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Abstract: The Kullback-Leibler divergence is a measure of the divergence between two probability
distributions, often used in statistics and information theory. However, exact expressions for it are
not known for multivariate or matrix-variate distributions apart from a few cases. In this paper,
exact expressions for the Kullback-Leibler divergence are derived for over twenty multivariate and

matrix-variate distributions. The expressions involve various special functions.
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1. Introduction

The Kullback-Leibler divergence (KLD) due to [1] is a fundamental concept in in-
formation theory and statistics used to measure the divergence between two probability
distributions. It quantifies how one probability distribution diverges from a second, ref-
erence probability distribution. Specifically, it calculates the expected extra amount of
information required to represent data sampled from one distribution using a code opti-

check for mized for another distribution. The KLD is asymmetric and not a true metric as it does not

updates satisfy the triangle inequality. It is widely employed in various fields including machine
Citation: Nawa, V.; Nadarajah, S. learning, where it serves as a key component in tasks such as model comparison, opti-
Exact Expressions for Kullback- mization, and generative modeling, providing a measure of dissimilarity or discrepancy
Leibler Divergence for Multivariate between probability distributions [2].

and Matrix-Variate Distributions.
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Suppose X is a continuous vector-variate random variable or a continuous matrix-
variate random variable having one of two probability density functions f;(-;6;),i = 1,2

dol.org/10.3390/ 26080663 parameterized by 6;,i = 1,2. The KLD between f,(;01) and f>(-; 8;) is defined by
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for (1). Apart from the multivariate normal distribution, not many expressions have
been derived for (1) for multivariate or matrix-variate distributions. The KLD for the
- multivariate generalized Gaussian distribution was derived only in 2019, see [3]. The KLD
for the multivariate Cauchy distribution was derived only in 2022, see [4]. The KLD for the
multivariate ¢ distribution was derived only in 2023, see [5].

The aim of this paper is to derive exact expressions for (1) for over twenty multivariate
conditions of the Creative Commons A0 matrix-variate distributions. The exact expressions for multivariate distributions are
Attribution (CC BY) license (https:/ / presented in Section 2. The exact expressions for matrix-variate distributions are presented
in Section 3. The derivations of all of the expressions including a technical lemma needed
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for the derivations are presented in Section 4. The distributions considered in this paper
are continuous. We shall not be considering discrete distributions including mixtures.

The functions and parameters used in this paper are all real-valued. The calculations
involve several real-valued special functions listed in the Appendix A.

2. Exact Expressions for Multivariate Distributions

In this section, we state the exact expressions for (1) for Dirichlet, multivariate general-
ized Gaussian, inverted Dirichlet, multivariate Gauss hypergeometric, multivariate Kotz
type, ref. [6]'s multivariate logistic, ref. [7]'s multivariate logistic, ref. [8]'s multivariate
normal, multivariate Pearson type II, multivariate Selberg beta, multivariate weighted
exponential and von Mises distributions.

A closed form for (1) for the multivariate generalized Gaussian distribution was
derived by [3]. But it involved a special function defined as a (p — 1) folded infinite
sum. The expression we give in Section 2.2 is much simpler in that it involves a single
infinite sum. A closed form for (1) for the Dirichlet distribution is available in [9] and
https:/ /statproofbook.github.io /P /dir-kl.html (accessed on 1 July 2024).

2.1. Dirichlet Distribution

Consider the joint probability density functions

K a;—1
| |x.'7
i=1 '

B(al,. . .,aK,l;aK)

filx) =

and

i=1
x pu—
X = B o)

for K > 2, ap > 0,...,ax > 0, bl > O,...,b[( >00<x<1,...,0<x¢x <1 and
x1 + - - -+ xg = 1. The corresponding KLD is

B(by,...,bx_1;bx
B(ay,...,ax—1;ax

=

KLD = log (a; — b;).

i=1

K
g + ;(Cli - bi)lp(ﬂi) — lp(al 4+ 4 aK)

2.2. Multivariate Generalized Gaussian Distribution ([10], p. 215)
Consider the joint probability density functions

Z(B) |V1|_% exp{— (xTVflx> 2}

fl(Xl,...,Xp) = T
and

fox1,...,xp) = '85(51|V2|% exp{—(xTVz_lx>§}
(5)

for —co < x1 < 9,...,—00 < xp < oo,a>0,p>0and Vy, V, positive definite symmetric
matrices. The corresponding KLD is
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r rp_z gfrl ri—riy p _] 1
.. A Ao = AN THB( 4+ 2L 2
. (72> <rp—1> ! =1 {( Ak ]) it 2 72



https://statproofbook.github.io/P/dir-kl.html

Entropy 2024, 26, 663 30f29

provided that the infinite sum converges.

2.3. Inverted Dirichlet Distribution

Consider the joint probability density functions

—A1— Akl g
r ~
filo) = Hp ) (”ZXJ [T«

r(al) : F(ﬂK+1 i=1

and

—bi——bgp1 g
rby+---+0 .,
fal = ) (”2%) JEA

L(by) -+ T(bg+1) ]

forK > 2,471 >0,...,ag+1 > 0,by >0,...,bgy1 > 0and x; > 0,...,xg > 0. The
corresponding KLD is

o | F@ - ak )T (by) - T(bgan) | o
KLD = log F(bl+"-+bK+1)r(a1)"'r(”K-&-l)} Ll b)p(e)

K
—¢(ags1) Y (a; —by)
i=1
+ b1+ +bxpr —ar— - —ag)[lar + - +axgr) — Plag)]

2.4. Multivariate Gauss Hypergeometric Distribution [11]
Consider the joint probability density functions

kK \'1k
(1 — Z xi> Hx?"*l
)

filx) = C(ay, ..., ak,b,c

and

di—1
X;

K e—1
e
foa(x) = C(dy, ..., dx,e, f) i=1

<1+ixi

i=1

K
i=1
f

forK>2,a1>0,...,ak > 0,0 >0, —c0c < c <o00,d; >0,...,dg >0, >0, —00 < f < o0,
0<x <1,...,0<xg <land x; + - - - + xg < 1. The corresponding KLD is

C(ay,...,ak,b,c) K 0 C(aq,...,ai...,ag,b,0)
KLD =1 ;
Og[C(dl,...,dK,e,f) +1.Z{(al d)aa C(ay,...,a;+w,...,ag,b,c)
)i C(aq,...,ai...,aK,b,0)
o | C(a,... aK,b—i—(xc
0 C(al,..., aK,bc
(c f)aa{ C(ay,... uK,bc }

a=0

+(b—e




Entropy 2024, 26, 663 40f29

2.5. Multivariate Kotz Type Distribution [12]
Consider the joint probability density functions

filx,... xp) = %ml_% ("Tzflx)l\]i1 exp{—q(xT):;lx)a}

and

-2
br(L)s o 1 L\ M-1 N
fa(xa %) Inp(z()zmpzlzz F(xmy ) eXP{_S("Tzz x) }
b

for —oo < x7 < 00,...,—00 < x, <00,a>0,>0,N>1-5b0>0,5s>0M>1-5and
L1, I, positive definite symmetric matrices. The corresponding KLD is
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p-1 i
=11 jog a, HB(],1>
s i 2 7’2
I'(5) & (-1)F k
+(M—1) (i)z(k) ( : )
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P 2N+p+2b 2\
OCED 5 f L E ()(0) (e
n?qEF(ZNJZF’” 2) =0r=0  rp =0 Tp—1
Xﬁ (Ajs1 — A))T7B () +E 1
i ] ] 2 7’2
provided that the infinite sum converges.
2.6. Multivariate Logistic Distribution [6]
Consider the joint probability density functions
plag - -apexp(—a1xy — - — apxy)

fl(xl,...,xp) =

[1+exp(—a1x1) + - -+ exp(—apxy) ] pl
and

p!b1 e 'bp exp(—b1x1 — = bpx,,)
)]p+l

f2 X1,...,X =
( 2 [1+exp(—bix1) + - - +exp(—byxp
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for —co < x1 < 00,...,—00 < xp < 0o0,a; >0,...,ap >0and by >0,...,b, > 0. The
corresponding KLD is

KLD_log(Zl'”Zp>
—

g s (R £2)
1 R A A AREA PN FE j =1 "

k=
I'(p+1)—T(p+1I' (1)
p!

