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Supplementary 1

Numerical proof that the equation R, = f,R+ f,R, + f3R3 in Gobeil’s model is not always established
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Figure S1. Schematic diagram of lead isotopic quality composition structure of sample.

In Figure S1, M, is the quality of *®Ph which comes from pollution source 1, N, is the quality of “"Pb  which comes from pollution source 1, P; is the

quality of %Pl which comes from pollution source 1, 0, is the quality of %®Ph which comes from pollution source 1. According to this rule, we can mark

every isotopic quality which comes from pollution source 2 and pollution source 3. The variable M is labeled as the total quality of the sample. According to the
definition of the isotope abundance ratio, pollution contribution rate, we can see:

m1+n1+pl"‘Ql.ﬂ_i_mz"'nz"'pz"'%.&+m3+na+p3+q3.m3

R+ f,R, + f,.R, = —_s
vho e e M n, M n, M n, n, +n, +n,
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:m1+n1+pl"'ql'ﬂ_‘_mz‘knz"‘pz‘*‘qz_%+m3+n3+p3+Q3.%_m1+mz+m3

f,R + f,R, + f,R; — R

Proof: M n, M n, M n, n+n,+n,
=i ml(m1+n1+p1+q1)+m2(m2+n2+p2+q2)+m3(m3+n3+p3+q3) _m+m, +m,

M n n, N, n +n, +n,
=i m1n2n3(ml + nl + pl + ql) + m2n1n3(m2 + nZ + p2 + q2) + mSnan (m3 + n3 + p3 + q3) _ ml + m2 + m3

M n.n,n, n +n,+n,

m, +m, +m,

=——[nn,n,(m +m, +m,)+mnn,(m + p, +q,) + mnn, (M, + p, +0q,) + mn,n,(m, + p, +q,) ] -——2—=

M -nn,n, n +n,+n,

_ (nl +Nn, + ns)'[nlnzns (ml +m, + ms) +MmnyN, (ml + P+ Ch) +m,N, N, (mz + P+ QZ) + MmN, (ms + P+ qs)]_ M NNy N, '(ml +m, + ms)
M -nn,n,-(n, +n, +n;)

Set o= (n1 +N,+ ns)'[n1n2n3 (m1 +m, + ms) + m1n2n3(ml TPt ql) + m2n1n3(m2 TP+ qz) +m;nn, (ms P+ qa)]_ M -NN,N, (m1 +m, + ma)
2 2 2 2 2,42 2 2 2 2
Then o = MmN NyN; + MmN, Ny + M NN, NG~ +m, nN,N +mn, N +m;nyn,- + m, (P, +0,)nN,Ns +my (P, +0,)N, Ny +m, (P, +;)n,n;" —Mm,nyn,n,
2 2 2 2,2 2 2.2 2 2
m,n; NyN; +MmM,n,N, Nz +MmM,N, NN, + M, Ny N_+m, nNnN,N; +m, NN, + m, (P, +,)N, "Ny + M, (P, +,)nN,N; + M, (P, +d,)nN," — Mm,nn,n,

2 2 2 2.2 2 2 2 2 2
m3nl n2n3 + m3nln2 n3 + m3nln2n3 + m3 nl r\2 + m3 nln2 + m3 n1n2n3 + m3(p3 + qS)nl n2 + mS(pS + qS)nan + m3(p3 + Q3)nln2n3 - Mm3n1n2n3

=p+y+0

B=mnn,n[(n +n, +n3).(1+ﬂ+M)_M] 1)
| |
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x =m,nn,n[(n +n,+n,)- (1+ szrqz) M] 2)
n2 n2

6 =mynn,n,[(n, +n, +n,)- (1+ . p3+q3) M] (3)
3 3

The following is obtained by o=+ y+9 :

a=nn,n,-[(n,+n,+n,)-m (1+ lerql) mM +(n,+n, +n,)-m, (1+ p2+qz) m,M +(n,+n,+n;)-m, (1+ p3+q3) m,M]
1 1 2 n2 n3 n3

