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Abstract

:

We study bifurcation behavior of a high-quality (high-Q) Josephson oscillator coupled to a superconducting qubit. It is shown that the probability of capture into the state of dynamic equilibrium is sensitive to qubit states. On this basis we present a new measurement method for the superposition state of a qubit due to its influence on transition probabilities between oscillator levels located in the energy region near the classical separatrix. The quantum-mechanical behavior of a bifurcation oscillator is also studied, which makes it possible to understand the mechanism of "entanglement" of oscillator and qubit states during the measurement process. The optimal parameters of the driving current and the state of the oscillator are found for performing one-qubit gates with the required precision, when the influence on the qubit from measurement back-action is minimal. A measurement protocol for state populations of the qubit entangled with the oscillator is presented.
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1. Introduction


Scalable quantum computing and quantum error correction require high-precision projective measurements of qubit states at scales shorter than coherence time. In superconducting systems, measurements are usually based on qubit-microwave resonator coupling (dispersive readout) [1,2,3,4,5]. The disadvantage of this method, associated with a fast decay rate of the qubit state due to coupling with the environment through a resonator (Purcell effect), is currently successfully overcome using Purcell filters [6,7]. Another development of methods of dispersive readout of qubits is to use a nonlinear element: multimode resonators [8,9], Josephson parametric [10,11,12] and bifurcation amplifiers [13,14,15,16,17,18,19,20].



Such nonlinear “sensors” are based on the properties of a hysteresis bistable system with metastable dynamics. Using this approach, single-shot readout of transmon qubits states with high fidelity ∼94% was experimentally demonstrated [13,14]. Note that the first experiments on the use of Josephson bifurcation amplifiers were carried out at low Q-factors [15,16]; therefore, switching occurred between various stable oscillations because of noise with decrease of the qubit lifetime. Subsequently, significant progress in coherence control was achieved using high-Q quantum electrodynamics schemes [4,21] when embedding Josephson nonlinear amplifiers in coplanar waveguides (cavity Josephson bifurcation amplifier) [13,17]. Switching between bistable states in these experiments occurs due to amplitude scanning of the drive current up to an operating value. It is important that, when choosing this working range of amplitudes, one of the main criteria is the existence of a bifurcation behavior of the measuring oscillator for only one qubit basis state. Following this approach, it is not possible to implement single-shot readout for qubit superposition states. Note that such systems have been actively used in recent years as highly sensitive detectors in hybrid systems [22,23,24,25], as well as for observing nonlinear effects [26,27,28,29,30,31,32,33,34,35].



In this paper, we propose a new measurement method for superpositions of qubit states using the discriminating property of a bifurcation Josephson oscillator. It is based on the sensitivity of the probability of capture into either metastable equilibrium states of the driving nonlinear oscillator, rather than on a change in the switching probability, as was assumed in the papers [13,17,30]. In the classical approximation, metastable equilibrium states are realized dynamically under the action of the drive current (as in the case of the Duffing oscillator [36]). These states are separated in phase space by a separatrix. To describe the selective behavior of the device—mesoscopic Josephson oscillator, it is necessary to take into account a sufficiently large number of its states, so as to realize the passage of the system through the energy region where the separatrix is located in the classical approximation. Note that the proposed measurement method does not require amplitude scanning, and a high-Q measuring oscillator can be used in the parameter range where bifurcation behavior exists for both qubit basis states.



We considered a quantum analogue of the oscillator bifurcation behavior in order to understand the mechanism of an "entanglement" of the oscillator and qubit states. A measurement protocol was proposed and a Rabi-based-procedure for a possible experiment on initialization of a qubit and measuring oscillator states due to a modulated pulsed current was numerically simulated. The influence of the measuring oscillator on the process of qubit initialization by Rabi pulses is studied.




2. Model and Basic Equations


The prototype of the measured qubit is the “quantronium” system [16,37]. The quantronium qubit (see Figure 1) is a split Cooper pair box with two Josephson junctions (each is characterized by Josephson    E J  / 2   and charging   E C   energies). The qubit states can be initialized by applying a control voltage   U ( t )   through a capacitor   C g  .



The measuring oscillator is a Josephson junction with Josephson energy    E J R    ≫    E J   , to which the drive current    I  e x    ( t )    is applied. The Hamiltonian of the system reads


        H   =    H q    +    H  o s c     +    H  i n t   ,     



(1)




where the Hamiltonian of the qubit with the control field   ϵ  ( t )    =   2  E c   C g  U  ( t )  / e   can be written as follows:


   H q    =   −  1 2   ϵ  ( t )   σ x    +    E J   σ z   ,  



(2)




where    σ x  ,    σ z    are Pauli matrices. In the Hamiltonian of the measuring oscillator, the generalized coordinate is the phase difference at the Josephson junction  φ :


   H  o s c     =   C  Φ 0 2      φ ˙   2  2    −    E J R  cos φ   −    Φ 0   I  e x    ( t )  φ ,  



(3)




where C is the junction capacitance,    Φ 0    ≡   ℏ /  ( 2 e )    is the magnetic flux quantum, and    I  e x    ( t )    is the external control current. The interaction of a qubit and an oscillator included in one superconducting circuit is determined by the constant   λ   =    E J  / 8  E J R   :


   H  i n t     =    λ 2   E J R    φ 2    −     φ 4  48    σ z  .  



