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Abstract: A new effective dipole moment model for the XY2 (C2v−symmetry) molecule in a doublet
electronic state is derived that includes (as special cases) all currently known models of effective
dipole moments for such types of molecules, and allows us to take into account the influence of
spin–rotation interactions on the effective dipole moment operator that were not considered in the
preceding studies. Necessary for the analysis of absolute line strengths, the matrix elements of this
dipole moment operator are derived. A comparison with the previous analog models is made and
discussed. The efficiency of the obtained results is illustrated, which have been applied to a set of the
“forbidden” ∆Ka = 2 transitions of the ν3 band of the OClO free radical molecule.

Keywords: asymmetric top molecules in non-singlet electronic states; spin–rotation interactions;
absolute line strengths; effective dipole moment operator

1. Introduction

The problem of the best possible description of absolute strengths of molecular quan-
tum transitions is one of the most important problems of physical chemistry because of
numerous applications in chemical physics itself (e.g., in the determination of an intramolec-
ular multi-dimensional dipole moment supersurface, unimolecular reaction rate theory,
fundamental biomolecular reaction dynamics, etc.) as well as in a number of applied prob-
lems of the earth–atmosphere, planetology, astrophysics and astrochemistry, industry, etc.
This problem was discussed in the literature many times for different types of molecules
(see, e.g., Refs. [1–5]). In the present case, one of the most difficult problems to solve is
associated with the so-called asymmetric top molecules; Refs. [6–8]. As an illustration, we
mention here the basic study by Flaud and Camy-Peyret [1] where correct effective dipole
moment operators for different types of ro-vibrational bands of the XY2 (C2v-symmetry)
molecule and their corresponding matrix elements on the ro-vibrational wave functions
have been derived. The general results of that study were successfully used by many
authors for the analysis of different XY2 (C2v) molecules, and also for more complicated
asymmetric top molecules (not having the possibility to refer here to all these studies, we
mention only a few of them—refs. [9–13]—which have been fulfilled by the authors of this
paper during recent years).

It should be noted that the basic paper [1] and the further above mentioned studies
are dealing with asymmetric top molecules in singlet electronic states. However, even the
simplest from the asymmetric top molecules (namely, the XY2 one with (C2v-symmetry)
ones) can be presented in nature not only in a singlet state but also in multiplet electronic
states as well (the NO2 and ClO2 free radical molecules in the X2B1 electronic ground state
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can be mentioned, for example). The theory and the matrix elements being necessary for
calculations of effective dipole moment operators for such molecules differ considerably
in some aspects from the basic results of Ref. [1]. The corresponding theory and results
for such molecules have been presented in the literature beginning from the eighties of
the twentieth century (see, Refs. [14–17]). However, up to now, not all crucial effects and
interactions are completely and correctly taken into account and described. Namely, it is
evident that not only pure rotational centrifugal effects but also centrifugal effects that
are caused by the spin–rotation interactions should be taken into account. In particular,
it is clear (see, e.g., [18–33] and our recent studies [34–36] where the higher order spin–
rotational effects were taken into account) that influences of both the pure rotational and
spin–rotational centrifugal effects on the spin–ro-vibrational structure of the discussed
type of molecules are comparable in size. Furthemore, related to the absolute strengths
of spin–ro-vibrational transitions, up to now, the influence of spin–rotational interactions
on the absolute transition strengths have been taken into account only via wave functions,
which are eigen functions of the effective Hamiltonian of the considered vibrational band.
The dependence of the effective dipole moment operator on the spin–rotational centrifugal
effects has never been considered despite the obvious fact that neglect of similar effects in
the effective Hamiltonian leads to an increase in the error by several tens of times. In the
present study, we intend to fill this gap and derive an effective dipole moment operator
of the XY2 (C2v) molecule in a doublet electronic state, taking into account its dependence
on the spin–rotational centrifugal effects also. To make the discussion more clear for the
reader, we consider the problem of obtaining the effective dipole moment operator and
the determination of its matrix elements for the pure rotational problem in Section 2 as
a starting point. The main ideas and steps of discussion in Section 2 are then used in
Sections 3 and 4 for the analogous analysis of an effective dipole moment operator and
absolute line intensities for the ro-vibrational problem (without spin–rotational interactions;
Section 3). This is followed by the discussion of a model that takes into account the
presence of spin–rotational interactions in the wave functions, but omits both rotational
and spin–rotational effects in the effective dipole moment (Section 4). Finally, Section 5
presents results that are produced by the complete consideration of both pure rotational
and spin–rotational centrifugal distortion effects in the wave functions and in the effective
dipole moment operator.

2. Absolute Intensity of an Isolated Line of the XY2 (C2v) Molecule in a Singlet
Electronic State: Rotational Transitions

It is well known that (in the absence of an external field) the strength of transition
from the quantum state |ψi〉 to the quantum states |ψ f 〉 is obtained as [1,14]:

SN
ν0
=

8π3ν0

4πε03hc

[
1− exp

(
−hcν0

kBT

)]
gi

Z(T)
exp

(
− Ei

kBT

)
R

f
i , (1)

where [37,38]

R
f
i = ∑

A
|〈ψi|PA|ψ f 〉|2. (2)

In Equations (1) and (2), |ψi〉 and |ψ f 〉 are wavefunctions of the lower and upper states
of a molecule; ν̃0 = (E f − Ei)/hc; Ei and E f are the upper and the lower ro-vibrational
energies of the transition; gi and Z(T) are the degeneracy due to the nuclear spin of the
lower |ψi〉 state and the partition function, which depends on the temperature T; the
operators PA (A = X, Y or Z) are the three components of the dipole moment of a molecule
in the space-fixed coordinate system (SFS)—see, e.g., [37,38]—and, being dependent in the
general case on the instantaneous distances between the nuclei, they can be written as:

PA = ∑
α

kAα

(
µe

α + ∑
λ

µλ
α qλ + ∑

λ,ν≥λ

µλν
α qλqν + . . .

)
. (3)
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Here, kAα are elements of the direction cosines matrix [39]; µe
α are the components of

the permanent (equilibrium) dipole moment of a molecule in the molecule-fixed coordinate
system (MFS); qλ/qν are vibrational normal dimensionless coordinates [7,8] of a molecule;
and µλ

α , µλν
α , . . . are the parameters that describe the dependence of the dipole moment

components µα in the MFS on the normal vibrational coordinates (in the first step of
discussion in this section, we will take into account the first term only in Equation (3) and
consider rotational transitions only).

All the values in Equation (1) are usually known, and the only problem is the determi-
nation of the matrix elements, Equation (2). In this case, it is necessary to note that the |ψi〉
and/or |ψ f 〉 states can be nondegenerate and/or degenerate. In the second case, the R

f
i

value should be changed by

R
f
i = ∑

αβ
∑
A
|〈ψα

i |PA|ψ
β
f 〉|

2, (4)

where indexes α and β numerate sets of degenerate states. Because we speak here about
transitions between rotational states only, it is suitable to use the functions |ψi〉 and |ψ f 〉
in the form of superpositions of the known |Jkm〉 functions (see [39–42]), which are trans-
formed in accordance with the D(J) irreducible representation of the SO(3) symmetry

group, and to use the equations R
( J̃ k̃)
(Jk) :

R
( J̃ k̃)
(Jk) = ∑

mm̃
∑
A
|〈Jkm|PA| J̃ k̃ m̃〉|2 (5)

instead of R
f
i ; Equation (4).

