed in the following. Once the work
has been extracted through the interaction, the two qudits are decoupled from each other
and then reset to their equilibrium states, namely as in Equation (3), by re-connecting
them to their thermal baths via a weak-coupling and energy-preserving interaction. In
this way, no work contribution comes from the on-off interaction of the systems with
the reservoirs [45,47,58]. The sequential repetition of this process leads to our two-stroke
cyclic engine.
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We fix the convention of positive work for the extraction from the system and pos-
itive heat for the absorption from the reservoirs. Then, in each cycle the average en-
ergy change in system A due to the unitary stroke corresponds to the average heat re-
leased by the hot reservoir A, namely (Qp) = —(AE,4). Similarly, for the cold reservoir,
(Qc) = —(AEg), and, for the first law of thermodynamics, the average work is given
by (W) = (Qpn) + (Qc) = —(AE4) — (AEp). Correspondingly, the average entropy pro-
duction reads (X) = —B4(Qn) — Bs(Qc) = (Ba — BB)(AEA) — Bg(W). Our goal is the
investigation of an ergotropic heat engine based on the two-qudit system described above,
i.e., an engine extracting the maximum work by exploiting the difference in frequency and
temperature between the systems A and B. In other words, we are looking for the unitary
transformations U mapping the input py into a state p = UpoU" such that the average
extracted work is maximized, i.e.,

(W) = max{TelpoH] — Tr[pH]} @)

where H = Hy ® Iy +14 ® Hp is the Hamiltonian of the system. The evolution that extracts
the ergotropy was identified in Ref. [51] as the one minimizing the final energy Tr[pH]. In
the present case, where the initial state pg has no coherence, namely; it is diagonal in the
energy basis, the ergotropic evolution is the transformation that permutes the eigenstates of
the input state so that the magnitude order of the energy levels is reversed with respect to
the corresponding occupation fractions. More explicitly, if we take the occupation fractions
of the system e~ ("Pawa+mpsws) /(7 , 7p) in descending order, the transformation permutes
the related eigenstates to set the corresponding energy levels in ascending order. If the
input state already displays this configuration, then the state is called passive and no
transformation can extract work. In summary, since unitary transformations preserve
the spectrum, the ergotropy is extracted by reversing all possible population inversion
with respect to the energy levels. In the following, we provide a re-visited analysis of the
first-level maximization strategy developed in Ref. [52].

The procedure of ergotropy extraction can be formalized in a compact way for two
subsystems A and B of dimension d4 and dp as follows. We consider two different per-
mutations Pg and P, of the energy eigenstates with respect to their lexicographic order.
The permutation Pg sorts them so that the corresponding eigenvalues are set in ascending
order, i.e.,

+ dA 1dB 1 dAdB 1 T
PeHPp = Pg Z Z i+ Ex)ljk) (jk| | PE = lZé E|l(l|=H ®)

where the vector of eigenvalues E = {E; }dAdB ! satisfies E; < Ejiq VI € [0,dgdp —1).
Similarly, the permutation P, rearranges the occupation numbers of the initial state in
descending order, namely,

dadg—1 dydg—1 L
PppoP;:Pp< IZ rz|l><l>P;= ZZ Al (Il = og (6)
=0 =0

and 7 = {7 }dA 571 is such that Fliq1 < 7 V1 € [0,dadp — 1). Then, we can straightfor-
wardly find the transformation that minimizes the final energy from

Tr[oH] = Te[UpoU' H] = Tr[pgH'] = Tr[Popo Pt PEHPY]

T @
= Tr[P} Pypo P! P H

implying that the ergotropic transformation can be expressed as

U = Pip,. (8)
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For instance, take two qubits in a Gibbs state

ZA ZB n,m=0

e~ Pawa=MBBYE [y (). )

00

Then, the energies pertaining to the levels |10) (10| and |01) (01| are w4 and wp, respectively,
while the related occupation fractions are Zngg le=Pawa and Zglzgle_ﬁB‘*’B. If we have
wy > wp and Bawy < Bpwp or the symmetric case where both the order relations are
reversed, the transformation that swaps |10) (10| with [01) (01|, namely U = Ut = |00) (00| +
|11) (11| + |01) (10| + |01) (10|, extracts the ergotropy. This result appears immediately if
we consider the permutation matrices Pg and Py, which in this case read

Pr = G(wA —wp)I+ 9(603 —wp)U

(10)
Pp = G(ﬁAaJA — ,BB(,UB)H + G(ﬁBwB — ,BA(UA)U
where 6(x) is the Heaviside function. The operator PP, promptly identifies the ergotropic
transformations and the corresponding ergotropic regimes, since

PEPP Z[Q(OJA — (UB)G(IBAOJA — Bpwp) + 6(wp — wA)G(ﬁBwB — IBACUA)]H + (1)

[0(wa —wp)B(Bpws — Pawa) + 0(wp — wa)0(Pawa — Ppwp)]U.
This simple example shows how the extraction of the ergotropy is entirely determined by
the order relations between the parameters. In particular, the initial state of an equally-
spaced two-qudit engine is described for any dimension of the qudits by a first partial
order over the frequencies w and a second one over the products fw. These order relations
identify four basic partially ordered sets (posets). In the two-qubit example, the ergotropy
can only be extracted if the initial state belongs to QO = {w4 > wp A Bawy < Bpwg} or Q,
where the bar denotes the same poset with A and B switched. The states belonging to the
remaining two sets are passive.

The description in terms of posets becomes more complex in higher dimensions. For
a state as in Equation (3), the ordering procedure for the ergotropy extraction needs to
establish if kw4 > jwp and if kBawa > jBpwp for every pair of natural numbers k € [0,d4)
and j € [0,dp).

Even if the simplest non-trivial case would be a system made of a qubit and a quitrit,
here, as mentioned above, we consider a two-qutrit system, so that we can use the results
for the two-stroke swap Otto engine with two qudits with equal dimensions studied in
Ref. [35] as a benchmark. In this scenario, each of the four basic posets mentioned above
is further partitioned in four subsets, defined by the order relations 0 < yx, < yx,/2and
yx,/2 < yx, <Yx, withy = w or Bw and X; # X, may be A or B. The total number of
posets determining the regimes for the ergotropy extraction is then sixteen. We expect some
of them to be passive regimes, i.e., the input state defined by those parameters is passive.
As for the others, we will show that a specific transformation can extract the ergotropy
from different regimes, as we noted for the two-qubit case with the swap in the regimes ()
and Q).

3. Results
3.1. Ergotropic Transformations

As mentioned above, we can jointly classify all the ergotropic transformations U and
the corresponding ergotropic regimes by inspecting the permutations Pg and P,.

In the two-qutrit case we have four posets identified by w4 and wp for Pr, and four
identified by Baw,4 and Bpwsp for P,. We find different permutations Pg and P, for each of
the corresponding four posets, i.e., four distinct transformations. We show them associated
with the corresponding poset in Figure 2. Note that, for what concerns P,, we have to
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distinguish three inequivalent cases identified by the relative position of points on the wp
axis according to the value of the ratio B4/ Bp.