(4)







The control Rabi pulse   U ( t )   makes it possible to create the required superposition of qubit states. Below we describe a new scenario of states readout using the simple manipulations with the drive current    I  e x    ( t )    applied to the Josephson oscillator.




3. The Main Idea: Measuring a Qubit with a High-Q Nonlinear Oscillator


It is well known that a nonlinear oscillator (3) driven by a periodic external current    I  e x    ( t )    =    I 0  cos  ( ω t )    and operating in a weak nonlinear regime can be in two dynamic equilibrium states with different amplitudes and phases [36]. Let us briefly describe the change in the phase portrait of the oscillator during its interaction with a qubit.



In the slowly varying amplitude approximation [38,39], the dynamic equilibrium states correspond to stable equilibrium points on the phase plane, separated by a separatrix. In the weakly nonlinear regime, the Hamiltonian for the new slowly varying variables   ( q ,   p )   (see Appendix A) is given as


    H ¯   o s c     =   ℏ  (  ω 0    −   ω )     q 2  2    +     p 2  2     −   β     q 2  2    +     p 2  2   2    −   f q ,  



(5)




where    ω 0    ≡      E J R   C  Φ 0 2       is the natural frequency of the measuring oscillator,   β   ≡     e 2   4 C     is the nonlinearity parameter and   f   ≡    I 0    ℏ  4  ω 0  C      is the driving force amplitude. For numerical calculations, we will use the parameter values close to the experimental ones [16,24]:


      ω 0   2 π     =   0.16  GHz ,    ω   =   0.95  ω 0  ,    β   =   1.8   ×    10  − 4   ℏ  ω 0  ,    f   =   0.05 ℏ  ω 0  ,    λ   =   0.03 .    



(6)







The resulting Hamiltonian (5) is time-independent, and the corresponding quasienergy surface is shown in Figure 2a. L and R symbols denote the left and right stable focuses, which are in the corresponding extrema of the quasienergy surface, and the letters   s d   denote the saddle point characterizing the separatrix.



For a certain range of initial conditions located inside the lobes of the separatrix and under weak dissipation (large resonator quality factor Q), the deterministic process of capture into one of the equilibrium points occurs. Another capture scenario takes place when initial conditions are given outside the separatrix. In this case, the oscillator is captured into either the L focus or the R focus randomly. As shown in [39], the capture probability is determined by the area that sweeps out by the separatrix in phase space around the region that corresponds to the considered equilibrium point. The result obtained is described by the well-known Arnold formula [40]:


   P α    =     S α    S L    +    S R    ,  α   =   L ,    R ,  



(7)




where   S L   and   S R   are the areas of the separatrix lobes. As can be seen from (7), the capture probability does not depend on specific initial conditions outside the separatrix.



The idea of the proposed measurement method: the coupling of the measuring nonlinear oscillator with the qubit induces a dependence of the capture probability into one of the equilibrium points (for example, in the right one–  P R  ) on the qubit state. Since the two stable oscillations of the measuring oscillator differ from each other in phase, the probabilities   P R   and   P L   can be measured experimentally.



Note that the phase difference for two stable oscillations in a measuring circuit has recently been widely used for dispersive quantum measurements [13,17,22,23,24], where the switching probability between the two stable processes is measured, rather than the capture probability. These methods show the highest discrimination power in the case when one of the stable oscillations disappears at the operating value of the amplitude f and the frequency  ω  of the external force for one qubit basis state. However, in the range of parameters, when there are two stable oscillations for both qubit basis states, the discrimination power of the measuring oscillator with high quality factor (several hundreds) will be extremely low. The method proposed in this paper makes it possible to carry out dispersive measurements of qubits in this parameters range, refusing to scan by the amplitude of the drive current.



To begin with, we will assume that when the control field   ϵ ( t )   =   0   the qubit may be in one of the basis states with quantum number   σ   =   ± 1   (which is determined by the eigenvalue of the Pauli matrix   σ z  ). Then the oscillator Hamiltonian reduces to two independent Hamiltonians   H ±   corresponding to the ground   |   ↑ 〉   and the excited   |   ↓ 〉   qubit states (“pseudospin” polarization), which are obtained from Equation (5) by replacing    ω 0    →    ω 0 ±    ≡    ω 0   ( 1   ±    λ 2  )    and   β   →    β ±    ≡   β  ( 1   ±    λ 4  )   . Since the qubit state affects the natural frequency and the nonlinearity of the measuring oscillator, it also changes the separatrix in phase space, as shown in Figure 2b. The stable oscillations of the nonlinear oscillator in the slowly varying amplitude approximation, corresponding to the points L and R in Figure 2a, can be characterized by the amplitude A and the phase  Φ , which are found for different polarization as    A ±    =       ℏ  ω 0    E J R    (  q  ±  2    +    p  ±  2  )     , where   q ±   and   p ±   correspond to the coordinates of L or R equilibrium points in Figure 2a for each qubit basis state. The oscillation phase for the left equilibrium point is    Φ ±    =   π   +   acrtg  (   p ±   q ±   )   , for the right equilibrium point is    Φ ±    =   acrtg  (   p ±   q ±   )   . Figure 2c,d shows the dependences of the amplitudes and phases of stable oscillations of the measuring oscillator on the external force frequency at the quality factor of   Q   =   500  , from which the operating frequency range is clearly visible.