Let us consider now the matrix element 〈Jkm|PZ| J̃ k̃ m̃〉 (A = Z) in Equation (5) and
take into account that the three components PX , PY and PZ, of the dipole moment operator
P (remember that only the first terms in Equation (3) are taken into account in this section)
can be expressed (see, e.g., [40]) in the form of three components of the irreducible first
rank tensor P(1)

S S = 0,±1:

P(1)
0 = PZ, and P(1)

±1 = ∓ 1√
2
(PX ∓ iPY). (6)

In accordance with the known formulas of the irreducible tensorial sets theory [39,41,42],
one can write:

〈Jkm|PZ| J̃ k̃ m̃〉 = 〈Jkm|P(1)
0 | J̃ k̃ m̃〉 = (2J + 1)−1/2C Jm

J̃m̃,10
< Jk ‖ P(1) ‖ J̃ k̃ >

≡ (2J + 1)−1/2C Jm
J̃m̃,10

< Jk|PZ| J̃ k̃ > (7)

and

〈Jkm|PX | J̃ k̃ m̃〉 =
1√
2
〈Jkm|

(
P(1)
−1 − P(1)

1

)
| J̃ k̃ m̃〉

=
1√

2(2J + 1)

{
C Jm

J̃m̃,1−1
− C Jm

J̃m̃,11

}
< Jk|PZ| J̃ k̃ >, (8)

〈Jkm|PY| J̃ k̃ m̃〉 = − i√
2
〈Jkm|

(
P(1)
−1 + P(1)

1

)
| J̃ k̃ m̃〉

= − i√
2(2J + 1)

{
C Jm

J̃m̃,1−1
+ C Jm

J̃m̃,11

}
< Jk|PZ| J̃ k̃ > . (9)
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If one now uses Equations (7)–(9) in Equation (5) and takes into account [39]:

∑
mm̃

∑
S

C Jm
J̃m̃,1S

C Jm
J̃m̃,1S

= (2J + 1), (10)

then it is not difficult to show that

R
( J̃ k̃)
(Jk) = |〈Jk|PZ| J̃ k̃〉|2, (11)

or

R
( J̃ k̃)
(Jk) = |〈Jk|∑

α

kZα| J̃ k̃〉|2, (12)

and the nonzero matrix elements are [43]:

< Jk | kZz | Jk >= k
{
(2J + 1)
J(J + 1)

}1/2

, (13)

< Jk | kZx | Jk± 1 >= ± < Jk | ikZy | Jk± 1 >

=
1
2

{
(2J + 1)(J ∓ k)(J ± k + 1)

J(J + 1)

}1/2

; (14)

< Jk | kZz | J + 1k >=

{
(J + k + 1)(J − k + 1)

(J + 1)

}1/2

, (15)

< Jk | kZx | J + 1k± 1 >= ± < Jk | ikZy | J + 1k± 1 >

= ∓1
2

{
(J ± k + 1)(J ± k + 2)

(J + 1)

}1/2

; (16)

< Jk | kZz | J − 1k >=

{
(J + k)(J − k)

J

}1/2

, (17)

< Jk | kZx | J − 1k± 1 >= ± < Jk | ikZy | J − 1k± 1 >

= ±1
2

{
(J ∓ k)(J ∓ k− 1)

J

}1/2

. (18)

3. Absolute Intensity of an Isolated Line of the XY2 (C2v) Molecule in a Singlet
Electronic State: Ro-Vibrational Transitions

Let us consider now the physically more correct model with the dipole moment
operators PA, which has the whole form of Equation (3), and remember some information
from the general effective Hamiltonian theory [7,8,44]. Let us also assume that we want to
solve the Schrödinger equation

H|ψi〉 = Ei|ψi〉 (19)

with a rotation–vibration Hamiltonian H (see, e.g., [7,8]), and are not interested in a full set
of eigenvalues of the Hamiltonian H, but only in a subset of ro-vibrational states |v, R(Jk)〉,
which are connected with a separate vibrational state (v). In this case, in accordance
with the “effective Hamiltonian theory”, it is suitable to change Equation (19) (which,
in the general case, is a very complicated problem, if at all possible in principle) by the
Schrödinger equation

H̃ | v′, Ri(Jk)〉 = δvv′E
(v)
Ri(JK) | v, Ri(Jk)〉 = δvv′E

(v)
Ri(Jk) | v〉 | Ri(Jk)〉, (20)
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whose set of Eigen ro-vibrational energies E(v)
Ri(Jk) totally coincides with a corresponding

subset of eigenvalues of Equation (19); the | v〉 and | Ri(Jk)〉 in Equation (20) are pure
vibrational and rotational functions (the latter depend on quantum numbers J and k of the
MFS). Such an operator H̃, which is usually presented in the form of

H̃ = G+HG (21)

(G is a unitary ro-vibration operator) is called an “effective rotational operator” of the (v)
vibrational state of a molecule (see details, e.g., in [7,8,44]). Here, evidently, the | v, Ri(Jk)〉
functions from Equation (20) are connected with the corresponding | ψi〉 functions from
Equation (19) as

| ψi〉 = G | v, Ri(Jk)〉. (22)

Let us take into account that the rotational parts | Ri(Jk)〉 of the eigen functions
| v〉 | Ri(Jk)〉 of the effective operator H̃ can be, evidently, presented in the form of
superpositions of the functions | Jk′〉, which are presented in Equation (11):

| Ri(Jk)〉 = ∑
k̃

Bi
Jk̃
| Jk̃〉. (23)

To construct new functions, now

| Ri(Jkm)〉 = ∑
k′

Bi
Jk′ | Jk′m〉, (24)

use the latter in Equation (2), and make the transformation analogous to the transforma-
tions from Section 2; then, it is not difficult to obtain the following form analogous to
Equation (11), but, already for a ro-vibrational transition,

R
(ṽ, R̃j( J̃ k̃))
(v, Ri(Jk)) =| 〈v, Ri(Jk) |

{
G+PZG

}
| ṽ, R̃j( J̃ k̃)〉 |2 . (25)

In turn, taking into account that ∑v | v〉〈v |= 1, the operator G+PZG in Equation (25)
can be re-written as

G+PZG = ∑
v′ ṽ′
| v′〉

(
〈v′ | G+PZG | ṽ′〉

)
〈ṽ′ | . (26)

The pure rotational operator (v′−ṽ′)PZ = 〈v′ | G+PZG | ṽ′〉 is usually called an
“effective dipole moment” operator for the (ν̃− ν) band. Because, for the XY2 (C2v) molecule,
the symmetry of vibrational functions | v〉 can be A1 or B1, only two types of the “effective
dipole moment” operators can be realized, namely (v′−ṽ′)PA2

Z for the parallel bands and
(v′−ṽ′)PB2

Z for the perpendicular bands. In both cases, from the general point of view (see,
e.g., [8]), the ”effective dipole moment“ operator can be written as:

(v−ṽ)P
γ
Z =

1
2

{
∑
α

kΓ
Zα,

∞

∑
p+q+r=0

µ
(v−ṽ)
pqr

(
Jp
x Jq

y Jr
z + Jr

z Jq
y Jp

x

)Γ̃
}γ

+

, (27)

where we use the operator (v−ṽ)P
γ
Z in the form of an anticommutator because of the

requirement of its hermiticity; and the values µ
(v−ṽ)
pqr are of different orders of the values of

effective dipole moment parameters. First- and second-order µ
(v−ṽ)
pqr parameters both for

the parallel and perpendicular bands have been presented in [1], and, for the convenience
of the reader, we simply reproduce results from [1] in Tables 1 and 2.
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Table 1. Operators and matrix elements for the perpendicular band (∆k = ±1) (reproduced from
Ref. [1]).

j v Aj n < JK|v Aj|J + ∆J K + n∆K >; ∆K = ±1

1 ϕx 1 < JK|ϕx|J + ∆J K + ∆K > ∆J = 0,±1

2 {ϕx, J2} 1 [J(J + 1) + (J + ∆J)(J + ∆J + 1)] < JK|ϕx|J + ∆J K + ∆K > ∆J = 0,±1

3 {ϕx, J2
z } 1 [K2 + (K + ∆K)2] < JK|ϕx|J + ∆J K + ∆K > ∆J = 0,±1

4 {iϕy, Jz} 1 (1 + 2K∆K) < JK|ϕx|J + ∆J K + ∆K > ∆J = 0,±1

5 {ϕz, i Jy} 1 (1 + 2K∆K) < JK|ϕx|J K + ∆K > ∆J = 0
(1 + 2K∆K− 2m) < JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

6 {ϕz, Jx Jz + Jz Jx} 1 (1 + 2K∆K)2 < JK|ϕx|J K + ∆K > ∆J = 0
(1 + 2K∆K)(1 + 2K∆K− 2m) < JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

7 1
2

[
{ϕx, J2

xy} − {iϕy, i(Jx Jy + Jy Jx)}
]

1 [J(J + 1)− K∆K− K2 − 1] < JK|ϕx|J K + ∆K > ∆J = 0

−[m(m− 1)− (2m− 1)K∆K + K2 + 1] < JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

1
2

[
{ϕx, J2

xy}+ {iϕy, i(Jx Jy + Jy Jx)}
]

[(J − K∆K− 1)(J − K∆K− 2)(J + K∆K + 2)(J + K∆K + 3)]1/2

8 3 < JK|ϕx|J K + ∆K > ∆J = 0
[(m− K∆K− 1)(m− K∆K− 2)(m + K∆K + 2)(m + K∆K + 3)]1/2

< JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

Table 2. Operators and matrix elements for the parallel band (∆k = 0) (reproduced from Ref. [1]).

j v Aj n < JK|v Aj|J + ∆J K + n∆K >; ∆K = ±1

1 ϕz 0 < JK|ϕz|J + ∆J K > ∆J = 0,±1

2 {ϕz, J2} 0 [J(J + 1) + (J + ∆J)(J + ∆J + 1)] < JK|ϕz|J + ∆J K > ∆J = 0,±1

3 {ϕz, J2
z } 0 2K2 < JK|ϕz|J + ∆J K > ∆J = 0,±1

4 1
2
[
{ϕx, i Jy} − {iϕy, Jx}

]
0 0 ∆J = 0
0 m < JK|ϕz|J + ∆J K > ∆J = ±1

5 1
2{ϕx, Jx Jz + Jz Jx} 0 [2(J(J + 1)− K2)− 1] < JK|ϕz|J K > ∆J = 0
− 1

2{iϕy, i(Jy Jz + Jz Jy)} −(1 + 2K2) < JK|ϕz|J + ∆J K > ∆J = ±1

6 1
2
[
{ϕx, i Jy}+ {iϕy, Jx}

]
2 ∆K[(J − K∆K− 1)(J + K∆K + 2)]1/2 < JK|ϕx|J K + ∆K > ∆J = 0

∆K[(m− K∆K− 1)(m + K∆K + 2)]1/2 < JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

7 1
2{ϕx, Jx Jz + Jz Jx} 2 2(K + ∆K)[(J − K∆K− 1)(J + K∆K + 2)]1/2 < JK|ϕx|J K + ∆K > ∆J = 0
+ 1

2{iϕy, i(Jy Jz + Jz Jy)} 2(K + ∆K)[(m− K∆K− 1)(m + K∆K + 2)]1/2 < JK|ϕx|J + ∆J K + ∆K > ∆J = ±1

8 {ϕz, J2
xy} 2 2(K + ∆K)[(J − K∆K− 1)(J + K∆K + 2)]1/2 < JK|ϕx|J K + ∆K > ∆J = 0

−2∆K(m− 1− K∆K)[(m− K∆K− 1)(m + K∆K + 2)]1/2 ∆J = ±1
< JK|ϕx|J + ∆J K + ∆K >

4. Absolute Intensity of an Isolated Line of the XY2 (C2v) Molecule in Doublet
Electronic State: Spin–Rotational Transitions in the Model That Neglects
Spin–Rotational Interactions in the Effective Dipole Moment Operator

Let us consider now an object that is more important for the present study, namely
the XY2 (C2v symmetry) molecule in a doublet electronic state. To our knowledge, for
a description of absolute strengths of spin–ro-vibrational transitions in such molecules,
up to now, the modern chemical physics uses the model that takes into account the pres-
ence of spin–rotation interactions in the wave functions of the lower and upper states of
the transition considered, but neglects the presence of spin–rotational interactions in the
effective dipole moment operator (see, e.g., [14–17]). It looks rather inconsistent if one
takes into account the following arguments: (a) the influence of the rotational centrifugal
distortion effects on an effective dipole moment operator is always taken into account
for molecules both in singlet and doublet electronic states (see, e.g., above-mentioned
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Refs. [1,14–17]); (b) as was discussed above, influences of both the pure rotational and
spin–rotational centrifugal distortion effects on the spin–ro-vibrational energies of asym-
metric top molecules in doublet electronic states are practically of the same orders of value;
(c) in this respect, one can expect that taking into account spin–rotation interactions in an
effective dipole moment operator can improve the accuracy of the description of absolute
transition strengths in a doublet electronic state molecule by the same order as the pure
rotational centrifugal effects improve the description of absolute transition strengths in a
singlet electronic state molecule.

In this Section 4 and the next Section 5, following the scheme of transformation in
the preceding Section 2, we discuss both models (without and with taking into account
spin–rotation interactions in the effective dipole moment operator).

