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Abstract: Estimating the impact of volatility in financial markets is challenging due to complex
dynamics, including random fluctuations involving white noise and trend components involving
brown noise. In this study, we explore the potential of leveraging the chaotic properties of time
series data for improved accuracy. Specifically, we introduce a novel trading strategy based on a
technical indicator, Moving Hurst (MH). MH utilizes the Hurst exponent which characterizes the
chaotic properties of time series. We hypothesize and then prove empirically that MH outperforms
traditional indicators like Moving Averages (MA) in analyzing Indian equity indices and capturing
profitable trading opportunities while mitigating the impact of volatility.

Keywords: hurst exponent; fractal analysis; volatility; Indian equity markets; chaos theory

1. Introduction

Forecasting volatility in financial markets presents complex challenges, requiring a
nuanced understanding of both sudden fluctuations and long-term trends. In our study,
we delve into fractal analysis, a technique that identifies recurring patterns in financial
data, to explore its potential for market prediction. Our approach is guided by the Hurst
exponent, a measure that aligns with the Fractal Market Hypothesis Peters (1994), indicating
that changes in a time series’ fractal dimension can significantly impact investor and
trader behavior.

This modeling strategy is particularly persuasive as it addresses the question, “How
do chaos and fractals hold the key to market mysteries?” By leveraging fractal analysis,
we provide insights that can enhance the understanding of market dynamics, especially
in highly volatile conditions like the current Indian markets. In times when market mo-
mentum and fund managers’ analysis about continued momentum appear to contradict
each other, incorporating fractals into market analysis becomes surprisingly insightful and
essential. This approach allows investors and analysts to better navigate the complexities
of market trends, whether they are fluctuating or impulsive. The study of impulsive market
trends through fractal analysis presents an intriguing area for future research, potentially
revealing new patterns and predictive models. Ultimately, this leads to more informed
decision-making which also will encourage more trend research while having some sort of
fractals as a parameter to judge by.

We propose and evaluate a novel technical indicator, the Moving Hurst (MH), which
derives from the fractal analysis of time series data. Our research examines whether MH can
outperform traditional indicators like MA, potentially yielding higher profits or mitigating
losses more effectively. The goal is to demonstrate the efficacy of MH in pinpointing
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profitable trading opportunities and to evaluate its utility in enhancing decision-making
within volatile markets.

This paper is organized as follows: Section 2 reviews related literature in depth.
Section 3 outlines our methodology, beginning with the mathematical underpinnings of
the Hurst exponent in Section 3.1, followed by the proposed data inference approach in
Section 3.2. Section 4 presents the evaluation metric used to analyze the data in Section 4.1,
with Section 4.2 offering real-world test cases from a selection of NIFTY-50 stocks. The
data utilized in this study consist of fundamental price information obtained through the
‘yfinance” API in Python. This API provides a pre-processed dataset that includes daily
closing prices for the selected stocks, facilitating ease of implementation. In Section 5, we
summarize our conclusions and insights gained from this study. Finally, Section 6 discusses
future research directions and the broader implications of our findings.

2. Literature Survey

Forecasting volatility holds significant importance for investors, policymakers, and
risk managers as they navigate the dynamic terrain of financial markets, especially within
vast economies such as India. Utilizing fractal analysis, with the Hurst exponent serving
as a pivotal measure, presents a promising avenue for refining the accuracy of volatility
predictions by capturing the inherent patterns and structures within market dynamics. This
literature review synthesizes extant research on volatility forecasting the equity markets
through fractal analysis, leveraging the Hurst exponent.