—(p+1)

provided that Z]’.’ % <1 and the infinite series converges.
aj

2.7. Multivariate Logistic Distribution [7]

Consider the joint probability density functions

fi(xr,... xp) = (b)pay - - - apexp(—ayxy — - - — apxy)
[1+exp(—apx;) + - - +exp(—apx,) "7
and
(d)per---c exp(_clxl—'--—c ¥ )
fa(x1, o xp) = P P p Pd+p

[1+exp(—c1x1) + - +exp(—cpxp)]

for —co < x1 < 00,...,—00 < xp <00,a1 >0,...,ap>0,¢0>0,...,¢p) >0,b>0and
d > 0. The corresponding KLD is

b ap---a

P a;i +ijc; P i
5 ) ) - £)
11+~~~+ip:k 11,...,lp =1 ﬂ]' =1 Clj

r(b)r (b+p) —T(b+ p)' (b)
—(b+p) NOINCED)

provided that Z]le % < b and the infinite series converges.

2.8. Sarabia [8]'s Multivariate Normal Distribution
Consider the joint probability density functions

) ) )

<2n>% i

M'@

Il
-

and

fox1,...xp) =~ bpﬁp(d bi./by) exp{—; -i(bixlz) +dﬁ(bix1'2)] }

(27‘[) Li=1

for —co < x1 < o0,...,—0 < xp < 00,a1 >0,...,ap >0,by >0,...,bp >0,c>0
and d > 0, where B,(c,a1,...,ap) and By (d, by, ...,by) denote normalizing constants. The
corresponding KLD is
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KLD = log VAL @By (c,a1,...,ap)
mﬁp (d, bl,...,bp)

. (db]"'bp _C> ,B'p(c,al,...,ap)

al...ap

where ,B;, (c,a1,...,ap) = a%ﬁp(c,al,. . dp).

2.9. Multivariate Pearson Type II Distribution
Consider the joint probability density functions

filkx) = ﬂi%r(%)r(%Jer_l) (ixiz)ll_l (1— iﬁ)a_l

r(ar(5+o-1) =

and

) (E e ) (fﬁ)dl (1 . fx?)H
i i=1

r(e)r(§+d-1)
forK>2,a>0,b>0,c>0,d>0and0 < x%—O—---—i—x%( < 1. The corresponding KLD is

r(§+a+b-1)r(r(§+d-1)
r@r(§+o-1)r(§+c+d-1)

+(b—d){1/;<12<+b—1> —1p<12<+a+b—1>}

+(ac){1p(a)1,b(12<+a+b1>].

KLD = log [

2.10. Multivariate Selberg Beta Distribution [13]
Consider the joint probability density functions

[T (xi—x)

1<i<j<p

f1(x) =C(a,b,c)

and

2fp

SEREE

i=1

f(x)=C(d,ef)| ] (xi—xj)

1<i<j<p

fora >0,b>0,¢c>0,d>0e>0f>0and0 < x; <1,...,0 <x, <1 The

corresponding KLD is
B C(d,e, f) 9 [ Clabc)
KLD_IOg[C(a,b,c)} +a—d) o [C(a+o¢,b,c) 0
o[ C(ab,c)
*“"e)aw[cw,bm,c)] w0

o[ C(ab,c)
+2(Cf)£)zx[C(u,b,c+a)]

a=0
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2.11. Multivariate Weighted Exponential Distribution [14]
Consider the joint probability density functions

fi(xn,. . xp) = (; )(ch) {1— exp[—ay.1min(xy,...,x )]}lHexp MZ]

Ap+1

and

fz(xl,...,xp):<izlbi> <qb> {1— exp[—bys1min(xy,...,x )]}[Hexp bxl]

bp+1

forx; >0,...,x, >0,a; > 0,...,ap4+1 >0 and b; > 0,...,bp+1 > 0. The corresponding
KLD is

KLD = log apﬂgzilb; Eﬁbg N ; (1 +1>

ai  Aap+1
_i (a1+---+ap) (a4 +ap+ap)
S k(@ taptkap) [ar 4 ap £ (k+1api]
+i (a1 +--+ap) (a4 +ap+ap)
S k(a4 Fap +kbpa)[a+ -+ ap+apy +kbp ]

which follows from properties stated in [14] provided that the infinite series converge.

2.12. Von Mises Distribution

Consider the joint probability density functions
P
Fi(x) = ki exp(rplx)
(2m) 1y (k)

and
-1

% exp(ronlx)
00 = 2Ty

forx; >0,%3 > 0, ul 1 = 1, plp = 1 and x'x = 1. The corresponding KLD is

P
k2 Ip_ (x2)
KLD = log | -1 — =21

k2 M pala)

+ (K1 - KzﬂzTﬂl)-

3. Exact Expressions for Matrix-Variate Distributions

In this section, we state exact expressions for (1) for matrix-variate beta, matrix-variate
Dirichlet, matrix-variate gamma, matrix-variate Gauss hypergeometric, matrix-variate
inverse beta, matrix-variate inverse gamma, matrix-variate Kummer beta, matrix-variate
Kummer gamma, matrix-variate normal and matrix-variate two-sided power distributions.

3.1. Matrix-Variate Beta Distribution [15]
Consider the joint probability density functions
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_ptl g pil
fip = 120 T
b
|Q1"7By(a,b)
and
p+
Q- cf— d—
pg = B
Q7B, (c,d)
fora > 2 ,b > 2 ,C > 2 ,d > = andQ x,  — x being p X p positive definite
matrices. The corresponding KLD is
d
KLD = log Q"™ By(c,d) +(a—o) 9 | 1Q"By(a+a,b)
Q"B (a,b) du By(a,b) as0
+o—d) > {lﬂl“Bp(a,Hb)}
o By(a,b) 0
3.2. Matrix-Variate Dirichlet Distribution
Consider the joint probability density functions
1 n Apt1—P
_ a—p an—p .
1(X1, ..., Xn) = X1 s x I,—) x
10220 = bl L~ Yo
and
1 b b n bn+17p
X1, ..., Xp) = x| VP xR, = Y X
fZ( 1 Vl) Bp(b], bn;bn+])| 1| | Vl| p 1221 1
fOl'Ll] > pTill"'rarH-l > pTil, b] > E, bn+1 > andxl, . ,xn,Ipfxl — =Xy
being p X p positive definite matrices. The correspondmg KLD is
By(b1, ..., bu;byi1) o By(ar,...,an; 0,41 + )
KLD = log| - + (a b “
& By(ay, ..., an;011) (@1 — "H)&oc Bp(a1,...,an;0n11) |,_g
+Z a By(ay,...,a;i+a,..., 4n;8,41)
arx Bp(al,..., e B Ang1) g