Due to the fact that the proposed measurement method is based on measuring the phase difference of various stable oscillations of the measuring oscillator   Δ Φ   (see Figure 2d), it is necessary that such a difference be much larger than the phase perturbation   δ Φ   introduced due to the different qubit states (  Δ Φ   ≫   δ Φ  ). Figure 3a shows that such a condition is not satisfied at a low Q-factor in the parameters range considered. In addition, we note that when measuring the results of quantum single-qubit operations, it is necessary to carry out multiple measurements and collect statistics (capture probabilities) to achieve the required precision. To estimate the number of single measurements, we analyzed the influence of the control current parameters on the efficiency,  Δ , of separating qubit states with different quantum number   σ   =   ± 1  . Each qubit basis state will be characterized by the capture probability of the measuring oscillator into one of the equilibrium points (for example, into the right one)   P R ±  . Then the separation efficiency can be defined as   Δ   =    P R +    −    P R −   . Figure 3b shows the dependence of this quantity on various parameters of the drive current of the measuring oscillator. It can be seen that for any frequency  ω , there is an optimal amplitude f. Based on the analysis of Figure 3b, the optimal parameters of the drive current (6) were chosen.



We stress again, that the key element in the proposed measurement method is the passage of the separatrix in phase space by the system. This is equivalent to the passage of separatrix energy on the quasi-energy surface (Figure 2a). Near this energy the quasi-classical description is broken [41], and the temperature is assumed to be sufficiently low   T   <   ℏ  ω 0  /  k B    ≈   0.1   K; therefore, a quantum description of the system is necessary. In terms of the creation and, annihilation operators for the measuring oscillator, and for the time when the control field has already been turned off,   ϵ ( t )   =   0  , the Hamiltonian of the system can be written as [16]


  H   =    H q    +   ℏ  ω 0   ( 1   +    λ 2   σ z  )    a  †  a   +   λ   ℏ  ω 0   4   σ z   (   a   † 2     +    a 2  )  −  β 6   ( 1   +    λ 4   σ z  )    (   a  †    +   a )  4    −    2  f  (   a  †    +   a )  cos  ( ω t )  ,  



(8)




with the commutation relation   [ a ,    a †  ]   =   1  .



In the rotating wave approximation (Appendix A), the system Hamiltonian becomes time-independent:


   H  r w a     =    H q    +   ℏ  (  ω 0   ( 1   +    λ 2   σ z  )    −   ω )    a  †  a − β  ( 1   +    λ 4   σ z  )  a   a  †    a  †  a   −    f  2    (  a †    +   a )  .  



(9)







The quasistationary states   ∣    ψ i   〉    of the system are determined by the equation:


   H  r w a     ∣    ψ i   〉   =    E i    ∣    ψ i  〉  .  



(10)







As in the classical case for   σ   =   ± 1   in the Equation (9), there are formally two subsystems corresponding to two qubit states. These subsystems evolve independently and are characterized by different Hamiltonians    H  ±  :


    H  ±    =   ℏ  (  ω 0 ±    −   ω )    a  †  a   −    β ±  a   a  †    a  †  a −  f  2    (  a †    +   a )  .  



(11)







Then instead of (10) we can write:


    H  ±    ∣    ϕ j ±   〉   =    E j ±    ∣    ϕ j ±  〉  .  



(12)







The Hilbert space of two-component basis functions   { ∣    ψ i  〉 }   splits into two independent subspaces with bases    { ∣    ϕ j +  〉    ⊗    ↑   }    and    { ∣    ϕ j −  〉    ⊗    ↓   }   , respectively. These basis functions can be easily found by numerical methods.



The case   λ   =   0   was investigated in [39], where dissipation was taken into account and it was shown that for a quantum system with two attractors (which can be considered as an analogue of potential wells), the quantum Arnold formula for the capture probabilities in the attractors can be obtained. In the semiclassical approximation, the generalized formula follows from the Bohr-Sommerfeld quantization condition, according to which the area swept by the trajectory of a particle moving in a potential well is proportional to the number of levels in the well. When the number of levels near the separatrix energy is much less than the number of levels related to the left or right equilibrium points, we can get a simple analogy that the ratio between the areas of separatrix lobes in (7) is determined by the number of levels.



It can be seen from (9) and (11), that the interaction (  λ   ≠   0  ) of the oscillator with the qubit leads to the splitting of the levels into two series corresponding to different polarizations of the qubit. At the same time, the probability of capture into series of doubling attractors will also depend on the polarization of the qubit. It means that the Josephson oscillator can operate as a sensor of quantum systems. In the next section, the selective characteristics of the proposed sensor will be analyzed in more detail.




4. The Measurement Procedure for Superpositions of Basis Qubit States


Here we consider the dynamics of the qubit coupled with the measuring nonlinear oscillator, paying special attention to its potential as a sensor for measuring superposition states of the qubit. We take into consideration the measuring oscillator dynamics in mesoscopic (quantum) mode of operation in order to minimize back action (the influence of the sensor on the qubit states).



Our original scheme, see Figure 4, for measuring qubit states has three stages: (1) qubit state initialization based on microwave technique; (2) preparation of the sensor state (output outside the separatrix); (3) readout of qubit states by the nonlinear oscillator. In the following, we will discuss each stage in detail.