Following the traditional approach [40], the transition from the description of the
absolute line strength of a molecule in a singlet electronic state to the corresponding
description of a molecule in a doublet electronic state needs some changes in the general
formula; Equation (5). Namely, it is necessary to change the pure rotational functions |Jkm〉
by the spin–rotational functions (|Jk〉 ⊗ |S〉)N

km. In this case, in accordance with [39]:

(〈J| ⊗ 〈S|)N
km

(
PZ ≡ P(1)

)1

0

(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

≡ (〈J| ⊗ 〈S|)N
km

(
P(1) ⊗ 1

)1

0

(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

= (2N + 1)−1/2CNm
Ñm̃,10


J S N
J̃ S Ñ
1 0 1

(2N + 1)1/2(2Ñ + 1)1/2

×
√

3 < Jk ‖ P(1) ‖ J̃ k̃ >< S ‖ 1 ‖ S >, (28)

where < Jk ‖ P(1) ‖ J̃ k̃ > can be taken from Equation (7), < S ‖ 1 ‖ S >= 1, and
J S N
J̃ S Ñ
1 0 1

 are 9J−symbols of the SO(3) symmetry group [39]. Analogously (taking

into account Equation (6)), one can obtain the corresponding matrix elements of the PX and
PY components of the dipole moment operator:

(〈J| ⊗ 〈S|)N
kmPX

(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

=
1√
2
(〈J| ⊗ 〈S|)N

km

{(
P(1) ⊗ 1

)1

−1
−
(

P(1) ⊗ 1
)1

1

}(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃
(29)

=
1√
2

(
CNm

Ñm̃,1−1
− CNm

Ñm̃,11

)
J S N
J̃ S Ñ
1 0 1

(2Ñ + 1)1/2
√

3 < Jk ‖ P1 ‖ J̃ k̃ >

and

(〈J| ⊗ 〈S|)N
kmPY

(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

=
−i√

2
(〈J| ⊗ 〈S|)N

km

{(
P(1) ⊗ 1

)1

−1
+
(

P(1) ⊗ 1
)1

1

}(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃
(30)

=
−i√

2

(
CNm

Ñm̃,1−1
+ CNm

Ñm̃,11

)
J S N
J̃ S Ñ
1 0 1

(2Ñ + 1)1/2
√

3 < Jk ‖ P1 ‖ J̃ k̃ > .

If one now uses the relations (28)–(30) in Equation (5) (but uses the functions (|J〉 ⊗ |S〉)N
km

instead of functions |Jkm〉) and takes into account Equation (10), then the following result
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can be derived (the numerical values of the 9J−symbols in Equation (30) can be easily
obtained on the basis of formulas from Ref. [39]):

R
(Ñ J̃ k̃)
(NJk) = 3(2N + 1)(2Ñ + 1)


J S = 1/2 N
J̃ S = 1/2 Ñ
1 0 1


2

|〈Jk|PZ| J̃ k̃〉|2

≡ g̃(NJ, Ñ J̃)|〈Jk|(PZ ≡∑
α

kZα)| J̃ k̃〉|2. (31)

Corresponding nonzero g̃(NJ, Ñ J̃) coefficients are presented in Table 3. It is interesting
that, for values of the g̃(NJ, Ñ J̃) coefficient, the following relations are valid:

g̃(NJ, Ñ J̃) =
1
2

g(NJ, Ñ J̃), (32)

where g̃(NJ, Ñ J̃) are the analogous coefficients from Ref. [14]. This circumstance practically
does not affect the result of the description of absolute spin–ro-vibrational transitions
but nevertheless leads to different (changed by the factor close to

√
2) values of effective

dipole moment parameters that can be derived from the analysis of experimental data.
It is also important that, for any of the three multiplets (Ñ = N, N ± 1) in Table 3, sums
of corresponding g̃−coefficients are equal to 1. This circumstance gives the possibility to
interpret the values g̃(NJ, Ñ J̃) from Table 3 as coefficients of the distribution of the absolute
strengths of the transition |NJk〉 → |Ñ J̃ k̃〉 between its spin–rotational components.

Table 3. Nonzero values of the g̃(NJ, Ñ J̃)− coefficients (“relative intensities”) of spin–rotational
components of rotational transitions.

Ñ J̃ J ∆J = J̃− J Value

Ñ = N − 1 J̃ = Ñ + 1/2 =
N − 1/2

J = N + 1/2 ∆J = ∆N 2N−1
4N

J̃ = Ñ − 1/2 =
N − 3/2

J = N − 1/2 ∆J = ∆N 2N+1
4N

J̃ = Ñ + 1/2 =
N − 1/2

J = N − 1/2 ∆J 6= ∆N 1
4N2

J̃ = Ñ − 1/2 =
N − 3/2

J = N + 1/2 ∆J 6= ∆N 0

Ñ = N J̃ = N + 1/2 J = N + 1/2 ∆J = ∆N N(2N+3)
4(N+1)2

J̃ = N − 1/2 J = N − 1/2 ∆J = ∆N (N+1)(2N−1)
4N2

J̃ = N − 1/2 J = N + 1/2 ∆J 6= ∆N 1
4N(N+1)

J̃ = N + 1/2 J = N − 1/2 ∆J 6= ∆N 1
4N(N+1)

Ñ = N + 1 J̃ = Ñ + 1/2 =
N + 3/2

J = N + 1/2 ∆J = ∆N 2N+1
4(N+1)

J̃ = Ñ − 1/2 =
N + 1/2

J = N − 1/2 ∆J = ∆N 2N+3
4(N+1)

J̃ = Ñ − 1/2 =
N + 1/2

J = N + 1/2 ∆J 6= ∆N 1
4(N+1)2

J̃ = Ñ + 1/2 =
N + 3/2

J = N − 1/2 ∆J 6= ∆N 0
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5. Absolute Intensity of an Isolated Line of the XY2 (C2v) Molecule in Doublet
Electronic State: Spin–Rotational Transitions: PZ-Operator Depends on
Molecular Vibrations

Let us consider now the more correct model of the dipole moment operator in the form
of Equation (3), which depends on molecular vibrations, and connect it to the transforma-
tions and discussion from Section 3. It is necessary to take into account that the analogous
form of Equation (20) should be the following (because the operator, Equation (21), depends
not only on the rotational variables but on the spin variables as well):

H̃ | v′, Ri(Nk, SJ)〉 = δvv′E
(v)
v,Ri(Nk,SJ) | v, Ri(Nk, SJ)〉

= δvv′E
(v)
v,Ri(Nk,SJ) | v〉 | Ri(Nk, SJ)〉, (33)

where | v〉 | Ri(Nk, SJ)〉 are eigenfunctions of the effective spin–rotation Hamiltonian of
Equation (20) type (for details concerning an effective spin–rotation Hamiltonian, see, e.g.,
our recent papers [34–36]). In this case, the basic Equation (5) should be also changed by

R
(ṽ, R̃j(Ñ k̃, S J̃))
(v,Ri(Nk,SJ)) = ∑

mm̃λ

∣∣∣∣(〈J| ⊗ 〈S|)N
km〈v |

(
G+P(1)G

)1

λ
| ṽ〉
(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

∣∣∣∣2, (34)

or (analogously to Equations (7)–(10)):

R
(ṽ, R̃j(Ñ k̃, S J̃))
(v,Ri(Nk,SJ)) =

∣∣∣∣(〈J| ⊗ 〈S|)N
k ‖〈v |

(
G+P(1)G

)1
| ṽ〉‖

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

∣∣∣∣2
=

∣∣∣∣(〈J| ⊗ 〈S|)N
k ∑

α

{
1
2

kΓ
Zα,

∞

∑
p+q+r=0

(α)µ
(v−ṽ)
pqr

(
Jp
x Jq

y Jr
z + Jr

z Jq
y Jp

x
)Γ̃

+
∞

∑
p+q+r=1

x,y,z

∑
β

(α)µ
(v−ṽ)
pqrβ

(
Jp
x Jq

y Jr
zSβ + Sβ Jr

z Jq
y Jp

x
)Γ̃
}γ

+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

∣∣∣∣2 (35)

=

∣∣∣∣(〈J| ⊗ 〈S|)N
k ∑

α

{
1
2

kΓ
Zα, (α)µΓ̃

rot +
(α)µΓ̃

sp-rot

}γ

+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

∣∣∣∣2.