3.3. Matrix-Variate Gamma Distribution

Consider the joint probability density functions

3 e 1.
filx) = pr%L(”)M > exp {tr <_b21 lxﬂ

and

e B [ ( = )}
7 (x) = x| 2 exp|tr | —=X;x
f( ) dcprp( )| | p d 2
fora > P~ ;1, b>0,c>F—~ ;1, d > 0and x, X; , Iy being p X p positive definite symmetric

matrices. The corresponding KLD is

dTp(c) [Z,°
bPiTy(a) |E4|*

—cd
KLD = 1og[ } +1‘f ( ¢ (%" DTy (a + )]

plad

2ap [ 2a__4 }
TRl SR il O B
=0 b d?
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3.4. Matrix-Variate Gauss Hypergeometric Distribution [16]
Consider the joint probability density functions
+1 _ptl
Al N X
X) =
! Bp(a,b) oFy(a,c;a+ b; —B)|I, + Bx|
and
+1 _p+l
a0 XLy X
2(x) =
By(d,e) 2Fy(d, f;d +¢; —B)|T, + Bx|
fora > I~ b>2,O<c<ood>p1e>p—0<f<ooandxlp x, B, I, + B

2
being p >< p positive definite matrices, where I';(c) and I',(f) are assumed to exist. The
corresponding KLD is

KLD = log

Bp(d, 6) zpl(d,f,' d-+e; —B)
By(a,b) 2Fy(a,c;a+ b; —B)

o By(a+uw,b) F(a+a,c;a+b+a;—B)

—d)—
+(a—d) ou By(a,b) 2Fi(a,c;a +b; —B) 0
fh—e 2 o By(a,b+a) Fi(a,c;a+b+a;—B)
du  By(a,b)oF(a,c;a+b;—B) 0
0 2F(a,c —w;a+b;—B)
H(f -y, ov F(a,c;a+b;—-B) |,_o
3.5. Matrix-Variate Inverse Beta Distribution
Consider the joint probability density functions
Q+x| x|
filx) = | |,a il
Q" By(a, D)
and
1
0+
fa(x) = =
Q2 “By(c,d)
fora > 2 ,b> B Le> = Ld>Elandx 0O, Q) 4 x being p x p positive definite

matrices. The corresponding KLD is

Q" “B,(c,d Q|*By(a—a,b
KLD_IOgP "By (c,d) 0/"By(a—a >}

d
B,ab) | (”d_”_b)aa{ B,(a,0)

|Q|“By(a —a,a +b)
+(b—d) azx{ po(a,b) }

3.6. Matrix-Variate Inverse Gamma Distribution

a=0

a=0

Consider the joint probability density functions

_ |Zl‘u —a—b _1 -1
filx) = BT (a) |x| Z exp|tr b):.lx
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and
fa(x) = _Zl” |x|7CJ7TH exp tr (=L Eox
2 = gt (c) P a2

fora > %1, b>0c¢> %1, d > 0and x, X1 , Xy being p X p positive definite symmetric
matrices. The corresponding KLD is

_ dPeTy(c) |Zq|" c—a 9 ||Z1|'Typ(a—a)
2a 1 2ap
+ g tr [2221 :| — 7

3.7. Matrix-Variate Kummer Beta Distribution [17]

Consider the joint probability density functions

+1

11 _p
B |x|”7pT‘Ip—x|b 7 exp[—tr (Byx)]

hl9 = B,(a,b) 1Fy(a,a+ b; —By)
and
_ptl _pHl
o0 = KT =X % expl—tr (Byx)
2 By(c,d) 1Fi(c;c+d; —By)

fora > pT_l, b > pT_l, c> pT_l, d > pT_l and x, I, — x, By, By being p x p positive definite
matrices. The corresponding KLD is

By(c,d) 1Fi(c;c + d; —Bz)}
By(a,b) 1Fi(a,a+b;—By)
)

+ (a—c)iBf’(”+”"b 1F(a+aa+b+oa;—By)
on By(a,b) 1Fi(a;a+b; —By)

ooy 2 Br@b ) R(@atht By
ou Bp(a, b) 1F1 (a;a +b; _Bl)

0 1F1(11;{1+b}Z—Bl)
tu |:(B2 Bl)ETz 1F1(a;u—|—b;—B1) z=0 ’

KLD = log{

a=0

a=0

3.8. Matrix-Variate Kummer Gamma Distribution [18]
Consider the joint probability density functions
_pil -
X7 [ty x| expl—tr (Brx)]
I'p(a) ¥y (a;a —b+ pTH;Bl)

filx) =

and

+1 _
|x|CJ7T L, + x| dexp[—tr (Box)]
T'p(c) ¥1 (c;c —d+ pTH;B2)

fa(x) =

fora > ’%1, —c0 < b < o0, ¢ > ’%l,—oo<d<ooandx,Ierx,Bl,szeingpxp

positive definite matrices, where ¥, (a; a—b+ pTH; Bl) and ¥, (c,' c—d+ pTH; Bz) denote
Kummer functions with matrix arguments and the parameters are chosen such that these
functions exist. The corresponding KLD is
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KLD =

I'p(c) Y1 (c;c —d+ pTH;Bz)
['p(a) Y1 (a;a —b+ pTH;Bl)

log

5 Tpla+a) \Ifl(a+a;a—b+a+”—“;131)
o Ip(a) ¥y (a;a— b+ LH;Bl)

+(a—c)=—
a=0
9 ‘I’l(a;a—b—i-a—i—pTH;Bl)
P)a ‘I’l(a;a—bJr LH;Bl)

+(d—
a=0
9 ‘I’1<a a—b—l—pH,Bl—z)

oz ¥, (a;a —b+ pTH;Bl)

+1tr [(By—By) —

z=0

3.9. Matrix-Variate Normal Distribution
Consider the joint probability density functions

filx) =

and

f(x) =

1
n 14
[V1]2[Uy|2

exp{—; tr [V;l(x - Ml)TUfl(x — Ml)} }

(2n)?

1
np n 4
(2m) 2 [V,| 2 [Uy |2

S

exp{—;tr {V (x—My) Uy (X_MZ)}}

for Uy , U; being positive definite symmetric matrices of dimension n x n, V1, V;, being
positive definite symmetric matrices of dimension p x p and M; , M, being matrices of
dimension n x p. The corresponding KLD is

KLD =

l|V2|2|U2|2
log | V221022

+ 2tr (Uy) tr (V ViU, ) + ; (Vg

|V1|2|U1|2

1

-5t (Va'MIMUz ) - % o (V' MIMiU; )

+ % tr (V2‘1M2TM2U2_1) — % tr (Uy) tr (Ul_l).

3.10. Matrix-Variate Two-Sided Power Distribution [19]
Consider the joint probability density functions

e T

1M1TM1U;1)

x|* , 0, <x<B,
fi(x) = C(a)
1, - x|”‘*pTH 1, - B|*”+%, B<x<I,
and
x|t~ BT 0, <x <B,
f2(x) = C(b)
x|, - BT, Bax<t,
fora> 21, b > 21 and x, I, —x, B, I, — B being p x p positive definite matrices, where
Clo) = 18125, (o, 252 ) + It~ 8 5, (25 0)
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and

+1
C(b) = [B]'7 B, (b,”y) +1, —B|”23p<”;r1,b>.