B 2 2

=n1n2n3.{(nl+n2+n3). m1+m_1+ml(p1+q1)+m2+m2 +m2(p2+q2)+m3+m3 +m3(p3+q3)j|_M(ml+m2+m3)}
L n n n, n, N N
B 2 2 2

=nn,n; -3 (N, +n, +ny)- (m1+m2+m3)+(m—l+mz L )+(ml(p1+q1)+mz(pz+q2)+m3(p3+q3))}_M(ml+m2+m3)
L n 2 N n n, N

a

2> fR +fR +f.R,—R. =
PR R Menn,n, - (n, + 0, +0,)

2 2 2
{(nl+n2+n3).{(ml+m2+m3)+(ml + m2 + m, )+(m1(p1+q1)+m2(p2+qz)+ m3(p3+q3))}—M(ml+m2+m3)}
n n n

1 2 3 nl n2 3

4)
M -(n,+n,+n;)

2 2 2
Set g=n1+n2+n3,¢=ml+m2+m3,¢:m_1+mz + M 7/:ml(p1+Q1)+m2(p2+qz)+m3(p3+q3)

7

n n, Ny n n, Ny
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fR + LR, + f,R ~R, =2 W*o+y)=Mg
50, M-e ()

hypothesis : f1R1 + f2 R, + f3 R, — Ry = 0,1f the original formula was established ,the following conditions should be met:
£-(p+p+y)-Mg=0
M—-8)-dg=¢-(p+7)

P_oty
= (6)
& M-¢
m+m,+m . +

From Equation 6: Leﬁ:£:@: R;; nght:u;

& n+n,+n, M-¢

2 2 2
pry=M M M M(P*G) | Mp(P, + ) My(Ps+ )

However, 1 n, N n n, n,

m m m
=—(m, + p, + ) +—=(M, + p, +,) +—=(M; + Py + )
nl n2 n3

:Rl’(m1+ pl"'cll)"‘Rz'(mz+ p2+q2)+R3'(m3+p3+q3)
rightz ¢+7 _ Rl'(ml+p1+q1)+R2'(m2+ p2+q2)+R3-(m3+ p3+q3)

So: M—E M—&‘
R (MEPa) o (M4pyta) o (Mt ptay) o
M-¢ M-¢ M-¢

+
From { 4 y:RS
M-¢

fR + f,R, + f,R, =R
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+
It shows: To set up the original hypothesis, |\¢;|—}/ = f,R, + f,R, + f,R;should be correct.

(m1+p1+q1)+R ‘(m2+p2+q2) R _(m3+p3+q3)

That is RlM—_g 2 M—_g+ 3 M—_g: flRl+ f2R2+ f3R3 8)
(M +p+0G) _ (MApp+G) o (M+pa+0y)
—h - B
Must meet the conditions: M-¢ , M-¢& , M-¢ ;
m, + p, +
Because the form of the three equations above are similar , we only need to discuss % = f, as follows:
—&

(m1+p1+ql)_f
-

M-¢
m+P+0 _M+n+p+0G
M-¢ M
n n+m
Set n=m, + P, +Q,, transform to =
77 ml pl ql M —c M
. n
Thatis Mn, =en+é&n, — =
M  7+n
n+n,+n n
Let &, back, thatis 12 3 = 1 9)
m +n +p,+0,
nl + n2 +N . . n]_ . . .. .
We can see ———— is exactly ?’pb abundance ratio of the sample, is exactly 207pb abundance ratio of the source 1, From a realistic point

m+n+p+q
of view, the probability when the two abundance ratios are identical is very small.
n+n,+n; n
M m +n +p, +0,

So, is not necessarily always true, and the probability of establishment is very small.

As a result, original hypothesis f;R, + f,R, + f,R; =Ry =0 is not necessarily always true, and the probability of establishment is very small. The Gobeil’s

model actually is not a perfect method to resolve the pollution sources.