Here, γ = (Γ× Γ̃), and, in the right hand side of Equation (35), we omitted a term,
which depends on the Sα operators only, because it can give only an insufficient addition to
the main effective dipole moment parameters µ

(v−ṽ)
000 .

Before further discussion, we would like to make the following remark concerning the
main term ∑α

αµ
(v−ṽ)
000 kΓ

Zα. If one will come back to the formulas Equations (28)–(30) and
use the general relation

(〈J| ⊗ 〈S|)N
km

(
P(1)

λ

)(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃
= (2N + 1)−1/2CNm

Ñm̃,1λ
(〈J| ⊗ 〈S|)N

k ‖P
(1)‖

(
| J̃〉 ⊗ |S〉

)Ñ

k̃
, (36)

then it is not difficult to obtain

∑
m,m̃,λ

∣∣∣∣(〈J| ⊗ 〈S|)N
km

(
P(1)

λ

)(
| J̃〉 ⊗ |S〉

)Ñ

k̃ m̃

∣∣∣∣2 =

∣∣∣∣(〈J| ⊗ 〈S|)N
k ‖P

(1)‖
(
| J̃〉 ⊗ |S〉

)Ñ

k̃

∣∣∣∣2

=

∣∣∣∣(〈J| ⊗ 〈S|)N
k

(
∑
α

kZα

)(
| J̃〉 ⊗ |S〉

)Ñ

k̃

∣∣∣∣2. (37)

Now, from a comparison of Equations (31) and (37) , one can obtain the following relation:

(〈J| ⊗ 〈S|)N
k

(
∑
α

kZα

)(
| J̃〉 ⊗ |S〉

)Ñ

k̃
=
√

g̃(NJ, Ñ J̃) 〈Jk|
(

∑
α

kZα

)
| J̃ k̃〉, (38)

whose right-side part is nothing else than the main part of the effective operator in
Equation (35).

Because the µΓ̃
rot operator in Equation (35) depends on the rotational operators only,

then both itself and its matrix elements are not different from the corresponding results
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discussed in Section 5. With regard to the spin–rotational effects that are described by the
µΓ̃

sp-rot operator and that have never been discussed in the literature earlier, their main parts
(which are proportional to the products RαSβ) are considered below on the basis of the
symmetry properties of the discussed molecule (here, and further in Section 5, we use the
notation R1

0, R1
∓1 for the rotational angular momentum operators, which are written in the

notation of the irreducible rotational sets theory). It is not difficult to show that, for the XY2
(C2v) molecule, the Rα (α = x, y, z) components in the MFS are:

Rx =
1√
2
(R(1)
−1 − R(1)

1 ) ∈ A2, Ry = − i√
2
(R(1)
−1 + R(1)

1 ) ∈ B1, and Rz = R(1)
0 ∈ B2, (39)

where A2, B1, and B2 are irreducible representations of the C2v point symmetry group.
First of all, taking into account the symmetry of the operators Rα and Sβ in the XY2

(C2v symmetry) molecule (evidently, the same as for the Rα operators, Sx ∈ A2, Sy ∈ B1,
and Sz ∈ B2), it is not difficult to obtain symmetrized combinations of different products of
operators Jα and Sβ. They are:

(R · S) ≡∑
α

RαSα ∈ A1, RzSz ∈ A1, (40)

(RxSx − RySy) = (R(1)
1 S(1)

1 + R(1)
−1S(1)

−1)

=
(

R(1) ⊗ S(1)
)2

2
+
(

R(1) ⊗ S(1)
)2

−2
∈ A1, (41)

(RxSy + RySx) = i(R(1)
1 S(1)

1 − R(1)
−1S(1)

−1)

= i
(

R(1) ⊗ S(1)
)2

2
− i
(

R(1) ⊗ S(1)
)2

−2
∈ B2, (42)

(RxSz + RzSx) = R(1)
0 (S(1)

−1 − S(1)
1 ) + (R(1)

−1 − R(1)
1 )S(1)

0

= 2
(

R(1) ⊗ S(1)
)2

−1
− 2
(

R(1) ⊗ S(1)
)2

1
∈ B1, (43)

and
(RySz + RzSy) = R(1)

0 (S(1)
−1 − S(1)

1 )− (R(1)
−1 − R(1)

1 )S(1)
0

= 2i
(

R(1) ⊗ S(1)
)2

−1
+ 2i

(
R(1) ⊗ S(1)

)2

1
∈ A2. (44)

Following Equation (26) and subsequent discussion, one can expect that the symmetry
γ in Equation (35) is A2 for a parallel band (the symmetry of the states | v〉 and | ṽ〉 is the
same), or B2 for a perpendicular band (the symmetry of the states | v〉 and | ṽ〉 is different).
We consider here both types of bands, taking into account Equations (40)–(44) and the
symmetry of the kΓ

Zα operators (kA2
Zx, kB1

Zy, or kB2
Zz).

5.1. Parallel Ro-Vibrational Bands

As was mentioned above, the index γ in Equation (35) for a parallel band is equal to A2.

This means (taking into account Equations (40)–(43)) that the operator 1
2

{
∑α kΓ

Zα, µΓ̃
sp-rot

}A2

+
in Equation (35) should be taken as:

1
2

{
∑
α

kΓ
Zα, µΓ̃

sp-rot

}A2

+

=
1
2

{
kZx, µ̃

(v−ṽ)
1 (R · S) + µ̃

(v−ṽ)
2 (RzSz) + µ̃

(v−ṽ)
3 (RxSx − RySy)

}
+

+
1
2

{
kZy, µ̃

(v−ṽ)
4 (RxSy + RySx)+

}
+

(45)

+
1
2

{
kZz, µ̃

(v−ṽ)
5 (RxSz + RzSx)

}
+

.
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Let us apply the first term of the operator, Equation (45), in the right-hand side of
Equation (35). After some transformation, one can obtain the following result:

(〈J| ⊗ 〈S|)N
k

1
2

{
kZx, µ̃

(v−ṽ)
1 (R · S)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

=
1
2

µ̃
(v−ṽ)
1 ∑

J′N′k′

{[
(〈J| ⊗ 〈S|)N

k {kZx}
(
|J′〉 ⊗ |S〉

)N′

k′

][(
〈J′| ⊗ 〈S|

)N′

k′ {(R · S)}
(
| J̃〉 ⊗ |S〉

)Ñ

k̃

]}

+
1
2

µ̃
(v−ṽ)
1 ∑

J′N′k′

{[
(〈J| ⊗ 〈S|)N

k {(R · S)}
(
|J′〉 ⊗ |S〉

)N′

k′

][(
〈J′| ⊗ 〈S|

)N′

k′ {kZx}
(
| J̃〉 ⊗ |S〉

)Ñ

k̃

]}
= µ

(v−ṽ)
1

√
g̃(NJ, Ñ J̃) 〈Jk|kZx| J̃ k̃〉

[
J̃( J̃ + 1)− Ñ(Ñ + 1) + J(J + 1)− N(N + 1)− 2S(S + 1)