The corresponding KLD is

KLD:log[gEZﬂ +(a_b>i{|B|a+@Bp<a+a,p;1)}

a2 (7))

+(b—a)[B|'T log|B|B, (a, ’9;1)

a=0

a=0

+(b—a)|1,— B|'T log|1, —B{Bp<p;“1,a).

4. Proofs

Before presenting the proofs of the expressions in Sections 2 and 3, we state a lemma
and give its proof.
4.1. A Technical Lemma

Lemma 1. Let

p
exp (— Z tjx]'>
j=1

P

1+ Z%exp(—ajxj)l b

=

1(111/-~-,ﬂp/f1/-~-,fp/b)Z/Rp dxy - - - dx,

fortj>O,aj>O,j:1,2,...,p1mdb>0. Then,

1 P ti P £
ormtote) = |10 (o~ £

provided that b — Zf:l 2—]] > 0.

Proof. Setting y; = exp(—a;xj) and assuming the conditions in the lemma, we can write
I(al,...,ap,tl,...,tp,b)
1 ® b1
= £ expy —
() /Rp /o p{

1 [ee]

0 /Oo<> tbletjlﬁ{/ exp|—tjx; —texp(—a]-xj)}dxj}dt

p p
1+ Zexp(—ajxj)] t} exp <— ) fjxj> dtdxy - - - dxp
~ =

]

t:
1 © b1 —t P © 17;71 e ‘
gl...apr(b)/(; £ e ]11 o Ui exp (—ty;)dy; | dt

1 P £ o poy? Uy
(2] [ e
i=1 j 0

ay---apl'(b) j

The result follows. [
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4.2. Proof for Section 2.1

The corresponding KLD can be expressed as

. K
B(blz‘-'/bK—lle> + Z(al—bl)E[logxl] (2)

KLD =1
°8 B(ay,...,axk-1;ax)] =

It is easy to show that
Eflog Xi] = (a;) — ¢(a1 + - - +ax),
so (2) reduces to the required.

4.3. Proof for Section 2.2
The corresponding KLD can be expressed as

KLD = log {mr(g) :

1. |V
+ - log = +E
278 v

(xXTv;'x)

(o) —e[vin)’] @

The second expectation in (3) can be expressed as

E[(XTVflx)g] - %MI% /Rp (XTV1_1X>%exp{—(xTVflx)g}dx
- 2:;15:(;;)!’) f,67) : eXP{—(yTy) }dy

~1 o
wherey =V, 2x,u =y'yand t = uz.

1 1
LetV=VIV, 1V12 and V = PDP~!, where P is an orthonormal matrix composed of
eigenvectors of V and D is a diagonal matrix composed of eigenvalues say A; of V. Then,
the first expectation in (3) can be expressed as

o[60ve)] = 18 i orm) el 6) o
«T (5 o)t A8
= satry (0 el () o
£ &
:222§%?§")/11a"'/]1a<i)‘fx1‘2> eXP{—(ZT)ﬁ) }dx, @)

_1
where y = V| ?x and z = PTy. Using the pseudo-polar transformation z; = rsin6y,
zy = rcosby sint, ..., z, = rcosby cosb -+ cos,_1 https://en.wikipedia.org/wiki/
Polar_coordinate_system (accessed on 1 July 2024), (4) can be expressed as


https://en.wikipedia.org/wiki/Polar_coordinate_system
https://en.wikipedia.org/wiki/Polar_coordinate_system
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N

B al 14 o s T )
El(XTV 1X)2] 25%/() rP 1/2~~~/ﬁ{rz()tlsmzﬂl+~~~+)\pc05261~~~c0326p1)}
[
xexp[ ( )‘1 ll—“cos(? |7~ i= ]drlﬁde-
1

B
X [Bp(x1,...,xp-1)] 2dxy - - - dx,_qdr
r(g)lﬁ(%ﬁ) 1 1(P=11 p=i 1 1 B
_ T ) VB () By dxy (5
e YR ¥ (LI N CAERRES ERRR R C

where x; = cos? 0; and Bp(xl, .. .,prl) =AM+ ()\2 - Al)xl + -+ (/\p — Apfl)XﬁCz s Xp—1-
Provided that [A1] > |(A2 — A1)x1 4 - + (Ap — Ap_1)x1X2 - - - xp_1| holds, we can apply
the generalized multinomial theorem to calculate (5) as

BT ()

1 =0 72:0 Tp,l =0

-
XAZ Ay = A)x] U2 [(Ag — Ag)xgxa) 2T

P 1— /\pfz)Jq}Cz s xp,z] 27T ()\p — }\p_l)x1X2 s xp—l} rpfldxl s dxp_l

provided that the infinite sum converges. Hence, the required.

4.4. Proof for Section 2.3
The corresponding KLD can be expressed as

KLD = log | L0+ ”K“)F(bl)'”r(b’(*l)} +f( i — bi)E[log X;]

[(by+ - +bgy1)T(a1) - - T(aks1) 1

+ b1+ by —ag— - —agg El <1+2X>

i

(6)

i=1
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It is easy to show that
Ellog Xi] = y(a;) — (ax+1)

E [log <1 o) x>

so (6) reduces to the required.

and

=y(a1+ - +ag1) — Plaks1),

4.5. Proof for Section 2.4

The corresponding KLD can be expressed as

al,...,a C K
KLD = log[ (<di di:f:f):|+z Ellog Xi] + (b—e)E[log(l—iZ%Xl)

—(c—f)E llog<1+ ZX1> .

i=1

It is easy to show that

d C(aq,...,ai...,ag,b,0)
Eflog X;] = ~
[log Xi] ou {C(al,...,ai—l-oc,...,aK,b,c)

E [log <1 -3 X,)

7

a=0

0 {C(al,...,ai,...,aK,b,c)}

T oa| C(ay,...,ax,b+a0) ||,
and
K
0 C(a1,...,ai,...,a1<,b,c)}
Ellog|1+) X; = — [ ,
[ g( ; l) oa | C(ay,...,ag,b,c—a) ||,
so (7) reduces to the required.
4.6. Proof for Section 2.5
The corresponding KLD can be expressed as
2N+p—2 2M+p—2
ath( Zb) \| Ty —1
KLD = log | i — - log CRAGREL [log (X"27'X) |
w2 (g |

—qE[(X"27'X)"] = (M — 1)E[log (XT2;'X) | +E {(xTzzlx)b} ®)

The second expectation in (8) can be calculated as
2N+p-2

E[(xz1x)"] = W'E [ ()" exp{ a (x5 1x) e
( ) 2N+p 2 SN

= W L,07y)
W /OOQ o exp(—t)dt

_2N+p-2
- 2ag

7
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E[log(X"E7 X))

E [(xTzzlx) b}

1
wherey = £, *xand t = ¢(y"y)
1 1

1
wherey = £, *xand t = ¢(y"y)

a

LetZ =X7%, 1217. The first expectation in (8) can be calculated as

2N+p-2

4 —
leﬂ_% /Rl’ (xTZflx)N 110g(xTZ1*1x) exp{—q(xTZflxy}dx
O L) slrs) e
ngr(ZN;f_z) VY g\Y Y)eXpy—49\yYy y
ar(§)g 3 9 T \V! T,\"
@ﬁ /Rp (y y) eXp{—q(y y) }dy
IN+p—2 W+4p-2 4