The Hurst exponent, an essential metric in fractal analysis, quantifies the long-term
memory and persistence exhibited by time series data. In financial contexts, a Hurst
exponent surpassing 0.5 signifies the existence of long-range dependence, implying that
previous trends are prone to persisting into subsequent periods. This characteristic renders
the Hurst exponent a valuable asset for encapsulating the fractal intricacies of market
dynamics and enhancing the precision of volatility forecasting methodologies. The research
in Fernandez-Martinez (2017) indicates that the self-similarity index may function as an
indicator of the shift from random efficient market activity to herd behavior. It reveals
that as the self-similarity index increases, so does the average price change, suggesting
enhanced performance of the associated stock. The use of rescaled range analysis and
the Hurst exponent to study long-term memory in financial time series data has been
documented in Couillard and Davison (2005). The authors propose a statistical significance
test for the Hurst exponent and apply it to real financial data sets, finding no evidence of
long-term memory in some financial returns. They suggest that Brownian motion can be a
suitable model for price dynamics in certain cases. The research undertaken by Cho and Lee
(2022) presents a novel model merging fractal concepts with deep learning techniques to
enhance the precision of stock price index forecasts. This study underscores the significance
of comprehending multifractality and long-range dependence within time-series data to
achieve more accurate predictions in the financial domain. Matthieu Garcin’s article (2017)
presents an innovative technique employing variational calculus to smooth raw time
series data, enabling the estimation of time-dependent Hurst exponents. This method is
specifically employed in forecasting foreign exchange rates, demonstrating encouraging
outcomes for Hurst exponents surpassing 0.5, albeit less noteworthy results for values
below 0.5. Tzouras et al. (2015) presents a model incorporating the Hurst exponent for
modeling financial time series, exhibiting enhanced efficacy in capturing the long-memory
characteristics of financial data compared to conventional methods. A rolling window
analysis was performed by Vogl (2023) to examine the dynamics of time-varying Hurst
exponents. The results demonstrated a complete invalidation of the efficient markets
hypothesis (EMH). The study outlined the reasoning behind momentum crashes and
the potential for crisis predictions. Additionally, multifractal and power-law analyses
were utilized to assess Hurst exponents, alongside the proposal of a nonlinear dynamics
analysis framework. The research Horta et al. (2014) investigates the influence of the
2008 and 2010 financial crises on global stock markets by analyzing Hurst exponents.
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Findings indicate a heightened correlation in memory attributes during crises, with markets
transitioning towards long-term memory and persistence during the Subprime crisis, while
moving towards efficiency during the European debt crisis. This insight can aid investors in
comprehending market dynamics during crises, facilitating more informed decision-making.

Multiple empirical inquiries have delved into forecasting volatility within equity mar-
kets employing fractal analysis, centering on the Hurst exponent. These investigations
have scrutinized diverse market indices, individual stock performances, and temporal
spans to elucidate the nexus between the Hurst exponent and volatility dynamics. The
collective findings consistently indicate a positive correlation between elevated Hurst expo-
nent values and heightened persistence in volatility, thereby underscoring the predictive
efficacy inherent in fractal analysis methodologies. Bianchi and Pianese (2018) studied
the increasing empirical evidence that undermines the belief in stock markets’ efficiency,
leading to a rethinking of market dynamics. Two functions are developed to create indica-
tors offering timely market efficiency insights. These tools are applied to analyze four key
stock indexes across the world. Grech and Pamuta’s research (2008) delves into the intrinsic
fractal characteristics of the Warsaw Stock Exchange Index (WIG) and their correlation with
market downturns. Through computation of the local time-dependent Hurst exponent,
the authors discern patterns indicative of impending market disruptions or crashes. They
define criteria based on the behavior of the local Hurst exponent, serving as indicators for
the probability of a market crash. Another application of the Hurst exponent in the fractal
analysis in the Russian stock market has been reported in Laktyunkin and Potapov (2020).
The research by Eom et al. (2008) empirically examined the link between efficiency and
predictability in financial data, utilizing the Hurst exponent for efficiency and hit rate for
prediction. Data from 60 global market indexes were analyzed, employing the Hurst expo-
nent to measure efficiency and hit rate for future price change prediction. Selvaratnam and
Kirley (2006) introduced an enhanced evolutionary artificial neural networks model using
fractal analysis based on Hurst exponent. Australian Stock Exchange data results show
that Hurst exponent configured models outperform basic EANN models in trading profit.
In the work by Zournatzidou and Floros (2023), the volatility of indices and estimate of
the Hurst parameter using data from five international markets: VIX (CBOE), VXN (CBOE
Nasdaq 100), VXD (DJIA), VHSI (HSI), and KSVKOSPI (KOSPI) has been explored. The
analysis period is from January 2001 to December 2021 and incorporates various market
phases, such as booms and crashes. The studies Bal et al. (2021); Barunik and Kristoufek
(2010); Bui and Slepaczuk (2022); Gomez-Aguila et al. (2022); Gursakal et al. (2009); Qadan
and Shuval (2022); Qadan et al. (2024); Yim et al. (2014) elucidate the use of Hurst exponent
in the context of stock market analysis.