Qubit state preparation. At the initial moment,   t   =   0  , we believe that the system of “qubit + nonlinear sensor” is initialized near their ground states (Figure 4a). The state of the this system is factorized   ∣   Ψ ( 0 ) 〉   = ∣   Φ ( 0 ) 〉   ⊗   ∣   q ( 0 ) 〉  , where   ∣   Φ ( 0 ) 〉   is the initial state of the measuring oscillator, and   ∣   q ( 0 ) 〉  =  |   ↑ 〉   is the initial qubit state. Then the process of preparation (recording) is carried out qubit states using the control field   ϵ ( t )  , see the diagram in Figure 4b. Neglecting the relaxation processes during qubit preparation, the evolution of the system (8) can be found by solving the nonstationary Schrödinger equation.



Since the qubit continuously interacts with the measuring oscillator, it is necessary to analyze the influence of this interaction on the qubit (back action effect). To do this, we define the fidelity, F, of preparing qubit states by the Rabi pulse, according to [42]:


  F   =    1 6   ∑ α  Tr   ρ α  ·  ρ  α  0   ,  



(13)




where    ρ α    ≡    Tr  o c s    ( ρ )    is the reduced density operator for the qubit subsystem at the end of the Rabi pulse at the initial state of the qubit   ∣   α 〉  , and   ρ  α  0   is the density matrix of the qubit after the pulse, but without taking into account the connection with the oscillator   ( λ   =   0 )  . The summation in (13) occurs over the six initial states of the qubit   ∣   q 〉   =   ∣   α 〉  :   ↓  ,   ↑  ,     ↓  ±  ↑    2    and     ↓  ± i  ↑    2   . It is obvious that the fidelity, F, depends not only on the parameters of the qubit control field, but also on the initial state of the measuring oscillator due to the connection of subsystems, which inevitably gives rise to entanglement of their states.



The von Neumann entropy (an entanglement measure of subsystems) was calculated:


  S   =   −  η +  ln  η +    −    η −  ln  η −  ,  



(14)




where    η ±    =    1 2   ( 1   ±    s  )   . Note that the entanglement of the system is determined only by the length of the Bloch vector   s   =   Tr (  σ →   ρ α  )   [43].



Figure 5 shows the results of the numerical calculation of the infidelity   1   −   F   and the von Neumann entropy S for different the   2 π  -pulse amplitude and initial states of the measuring oscillator averaged over the Pauli eigenstates. It can be seen from the analysis of this figure that the infidelity,   1   −   F  , decreases with increasing   2 π  -pulse amplitude   ϵ 0  . This can be explained by the fact that the duration of the   2 π  -pulse decreases with increasing amplitude    τ R    ∼   1 /  ϵ 0   , and, consequently, the interaction time of the qubit with the measuring oscillator also decreases. However, we are limited by the range of operating control pulse amplitudes, for which we can neglect leakage since the quantum system leaves the two-level qubit subspace. Note also that in Figure 5a there is a clear local minimum near the value    ϵ 0    =   2 ℏ ω  ; at this pulse amplitude the Rabi frequency is equal to the natural measuring oscillator frequency. Qualitatively similar behavior was also observed for the von Neumann entropy.



Another important result is that   1   −   F   and S grow with an increase in the occupation number of the initial state of the measuring oscillator, see series of curves in Figure 5. Therefore that effective control (with minimal back action effect) of the qubit by pulses is possible only when the measuring oscillator is in a superposition of states with a small value of the occupation number n. Note that the acceptable fidelity of performing single qubit operations (  1   −   F   <    10  − 3    ) at the optimal amplitude    ϵ 0    =   2 ℏ ω   is achieved for the measuring oscillator initial states, at which   n   ⩽   5  . Analyzing the average occupation number of the measuring oscillator for each system level number, see Figure 6a, one can see that the necessary oscillator states (  n   ⩽   5  ) are close to the level corresponding to the right equilibrium point for each qubit basis state (red color in Figure 6a). The initialization of the measuring oscillator to these levels can be realized, for example, by adiabatically slow switching on of the drive current, since at   f   =   0   there is only the right equilibrium point. In the classics, this case corresponds to the fact that the area   S L   in the Formula (7), related to the left equilibrium point, vanishes.



Preparation of the sensor state. After the qubit preparation, it is necessary to excite the oscillator to levels corresponding to the classical region outside the separatrix (indicated in black in Figure 6a). A schematic representation of this process is shown on the Figure 4c. One way of such excitation is to use an additional short modulating pulse with a carrier frequency  ω  equal to the frequency of the drive current [44]. The total external current will be written as     I ˜   e x    ( t )    =    I  e x    ( t )    +    I p   e  −    ( t −  t p  )  2   2  τ 2      cos  ( ω t )   , where    t p    =    (  t 0    −    t r  )  / 2  . This pulse does not change the expectation value   〈  σ z  〉   of the qubit, since at this stage the action of the qubit control pulse ended   ϵ ( t )   =   0  , and   [  σ z  ,    H  r w a   ]   =   0  . The sequence of applying signals to the qubit and the sensor is shown in Figure 7a. Note that in the classical consideration, the process of capturing the measuring oscillator into one of the equilibrium points is considered to be completed immediately after the system enters the region in the phase space inside the separatrix. In this case, the process of transition between the regions of the separatrix belonging to different equilibrium points is impossible. In the quantum case, levels that are close to the energy corresponding to the classical separatrix cannot be strictly assigned to one of the equilibrium points due to the tunneling effect [39], but as one moves away from the separatrix energy, some levels are more and more localized near the classical equilibrium points. If there are sufficiently many such levels, then for levels that are far from the separatrix energy, the tunneling effect becomes negligible. Due to this, in the process of relaxation, transitions between groups of levels related to different equilibrium points can be neglected.