In summary, P and P, are simply the identity I (i.e., no reordering is needed) for
wp < 2wpand Bawa < 2Bpwp, respectively. For wp > 2wy and Bpwp > 2B 4w 4, both Pg
and P, are given by the swap U;, namely

Uy = U =[00)(00] + |11) (11| + |22) (22| + |01) (10| + |10)(01] + |02) (20| + |20)(02|+

(12)
12)(21] + [21) (12,

or, equivalently, U; = (24)(37)(68), using the cycle notation and the lexicographic ordering
where the elements of the cycles are related to the kets as |[nm) — 3n+m + 1.

wy/2 w, 2w,
[ 4! Uy s Ve o 2 U, P
wp
Ba 26,
Ba 1 _ 2 B B P
0 SE SV el ol S Bt Aol > P
wp
Ba Ba 2Ba
——w, —w, ——wy
L 28y By B o e e e e s B
Bs wg
Ba Ba 2Ba
—wy —w, ——w,
n, Bl I R P,
27~ By wp

Figure 2. Scheme of the transformations realizing the permutations Pg and P, in the different regimes
identified by w in the former case and by Bw in the latter. We show these regimes by fixing w4 and
the three inequivalent cases for the temperature ratio 4 /B and studying Pg and P, for increasing
wp. As wp increases, we find that both the permutations are given by the identity (black thin line),
U, (purple thick line), U (blue dotdashed line), and the swap U, (red dashed line).

For wp € [wa/2,w] and Bpwp € [Bawa /2, Bawa], both Pg and P, are given by

Uy = U3 =[00)(00] + |11)(11] +|22) (22| + [01) (01| + [21) (21| + [10)(02| + [02) (10| +

(13)
120)(12] + [12)(20] = (34)(67).

Finally, for wp € [wa,2w,] and Bpwp € [Bawa,2Bawa], both Pg and P, are given by

Uz =|00) (00| + |11) (11] + |22)(22] + |01) (10| + [10)(20] + [20) (21| + |21) (12[+ (14)
112) (02| + [02) (01| = (236874).
We notice that U, and Uj are not invariant under swap symmetry. In particular, U, =
lll U2U1 = Ul U3 reads

I, = U} =[00)(00] + |11) (11| + |22) (22| + |10)(10] + [12) (12| 4 |01)(20]| + |20) (01| + (1)
|02) (21| + |21)(02| = (27)(38),
while

U; = Uy Uy = Uy ' = Uf. (16)

The unitary operators Uy, Uy, and U, are also Hermitian and hence self-inverse. Notice
also that
Us = Uy Uz = UaUy, (17)

and, similarly, 1:13 = Ul UQ = CIZU].

The product PfP, together with the composition rules for Uy, U, and Us explored
above allows to find the ergotropic transformations for each ergotropic regime identified
by combining an w poset with a fw poset. In particular, we remark that the ergotropic
transformations resulting from the product PEPp must be again Uy, Uy, I, and Uj3. There are
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five overall, considering the identity too, which pertains to initial passive states. We provide
a direct visualization of the landscape of ergotropic transformations in Figures 3-5. Having
set B4 < Bp, each figure is linked to a different regime for the ratio 84 /Bg. As outlined in
Figure 2, we can identify three distinct ranges of 4/ Bp with two critical values, namely
1/4 and 1/2. For each case, we show the ergotropic transformation related to each poset. In
particular, weset B4 /Bp = 1/16in Figure 3, 4 /Bp = 5/16 in Figure 4 and B4 /Bp = 9/16
in Figure 5. Firstly, we observe that in the first two cases, all the transformations found
above appear (except U3, which pertains to the regime T4 < Tp). In the case of Figure 5, U3
is never present and the number of passive regimes becomes four. Notice that in the region
0 < Ba/Bp < 1/4,itis possible to take the limits B4 — 0 and fp — oco. In this case, one of
the passive regimes disappears and most of the parameter region is dominated by the swap.
On the contrary, approaching the critical point 4 /B85 = 1/4 we see that the region where
the swap extracts the ergotropy shrinks until it vanishes at the critical point. In the second
case, in Figure 4, the swap plays again a role, but the passive regimes grow as well until,
at the critical point 84 /B = 1/2, the ergotropic region of U3 vanishes and is replaced for
Ba/Bp > 1/2 by passive regimes. Of course, at /B = 1, the whole frequency subset
is passive.

Let us inspect more in detail the non-trivial ergotropic transformations Uy, U, U, and
Us. The swap Uj clearly commutes with the total number operator, namely

Uy, na ®@Ip 414 ®@np] = 0. (18)

On the other hand, the evolutions U, and U, act asymmetrically on the two systems, since
they perform a permutation of the frequency levels of py as if the system identified by the
smallest frequency gap (B when the ergotropy is extracted by Uy and A when it is extracted
by U,) were a two-level system, being its intermediate level |1) left unaffected. Thus, we
name U, as idle swap. In fact, for this asymmetry, we have U, # U,.

3.0
25 B L:wg=2w,
] azt wy < wp < 2wy
2.0
O uUs;: EZA = wp < Wy
2
15 O U 20, cwp <4
BB 2
B 284
O Us: Lo, <swp< wa
o BB BB
. Ba £a
] Ug. wp = wp < wa
05 2B BB
W [:wg< Z_ﬁ[;iwA
0.0 B
0 2 4 6 8 10
wA

Figure 3. First case: 0 < 4 /Pp < 1/4. Here, specifically, B4 /fp = 1/16.
Differently from Uy, the idle swaps U, and U, enjoy the conservation laws

[UZ,ZI’lA RIg+14 ®7’lg] =0,

- 19
[Uz,na @1 +14 ®2np] = 0. (19)

As for Uz = Uy U, being the composition of the standard and the idle swap, we name it
double swap. We noticed above that U is not Hermitian. Indeed, one finds out that the
double swap has multiplicative order six, namely Ug =1, as it can be inferred from the
cycle notation in Equation (14). Furthermore, the double swap does not commute with
any linear combination of 114 and np. In Appendix A, we prove that, if the transformation
commutes with a linear combination of H4 and Hp, then all work and heat moments are
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proportional to each other, and hence, the mean entropy production is proportional to the
mean extracted work, as we will explicitly show for U;, Up and I, in the next sections.

3.0

25

2.0

1.0

0.5

0.0*

=]
[S]
=
(=2}
™
s

Figure 4. Second case: 1/4 < B4/Bp < 1/2. Here, specifically, o/ fp = 5/16.

3.0
: =
25 . I wp 2(()A
~ 2
B U,: —ﬂAwA < wp < 2wy
L
2.0 2p
B Los<owp<—Lo,
BB
215 24
O Us: =2 wa swp<wa
BB
1.0 .I:EASG)B<£A(1)A
2 BB
0.5 | U L4 (l)As(L)B<2A
28p 2
B
W Log< 2o,
0.0 28p
0 2 4 6 8 10
@A

Figure 5. Third case: 1/2 < 4/Bp < 1. Here, specifically, B4 /Bp = 9/16.

3.2. Ergotropy

Now, we are ready to provide the mean work of Equation (4) extracted by each
ergotropic transformation. In the case of the swap Uj, the ergotropy can be expressed in
terms of w4 — wp units and reads

sinh Bpwp sinh Bawa

Wp) =2 - -
(W) (wa — wp) 1+ 2coshBpwp 1+2coshBawa

20
2wy — w )2sinh(,BBwB—,BAwA)—l-sinh[%Ba)B—sinh,BAaJA (20)
o A B (1+2COShﬁAwA)(1+2COShﬁBwB) '
In the case of the idle swaps U, and UI,, we obtain
sinh Bpwp + sinh (Bpwp — fawa)
Wh) =2 —2 21
(Wa) = 2(0a = 298) 7275 osh Bacon) (1 + 2 cosh Bpcwp) @)
and ik inh ( )
- sin w4 +sin wy — Ppw
(W) = 2(wp — 2aw,) Bawa Bawa — Bpws 22)

(1 + 2COSh‘BAwA)(1 +2COSh,BB(UB) ’
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Here, we recognize the action described above: the lower frequency qutrit is taken as a qubit
whose gap is 2wp for (W) and 2w 4 for (W), so that the extracted work is proportional to
wp —2wp and wp — 2w 4, respectively. As expected, the work extracted from U, is obtained
from the one extracted by U, just by swapping A with B. From Equations (20)—(22) one

also verifies that .
(W) (Wa) | (W)