. g 2 ® t7
— 7—1\[/0 Wexp(ft)dt

I (2N42r572) )

2N+p-2 F(M)
q 2a 2a
2N+p—2 INTp-2
( = ) N q =

SEN |

IN+p—2
() ]

a
As in Section 4.3, write & = PDP~!, where P is an orthonormal matrix composed of

eigenvectors of L and D is a diagonal matrix composed of eigenvalues say A; of . Then,
the fourth expectation in (8) can be expressed as

—ar(g)q% |z |7%/ (xTZ'.*lx)b<xTZ*1x)N_l ex {— (xTzflx)a}dx
AEr(pE) e R SR
M / (yTZy) ’ (yTy) N exp{ —q (yTy) ’ }dy

ngr(zN;f—z) RP

ar(g)qmﬁf% / {tr (DPTnyP)r(yTy)]\]_1 exp{—q(yTy>a}dy
ngl"(zN;f_z) RP

”r(g)”lm;”}%2 T ) (vTo) " T\ 14

71—%1"(2]\];5_2) /Rp (v Dv) (V v) exp{—q(v v) } v

_1
wherey = £, ?xand v = PTy.

Using the pseudo-polar transformation v; = rsin6y, v = rcosf;sinb,, ..., v, =r
cos 0y costy - -+ cosb),_1,(9) can be expressed as
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E XTzflx b g 2N+V : p—1 % T 2 A si 29 A 29 29 b
( 2 ) % (2N+p2 / r /% /_n[r<1sm 1+---+Apcos” 0y ---cos p_l)]
N\ N-1 p-1 ——
“(?)" ew[-a(?) ] | ITleose) rT]
]
2N+p-2 2N 2h—2
- /wtﬂglexpm 1 1{ 1{'72 (1-x) ”
whr (22 b 1 j)
[Bp(xl,.. 7 Xp— 1)]bdx1 dxp 1dt
E 2N+p+2b 2
G r( / /{ {x,z l—x) %}}
75 g 2N+p 2
X[Bp(xlf---fxpfl)] dxy - dxp_q, (10)

where x; = cos?0;, t = gr** and By (x1,...,xp-1) =AM+ (A2 —A)xp + -+ (Ap — A1)
X1Xp - - prl.

Provided that [A| > (A2 — Aq)xg + -+ (Ap — Ap_1)x1x2 - - X1 | holds, we can
apply the generalized multinomial theorem to calculate (10) as

F(%)F(ZN+p+2b 2

El(xEx) | = g (232) b /1{p 1[ o xj)%]}

i 2 ZO( )( )~~~<:ij)%”mz—mxlrl—fmg,_M)xlxzyz—rs

Ty_n—Fy_
. p— — _ p—2 r — P_l x1x2'
[(Ap—1 = Ap—2)xixp -+ xpa] 772 PH [(Ap — Apoa)
- r(%)r(2N+p+2h 2 .

vy b L{EEE 0 )

j=1

Yp—
.. xp—l] P 1dx1 .. 'dxp—l

T‘pz

X,lzogro ra( )G ()

p—1 T~
A T 0= [T st

j=1

py1 [ 2N+p+26-2

_TOrPRER) & o ()(2) - (2t
ﬂgqgr(zNjZLp 2) =0r=0  r,1=0 Tp-1 '
XH{ 1= A .rj erB(”j"'pz_jr;)]

provided that the infinite sum converges.
The third expectation in (8) can be expressed as
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E {log<XT22*1X)} = %Iiﬂé /RP (XTZflx) o log(xTZ‘.glx) exp{—q(xTZf1x>u}dx
2a
“r(g)qm;‘f_z T \ V! T T T.\*
=y J (7)) tos[ir (PPyyR) Jexp{-a(yTy) Jay
7121"( 2a ) R
Py, 22 p \N1 p Po\"°
— 7% /]R" (E v%) log <ZZ; AU ) exp{ (g v,2> }dv
(E 2N+ —2
2

- :[II;F 2N+p 2 / P 1/72r /j;(rz)N_l
X log[r (/\1 sin?f + - + Ap cos?0; - - - cos? Gp,l)]
X exp{—q(rZ)a} Eij[icos@ﬂpjl] drii}ldﬂj
=hL+D

_1
say, wherey = I, °x, v = PTy,

= 2L ) ()

1P 1 u7 1
/ / { - Xj) z}dxl <o dxy_qdr

and

2N+p 2

1 I ey S _1
x/ / ||{xj2 (1-x)) 2] log By (x1, ..., %p_1)|dxy - - - dxp_qdr.
0 0|7
j=1

The I; can be calculated as

2N+4p-2 p+2N-2 1 -1 .
r(5)q = ot Lo (t\a b (P—i 1
L=—2 / - log<) exp(—t) B(,)dt
mir(Bg2) o gt Hoe

B I’(%) 9 [ praN-2 2N+p—2 - p—ijl
_v{”aN t exp(—t)—l”<2a>10gq [1B 2 2
2a
Ty 9 (p+2N-2 2N +p—2 a(r—il
—r(){ ot () (s I
a
)

_r(% p+2N -2 P (p—i ]
— ang {1})( o )—10gq}HB(2/2>/

j=1

where t = gr?“.
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The I, can be calculated as
L r(§)q2N42rffZ /oo t2N+p 2 1ex (_t)
PRy
1 1 p—1 E—l 1
></O /0 {x].z (1—-xj) 2} log By (x1, ..., xp_1)]dxy - - - dxp_ydt
j=1
r(%) I ey S _1
—o e ST e
7r2 0 0 j:l
_ Ap—A X1Xp Xy
{log)\l +log |1+ (A2 Ai\l)xl (A P 12\1 2 P 11}dx1 dxp 1
r(? p-1 _ (%) F’ Iropo 1
TG g, HB(P ] 1) I'c) / / [xz (1-x)" i]
T2 ]':1 2 7T 2
k
> (—1)k ()Lz—)tl)xl (Ap—)\p_1)x1x2 -~xp_1
X dxq---dx,_
k; k M M ! p-1
_T(%)

|
SRS
—
@]
aQ
>
=
1
7
—_
o5 ]
N
B
N
.
N| =
N———
—_
|
—
—
s (NS
SN—
g
—
~| L
—=

(o250
k=1 i1+“'+ip71:k il, o ,Z.p71
1 1p71 S A 4]
></O A H{[xjpzf 1(1x]~)_5] [( j+1 — )<fo>] }dxl'“dxp_l
. Jo g
T 1

< k )
4ty =k \7eeslp=1

|
—
e NS
SN—"
—_
o
aQ
>
1
7
oy
7N
A~
N
= ~.
| =
~__
| I
\
—
—
NI
SN—"
gk
—
I
—_
S—
~

provided that the infinite sum converges.
Hence, the required.