Figure 7b–d shows the results of numerical simulation of the qubit initialization by a   π / 2  -pulse and excitation of the measuring oscillator by the modulated current pulse     I ˜   e x    ( t )   . At the initial time, Figure 7b, the system was in the state    ∣   Φ  ( 0 )  〉   ⊗     ↑   , where the oscillator wave function   ∣   Φ ( 0 ) 〉   corresponds to the right equilibrium point with a small average occupation number (red color in Figure 6a). Usually, in order to create a superposition state of a qubit, they tend to reduce the impact of the measuring device on the qubit during the recording process. In our case, this would be possible if the qubit-oscillator coupling parameter   λ   =   0  . In this case, the wave function of the entire system can be factorized, and the qubit wave function takes the form:   ∣   q  (  t r  )   〉   =     α +   |   ↑ 〉    +    α −   |   ↓ 〉   , where the amplitudes depend on the Rabi-frequency and pulse duration. As is well known, the complex parameters   α +   and   α −   determine the angles that define the orientation of the vector   s   =   〈 q  (  t r  )    ∣      σ →    ∣ q (  t r  ) 〉   on the Bloch sphere. The probability that the z-projection of vector  s  has a positive value (in other words, the population of the lower level) is equal to    |   α +    |  2   , the negative projection and the population of the upper level are equal    |   α −    |  2   .



If there is a coupling between the qubit and the oscillator,   λ   ≠   0  , after the end of the   π / 2  -pulse at the time   t   =    t r   , Figure 7c, the system is in the superposition state, which already consists of the group of levels belonging to the right equilibrium point for different qubit basis states (two narrow red peaks in Figure 7c). The subsequent excitation of the measuring oscillator leads to the fact that the system at the time   t   =    t 0    (see Figure 7d) is in the superposition of levels corresponding to the classical region on the phase space outside the separatrix with different qubit basis states   σ   =   ± 1  , which corresponds to the black arrows in Figure 6a and Figure 7b–d. For the chosen typical parameters (6), the initialization time of the coupled system (qubit+sensor) is    t 0    =   50   ns.



Readout of qubit states by the nonlinear oscillator. Further, we assume that the process of qubit preparation and excitation of the measuring oscillator has ended by the time   t   =    t 0   , then the general wave function is obtained as


   Ψ (  t 0  )    =    ∑ j   b j +    ∣    ϕ j +   〉   ⊗    ↑    +    ∑ j   b j −    ∣    ϕ j −  〉    ⊗    ↓  .  



(15)







Since the proposed method is based on measuring the capture probability of the oscillator by the groups of red and blue levels during process of dissipation (see Figure 4d), it is necessary to take into account the connection with the environment. We find it convenient to work in the quasi-stationary basis (10). In the case when transition rates between different levels of the system are much bigger than relaxation rates, the secular approximation is valid and we can average all rapidly oscillating terms. Note that for this approximation, off-diagonal elements do not affect the evolution of diagonal elements [45]. This makes it possible to pass to the dissipation model based on the master Equation (A10), see Appendix B. The diagonal part of the system density matrix is given by


   ρ d   (  t 0  )    =    ∑ j    P j +   (  t 0  )    ϕ j +     ϕ j +   ⊗  ↑   ↑    +    P j −   (  t 0  )    ϕ j −     ϕ j −   ⊗  ↓   ↓   ,  



(16)




where    P j +   (  t 0  )    ≡     |  b j +  |  2    and    P j −   (  t 0  )    ≡     |  b j −  |  2   . The probability of finding the qubit in the ground state is defined as    ∑ j   P j +   (  t 0  )    =    p +   , where the summation occurs over all levels j of the oscillator, and the probability of finding the qubit in the excited state is    ∑ j   P j −   (  t 0  )    =    p −   , and there is the normalization condition:


   p +    +    p −    =   1 .  



(17)







The capture probabilities of the measuring oscillator into dynamic equilibrium positions   P L   and   P R   correspond to the probabilities of the system being at the blue and red levels, respectively, in Figure 6a. Before reaching these groups of levels, the system from the prepared state (Figure 7d) dissipates and inevitably passes through levels lying near the separatrix energy (Figure 4d). Then, similarly to the classical case, the probability of being captured in the process of relaxation into one of the equilibrium positions does not depend on the particular prepared state [39]. It is important that the probability of leaving the level i per unit time    W i    ≡     ∑  j ≠ i     W  j i     is maximum for levels outside the separatrix energy (black arrows in Figure 6b). In this case, the value of   W i   decreases as it approaches the level corresponding to the classical equilibrium point (red arrows in Figure 6b). Due to this, the high relaxation rate outside the separatrix energy levels allows us to approximately find the characteristic measurement time of the qubit state as    t  m e a s     ≈   1 /  W  i s    , where   i s   is the number of any level near the separatrix (shown in green in Figure 6b). In the case when the qubit energy relaxation time   T q   is much longer than the measurement process time (   T q    ≫    t  m e a s    ), transitions between levels with different qubit states can be considered impossible, then the system of differential Equation (A10) splits into two independent subsystems:


       P ˙  i +    =    ∑  j ≠ i  +   (  W  j i    P j +    −    W  i j    P i +  )  ,     



(18)