]
, (46)

where (k̃ = k± 1), and we collected all coefficients from the calculated matrix elements and
the µ̃

(v−ṽ)
1 −value in the new parameter µ

(v−ṽ)
1 . Analogously, nonzero matrix elements of

the second term of Equation (45) can be easily obtained, and they have the following form:

(〈J| ⊗ 〈S|)N
k

1
2

{
kZx, µ̃

(v−ṽ)
2 (RzSz)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃
= µ

(v−ṽ)
2

√
g̃(NJ, Ñ J̃) 〈Jk|kZx| J̃ k̃〉

×
{

k2

N(N + 1)
[J(J + 1)− N(N + 1)− S(S + 1)] +

k̃2

Ñ(Ñ + 1)

[
J̃( J̃ + 1)− Ñ(Ñ + 1)− S(S + 1)

]}
, (47)

where, again, (k̃ = k± 1).
With regard to the three remaining terms in Equation (45), determining their matrix elements

is not an easy problem. To solve it, some preliminary discussion is needed. As one can see from

Equations (46) and (47), they give only corrections to the main parts,
√

g̃(NJ, Ñ J̃) 〈Jk|kZx| J̃ k̃〉
(see Equation (38)), of transitions with ∆k = ±1. In this case (if one takes into account
Table 3), it is not difficult to see that the values of the g̃(NJ, Ñ J̃)−coefficients with ∆J 6= ∆N
are considerably smaller in comparison to values of g̃(NJ, Ñ J̃)−coefficients with ∆J = ∆N.
Taking into account that the discussed centrifugal spin–rotational corrections themselves
are small corrections to the main terms, we will not further take into account the effects
that correspond in Table 3 terms with ∆J 6= ∆N. We will also take into account the evident
fact that matrix elements of the operators, Equations (41) and (42), are nonzero only for
∆k = ±2 and ∆N = 0,±1, and matrix elements of the operators, Equations (43) and (44),
are nonzero only for ∆k = ±1 and ∆N = 0,±1. Taking all of these into account, after
some transformation, one can produce the following general result for the third term of
Equation (45):

(〈J| ⊗ 〈S|)N
k

1
2

{
kZx, µ̃

(v−ṽ)
3 (RxSx − RySy)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

=
1
2

µ̃
(v−ṽ)
3 ∑

J′N′k′

{[
(〈J| ⊗ 〈S|)N

k {kZx}
(
|J′〉 ⊗ |S〉

)N′

k′

][(
〈J′| ⊗ 〈S|

)N′

k′

{
(R(1)

1 S(1)
1 + R(1)

−1S(1)
−1)
}(
| J̃〉 ⊗ |S〉

)Ñ

k̃

]}

+
1
2

µ̃
(v−ṽ)
3 ∑

J′N′k′

{[
(〈J| ⊗ 〈S|)N

k

{
(R(1)

1 S(1)
1 + R(1)

−1S(1)
−1)
}(
|J′〉 ⊗ |S〉

)N′

k′

][(
〈J′| ⊗ 〈S|

)N′

k′ {kZx}
(
| J̃〉 ⊗ |S〉

)Ñ

k̃

]}

= µ
(v−ṽ)
3

√
g̃(NJ, LJ̃) 〈Jk|kZx| J̃ l〉

{(
〈 J̃| ⊗ 〈S|

)L

l

[(
R(1) ⊗ S(1)

)2

2
+
(

R(1) ⊗ S(1)
)2

−2

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
+µ

(v−ṽ)
3

{
(〈J| ⊗ 〈S|)N

k

[(
R(1) ⊗ S(1)

)2

2
+
(

R(1) ⊗ S(1)
)2

−2

]
(|J〉 ⊗ |S〉)M

m

}√
g̃(MJ, Ñ J̃) 〈Jm|kZx| J̃ k̃〉. (48)

One can see that, in the final result, the initial summation is absent; the indexes in
Equation (48) are: k̃ = k ± 3, or k̃ = k ± 1; Ñ = N + ∆N (∆N = 0,±1,±2); J̃ = J + ∆J
(∆J = 0,±1); L = N + ∆J, M = Ñ − ∆J. Possible combinations of indexes for nonzero
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values of matrix elements are shown in Table 4, and nonzero matrix elements of the
(R1 ⊗ S1)2

±2 operators are:

(〈J| ⊗ 〈S|)N
k

(
R(1) ⊗ S(1)

)2

±2
(|J〉 ⊗ |S〉)N

k̃=k∓2

= (−1)2(N−J) (2N + 1)
4J(2J + 1)

{(N ± k− 1)(N ± k)(N ∓ k + 1)(N ∓ k + 2)}1/2, (49)

and

(〈J| ⊗ 〈S|)N
k

(
R(1) ⊗ S(1)

)2

±2
(|J〉 ⊗ |S〉)(N+∆N)

k̃=k∓2

=
∆N(k− k̃)

4

{
(N ± k)(N ∓ k + 1)[(N + 1) + ∆N(2∓ k)][N + ∆N(2∓ k)]

(2J + 1)(2J + 2 + ∆N)

}1/2

. (50)

Table 4. Possible combinations of indexes for nonzero values of matrix elements; Equations (48)
and (52) (a).

∆N = Ñ− N J ∆J = J̃− J L M

0 N ± 1/2 0 N N
N − 1/2 1 N + 1 N − 1
N + 1/2 −1 N − 1 N + 1

1 N + 1/2 0 N N + 1
N ± 1/2 1 N + 1 N

−1 N − 1/2 0 N N − 1
N ± 1/2 −1 N − 1 N

2 N + 1/2 1 N + 1 N + 1

−2 N − 1/2 -1 N − 1 N − 1
(a) Only four combinations of ∆l = l − k and ∆m = m− k are available: for ∆k = +3, ∆l = +1 and ∆m + 2; for
∆k = +1, ∆l = −1 and ∆m + 2; for ∆k = −1, ∆l = +1 and ∆m− 2; and for ∆k = −3, ∆l = −1 and ∆m− 2.

As one can see from the comparison of the right-hand sides of Equations (49) and (50),
all of them are values of the same order and are approximately proportional to N. Taking
into account that, firstly, the µ

(v−ṽ)
3 in Equation (48) is a small parameter in comparison with

the main µ
(v−ṽ)
1 one, and, secondly, in Equation (48), (N −M) = (J − J̃) (see discussion

above), one can conclude that an influence of the terms, Equation (48), on the absolute
line strengths of the molecule considered is of the same order of value as the influence

of the main µ
(v−ṽ)
1

√
g̃(NJ, MJ̃) 〈Jk|kZx| J̃ k〉 parts for the condition (N − M) 6= (J − J̃)

(“forbidden” transitions). If speaking about “allowed” transitions (N − M) = (J − J̃),
Equation (48) gives only small corrections to the main terms (which nevertheless can
increase significantly with an increasing value of quantum number N). At the same time,
for “forbidden” transitions, Equation (48) gives results that are comparable by order of
value with such “main” parts. Moreover (as is seen from Table 3), the “main” parts of
“forbidden” transitions decrease by 1/N2 with the increasing quantum number N while the
values, Equation (48), increase by N. This can be considered as an important consequence of
the obtained result. One more interesting consequence is the fact that Equation (48) allows
for transitions with the value ∆k = ±, 3 or ∆N = ±2, which are absent in the description
by formulas that use data from Table 3. The same as for the “forbidden” transitions with
∆k = ±1 and ∆N = 0,±1, corresponding values for ”allowed“ transitions with ∆k = ±3
or ∆N = ±2 increase by N with increasing N.