1—-x 1—-2x 2—x’ 23)
where the ratio x = wp/wy is a relevant parameter, as we will find in the following.
In the case of the double swap, we have
WA [sinhﬁBwB + sinh (‘BBCUB — ‘BACUA)] - wB(sinhﬁAwA + sinhﬁBwB)
(W3) =2
(1+2coshBawa)(1+2cosh Bpwp) (24)
1—2x - X
(W) + 2 (W) = (Wa) + 1 (W)

Here, we see the effects of the atypical behavior of Us: the extracted work is not proportional
to any frequency gap. On the contrary, the frequencies w4 and wp appear multiplied with
different weights. Notice that for x = 1/2, one has (W,) = 0 and from the second line of
Equation (24) the double swap Us extracts the same work as Uy, i.e., (W3) = (Wj). Instead,
for x = 1, namely w4 = wp, one has (W;) = 0 and (W3) = (W,). Finally, for x = 2, we
have (W,) = 0 and again (W3) = (W;). In Figure 6, we represent the ergotropy extraction
in the case B4 /Bp € (0,1/4). In particular, we set the ratio 4 /pp = 1/16, as in Figure 3,
with Bp = 10. Note that the pretended discontinuities in the transitions between different
ergotropic regions are just cusps, as it can be recognized in Figures 7-11.

5

0.4

0 2 4 6 8

WA

Figure 6. Ergotropy extraction in the case 0 < 84/Bp < 1/4. Here, 4/Bp = 1/16 and Bp = 10.

In these figures, we show specific examples of ergotropy extraction as a function of
wg, by fixing all the other parameters. Figure 7 displays the case f4/Bp < 1/4, with
Ba/Bp = 1/8. Therefore, this is not a critical point, and for varying wg, we span all the
non-equivalent ergotropic transformations. The black dot line displays the work extracted
from the standard swap Uj so that we can see how it is outperformed by the other unitaries
outside its own ergotropic regime. Moreover, the solid lines, corresponding to U, and U»,
show that the regime of operation of an ergotropic heat engine is enlarged with respect
to the swap Otto engine. In Figure 8, we consider the critical point B4/ = 1/4, which
represents the transition between the cases in Figures 3 and 4, where the ergotropic regime
of the standard swap vanishes. Indeed, here we do not have any ergotropic contribution
from Uj, except for the limiting case w4 = 2wp, where the work extracted coincides with
the one provided by Us, identified by the red point. In Figure 9, we show the ergotropy as
a function of wp for the critical point 84 /B = 1/2, which is the transition point between
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the cases of Figures 4 and 5. As expected, the double swap U is never required to extract
the ergotropy. The maximum work is extracted by the idle swap U, for wp < w4 /2, by
the standard swap U for wy /2 < wp < w4 and by U, for wy < wp < 2wy. For the case
Ba/Bp > 1/2 of Figure 5, we fix in Figure 10 B4 /Bp = 3/4. As in the previous case, Us
is not needed and, furthermore, there are two more passive regions. Finally, in the last
example in Figure 11, we plot the ergotropy for the ideal case f4/Bp = 0, by setting 4 to
0 and finite large values for w4 and Bp. In particular, the high value of w4 allows to see
that the extracted work is large when w4 — wp is large, except for the limiting case wp — 0
(in such a case indeed we would have fow4 = Bpwp = 0, implying (W;) = 0).

<W>
0.25 :
0.20
0.15 i
0.10 B

0.05

wp

0.5 1.0 1.5 2.0

Figure 7. Ergotropy (W) as a function of wp in the case B4 /Bp = 1/8, withwy =1, B4 = 0.5,
Bp = 4. Purple solid lines: idle swaps Uy (wp < 1/8) and U, (wp > 1). Blue dot-dashed line: double
swap Us. Red dashed line: standard swap U; inside the corresponding ergotropic regime. Black
dotted line: standard swap for any wp such that the extracted work is positive.

<W>
0.14 P -
0.12 s .,
0.10
0.08 N
0.06 __:'
0.04

0.02

wp

0.5 1.0 15 2.0

Figure 8. Ergotropy (W) as a function of wg at the critical point f4/Bp = 1/4, with wy = 1,
Ba = 0.5, Bg = 2. The red mark identifies the tangent point where the standard swap U; (dotted
black line) and the double swap Uj (blue dashed-dotted line) extracts the same amount of work at
wp = w4 /2 = 0.5. The purple solid curves identify the ergotropy extracted by Uy (1/8 < wp < 1/4)
and C[z (1< wp<2).
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Figure 9. Ergotropy (W) as a function of wp in the critical case 4 /g = 1/2, withwy =1, 4 = 0.5,
Bp = 1. Dashed red line: standard swap U; for wp € [wa/2,wa] = [1/2,1]. Purple solid lines: idle
swaps U, for wg € [Bawa /2B, wa/2] = [1/4,1/2] and U, for wp € [wa,2w4] = [1,2].

<W>
0.007

0.006 .
0.005
0.004
0.003
0.002

0.001

wp

0.0 0.5 1.0 1.5 2.0 2.5

Figure 10. Ergotropy (W) as a function of wp in the case f4/Bp = 3/4, withwy =1, B4 =1/2,
B = 2/3. Dashed red line: standard swap U for wp € [Bawa/Bp,wa] = [3/4,1]. Purple solid
lines: idle swaps U, for wp € [Bawa /2B, wa/2] = [3/8,1/2]) and U, for wg € [2Bawa/ BB, 2wa] =

3/2,2].

<W>

80

.

60} .

40

20

wp
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Figure 11. Ergotropy (W) as a function of wp in the limiting case B4 /fp = 0, withw 4 = 100, B4 =0,
Bp = 10. Blue dot-dashed line: double swap Ujz. Red dashed line: standard swap U inside the
corresponding ergotropic regime. Purple solid line: idle swap U,. Black dotted line: standard swap

for any wp such that the extracted work is positive.
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(X3) =

In summary, in the regime of operation of the standard swap Otto engine, i.e.,, wq >
wp A Bawa < Bpwp, the work extraction may be improved by replacing the swap U; with
the permutation Us. Moreover, the idle swaps U, and U, even allow to enlarge the range
of operation of the heat engine.

3.3. Entropy Production

Let us now evaluate the mean entropy production of the quantum heat engine in order
to study its relation with the work fluctuations and to explore the validity or violation of
TURs. As mentioned in Section 2, the mean entropy production is given by

(Z) = (Ba — BB)(AEA) — BB(W). (25)

We can evaluate the moments of W and AE 4 through the derivatives of the characteristic
function, according to Equations (A27) and (A28) of Appendix A. Due to the conservation
laws for Uy, Uy, and U as in Equations (18) and (19), according to Equation (A34), we have

(WIAES) = a® (W), (26)

wherex = wy/(wp —wy) for Uy, & = 2wp/(wa —2wp) for Uy, and &« = 2w, / (wp —2w4)
for U,. Hence, the entropy production of Uy, U,, and U is proportional to their pertaining
work, and one has
wp — Paw
(Z1) = Paws — Pacs (W)

7

wp — Wp
(%) = 2PBUB = Pawa ZZB :Zﬁj;wA (Wa), 27)

s\ Pws —2Bawa
) = PBXB T SPAYA 1y,
(X2) CTEpR— (W2),
where (W;), (W) and (W,) are given in Equations (20)~(22), respectively.
Equation (26) does not hold for U3, and the entropy production explicitly is given by

ZﬁBwB(sinh,BAwA + sinh Bpwp) — Pawa[sinh Bpwp + sinh (Bpwp — ,BAwA)]. (28)

(1+2coshBawa)(1l+2coshBpwp)

Note that in all cases the mean entropy production is positive and depends only on the
ratios between frequency and temperature and not on the bare frequencies.