4.7. Proof for Section 2.6

The corresponding KLD can be expressed as

a p
KLD = 10g(b bZ) + ) (b —ag)E(Xy)
=1

p+1)E{log[1 +exp( Xq) + - +exp(—bpXp)]}
p+1) E{log +exp(—a1Xy) + -+ + exp(—apX,
)

+ (

—( 1

g(;: ) (p+1) E{log[ +exp(=b1Xq) + - +exp(—byX,) ]}
— (p+1)E{log[1

+exp(—mXy) + - +exp(—apXp) ]|} (11)
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since the expectations are zero. Using the Taylor expansion for log(1 + z), the first expecta-
tion in (11) can be expressed as

E{ lexp(—b1X1) + -+ exp(—bpxp)}k}

k ( ' )E[eXp(hlel — o —ipbyXp)]
k=1 l'1+“-+ip:k 1,44y lp
b

B £
k:zi k i1+-~§ip:k (ilf : '1P> I a ]; %)

where the last step follows by Lemma 1 provided that Z;’:l l’a—]’ < 1 and the infinite series
converges. The second expectation in (11) can be expressed as

DC }
a=0

0
play - -ap /Rp{ F [1+4exp(—arx1) + - +exp(—apx,)]
exp(—axy — - - — apxp)dxy - - - dxp
[1+exp(—ajxy) +---+ eXP(—“pxp)]pH

J exp(—axy — -+ — apxp)
BRI / dx: -+ -dx
p-ai Paa{ R? [1+exp(_’11x1)+"'+€Xp(—apxp)]p+l_"‘ 1 P

a=0
=Pp

a=0
—T(p+1)I'(1)
p!

, 0 r(1—a)
Ou F(p—l—l—tx)}
F/(p—l—l)

4

where the penultimate step is followed by Lemma 1. Hence, the required.

4.8. Proof for Section 2.7

The corresponding KLD can be expressed as

KLD = log[gzgpgi } + 2 ce —ap)E(Xy)

+ (d + p)E{log[1 +exp(—c1X1) + - +exp(—cpXp)] }
— (b+ p)E{log[1 + exp(—a1 Xq) + - - - + exp(—a,X,) ] }
= log[gzgpz v } (d+ p)E{log[1+exp(—c1X1) + - - + exp(—cpXp)] }
— (b+p)E{log[1+exp(—a1Xq) + - +exp(—apXp)] } (12)

since the expectations are zero. Using the Taylor expansion for log(1 + z), the first expecta-
tion in (12) can be expressed as

o (_ 1)k
3! k1> E{ [exp(—c1X1) + - +exp(—cX;)]}
(

k ’ ‘
k )3 ( . )E[exp(—zlchl — iy X))
iy etip=k \7eoslp

RSN k br(atic v
- r(b)k; k il+..§p:k(i1,..,,ip>qu< o )]F<b X;aj>,

j=1
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where the last step follows by Lemma 1 provided that 2;7:1 % < b and the infinite series

converges. The second expectation in (12) can be expressed as

' }
a=0

(b)pay - - - ap /Rp{ % [1+exp(—ax1) + -+ exp(—apxp)]

exp(—a1xy — -+ —apxp)dxy - - - dxyp
[1+exp(—mxr) + -+ exp(—apxy) """
— (b)pul"'ﬂpaa{/ exp(—alxl—u-—apxp) ber,xdxl.”dxp}
& /R [14exp(—a1x1) + - - +exp(—apxp)] 0
] I'(b—a)
=3 ITosr—0)
o [T(b+p—a)l|,—o
_TOC(b+p) T+ (b)
T(b)T(b+p) '
where the penultimate step is followed by Lemma 1. Hence, the required.
4.9. Proof for Section 2.7
The corresponding KLD can be expressed as
N TRERY c,ai,...,a
KLD = log 1 pBp(c m p)
Vb1 bpPp(d, by, ..., by)
1P
+5 Z{(bi - al-)E<Xi2)
i=
—|—1db---b ca,)E(X%.. X2 13
5( 1+ by —cay---ap) ( 1 p)' (13)
Using results in [8], we can calculate (13) as the required.
4.10. Proof for Section 2.9
The corresponding KLD can be expressed as
r(§+a+b-1)r(r(§+d-1) K
KLD = log + (b—d)E |log| }_ X7
r@r(5+o-1)r(5+c+d-1) =
K
+ (a—c)E [log (1 -y Xf) ) (14)
i=1

It is easy to show that

E[log(iX%) _lp<12<+b—1> —¢<12<+a+b—1)
i=1

E [log (1 - é X%)

so (14) reduces to the required.

and

— (o) -~y (5 +aro-1),
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4.11. Proof for Section 2.10

The corresponding KLD can be expressed as

P
KLD = log [%} +(a—d)E [log (]1 Xl->

cate-efos( T (-%))|

1<i<j<p

—e)E [log (ﬁ

i=1

Easy calculations show that

)

s Gar s,

4

=0
A& x\] - 2 [ Clabe
Ell g(E(l Xl)) o [C(a,bJra/C)} =0
and
x))] = 2[ Claba
Ellog<l<g<p(xl XJ)> aa[C(a,b,C-HX)] a=0

s0 (7) reduces to the required.

4.12. Proof for Section 2.11

The corresponding KLD can be expressed as

V)

o (E0))]
g

[log{1 —exp[—apq min(Xy,...,X;,)] }]
[

— E[log{1 — exp[—bp1 min(Xy,..., X,)] }].

Using the series expansion for log(1 + z), we can express (16) as

p p
bpi1 (Z ﬂz‘) <H ﬂz‘) .
KLD = log S i)

(2 i)

~ i E{exp[—kﬂpﬂ min(Xl, - '/XP)] }

k=1 k
N © E{exp[—kbpiqmin(Xy,...,X;,)]}
. )
k=1

Hence, the required.

(1 Xi))

(15)

(16)
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4.13. Proof for Section 2.12
The corresponding KLD can be expressed as
21y (k2) ] . .
KLD = log | —— 2 + (ran] —apd ) E(X)
K2 IE 1 (Kl)
L2 _
. :
k2 Ip_q(x2)
= log 1371 12 1) + (KllllT —KZFE)P’P
kg Th-1W
Hence, the required.
4.14. Proof for Section 3.1
The corresponding KLD can be expressed as
o) c+d—a—bB c,d
KLD:log[ | B, (a b)p( ) + (a — c)E[log|Q — X|] + (b — d)E[log|X]]. (17)
p ’

The expectations in (17) can be calculated as

_pfl P* a
o) plo Nt _ 0 [|0"By(a+a,b)
Eflog|Q — X|] = aa{/ |Q|a+be(a,b) dx =5 B,(a,1)
=0

=0
and
+1 1
3 | 10— Xt 3 [ 101By(a,a +b)
ElloglX|] = -~ / e =5\ Bab :
QF*B, (a,b) . (@, -
Hence, the required.
4.15. Proof for Section 3.2
The corresponding KLD can be expressed as
B (bl,...,bn,‘b,ﬁq) n
KLD = log| " + (ap41 — bpy1)E |log|L, — Y X;
& Bp({l1,...,b‘ln,'ﬂn+1) (n+1 n+1) &% lzzl '
+ Z E[log|X;|]- (18)