The analogous consideration for the fourth term in Equation (45) leads to the following
result:
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(〈J| ⊗ 〈S|)N
k

1
2

{
kZy, µ̃

(v−ṽ)
4 (RxSy + RySx)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃
=

= µ
(v−ṽ)
4

√
g̃(NJ, MJ̃) 〈Jk|kZx| J̃ l〉(l − k)

{(
〈 J̃| ⊗ 〈S|

)M

l

[(
R(1) ⊗ S(1)

)2

2
−
(

R(1) ⊗ S(1)
)2

−2

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
(51)

+µ
(v−ṽ)
4

√
g̃(NJ, MJ̃) 〈Jk|kZx| J̃ l〉(l − k)

{(
〈 J̃| ⊗ 〈S|

)M

l

[(
R(1) ⊗ S(1)

)2

2
−
(

R(1) ⊗ S(1)
)2

−2

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
,

if one takes into account the known relation (see, e.g., [43]):

〈Jk|ikZy| J̃ l〉 = (l − k)〈Jk|kZx| J̃ l〉. (52)

And, finally, for the fifth term of Equation (45), it is possible to obtain the following
relation:

(〈J| ⊗ 〈S|)N
k

1
2

{
kZx, µ̃

(v−ṽ)
5 (RxSz + RzSx)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

= µ
(v−ṽ)
5

√
g̃(NJ, LJ̃) 〈Jk|kZx| J̃ l〉

{(
〈 J̃| ⊗ 〈S|

)L

l

[(
R(1) ⊗ S(1)

)2

−1
−
(

R(1) ⊗ S(1)
)2

1

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
(53)

+µ
(v−ṽ)
5

{
(〈J| ⊗ 〈S|)N

k

[(
R(1) ⊗ S1

)2

−1
−
(

R(1) ⊗ S(1)
)2

1

]
(|J〉 ⊗ |S〉)M

m

}√
g̃(MJ, Ñ J̃) 〈Jm|kZx| J̃ k̃〉,

where evidently weak “forbidden” transitions with ∆k = 0,±2 are described. Indexes
in Equation (53) are: k̃ = k, or k̃ = k ± 2; Ñ = N + ∆N (∆N = 0,±1,±2); J̃ = J + ∆J
(∆J = 0,±1); L = N +∆J, M = Ñ−∆J, and nonzero matrix elements of the (R(1)⊗ S(1))2

±1
operators are:

(〈J| ⊗ 〈S|)N
k

(
R(1) ⊗ S(1)

)2

±1
(|J〉 ⊗ |S〉)N

k̃=k∓1

= (−1)2(N−J) (2N + 1)(1∓ 2k)
4J(2J + 1)

{(N ± k)(N ∓ k + 1)}1/2 (54)

and
(〈J| ⊗ 〈S|)N

k

(
R(1) ⊗ S(1)

)2

±1
(|J〉 ⊗ |S〉)(N+∆N)

k̃=k∓1

=
∆N(k− k̃)(N ∓ 2k + 1)

4

{
(N ∓ k + 1)[N + ∆N(2∓ k)]

(2J + 1)(2J + 2 + ∆N)

}1/2

. (55)

5.2. Perpendicular Ro-Vibrational Bands

As discussed above, for a perpendicular ro-vibrational band, the index γ in Equation (35)
is equal to B2. This means that the analogous form of Equation (45) for a perpendicular
band should be written as

1
2

{
∑
α

kΓ
Zα, µΓ̃

sp-rot

}B2

+

=
1
2

{
kZz, µ̃

(v−ṽ)
1 (R · S) + µ̃

(v−ṽ)
2 (RzSz) + µ̃

(v−ṽ)
3 (RxSx − RySy)

}
+

+
1
2

{
kZy, µ̃

(v−ṽ)
4

[
(RySz + RzSy)

]}
+

(56)

+
1
2

{
kZx, µ̃

(v−ṽ)
5 [(RxSz + RzSx)]

}
+

.

In the same way as in Section 5.1, it is possible to show that, for the first two operators in
Equation (56), the corresponding matrix elements have the same form as Equations (46) and (47)
if one changes the values 〈Jk|kZx| J̃ k̃〉 in Equations (46) and (47) by the 〈Jk|kZz| J̃ k̃〉 ones:
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(〈J| ⊗ 〈S|)N
k

1
2

{
kZz, µ̃

(v−ṽ)
1 (R · S)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

= µ
(v−ṽ)
1

√
g̃(NJ, Ñ J̃) 〈Jk|kZz| J̃ k̃〉

[
J̃( J̃ + 1)− Ñ(Ñ + 1) + J(J + 1)− N(N + 1)− 2S(S + 1)

]
(57)

and

(〈J| ⊗ 〈S|)N
k

1
2

{
kZz, µ̃

(v−ṽ)
2 (RzSz)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃
= µ

(v−ṽ)
2

√
g̃(NJ, Ñ J̃) 〈Jk|kZz| J̃ k̃〉

×
{

k2

N(N + 1)
[J(J + 1)− N(N + 1)− S(S + 1)] +

k̃2

Ñ(Ñ + 1)

[
J̃( J̃ + 1)− Ñ(Ñ + 1)− S(S + 1)

]}
. (58)

Here, of course, one should take into account that (k̃ = k).
For the third term in Equation (56), the use of the scheme from Section 5.1 gives the

following result:

(〈J| ⊗ 〈S|)N
k

1
2

{
kZz, µ̃

(v−ṽ)
3 (RxSx − RySy)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

= µ
(v−ṽ)
3

√
g̃(NJ, LJ̃) 〈Jk|kZz| J̃ k〉

{(
〈 J̃| ⊗ 〈S|

)L

l=k

[(
R(1) ⊗ S(1)

)2

2
+
(

R(1) ⊗ S(1)
)2

−2

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
(59)

+µ
(v−ṽ)
3

{
(〈J| ⊗ 〈S|)N

k

[(
R(1) ⊗ S(1)

)2

2
+
(

R(1) ⊗ S(1)
)2

−2

]
(|J〉 ⊗ |S〉)M

m=k̃

}√
g̃(MJ, Ñ J̃) 〈Jk̃|kZz| J̃ k̃〉,

where k̃ = k± 2, Ñ = N + ∆N (∆N = 0,±1,±2); J̃ = J + ∆J (∆J = 0,±1); L = N + ∆J,
M = Ñ − ∆J. Possible combinations of indexes for nonzero values of matrix elements are
the same as in Table 4 (in this case, one should not take into account the footnote to Table 4;
possible values of indexes l and m are given directly in Equation (59)), and nonzero matrix
elements of the (R(1) ⊗ S(1))2

±2 operators are presented in Equations (49) and (50).
It is not difficult to show that the nonzero matrix elements of the fourth and fifth term

of Equation (56) are:

(〈J| ⊗ 〈S|)N
k

1
2

{
kZy, µ̃

(v−ṽ)
4 (RySz + RzSy)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

= µ
(v−ṽ)
4 (l − k)