3.4. Work Distribution

We can now provide the explicit expression for the distribution of work p(W) per-
taining to each ergotropic transformation. As shown in Appendix A (see Equation (A15)),
we have

pW) =Y pum(Lsln,m)d(W — wa(n —1) — wp(m —s)) (29)

n,m,l,s

where py, i, is the energy distribution of the input state, namely

Pam = 5— e~ Bawan ,—ppwpm (30)
A%4B

while q(1,s|n, m) is the energy conditional distribution after the evolution U, given the
input energy levels n and m, i.e.,

q(l,s|n,m) = |<l,s|ll|n,m>|2. (31)

In the case of the standard swap Uj, the conditional distribution reads ¢ (I, s|n, m) =
1 m0n,s, and hence
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2
prW) = 3 Pamd(W — (n—m)wy — (m —n)ws), (32)
n,m=0
which is a 5-point distribution. Explicitly, upon naming k = n — m, one has
p1(W =k(wa —wp)) =
1 1—exp[—(k+3)(Bawa + BwE)] g,wak :
= ePAwA with ke [-2,0
ZpZp  1—exp[—(Bawa + Ppws)] =20) (33)

_ 1 1-exp[(k=3)(Bawa + Brwn)] —pye,k
ZaZp 1—exp[—(Bawa + Bpwp)]

with k€ [0,2].

A specific example is plotted in Figure 12. Equation (33) is consistent with the general result
given in Ref. [35] for the work distribution in swap engines based on two qudits.

p1(W)
0.5

0.4

0.3

0.2

0.1

0.0H k
-2 -1 0 1 2

Figure 12. Distribution p; (W = k(w4 — wp)) of the work extracted by the standard swap Uj in

wy — wp units. We set Bpwy = 0.5 and Bpwp = 2.

Now, we focus on the idle swap Up. Due to its asymmetric action on systems A and B,
the conditional distribution is slightly more complicated and reads

2
‘72(l/s|n/ m) = Z 511,11151,555,"1 + 55,27m(5n,m651 + 5n,m€BZ) + (51,5691 + 51,5692) (34)

m=0
where @ denotes the sum mod 3. Hence, one retrieves the following 3-point distribution

2

p2(W) = ( Y. Pun+por + P21> S(W) + (p10 + p20)0(W — wa + 2wp)

n=0 (35)

+ (po2 + P12)d(W + wa — 2wp).

An example is depicted in Figure 13.
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Figure 13. Distribution p, (W = k(2wp — w4)) of the work extracted by the idle swap U, in 2wp — w4

units. We set fqpw4 = 0.5 and Bpwp = 2.

Similarly, in the case of U, one has

2
p2(W) = ( Y Punt+pro+ P12> 6(W) + (po1 + po2)6(W — wp + 2wa)
n=0
+ (p20 + p21)0(W 4+ wp — 2wy).
Finally, since Uz = U, Uy, for the double swap we readily find

ga(l,sln,m) = qa(1,slm, m),

and then one obtains the following 7-point distribution

2
ps(W) =Y pund(W) + p1o6(W — wa + wp) + p126(W + wa — wp)+
n=0
+ P015(W + wp) + P21(5(W —wp) + p025(W +wa)+ pzo(S(W —wy).

A specific example is provided in Figure 14.

p3(W)
0.5

0.4

0.3

0.2

0.1
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(36)

(37)

(38)

Figure 14. Distribution p3(W = kw4 )) of the work extracted by the double swap Us in w4 units in

the case wp/wy = 3/4. We set Bapw4 = 0.5 and Bpwp = 2.
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3.5. Work Fluctuations and TURs

Here, we evaluate the relative fluctuations of the work extracted by the ergotropic
transformations and compare them to the lower bounds identified by different thermody-
namic uncertainty relations (TURs).

We can find the relative fluctuations as the ratio between the variance of the extracted
work and the square of its mean value, namely var(W)/(W)? = (W2)/(W)? — 1, with
var(W) = (W?) — (W)? . The second moment of the extracted work can be obtained from
the characteristic function as in Equations (A28) and (A29), and one has

<W]3> ZTI'[(HA RIp+1I4® HB)zpo] + TI‘[(HA RIp+14® HB)ZUkp()U;]

(39)
— ZTI‘[UE(HA RIp+14® HB)LIk(HA RIp+1I4® HB)PO]
For the standard swap U; one obtains
%W;) =(1+2coshBawa)(1+2cosh Bpwp)
(W) (40)

cosh Baw 4 + cosh Bpwp + 4 cosh (Bpwp — Pawa)

Z[Sil’lhﬁBwB — sinhﬁAwA + 2sinh (ﬁBwB — ‘BACUA)]Z -1

which is in agreement with the general result of the swap engine with two qudits of Ref. [35].
As expected, the fluctuations of the standard swap are invariant under swapping A and B.
For the idle swap Uy, we have

V?;\(,:;%) = (14+2coshBawa)(1+2cosh Bpwp) 2E;?i?éiigigg’ié?ﬁ:’g:gﬁzﬁz —1. (41)
As for the ergotropy in Equations (21) and (22), the expression for var(W,) /(W5 )? is simply
obtained by exchanging A with B in Equation (41). Note that the fluctuations of both the
standard and the idle swap depend only on the products Bw.

This is not the case for the double swap Uz, which depends also on the frequency ratio
X = wg/wy as follows

var(Ws)

gy (L t2coshfawa)(1+2cosh fpewp)

x?cosh Bawa + (1 — x)? cosh Bpwp + cosh (Bpwp — Bawa) B (42)

2[(1 — x) sinh Bpwp — xsinh B 4w 4 + sinh (Bpwp — Bawa)]*

For all the ergotropic transformations the fluctuations are minimized in the limiting case
where fw — 0 for one qutrit and Bw — oo for the other one. In the case of the swap, being
naturally invariant under swap symmetry, we can either set f4w4 to zero and Bpwp to
infinity or the other way around. On the contrary, the case of the idle and the double swap
is asymmetric and we achieve the minimum of the fluctuations for fpwp — 0 A Baws — oo
in the case of U, and for B4w4 — 0 A Bpwp — o in the case of U, and Us. Here, we mainly
focus on the transformations that extract the ergotropy in the same poset identified by
the products Bw. In particular, we choose the poset defined by fawa < Bpwp, where the
optimal evolutions are U, U, and Us. In the case of the double swap U3, the minimization
has to be performed also on the frequency ratio and the infimum is obtained for x — 0. The
optimization of the fluctuations over the whole span of the parameters readily provides

s o YA e varV) 1

2 inf var(Wy)
Bawa,Bpwp <W2>2 Bawa,Bpws,x <W3>2 2

3 BawaBpws <W1>2

Therefore, it turns out that U, and Ujs achieve smaller fluctuations than Uj.