It is easy to show that

d By(ay,...,a;+u,... 408,41)
Ellog|X] = o 1t L
w Bp(ay,..., @i, 40;8041) |,
and
1 9 By(ay,...,an; 0,41 + &)
E|log|l, — Y_X; ZEPB(a e ,
i1 p 1,...,an,an+1) =0

so (18) reduces to the required.
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4.16. Proof for Section 3.3
The corresponding KLD can be expressed as
dPeT,(c) |, |-
= AT Ty - —= X
KLD log[bl’”l"p(u) |Zl|“] + (a — ¢)E[log|X]|] + tr [ bzl E(X)
1.
—tr [—dzzlE(X)]. (19)
The first expectation in (19) can be calculated as
‘El|_ﬂ J {/ ata-23t { ( |- )}}
Ellog|X|] = = =— X T exp|tr [ =X X
R LU TCRN)
rp(a) ow a=0
Since E(X) = 2aXi, the second and third terms in (19) are equal to
1.4 2ap
and
tr [—;zzlE(X)} = tr {—2;22121},
respectively. Hence, the required.
4.17. Proof for Section 3.4
The corresponding KLD can be expressed as
B (d, 6) oF (d,f,d +e; —B)
p
= —d)E[log|X b—e)E|log|l, — X
KLD =tog| 2 i et (o~ dEDogiX) + (0~ E gt - X]
+ (f — ¢)E[log|I, + BX|]. (20)
The expectations in (20) can be easily calculated as
o By(a+a,b)Fi(a+a,c;a+b+a;—B)
EllogXl] = 5 =g o o) o Fy(a,cia + b —B ’
p\&, 2k (a,c;a+0; ) a=0
0 Bp(a,b+a)qF(a,c;at+b+a;—B)
Eflog|ty —X]] = on B,(a,b) 2Fi(a,c;a + b; —B) 0
and
. 0 zFl(ﬂ,C — Ui;ﬂ—Fb}—B)
E[log|1, + BX|] = 38 Sh(acath-B) | g
Hence, the required.
4.18. Proof for Section 3.5
The corresponding KLD can be expressed as
Q" By(c,d)
KLD =log|——=—F——~—=| +(c+d—a—Db)E[log|Q+X|] + (b —d)E[log|X|]. (21)

By(a,b)
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KLD = log

The expectations in (21) can be calculated as

Elogia+x)) = 2] [l a{urwﬁﬂ—%”}
on || "By (a,b) o ou By(a,b) o
and
—a— _pHl
Elloglx|] — 24 [1x I 8 [I0fB e —aath)
o Q] B, (a,0) T B,(a,b) .
K=

Hence, the required.

4.19. Proof for Section 3.6

The corresponding KLD can be expressed as

KLD = log[m Elm + (c —a)E[log|X|] + %tr [ZZE(X*)]
- %tr [zlE(x*)]. 22)

The first expectation in (22) can be calculated as

" 9 _g_pit 1
E[log|X|] = b“|Pl"1p|(a) a“{/xr" T exp {tr (—bzlxﬂ}

19 |[E] Ty(a—a)
" Tp(a) o bre

a=0

a=0

Since E (X‘l) = 2a%; ! the second and third terms in (22) are equal to
tr [BE(X )| =20 tr [Eox7]
and
tr [21E<X*1)} = 2ap,
respectively. Hence, the required.

4.20. Proof for Section 3.7
The corresponding KLD can be expressed as

By(c,d) 1Fi(c;c+d; —By)
Bp(a, b) 1F (ﬂ,&l +b; —Bl)
T tr [(By — By)E(X)]. 23)

] + (a — c)E[log|X|] 4 (b — d)E[log|I, — X|]

The expectations in (23) can be easily calculated as

Ellog|X[] = 0 Bp(a+ab) Fi(a+a;atb+a;—By)

g Y Bp(a,b) 1Fi(a;a+b; —Bq) (X:O,
0 By(a,b+a) Fi(a;a+b+a;—By)

Elloglt, =X|] = 5 By(a,b) 1Fy(a;a+b;—By) | _,
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and

E(X) = 0 1F(4a+b;z—By)
o 0z 1F1(£l,'01+b;—B1) Z:O'

Hence, the required.

4.21. Proof for Section 3.8

The corresponding KLD can be expressed as
T'p(c) ¥1 (c;c —d+ pTH;Bz)
Tp(a) ¥y (a;a -b+ LH;Bl)

+tr [(Bo — B1)E(X)]. (24)

KLD = log + (a — ¢)E[log|X|] + (d — b)E[log|1, + X|]

The expectations in (24) can be easily calculated as

l"p(a—i-oc)‘I’l(a—i-oc;a—b—i-oc—i-p—H;Bl)

I“p(a) Y, (a;a —b+ pTH;Bl)

0
EllogX|) = =

a=0

1
9 ‘I’1<a;a—b+tx—|—&;B1>
E[log|T, + X|] = Y ¥, (a;a—b—i—pTH;Bl)

«=0
and

9 ‘I’l(a;a—b+ p—H;Bl —z)
iz g, (a,-a—b+ ”T“;Bl>

E(X) =
z=0

Hence, the required.

4.22. Proof for Section 3.9
The corresponding KLD can be expressed as

n 4
2 2
KLD = log ['“'Uz' 2B [V (X M) Uy (X - My}
V1|2 |Uq]2
1 -1 Tyi-1
—EE{tr {Vl X-Mmy)TU; (X—Ml)”. (25)

The second expectation in (25) can be expressed as
tr { Vi E[(X=Mp) (X = M) [ U1} = b (Uy) (U7,
The first expectation in (25) can be expressed as
o { V5[ (X = My)T (X - Mo) [ U3 !
—tr [Vz—lE (xTx ~XTM, - MIX + MZTMZ)Ugl}
—tr {V;1 [E (XTX) _E (XTMZ) —E (MZTX) + M{Mz} Uy }
= tr (U) tr (V; ViU 1) o (Vo IMTMOGS ) — b (V3 IMTML U )

—tr (VIMIMIU; ) e (V5 IMEMOU ).



Entropy 2024, 26, 663 27 of 29

Hence, the required.

4.23. Proof for Section 3.10
The corresponding KLD can be expressed as

KLD — log{gggi] T (a—b)E[log|X|1{0, < X < B}]

+ (a—b)E[log|l, — X|I{B < X < I, }]
+(0-a) 8] % 1oglBB, (o 21
+1

e 4
+(b—a)|l, —B| 2 log|Ip—B|Bp(2,a>. (26)

The expectations in (26) can be easily calculated as

— J vc-&-p—ﬂ P+1
E[log|X|I{0p<X§BH—a(X{|B 2Bp<u+0c, > >}

a=0

and

Eflog|l, = X|I{B < X <I,}] = £{|IP—B|“+TBP<FI—2'—1,6I+(X)}

Hence, the required.
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Appendix A. Special Functions

The following special functions are used in the paper: the gamma function defined by

I'(a) = / "L exp(—t)dt
0
for a > 0; the digamma function is defined by

p(a) = dlog{f(u)

for a > 0; the beta function is defined by
1
B(a,b) = / 11— )bl
0
fora > 0 and b > 0; the type I Dirichlet density is defined by

n apy1—1
B(al,...,an;anﬂ) :/ t?il"'tz’qil (1—21’1‘) dt]~~~di’n
i=1

0<ty+---+t,<1
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References

for aj>0,j=12,... ,k + 1; the modified Bessel function of the first kind of order v
defined by

Z m ( )2k+v

fork+v+1#0,—1,-2,...; the matrix-variate gamma function is defined by
_ p+1
Fyp(a) = X" 7 expl—tr (x)]dx

for x a p x p positive definite matrix and a > 21 the matrix-variate beta function is
defined by

By(a, B) = /|Ip—x| &3 \x|[3 & dx
forxa p X p positive definite matrix, I, — x a p X p positive definite matrix, & > 21 and

B> T, the matrix-variate type I Dirichlet density is defined by

Apy1—P

Bp(ay, ..., an;an41) = /|X1|ﬂ1_p X[ dxq - - - dxy

n
Ip — Z X
i=1

forx;,i=1,2,...,nand I, — Y. 1 x; being p x p positive definite matrices, and aj > prl,

j=1,2,...,n+1; the matrix-variate confluent hypergeometric function is defined by

1F1abX ZZZ )

for X a p x p positive definite matrix and provided that I',(«) and I',(B) exist; the matrix-
variate Gauss hypergeometric function is defined by

zFlach ZZ Z) Il

for X a p x p positive definite matrix and provided that I',(a), I'y(b) and T'(c) exist, where
C«(X) denotes the zonal polynomial of the p x p symmetric matrix X corresponding to
the ordered partition x = (kq,..., k) withky > --- >k, > 0and k1 +--- +k, = k, ¥,
denotes summation over all such partitions «, and

where (a)g =1and (a)y =a(a+1) - (a+k—1).