       P ˙  i −    =    ∑  j ≠ i  −   (  W  j i    P j −  −  W  i j    P i −  )  ,     



(19)




where in Equation (18) the summation occurs only over levels with the qubit state   σ   =   1  , and in Equation (19)–over levels with the qubit state   σ   =   − 1  . Since the ratio of the capture probabilities into the left and right equilibrium points with the same qubit polarization does not depend on the values of   p +   and   p −  , the capture probability of the measuring oscillator into the right equilibrium point for the prepared qubit state is


   P R    =    p +   P R +    +    p −   P R −  ,  



(20)




where   P R +   is the capture probability of the measuring oscillator into the right equilibrium point with the qubit initialized to the ground state,   P R −   – to the excited state. Using Equations (17) and (20) we can get the desired probability of finding the qubit in the ground state:


   p +    =      P R    −    P R −     P R +  −  P R −    .  



(21)







Thus, by measuring the   P R   value of the Josephson oscillator, it becomes possible to measure the qubit populations in the prepared state. In this case, the values   P R +   and   P R −   can be determined during the calibration of the measuring oscillator for various states of the qubit with the quantum number   σ   =   ± 1  . To determine the capture probability of the oscillator into the right equilibrium point   P R  , it is necessary, as in the experiments [14,16,17,23], to measure the phase difference between the reflected and the applied signal    I  e x    ( t )   . The frequentist probability of this phase difference corresponding to R branches in Figure 2d will determine the desired probability   P R  . Note that the proposed method does not require changes in the experimental technique.



Figure 8 shows the simulation of the measurement process at   t   >    t 0   , as a result of which the system (Figure 7d) dissipates due to the connection with the bosonic thermostat, passing into a mixed state consisting of groups of levels belonging to different levels of the measuring oscillator and with different qubit states. Figure 8a–c shows the population probabilities of the system levels   P i   at different times, which were obtained by numerically solving (A10). In numerical calculations,    t *    =     ℏ 2   2 π g  κ 2      is used as the unit of time. As can be seen from Figure 8a–c, in the process of evolution, a redistribution takes place among the levels in the system. After passing through the group of levels corresponding to the separatrix energy (marked in green), the qubit states are separated (in the time   t  m e a s   ∼  1.2  t *   ). Since the probabilities   P R   and   P L   will not change during the further evolution of the system even if the coherence of the qubit states is broken, the measuring oscillator can function as a memory device. Note that the different positions of the Lorentzian peaks in Figure 8c are related to the level numbering; in the coordinate representation, the centers of these peaks will be close to each other due to the small coupling coefficient of qubit and oscillator [33]. Using the value of the quality factor of the measuring oscillator Q, one can obtain an estimate of the measurement time   t  m e a s   ∼  Q  ω 0   , which gives   t  m e a s   ∼100 ns for Q∼100, according to [46]. Therefore, we get that the system initialization process (qubit and measuring oscillator) and the measurement process is    t 0    +    t  m e a s    ∼150 ns, which according to [2] is much less than typical relaxation and dephasing times in the systems we are studying.



To determine the probability of the   P R   capturing, it is necessary to sum the probabilities   P i   of the entire group of levels (red arrows in Figure 8a–c) at time   t  m e a s    related to the right equilibrium point for different qubit states. Figure 8d shows the dependence of   P R   on time for various pulses. It can be seen that this capture probability reaches a constant value after the system passes through a group of levels lying near the separatrix energy in the process of relaxation. It follows from the analysis that using the proposed scheme of the initialization (Figure 7) and the measurement (Figure 8a–c), according to (21) it is possible to determine the probabilities of finding the qubit in the basic states. Neglecting the back action, the  Δ  value, in substance, determines the distance indicated by the gray arrow in Figure 8d. So, for example, for the   π / 2  -pulse with the chosen parameters of the systems, we found that the probability of finding the qubit in the ground state is    p +    =   0.5003  . The difference of this probability from   0.5   is due to the influence of the measuring oscillator on the qubit during initialization (back action effect), when the states of the subsystems were being entangled.




5. Conclusions


The new method for measuring the qubit states by the nonlinear Josephson oscillator is proposed. It is based on the sensitivity of the oscillator capture probabilities into dynamic equilibrium depending on the states of the qubit. This is due to the sensitivity of the transition rates of levels near the separatrix energy in the quantum regime to the qubit state, which in the classical regime is similar to the sensitivity of different separatrix lobes areas. The measurement is nondemolition because after the qubit initialization (  ϵ ( t )   =   0  ) the interaction operator commutes with the system Hamiltonian:   [  H  i n t   ,   H ]   =   0  . We have found the drive current parameters for which the separation efficiency for different qubit states is the maximum. The back action of the measuring oscillator on the qubit was analyzed within the framework of the microwave approach. In order to control a qubit with the required fidelity, the measuring oscillator should be prepared in a superposition of states with small average occupation numbers. The optimal amplitude of control pulses to achieve the best fidelity: the Rabi frequency is equal to the natural frequency of the measuring oscillator.



The measurement protocol using the high-Q bifurcation oscillator for state populations of the superconducting qubit has been developed. Note that in this approach the considered sensor can be used as a memory device. This is possible because, after the measurement, the oscillator is in a superposition of states with energies far from the energy of the classical separatrix. At the same time, the transition probabilities between groups of levels related to different equilibrium points due to external influences are negligible.