We now investigate if damping the noise comes together with the extraction of the
ergotropy. While for U; this is always the case, the same is not true for U, and Uz. The
idle swap U, extracts the ergotropy for fpwp < Baw a4, where the condition for the mini-
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mization of fluctuations corresponding to U, does not hold. Interestingly, in that region,
it is U, the ergotropy extractor. Within the ergotropic region of U, we need to take
Bpwp — 0 A Bawa — oo, which provides var(W,)/(W,)? = 2. For Uz, on the contrary, the
condition on the ratios Bw for optimal fluctuations is compatible with the extraction of
ergotropy, but with the additional constraint x > 1/2. The minimization over x then sets
it to 1/2, and, as discussed after Equation (24), for that frequency ratio (W3) = (Wj). To
sum up, if we aim to optimize the noise inside the ergotropic regimes of each ergotropic
transformation, we find that the best performance is achieved by the standard swap since

var(Wp) var(W3) 2

> inf Mo gpf S 2 0 (44)

2= inp YY)
Bawa,Bpwp <W1>2 Bawa,Bpws,x <W3>2 3

Bawa,Bpwp <W2>2

In this last regime where ergotropy extraction and minimal noise coexist, we finally note
that the standard swap extracts more work than the idle and double swap. In fact, one has

sup Wl(ﬁAwA — O,[%BwB — OO) = Wa4y,

wp
w
sup Wa(Bawa — o0, Bpwp — 0) = ?A, (45)
wp
WA
sup Wg(ﬁAa)A — O,ﬁBwB — OO) = 7
wp

We remark that the results found so far do imply that the standard swap is the best
operation in terms of fluctuations and extracted work in the optimal limiting case faw s —
0 A Bpwp — oo, but the same does not hold for intermediate values of Bw, as we shall see
in the following.

Now, we compare the relative fluctuations of the ergotropic engine in asymptotic and
non-asymptotic cases with the bounds derived from the most significant TURs. We recall
that the double swap Uj is not Hermitian. Therefore, as remarked in the Appendix after
Equation (A26), Us could violate all the TURs based on the equivalence between forward
and backward processes. On the other hand, we already know from previous works [35]
that the swap itself breaks the standard TUR in Equation (2). We study in Figure 15 the
violation of the standard TUR as a function of Sw in conditions of minimal fluctuations,
independently from the ergotropic regime. Namely, in the case of U (red dashed line), U,
(purple solid line) and Uj (blue dot-dashed line) the free variable is fpwp with faws < 1.
Just for Us, we also need wp/w,4 < 1. We remark that here we are not focusing on the
ergotropy extraction, but only on the properties of the evolutions Uj, Uy, and Uz in terms
of work fluctuations. We find that all three ergotropic transformations break the standard
thermodynamic uncertainty relation. In particular, the violation due to Uj is impressive.
As found in [35], when the evolution is the standard swap the relative fluctuations for the
extracted work satisfies

var(W) 2
i S
(w2 = (x)
The variation of Equation (46) from the standard TUR explains the slight violation

found in Figure 15, where the lower bound from the standard TUR is displayed as a black
dotted line. Similarly to Uy, also U, and U satisfy Equation (46). In fact,

(W3) _ f(Bawa, Bsws)
(Wp)2 (Z2) @)

-1 (46)

where
cosh y + cosh (y — x)

sinhy + sinh (y — x) ’ (48)

flxy) = @2y —x)

which satisfies
flx,y) >2 Vx,y>0. (49)
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The fluctuations originated from U3, instead, can break the TUR in Equation (46). Such
violation stems from the asymmetry of the process described by U3, which is not Hermitian.
Indeed, we note that a necessary condition for the TURs in Equations (2) and (46) to hold is
the equivalence between forward and backward process, i.e., pg(W,AE4) = p(W,AE,).
Moreover, note that the double swap is the only transformation whose fluctuations depend
also on the frequency ratio while leaving the mean entropy as a function of just 4w 4 and
Bpwp. Therefore, in this case, we can optimize over a third parameter without changing
the lower bound of the TUR.

var (W)

<I>

<W>2

25

2.0

1.5
1.0

| USRI

Figure 15. Product of the relative fluctuations with the mean entropy production, which is lower
bounded by 2 (black dotted line) in the standard TUR of Equation (2) and by a function of the
mean entropy in Equation (50). We set 4w = 1073. The plot shows the violations due to the
standard swap Uj (red dashed line), the idle swap U, (solid purple line) and the double swap Uz
(blue dot-dashed line) as a function of Bpwsg.

The violation of the TUR in Equation (46) by U3 can also be found in realistic cases, i.e.,
even if we do not set the parameters to the values minimizing the fluctuations. Actually,
these cases are the most relevant to be considered, not only because closer to experimen-
tal applications but especially because they keep into account the ergotropy extraction
provided by the different evolutions. For instance, consider the case of Figure 7, where
wpa =1,64 =0.5, Bp = 4 and wg is left free. Correspondingly, in Figure 16, we plot the
signal-to-noise ratio (SNR) of the extracted work for each transformation in its ergotropic
regime, together with the lower bound of Equation (2) (dotted lines). Firstly, note that
the double swap violates the TUR even if we are far from the optimal conditions on the
parameters maximizing the SNR. Second, the TUR is violated in both regimes where Us
extracts the ergotropy (wp € [1/8,1/4] U [1/2,1]). Third, differently from what we found
in the case of optimal conditions, Up and U3 can achieve better SNRs than the standard
swap U; where the ergotropy is extracted.

The standard TUR is not the only relevant lower bound which we show in Figure 16.
The tightest TUR that cannot be violated by any time-symmetric process was found in
Ref. [33] and, applied to the extracted work, reads

T = ectlg((2)/2) 50
where g(x) is the inverse of the function x tanh(x). Therefore, we expect that neither Uy
nor Uy can violate this TUR, while Us in principle can. This is what we see in Figure 16,
where the dot-dashed lines correspond to the lower bound determined by Equation (50):
the SNR identified by the double swap U3 is the only one that can violate the tight TUR,
also within its ergotropic regime.
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< W >?
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Figure 16. SNRs obtained from the ergotropy extraction of the example and parameters as in
Figure (7). The vertical dashed lines separate different the ergotropic regimes. We have the idle swaps
U, for wp € [1/16,1/8] and U, for wp € [1,2] (purple lines), the double swap Uj for wp € [1/8,1/4]
and for wp € [1/2,1] (blue lines) and U; for wp € [1/4,1/2] (red line). The solid curves display the
SNR. The dotted and dot-dashed lines show the upper bounds provided by the standard TUR in
Equation (2) and the tight TUR in Equation (50). In the region wp € [1/2,1], corresponding to the
non-Hermitian unitary Us, strong violations of both TURs are apparent.

We focus more in detail on the violation of the TURs above in Figures 17-19, where
we plot the SNRs for the three evolutions both for optimal values of the parameters
independently from the ergotropy extraction and within the corresponding ergotropic
regime. In particular, Figure 17 displays the performance of the standard swap Uj. Here,
we set Baw, < 1, which implies that the fluctuations are minimized for large fpwp. As
Bpwp increases, the signal-to-noise ratio approaches the inverse of the minimal fluctuations,
namely 3/2, in agreement with Equation (43). Again, we find a slight violation of the
standard TUR (dotted line).

<W1>2

var (Wy)

Prwe

1 2 3 4 5 6

Figure 17. SNR of the work extracted by the standard swap Uj (solid line) in ideal optimal conditions,
with Baw4 = 1073, The dotted and dot-dashed lines display the upper bound from the standard
TUR in Equation (2) and the tight TUR in Equation (50), respectively. The dashed horizontal line
highlights the asymptotic limit of the SNR.
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In Figure 18, we show the performance of the idle swap U, where it maximizes the
SNR (first panel) and extracts the ergotropy (second panel). Therefore, in the former case,
we set fawa < 1 and retrieve the optimization of the SNR for large values of fpwp, as
in Equation (43). In the regime where U, extracts the ergotropy, as in Equation (44), we
find an optimal SNR approaching 1/2 for 4w > Bpwp ~ 0 and an almost negligible
violation of the standard TUR. Neither the standard nor the idle swap violates the tight
TUR in Equation (50), displayed as a dashed-dotted line.