√
g̃(NJ, LJ̃) 〈Jk|kZx| J̃ l〉

{(
〈 J̃| ⊗ 〈S|

)L

l

[(
R(1) ⊗ S(1)

)2

−1
+
(

R(1) ⊗ S(1)
)2

1

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
(60)

+µ
(v−ṽ)
4 (k̃−m)

{
(〈J| ⊗ 〈S|)N

k

[(
R(1) ⊗ S(1)

)2

−1
+
(

R(1) ⊗ S(1)
)2

1

]
(|J〉 ⊗ |S〉)M

m

}√
g̃(MJ, Ñ J̃) 〈Jm|kZx| J̃ k̃〉

(here, we took into account Equation (53)), and

(〈J| ⊗ 〈S|)N
k

1
2

{
kZy, µ̃

(v−ṽ)
5 (RxSz + RzSx)

}
+

(
| J̃〉 ⊗ |S〉

)Ñ

k̃

= µ
(v−ṽ)
5

√
g̃(NJ, LJ̃) 〈Jk|kZy| J̃ l〉

{(
〈 J̃| ⊗ 〈S|

)L

l

[(
R(1) ⊗ S(1)

)2

−1
−
(

R(1) ⊗ S(1)
)2

1

](
| J̃〉 ⊗ |S〉

)Ñ

k̃

}
(61)

+µ
(v−ṽ)
5

{
(〈J| ⊗ 〈S|)N

k

[(
R(1) ⊗ S(1)

)2

−1
−
(

R(1) ⊗ S(1)
)2

1

]
(|J〉 ⊗ |S〉)M

m

}√
g̃(MJ, Ñ J̃) 〈Jm|kZy| J̃ k̃〉.

The values of the indexes Ñ, J̃, L, M in Equations (60) and (61) are the same as in
Equations (48), (53), and (59); k̃ = k or ±k; l = k ± 1; m = k ± 1; and nonzero matrix
elements of the (R(1) ⊗ S(1))2

±1 operators can be taken from Equations (54) and (55).
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As an illustration of the importance and correctness of the results, let us consider
one of the obtained formulas, e.g., Equation (59), which is applied to perpendicular
spin–ro-vibrational bands with the allowed transitions ∆K = 0. In accordance with
this formula, “forbidden” transitions with ∆K = ±2 can also be seen in absorption
spectra of the considered type of molecules. If one uses the matrix elements (49) and
(50) in Equation (59) and takes into account Equations (13), (15), and (17), then it is
possible to conclude the following: the matrix elements which correspond to the Q
that transitions decrease by k√

N
with increasing quantum number N, and matrix ele-

ments that correspond to the P and R transitions increase by
(

N2−k2
√

N

)
with increasing

N. For this reason, we present here, as an illustration, a set of R transitions of the
(N + 1 Ka = 0 Kc = N (±)) ←− (N Ka = 2 Kc = (N − 2) (±))−type for the ν3 band
of the 35ClO2 molecule whose experimental values can be found in Ref. [36] (they are
reproduced from [36] in column 3 of Table 5). Column 2 of Table 5 presents theoretically
predicted values of the same transition frequencies. These predicted values were obtained
as differences between values of corresponding spin–ro-vibrational energies of the (001)
upper vibrational state (the latter have been taken from Table 4 of Ref. [36]) and those of
the ground vibrational state (in this case, spin–rotational energies of the ground vibrational
state have been calculated with the parameters from column 2 of Table 2; [36]).

Column 1 of this table indicates quantum numbers of the upper and lower spin–ro-
vibrational states of a transition (in this case, sign (+) corresponds to the value J = N + 1/2
and sign (−) corresponds to the value J = N − 1/2). Columns 2 and 3 present calculated
line positions (in cm−1) and corresponding experimental line positions from spectrum I of
Ref. [36] (also in cm−1). The values in column 4 are transmittances of experimental lines.
One can see that the “forbidden” transition is strong enough (for a comparison with the
“allowed” transitions of the ν3 band, see the small fragment of the mentioned experimental
spectrum in Figure 1). One can argue that the reason for the appearance of the discussed
transitions can be a superposition of the spin–rotational basic functions with ∆K = 0 and
∆K = ±2 in the effective Hamiltonian eigenfunctions, which are used in the calculation of
matrix elements of the effective dipole moment of a molecule. However, the analysis of
corresponding wave functions and the estimation of corresponding numerical values show
that such influence of superpositions in wave functions is negligible in comparison with
the effect of Equation (59).

Table 5. Illustration of the “forbidden” ∆K = 2 transitions in the ν3 band of 35ClO2.

Transition νcalc. νexp. Transmitt.

[N′ = N + 1 K′a = 0 K′c (σ′)] − [N Ka = 2 Kc (σ)] in cm−1 in cm−1 in %

1 2 3 4

[4 0 4 (−)] − [3 2 1 (−)] 1106.7267 1106.7262 92
[4 0 4 (+)] − [3 2 1 (+)] 1106.7824 1106.7828 92

[6 0 6 (−)] − [5 2 3 (−)] 1107.7978 1107.7976 95
[6 0 6 (+)] − [5 2 3 (+)] 1107.8319 1107.8315 89

[8 0 8 (−)] − [7 2 5 (−)] 1108.6547 1108.6546 86
[8 0 8 (+)] − [7 2 5 (+)] 1108.6882 covered 62

[10 0 10 (−)] − [9 2 7 (−)] 1109.1992 1109.2000 80
[10 0 10 (+)] − [9 2 7 (+)] 1109.2575 covered 61

[12 0 12 (−)] − [11 2 9 (−)] 1109.3568 1109.3563 85
[12 0 12 (+)] − [11 2 9 (+)] 1109.4050 1109.4050 80
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Figure 1. Small portion of the experimental spectrum of ClO2 compared with Ref. [36]. “Forbidden
transitions” ∆K = ±2 are marked by dark circles. Experimental conditions: resolution is 0.0015 cm−1;
number of scans is 400; source is a Globar; detector is a MCT313; beam-splitter is made from KBr;
optical path length is 0.23 m; aperture is 1.15 mm; temperature is 22 ± 0.3 ◦C; pressure is 100 Pa;
calibration was performed by CO2 and H2O spectral lines.

6. Conclusions

We derived a new model of the effective dipole moment of the XY2 (C2v−symmetry)
molecule in a doublet electronic state by taking into account spin–rotational centrifugal
corrections that have never been considered earlier for such kind of problems. Corre-
sponding relations (which are necessary for determination of absolute spin–ro-vibrational
transition strengths and which contain all effects known up to now, as special cases) are
obtained on the basis of the irreducible tensorial sets theory. The derived results allow
us to take into account both the higher-order corrections to the allowed transitions and
also to describe weak transitions of the ∆K = ±2,±3−types in the parallel bands, of the
∆K = ±1,±2−types in the perpendicular bands, and of the ∆N = ±2−type in both kinds
of spin–ro-vibrational bands. To illustrate the correctness and efficiency of the derived
model, we compared the estimated line strengths of a set of the “forbidden” ∆Ka = 2
transitions of the ν3 band of the OClO free radical with corresponding experimental data,
which confirm the validity of the obtained results.
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