We have obtained an estimate of the time of initialization and measurement of states for typical parameters [16,24] for “qubit+oscillator” system: ∼150 ns. Since the proposed method can be used in the parameter range where bifurcation behavior exists for both qubit basis states, an additional so-called “latched section” [16] in the readout current pulse is not required. We hope that this feature will simplify the process and reduce the measurement time. Thus, we have demonstrated that the high-Q measuring oscillator can play a role of the sensor in the parameter range where bifurcation behavior exists for both qubit basis states. We expect this method to be applicable to other types of qubits such as transmons [3].
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Appendix A


To obtain (5), we use the generating function


  F  ( φ ,   q ,   t )    =     φ 2     ω 0  C  Φ 0 2    2 ℏ     +     q 2  2   ctg  ( ω t )    −   φ q     ω 0  C  Φ 0 2   ℏ    1  sin ( ω t )    



(A1)




with the valence   c   =   1 / ℏ   to perform the canonical transformation    ( φ ,    p φ  )    →    ( q ,   p )   , where the old momentum    p φ    =   C  Φ 0 2   φ ˙   . The equations defining the transformations are written as


     p φ    =     1 c    ∂ F   ∂ φ   ,     



(A2)






    p   =    −   ∂ F   ∂ q   ,     



(A3)






      H  o s c    ( q , p )     =    c  H  o s c    ( φ ,  p φ  )    +     ∂ F   ∂ t   .     



(A4)







It’s easy to obtain old canonical coordinates as functions of the new ones as


    φ   =      ℏ   ω 0  C  Φ 0 2      ( p sin  ω t    +   q cos  ω t  )  ,     



(A5)






     p φ    =      ℏ  ω 0  C  Φ 0 2     ( p cos  ω t    −   q sin  ω t  )  .     



(A6)







Consequently, we obtain the Hamiltonian for new canonical coordinates as


      H  o s c    ( q ,   p )    =    (  ω 0    −   ω )     q 2  2    +     p 2  2     −    ℏ  16 C  Φ 0 2      p sin  ω t    +   q cos  ω t   4    −     I 0    ℏ  ω 0  C    cos  ω t   ( p sin  ω t    +   q cos  ω t  )  .     



(A7)







In accordance with the slowly varying amplitude approximation, we can average the resulting Hamiltonian over the period   2 π / ω  . Introducing new time   τ   =   ℏ t  , we finally obtain (5).



In the quantum regime, we use the unitary transformation   U   =    e  i ω   a †  ^   a ^  t     to the Hamiltonian (8)


      H  R W A     =   U H   U  †    −   ℏ ω   a †  ^   a ^  .     



(A8)







Similarly, averaging this Hamiltonian over the period, we obtain (9) in the rotating wave frame.




Appendix B


Due to the fact that the nonlinear oscillator measuring qubit states interacts with the environment, an important issue is to take into account the dissipation on the measurement process. We consider a model of bosonic bath linearly connected to subsystems:


  V   =   κ  (   a  †    +   a )   ∑ k   (   B  k †    +    B k  )    +    κ q  r  ∑ k   (   B  k †    +    B k  )  ,  



(A9)




where the operator   r   =    1 2   ( 1   −    σ x  )    is responsible for the energy relaxation of the qubit [47],     B k   †   and   B k   are the operators of the creation and annihilation of bosonic oscillators,  κ  and   κ q   are the coupling coefficients of bosonic modes with the measuring oscillator and the qubit, respectively. We use dissipation model in which the density of bosonic modes g and coupling coefficients do not depend on the mode number. The equation for the subsystem density matrix in the Born-Markov and secular approximations, after averaging over the states of the bosonic bath, it is possible to reduce to the master equation for diagonal elements    P i   ( t )    =    ρ  i i    ( t )    [39]. The equation in the eigenbasis of the Hamiltonian (9) may be written as


    P ˙  i    =    ∑  j ≠ i    (  W  j i    P j    −    W  i j    P i  )  ,  



(A10)




where are the designations introduced:


       W  j i     ≡     2 π   ℏ 2    (   κ 2   ( |   a  j i     |  2    W ¯   j i      +   |   a  i j     |  2    W ¯   i j    )   +     κ q 2   |   r  j i     | 2   ( g  (  ω  j i   )   (  n ¯   (  ω  j i   )    +   1 )    +   g  (  ω  i j   )   n ¯   (  ω  i j   )  )  )  ,          W ¯   j i     ≡   g  ( ω   −    ω  j i   )   (  n ¯   ( ω   −    ω  j i   )    +   1 )    +   g  (  ω  j i     −   ω )   n ¯   (  ω  j i     −   ω )  ,          W ¯   i j     ≡   g  (  ω  i j     −   ω )   (  n ¯   (  ω  i j     −   ω )    +   1 )    +   g  ( ω   −    ω  i j   )   n ¯   ( ω   −    ω  i j   )  ,         a  j i     ≡     ψ j   a   ∣    ψ i   〉 ,   r  j i     ≡     ψ j   r   ∣    ψ i  〉  ,   ω  j i     ≡      E j  −  E i   ℏ  .     