< Wz >2
var (Ws)
2.8
1.5

1.0

0.5

Pawa

1 2 3 4 5 6

Figure 18. SNR of the work extracted by the idle swap U, (solid lines). The dotted lines display the
upper bound from the standard TUR in Equation (2), while the dot-dashed lines display the upper
bound from the tight TUR in Equation (50). The dashed horizontal lines highlight the limit of the SNR.
(Up panel): conditions for the maximum SNR independently from the ergotropy extraction, namely
Bpwp > Bawa ~ 0. Here, we set fawy = 1073. (Bottom panel): conditions for the maximum SNR
within the ergotropic regime of Uy, namely B4w, > Bpwp ~ 0. Here we set fpwp = 1073,

The case of the double swap, displayed in Figure 19, is radically different. If we neglect
the conditions for the ergotropy extraction, here we can optimize also over the frequency
ratio wp/w4 and we can set it to zero, while f w4 ~ 0, implying that we expect to find
the optimal SNR for large Spwp, as in Equation (43). Again, the standard TUR is violated,
but, compared with the previous cases, the corresponding bound is saturated for larger
values of Bpwp, where the SNR approaches its maximum. Most importantly, the tight TUR
of Equation (50) is also violated, both when the SNR is optimized (first panel) and when
the ergotropy is extracted (second panel).
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< W3 >2
var (W3)
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Figure 19. SNR of the work extracted by the double swap Uz. The dotted and dot-dashed lines
display the upper bound from the standard TUR in Equation (2) and the tight TUR in Equation (50).
The dashed brown lines display the bound from the loosest TUR for time-symmetric processes in
Equation (51). The dashed horizontal lines highlight the limit of the SNR. (Up panel): conditions
for the maximum SNR independently from the ergotropy extraction, namely fpwp > Bawa ~ 0
and wp/wy ~ 0. Here, we set fapwy = wp/wy = 1073. The solid blue line displays the SNR.
(Bottom panel): conditions for the maximum SNR within the ergotropic regime of Uz, namely
Bpwp > Bawa ~0and wp/wa € [1/2,1). Here, we set Baw4 = 1073 and show the cases obtained
from two different choices of the frequency ratio. The red line displays the choice optimizing the
SNR, i.e., wg/wy = 1/2, which reduces the statistics of the work extracted by the double swap to the
one extracted by the standard swap. The blue solid line displays the case wp/w,4 = 3/4.

We also compare the SNR of Uz with the loosest bound that always holds for time-
symmetric processes [21,31,34] given by

var(W) 2
(W)2 = e®) —1°

(51)

The bound from Equation (51) is displayed as a brown line in Figure 19. The violation that
we find is a consequence of the fact that Uj is not Hermitian.

In the second panel of Figure 19, as mentioned above, we explore the performance
of the double swap Uj in its ergotropic regime, where wp/w4 € [1/2,1]. The best perfor-
mance is obtained for wp/w4 = 1/2, where the amount of work extracted by Us is the
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same as the one extracted by Uj (red line in Figure 19). We also plot the case wp/w4 = 3/4,
in blue. We obtain a worse SNR but still can observe a violation of all the TURs derived for
time-symmetric processes.

The only TURs that can set a bound that cannot be violated by U3 are those obtained
without posing the symmetry between the forward and backward process. In fact, the
TURs in Equations (50) and (51) have been generalized, respectively, in Refs. [32,39] by
releasing the assumption that forward and backward processes share the same distribution
of the stochastic variables. These new bounds are given by

T oo

and

var(W) + var(W)p S 1
(W) +W)p)*  ~ e/2-1

where the quantities with subscript B are referred to the backward process and a =
((X) + (X)) /2. In the case of U3, the statistics of W for the backward process are easily
found since U, ! — ;. Hence, Us ! outputs the same work statistics as Uz provided
that systems A and B are swapped. Then, (W3)p, var(W3)p and (X3)p can be obtained
from Equations (24), (28) and (42) simply swapping labels A and B. Note also that the
bounds (right-hand sides) given by the TURs in Equations (52) and (53) depend only on the
products Bw, while the corresponding bounded quantities depend also on the frequency
ratio wg/way.

In Figure 20, we compare the reciprocal of the left-hand sides of Equations (52) and (53)
for Us with the corresponding bounds as a function of fpwp with fixed faw4 < 1. In this
regime, Us maximizes the SNR. We show the two limiting cases wp/w,4 < 1 (thick dark-
blue curve) and wp/w4 > 1 (thin light-blue curve) together with the bounds obtained
from the TURs in Equations (52) and (53), identified by the dot-dashed brown curve and the
dashed green curve, respectively. Note that these TURs are never violated and, as expected,
the first is tighter than the second. Having set B4w 4 ~ 0, the maximum is asymptotically
reached for fpwp > 1 and wp > wy, and amounts to 8/9 (dashed horizontal line in
Figure 20).

(53)

2
[<W3>+<W3>]

var (W) + var (VL%]

1.5
1.0

0.5

w
1 2 3 4 5 Pres

Figure 20. Ratio between the squared sum of the mean works extracted in the forward ((W3)) and
backward ((W3)) processes and the sum of the corresponding variances as a function of fgwp (solid
lines). We set fawy = 1073. We display the cases wp/wy = 10~2 (dark-blue thick line) and
wg/wy = 107 (light-blue thin line). The dot-dashed brown and the dashed green curve represent
the upper bounds given by Equations (52) and (53), respectively. The dashed black horizontal
line identifies the asymptotic value, which amounts to 8/9 and is achieved for both fpwp, and
WB / wp — o0,
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4. Conclusions

We devised a consistent description of ergotropic heat engines for the optimal work
extraction from a couple of quantum systems, which are cyclically restored to the canonical
equilibrium at two different temperatures. We provided an exhaustive study for the
case of two qutrits with equally-spaced energy levels by deriving the optimal ergotropic
transformations, the statistics of the extracted work and the mean entropy production.
We showed that going beyond the standard swap Otto engine allows one to improve the
work extraction and also to enlarge the range of operation of the heat engine. We think
that further interesting results for systems with arbitrary energy-level structures may be
found by means of the approach outlined in Ref. [59]. Within the approach of stochastic
thermodynamics we exploited a two-point measurement scheme to retrieve the first and
second moment of the work distribution. We recall that, to this aim, many equivalent
measurement schemes exist [60]. In future developments, it will be interesting to consider
the effect of measurements explicitly performed on the quantum systems to monitor the
engine, along with its impact on the thermodynamic cycles as performed, for example, in
Ref. [61].

We focused on the relative fluctuations of the work extracted by each ergotropic
transformation and showed that one of them, the double swap Us, violates many common
TURs, specifically those based on the assumption that the distributions of the extracted
work for the forward and backward processes are the same.

The application of our procedure to systems with higher dimensions is promising
because it will lead to the generalization of the ergotropic transformations found for the
qutrit case and will allow to finding new transformations which, as shown in this work,
may possibly extract more work on average with lower fluctuations with respect to Otto
engines based on the swap interaction with qudits.
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Appendix A

Let us describe the two-stroke Otto engines. We consider two quantum systems A
and B (with Hamiltonians H4 and Hp) initially at thermal equilibrium with their own
reservoirs R4 and Rp (with Hamiltonians Hgr , and Hg,) at inverse temperatures 4 and
Bg. Without loss of generality, we take B4 < Bp. We assume weak coupling between
systems and reservoirs so that we can represent the initial state as the tensor product of
canonical density matrices, namely

1 _ _
Lo QPR = ZpZBZR,ZR e~Patla @ e~Polls g ¢ "Patita @ ~Polieg (A1)
A B
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where Zx = Tr[e PxHx]. We perform a two-stroke cyclic heat engine by (i) isolating the
two quantum systems from the reservoir at t = 07; (ii) extracting work by a unitary
transformation U acting on the two systems up to time t = f; (iii) reconnecting the two
quantum systems to their respective reservoirs by weak coupling to achieve complete
thermalization at t = # >> f. We remark that the unitary U incorporates the free evolution
of the two systems and their interaction obtained by external (possibly time-dependent)
driving protocols, with the condition of being cyclic, namely, such that initial and final
Hamiltonian coincide, i.e., Hx = Hx(0) = Hx(f) for both A and B.