1. Kullback, S.; Leibler, R.A. On information and sufficiency. Ann. Math. Stat. 1951, 22, 79-86. [CrossRef]

2. Bishop, C.M. Pattern Recognition and Machine Learning; Springer: Cham, Switzerland, 2006.

3. Bouhlel, N; Dziri, A. Kullback-Leibler divergence between multivariate generalized gaussian distributions. IEEE Signal Process.
Lett. 2019, 26, 1021-1025. [CrossRef]

4. Bouhlel, N.; Rousseau, D. A generic formula and some special cases for the Kullback-Leibler divergence between central
multivariate Cauchy distributions. Entropy 2022, 24, 838. [CrossRef] [PubMed]

5. Bouhlel, N.; Rousseau, D. Exact Rényi and Kullback-Leibler divergences between multivariate {-distributions. IEEE Signal Process.
Lett. 2023, 30, 1672-1676. [CrossRef]

6. Malik, H.J.; Abraham, B. Multivariate logistic distributions. Ann. Stat. 1973, 1, 588-590. [CrossRef]


http://doi.org/10.1214/aoms/1177729694
http://dx.doi.org/10.1109/LSP.2019.2915000
http://dx.doi.org/10.3390/e24060838
http://www.ncbi.nlm.nih.gov/pubmed/35741558
http://dx.doi.org/10.1109/LSP.2023.3324594
http://dx.doi.org/10.1214/aos/1176342430

Entropy 2024, 26, 663 29 of 29

10.
11.

12.

13.
14.

15.

16.
17.
18.
19.

Satterthwaite, S.P.; Hutchinson, T.P. A generalization of Gumbel’s bivariate logistic distribution. Metrika 1978, 25, 163-170.
[CrossRef]

Sarabia, ].-M. The centered normal conditional distributions. Commun. Stat.-Theory Methods 1995, 24, 2889-2900. [CrossRef]
Penny, W.D. Kullback-Liebler Divergences of Normal, Gamma, Dirichlet and Wishart Densities; Wellcome Department of Cognitive
Neurology: London, UK, 2001.

Kotz, S.; Balakrishnan, N.; Johnson, N.L. Continuous Multivariate Distributions; John Wiley and Sons: New York, NY, USA, 2000.
Nagar, D.K.; Bedoya-Valencia, D.; Nadarajah, S. Multivariate generalization of the Gauss hypergeometric distribution. Hacet. J.
Math. Stat. 2015, 44, 933-948. [CrossRef]

Kotz, S. Multivariate distributions at a cross-road. In Statistical Distributions in Scientific Work; Patil, G.P,, Kotz, S., Ord, ].K,, Eds.;
D. Reidel Publishing Company: Dordrecht, The Netherlands, 1975; Volume 1, pp. 247-270.

Pham-Gia, T. The multivariate Selberg beta distribution and applications. Statistics 2009, 43, 65-79. [CrossRef]

Al-Mutairi, D.K.; Ghitany, M.E.; Kundu, D. A new bivariate distribution with weighted exponential marginals and its multivariate
generalization. Stat. Pap. 2011, 52, 921-936. [CrossRef]

Dawid, A.P. Some matrix-variate distribution theory: Notational considerations and a Bayesian application. Biometrika 1981, 68,
265-274. [CrossRef]

Gupta, A K; Nagar, D.K. Matrix-variate Gauss hypergeometric distribution. J. Aust. Math. Soc. 2012, 92, 335-355. [CrossRef]
Nagar, D.K.; Gupta, A K. Matrix-variate Kummer-beta distribution. J. Aust. Math. Soc. 2002, 73, 11-25. [CrossRef]

Nagar, D.K.; Cardeno, L. Matrix variate Kummer-gamma distribution. Random Oper. Stoch. Equ. 2001, 9, 207-218.

Zinodiny, S.; Nadarajah, S. Matrix variate two-sided power distribution. Methodol. Comput. Appl. Probab. 2022, 24, 179-194.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/BF02204361
http://dx.doi.org/10.1080/03610929508831657
http://dx.doi.org/10.15672/HJMS.2014277478
http://dx.doi.org/10.1080/02331880802185372
http://dx.doi.org/10.1007/s00362-009-0300-2
http://dx.doi.org/10.1093/biomet/68.1.265
http://dx.doi.org/10.1017/S1446788712000353
http://dx.doi.org/10.1017/S1446788700008442
http://dx.doi.org/10.1007/s11009-020-09845-3

	Introduction
	Exact Expressions for Multivariate Distributions
	Dirichlet Distribution
	Multivariate Generalized Gaussian Distribution (ketal2000, p. 215)
	Inverted Dirichlet Distribution
	Multivariate Gauss Hypergeometric Distribution netal2015
	Multivariate Kotz Type Distribution k1975
	Multivariate Logistic Distribution ma1973
	Multivariate Logistic Distribution sh1978
	Sarabia s1995's Multivariate Normal Distribution
	Multivariate Pearson Type II Distribution
	Multivariate Selberg Beta Distribution p2009
	Multivariate Weighted Exponential Distribution aetal2011
	Von Mises Distribution

	Exact Expressions for Matrix-Variate Distributions
	Matrix-Variate Beta Distribution d1981
	Matrix-Variate Dirichlet Distribution
	Matrix-Variate Gamma Distribution
	Matrix-Variate Gauss Hypergeometric Distribution gn2012
	Matrix-Variate Inverse Beta Distribution
	Matrix-Variate Inverse Gamma Distribution
	Matrix-Variate Kummer Beta Distribution ng2002
	Matrix-Variate Kummer Gamma Distribution nc2001
	Matrix-Variate Normal Distribution
	Matrix-Variate Two-Sided Power Distribution zn2022

	Proofs
	A Technical Lemma
	Proof for Section 2.1
	Proof for Section 2.2
	Proof for Section 2.3
	Proof for Section 2.4
	Proof for Section 2.5
	Proof for Section 2.6
	Proof for Section 2.7
	Proof for Section 2.7
	Proof for Section 2.9
	Proof for Section 2.10
	Proof for Section 2.11
	Proof for Section 2.12
	Proof for Section 3.1 
	Proof for Section 3.2
	Proof for Section 3.3
	Proof for Section 3.4
	Proof for Section 3.5
	Proof for Section 3.6
	Proof for Section 3.7
	Proof for Section 3.8
	Proof for Section 3.9
	Proof for Section 3.10

	Appendix A
	References