It is assumed here that the arguments for the density of bosonic modes g and for Planck distribution   n ¯   must be positive.   W  j i    is the transition rate between different system states (10): from   ∣    ψ i   〉    to   ∣    ψ j   〉   .
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Figure 1. Sketch of a quantronium qubit coupled to a measuring oscillator. 
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Figure 2. (a) The quasi-energy surface     H ¯   o s c    ( q ,   p )    is represented in units of   ℏ  ω 0   . The capture area in the right equilibrium point corresponds to the shaded area   S R  . The left and right equilibrium points are denoted by the symbols L and R, respectively, and   s d   is the saddle point. The separatrix (b), amplitude (c) and phase (d) of the stable oscillations of the nonlinear oscillator as a function of the drive current frequency for different qubit states (  σ   =   ± 1  ). We assume that there was no connection with the qubit when the coupling parameter is equal to   λ   =   0  . Other parameters are determined by the relations (6). 
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Figure 3. (a) The value of   δ Φ / Δ Φ   as the function of the quality factor Q of the nonlinear oscillator for different values of the drive current amplitude f:   0.05 ℏ ω   (black),   0.06 ℏ ω   (green),   0.07 ℏ ω   (red) and   0.08 ℏ ω   (blue). (b) The dependence of  Δ  on the drive current f amplitude and frequency  ω . Other parameters of the system are determined by the relations (6). 
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Figure 4. Schematic representation of the measurement procedure. (a) Initially, we assume that the qubit and the sensor are in the ground state. There is no bifurcation behavior of the sensor because no control current is applied to it. (b) The qubit is initialized by a Rabi pulse. There is back action on the sensor due to the coupling. The sensor control current is on. (c) The sensor is excited to the levels corresponding to the region outside the lobes of the classical separatrix by an additional pulsed current. (d) The sensor relaxes into a superposition of levels corresponding to the right and left equilibrium points. The corresponding probabilities depend on the qubit state. 
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Figure 5. The infidelity (a) and the von Neumann entropy (b) of the system at the end of the Rabi pulse as a function of the amplitude of the qubit control field   ϵ 0   for various occupation numbers of the measuring oscillator initial state n: 0 (orange), 5 (blue), 10 (red), 20 (green), and 30 (black). Other parameters of the system are determined by the relations (6). 
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Figure 6. (a) Dependence of the average occupation number of the measuring oscillator    n i    =    〈  ψ i    ∣     a  †  a   ∣    ψ i  〉    as a function of the Hamiltonian (10) level numbers. The numbering of levels for each qubit state is chosen in descending order by energy (more details in [39]). The symbols ↑ and ↓ denote the system levels in which the qubit is in the ground state   ↑   and the excited state   ↓  , respectively. (b) The dependence of the probability of leaving the level i per unit time   W i   in units of    2 π g  κ 2    ℏ 2    (The probability of leaving the level   W i   will be defined strictly on the next section). Four levels with values near    W i    =   0   correspond to the classical equilibrium points. The groups of levels related to the left and right equilibrium points (see Figure 2a) are shown in blue and red color, green color indicates the levels corresponding to the energy of the separatrix, and black color indicates the levels corresponding to the classical region in the phase space outside the separatrix. The system parameters are determined by the relations (6). 
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Figure 7. (a): The diagram of the sequence of pulses acting on the qubit   ϵ ( t )   and on the sensor     I ˜   e x    ( t )   . The recording Rabi pulse for the qubit has the duration of   t r  . After this pulse,    t r    <   t   <    t 0   , the modulating pulse is applied to the sensor. The values of the diagonal elements of the system density matrix   P i  , depending on the level number i, under the sequential action of the   π / 2   pulse on the qubit and the pulse current on the oscillator at different times: (b) at the initial moment of time   t   =   0  , (c) at the end of the Rabi pulse   t   =    t r   , (d) after initialization of the measuring oscillator   t   =    t 0   . The use of colored arrows is the same as in Figure 6a,b. Numerical calculations are made for    ϵ 0    =   1.2 ℏ  ω 0   ,    I p    ℏ  4  ω 0  C      =   3.9 ℏ  ω 0   , and   τ   =   5.5  1  ω 0    , other system parameters are determined by the relations (6). 






Figure 7. (a): The diagram of the sequence of pulses acting on the qubit   ϵ ( t )   and on the sensor     I ˜   e x    ( t )   . The recording Rabi pulse for the qubit has the duration of   t r  . After this pulse,    t r    <   t   <    t 0   , the modulating pulse is applied to the sensor. The values of the diagonal elements of the system density matrix   P i  , depending on the level number i, under the sequential action of the   π / 2   pulse on the qubit and the pulse current on the oscillator at different times: (b) at the initial moment of time   t   =   0  , (c) at the end of the Rabi pulse   t   =    t r   , (d) after initialization of the measuring oscillator   t   =    t 0   . The use of colored arrows is the same as in Figure 6a,b. Numerical calculations are made for    ϵ 0    =   1.2 ℏ  ω 0   ,    I p    ℏ  4  ω 0  C      =   3.9 ℏ  ω 0   , and   τ   =   5.5  1  ω 0    , other system parameters are determined by the relations (6).



[image: Sensors 22 06580 g007]







[image: Sensors 22 06580 g008 550] 





Figure 8. (a–c) Time evolution of the diagonal elements of the system density matrix   P i   in the process of the qubit measurement at different times. (d) The dependence of the capture probability into the right equilibrium point   P R   as a function of time for different Rabi pulses. At the initial moment of time, the qubit was initialized to the ground state. The use of colored arrows is the same as in Figure 6a,b. The system parameters used are determined by the ratios (6). 
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