The average value (W) of the work extracted on a cycle corresponds to the opposite of
the variation of the internal energy of A and B during the unitary stroke U, i.e.,

(W) = —(AE4) — (AEg) = Tr[(Ha + Hp)po] — Tr[(Ha + Hp)UpoU'] . (A2)

During the thermalization stroke, each system comes back to equilibrium, namely system
A absorbs the average heat (Qy) = Tr[Hapo] — Tr[HaUpoU'] = —(AE4) from the hot
reservoir, and system B dumps (Qc) = Tr[Hppo] — Tr[HgUpoU'] = —(AEg) on the cold
one. In our convention the cycle operates as a heat engine when (W) > 0, (Qy) > 0,
and (Qc) < 0. Clearly, the first law is obtained as (W) = (Qp) + (Qc). At each cycle,
the two quantum systems come back to their respective equilibrium states, and hence the
average entropy production per cycle simply corresponds to (X) = —B4(Qn) — Bs(Qc) =
(Ba— BB)(AE4) — BB(W).

Let us now describe the above thermodynamical cycle by a set of stochastic trajectories
which correctly reproduce the mean values of all thermodynamic variables by an average of
stochastic variables over all possible trajectories. We adopt an operational approach based
on complete energy measurements at different times [2,16,23] as in the typical derivation of
Jarzynski equality [12]. This approach will allow us to study the complete statistics of work
extraction and heat exchanges, and in particular to evaluate the fluctuations of work and
their relation with entropy production.

’— ) Y| ‘
’— )l

U
.— [m){m|——— [s)(s] [m’ym'| .
.— )] W) .

Figure Al. Scheme for the stochastic description of a cycle of the Otto two-stroke engine. Labels

A and B identify the two systems operated by the engine as a working fluid, R4 and Rp are the
corresponding reservoirs. The unitary U is the transformation extracting work, while V4 and Vp are
the energy-preserving unitaries for the thermal relaxation of each system with its pertaining reservoir.

As depicted in Figure A1, we identify a single stochastic trajectory by the outcomes
of the sequential fine-grained energy measurements of Hy4, Hp, Hg ,, Hg, at the beginning
of the cycle t = 0T; of Hy, Hp at the end of the work stroke t = operated by U; and
finally of Hs, Hp, Hg ,, Hg, at the end of the thermalization stroke t = t'. We denote by
Vx, with X = A, B, the unitary operator representing the joint evolution of system X and
reservoir Rx by weak coupling and energy-preserving interaction up to complete thermal
equilibrium at t = # > f. By respecting the order of the above measurements, we denote
by 7 the stochastic trajectory corresponding to the sequence of outcomes, namely

v ={n,mu,vls;n',m v, v} (A3)
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with corresponding energy eigenvalues

(EAEB EXA x5 B BB EA B, ERA ERPY (A4)

n's m”

We could denote by |i)¢ the eigenvector pertaining to the eigenvalue E- of Hamiltonian H,
with C = A, B, R4, Rp, but we will generally write |i) instead of |i)¢ since in the following
it will be clear from the context (and with the help of Figure A1) the respective Hilbert
space of all eigenvectors.

Let us now evaluate the probability P[y] of occurrence of a specific trajectory .
Since the initial state is given by Equation (A1), the probability p(n, m, u, v) for the initial
outcomes 1, m, u, v is given by the product of Gibbs weights, namely

1 A Ry B Rp
- - ﬁA(En Ey ) ,BB(Em Ey ) A5
p\n,m,u,o e e .
( ) 7 ZBZ AZ . ( )

The conditional probability gy (I, s|n, m) pertaining to the energy measurements of A and B
with outcomes I and s after the unitary stroke U, given initial outcomes n and m, writes

Gu(l,s|n,m) = (1| {s[U|n) |m) | . (A6)

Finally, the conditional probability for the thermalization stage is given by
qe(n’,m’,u', 'L s, u,0) = (0| (! [V |1) [u) [ [ (m [ (0| Vig|s) o) | - (A7)
It follows that the probability of the trajectory v = {n,m, u,v;1,s;n’,m’,u’,v'} is given by
Ply] = p(n,m,u,v)qu(l,s|n,m)ge(n’,m’,u’,9'|1,8,u,v) . (A8)

One easily identifies the functions of stochastic variables in correspondence to the ther-
modynamical variables of interest for each trajectory. Clearly, the work contribution
corresponds to

Wil = Ey —Ef + Ey — EJ. (A9)

On the other hand, the heat released by reservoirs A and B corresponds to
Quly] = Ei* — Ey* ~ Eff — Ef*,
Qcly] = E§® —ENP ~EB, —EB, (A10)

since we describe the thermalization with each reservoir by weak coupling and energy-
preserving interactions [15]. Notice that under this approximation no work is generated by
connecting and disconnecting the systems with the reservoirs [45,47,58].

By weighting each possible trajectory with its probability of occurrence we obtain the
joint probability for extracting work W along with heat exchanges Qp and Q¢ as follows

p(W,Qn,Qc) = Y P[v6(W — (Ef! — E*) — (Ej — EP))
Y
x 5(Qu — (Ep — Ef)6(Qc — (ES, — EP)) . (A11)

Since Vx models the complete thermalization by the reservoir Ry, one has

1 _5.H 1 _
T v _= o BxHry Yyt | — 2 ,—BxHx Al12
rRX[ X<U®ZRX€ X) X} ZXe ( )
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for arbitrary density matrix ¢ of system X. This fact can be used to simplify Equation (A11)
by summing on all reservoir indexes {u,u’,v,v'}. Hence, p(W, Qp, Qc) can be rewritten in
terms of measurements outcomes only on systems A and B, namely

1 _
PW,QuQc) = X e PHETEDTEE R [ s|ujm) m) <
nmlsn' ,m “A“B
O(W — (Eq} — Ef') = (E, — ED)) 6(Qu — (E} — E{) 6(Qc — (Ep, — E)) . (A13)

Equation (A13) allows one to study the complete statistics of an ergotropic heat engine. The
first principle of thermodynamics for the cycle is recovered since the average variation of
the internal energy (AU) = (Qy + Qc — W) correctly gives zero, as shown as follows

(AU) = (Qu+Qc = W) = [ W [ dQu [ dQc p(W,Qn, Qc) (Qu +Qc — W)
-y !

gre PR TP (B B ED, — Ef) = 0. (A14)
nn' ,mm “A“B

One also has (Qy) = —(AE ), where (AE 4) is the average variation of the internal energy
of A during the unitary stroke, whose expectation can be obtained by averaging E IA —E2
over all trajectories. Similarly, (Qc) = —(AEg), where (AEp) has corresponding stochastic
values given by EE — EB.

By introducing the trajectories for the thermalization stroke, we remark that the present
result allows us to refine the approach of Refs. [33,35,36], where the stochastic values of
Qp were identified with —AE 4 (and analogously for Q¢ with —AEg). In fact, notice that
the relation W = Qy + Q¢ does not generally hold at the trajectory level. Anyway, since
(Qu + AE ) corresponds to the average of E;?, — EZ over the trajectories, for increasing
number of cycles the discrepancy between the stochastic variables Qp and —AE 4 remains
bounded by the finite energy of system A, whereas both Qp and AE 4 increase linearly
with the number of cycles, thus providing (Qp) + (AE4) = 0. Analogous point applies for
the variables Q¢ and AEp.

All results about the stochastic efficiency 7 of the heat engines given in Refs. [35,36]
rigorously hold for # defined in terms of AE 4, namely # = —W /AE 4. One could refine and
compare the results for 77 defined as 7 = W/Qy by means of the probability distribution
presented here in Equation (A13). The subtle difference between these two definitions
of stochastic efficiency was already discussed in Ref. [45], where the thermalization in a
two-stroke Otto engine was modeled by the quantum jump method.

The probability of work extraction is the marginal of p(W, Qy, Qc) in Equation (A13)
with respect to the heat exchanges, and one has

pW) = [ aQu [ aQc p(W,Qu,Qc) =

1 g pA_
e PAEROEL (5[ ) ) 6(W — (] — E{') — (EF, — EP)) . (A15)
A4B

Let us now consider a backward protocol where the measurements on the quantum systems
and the reservoirs are performed in the reverse ordering, along with the time-reversal
evolution of all interactions. The initial state for the backward protocol is again taken as
the product of canonical density matrices, namely as in Equation (A1). By assuming that
all Hamiltonians are invariant under time-reversal at all times [17,18,23], the backward
protocol is then equivalent to follow Figure Al from the right to the left, along with the
replacement of V4, Vp and U with v, Vg and U, respectively.

We can compare the forward and the backward protocols by the probability P[y]
of a trajectory v = {n,m,u,v;1,s;n',m’,u’,v'} and the probability Pg[ys] for the occur-
rence of the specular reverse trajectory with the same measurement outcomes, namely
vg = {n',m',u',v';1,s;n,m,u,v}. The comparison between the forward and the backward
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protocol is made by the logarithm of the probabilities, which defines the stochastic entropy
X[7y] generated along a trajectory v as [18]

Plv]
Pglyp]

Since each <y identifies a corresponding backward trajectory -3, the fluctuation theorem
simply follows as

Z[y] = log (A16)

() =Y Pylys] =1. (A17)
YB

In the present case, using Equation (A8) and the cancellation between forward and back-
ward conditional probabilities for both g, and g;, one obtains

P
ol _ plnmuo) (A18)
Pglyg)  p(n/,m', u',0")
and hence
2[y] = Ba(EA — Eff + ENA — ERA) + Bg(ES, — EB + ENP — EJP)
~ Ba(E{* —E;') + Bs(ES — Ej), (A19)

where we used Equation (A10). As for the case of the stochastic work W[y] = EZ —
E#* + EB — EB, notice that also X[7] depends only on the reduced set of indexes {n,m,1,s}
pertaining to the unitary stroke operated by U. The probability of the stochastic entropy is
then given by

p(E) = Y b e BaEIBEL (1 (s U|n) ) P S(S — pa(EA — EfY) — Br(EE — EB)) . (A20)

n,m,l,s ZaZp

From Equation (A20), one correctly recovers the equivalent identities (¥) = B4 (AE4) +

Be(AEp) = (Ba — Bp){AEA) — Bp(W) = —Ba(Qn) — Bs(Qc)-
Since from definition (A16) one has X[yp] = —X[y] we easily derive the detailed
fluctuation theorem as follows

p(E) = Y P1I6(= —£[y]) = Y ¥ Py[p]6(E — E[7])
v v

= >y Py[yp]6(Z + Z[y8]) = ¥pp(—Z) . (A21)
Y

Indeed, by analogous derivation, for any set { X;[]} of odd stochastic variables such that
X;i[vg] = —X;[7], one has

p({X;},2) = Fpp({-Xi}, %) . (A22)
In particular, since X = (B4 — Bp)AE4 — BpW, we can also write [17,20,22,24]

p(W,AEn)  «
—pg(—W,—AEA) —=e~. (A23)

where

_ A_ B
e~ PAB=PREn | (1| (s|U|n) |m)

x 6(W — (Ef —Ef') — (Ej — EZ)) 6(AEA — (Ef' — E}})) (A24)
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and pp identifies the distribution of the backward process, described by the transformation
U instead of U. We recall here that the relation AEg = —W — AE 4 holds for the stochastic
variables, namely at the trajectory level.

When the unitary operator U is of the form

U = ¢PaHa+i¢pHpy i aHa+ippHp , (A25)

with unitary Hermitian V = V* and arbitrary phases ¢4, 5, ¥4, g, notice that one has
the symmetry

pe(W,AE4) = p(W,AE,) . (A26)

Typically, this happens when the time-dependent protocol that actualizes the unitary
evolution U is a time-symmetric driving [2,17,20]. We remark that the TUR in Equation (50)
derived from the fluctuation theorem of Equation (A22) implicitly assumed the condition
ps({X},Z) = p({X;},%).

Let us now consider in more detail the joint probability p(W, AE 4). The full statistics
of W and AE, is equivalently contained in the characteristic function x (A, #) given by the
Fourier transform

XA 1) = / AW / AAE 4 p(W, AE4) éMWHIHAE (A27)

Here, A and y denote the counting parameters for W and AE 4, so that all moments and
correlations can be recovered as

4 L Qitk
<W]AEII<{> _ (7i)]+ka XA p)

4 A28
A Quk (A28)

A=u=0

Using Equation (A24) and applying the delta functions in the integrals of Equation (A27)
one obtains

XA, m) =7 1Z o~ BAER o—BBEm i (Ef —E{ +ER—EP) jin(Ef —Eff)
AZ4B

n,m,l,s
X TeUT([1){1] @ |s) (s YU () (n| @ |m) (m])]
= Tr[U* (e " 1Ha @ e~ M) (1A 1WHA @ oM HE) o] - (A29)

Recalling Equation (A1), one easily verifies the identity x[—ifp,i(Ba — Bp)] = 1, which
corresponds to the fluctuation theorem of Equation (A17). In fact, one has

(e %) = / dW/AEA (W, AE L) ePsW—(Ba—B)AEA — 31 iB, (B, — Bg)] = 1. (A30)

In terms of the characteristic function, we notice that the detailed fluctuation theorem of
Equation (A23) is translated into the symmetry

xr(A ) = x[—iBs — A, i(Ba — BB) — 1] - (A31)

In the presence of a symmetry in the unitary stroke achieved by U such that for a real
x # 0 one has

[Ha+xHp, U] =0, (A32)
from Equation (A29) one obtains the corresponding property

XA ) = x((1=x)A +xpu, (1= x)A+xp) = x(0,u — (1 —x"1)A), (A33)
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i.e., the characteristic function becomes a function of a single variable. It follows that
x0 X = (1 — x)d,x, and from Equation (A28) one obtains the symmetry relations

) ke e\ J .
(WIAEK) = <1fx> (Witky — <1xx> (AETHY, (A34)
namely the stochastic variables W and AE4 are perfectly correlated. Moreover, since
AEp = —W — AEy4, one has (AEK) = (—x)*(AEL). Tt also follows that the average entropy

is simply proportional to the average work, namely

() = A= Po ). (A3
—x
The effect of a strong symmetry as Equation (A32) can be seen directly on the joint proba-
bility p(W, AE4). In fact, by using the last expression in Equation (A33) for x (A, u) in the
inverse Fourier transform of Equation (A27), one easily obtains

p(W,AE4) = p(AEA) 6(W + (1 —x"1)AEy) , (A36)

namely one has the perfect correlation p(W|AE4) = §(W + (1 — x~1)AE,). In this case,
one also recognizes that the stochastic AE 4-efficiency defined as the ratio 7o, = TV\I]‘E/V
is a self-averaging quantity and has no fluctuations, since 75, = 1 — x~ 1. Interestingly,
under full correlation between W and AE 4 (and hence between W and %), in Ref. [62] it is
shown that a general lower bound for the mean entropy (X) in terms of the asymmetry of
the marginal work distribution p(W) evaluated by the relative entropy D (p(W)||p(—W))
is saturated.
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