Various methodological strategies for estimating the Hurst exponent exhibit diversity,
encompassing prevalent techniques such as R/S analysis, detrended fluctuation analysis
(DFA), and wavelet-based methods. Researchers utilize these methodologies to gauge the
fractal attributes present within market data and evaluate their repercussions on volatility
forecasting. The selection of a specific approach hinges upon factors such as the inherent
characteristics of the data, the objectives of the research, and computational constraints.
The study by Domino (2011) examines the local properties of share price evolution for 126
significant companies traded on the Warsaw Stock Exchange from 1991 to 2008, focusing on
daily financial returns. The analysis employs local Detrended Fluctuation Analysis (DFA)
to derive the Hurst exponent (diffusion coefficient) and identify negative correlations in-
dicative of changes in long-term trends. The study reveals insights into the local properties
of share price evolution, suggesting the potential effectiveness of employing local DFA
and the Hurst exponent in investment strategies. The exploration Ferndndez-Martinez
et al. (2014) delves into methodologies employed in empirical finance to evaluate market
efficiency, highlighting the significance of precise estimation of the Hurst exponent in
comprehending financial markets and stock returns. The article by Qian and Rasheed
(2004) examines how the Hurst exponent serves as a statistical measure for categorizing
time series data. It distinguishes between random series (H = 0.5) and reinforcing trends
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(H > 0.5). Experiments using backpropagation Neural Networks demonstrate that series
with higher Hurst exponents offer more accurate predictions, highlighting the Hurst ex-
ponent’s role as a predictor in financial time series analysis. The article Sanchez-Granero
et al. (2012) introduces three new algorithms based on fractal dimension to estimate the
Hurst exponent of financial time series. These algorithms are tested for accuracy using
Monte Carlo simulations, showing superior performance compared to classical methods,
especially for short series. The changing efficiency of 15 Middle East and North African
(MENA) stock markets using a rolling window technique and generalized Hurst exponent
analysis of daily data over six years, from January 2007 to December 2012 are studied in
Sensoy (2013). Results show varying levels of long-range dependence over time, with
the Arab Spring negatively impacting market efficiency. The Efficient Market Hypothesis
Fama (1970) stated that markets are efficient in the sense that the current stock prices reflect
completely all currently known information that could anticipate the future market, i.e.,
there is no information hidden that could be used to predict future market development.
There came an Inefficient Market Hypothesis Shleifer (2000) stating that some anomalies in
market development have been found that cannot be explained as being caused by efficient
markets. Reported by Peters (1994) supporting the previous argument which had not been
published then, represented a new framework for modeling the conflicting randomness
and deterministic characteristic of capital markets. We move forward with this statement
and try to concertize it throughout the length of our research.

In summary, the Hurst exponent proves to be a valuable asset for forecasting volatility
within the stock markets across the world through fractal analysis. By encapsulating
the enduring memory and persistence of market dynamics, the Hurst exponent provides
insights that can guide investment decisions, inform risk management strategies, and shape
policy interventions. Future research endeavors could delve into advanced methodologies
for estimating the Hurst exponent, scrutinize the influence of exogenous factors on volatility
dynamics, and craft resilient forecasting models by integrating fractal analysis techniques.

The novelty of the present work lies in the fact that our work implements the fractal
analysis to the Indian Stock market but to other stock markets across the globe. Also,
the proposition of the superiority of the MH indicator over the MA indicator is a unique
attribute of our work. Our work also contains the validation of our obtained results using
hypothesis testing and concludes the higher profits in MH set-up compared to MA set-up.

3. Method
3.1. Hurst Exponent

Hurst exponent Hurst (1951) is the measure that estimates the chaotic nature of time
series. It uses the rescaled range analysis (R/S analysis) which involves calculating the
range of partial sums of deviations of segments within a time series from their respective
means. These ranges are then normalized by dividing them by the standard deviations of
their corresponding segments Peters (1994). The working mechanism for this process is
displayed in Figure 1.

Let the time series be of length N, which is subdivided into 2k equal subintervals so
that the total length can be represented as N = 1 2K, where 7 is the number of sub-time
periods. The following algorithm demonstrates the working mechanism of rescaled range
analysis to achieve the Hurst exponent for a given time series.

e  Step 1: Find the mean xmean over all the sub-periods.
. Step 2: Construct a new series, Z, = X, — Xmean, for r =1 to n.
¢ Step 3: Construct another series Y, of cumulative deviations from step 2.
e Step 4: Calculate R, = max{Y;} — min{Y;}, foralli =1 to n.
(x—x

2 72
¢  Step 5: Calculate standard deviation ¢ = nmean) =1/ Zn " of the original

elements of each sub-period.

1;” for all subperiods of fixed length n.
n

e  Step 6: Calculate the rescaled range
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*  Step 7: Repeat steps 1 to 6 iteratively for each length of sub-period.

Evaluating the following expectation to estimate the Hurst exponent

E<&> =Cnfl as n—> o
Sy

where C is the asymptotic constant, 7 is the considered time span and H is the Hurst exponent.
R
Geometrically, the slope of the plot of log (S—”> versus log(n) for each range, gives
n

the Hurst exponent.

Figure 1. Flowchart of the process.

3.2. Proposed Scheme

Our proposed method of performing strategies is rather straightforward. The idea of
our non-linear method is similar to the mechanism of MA. However, instead of moving
averages computed from daily values of time series in a given box size, we used moving
Hurst exponents computed from the fractal dimension of daily returns in a given box size,
similar to what was implemented in Kroha and Skoula (2018). We implement 2 windows
of 100 days and 150 days, so as to observe their MH crossings at the zero line, such that

i If (H100 — H150)n > 0 and (Hl()() — H150)n+1 < 0, then the signal is BUY.
i If (H]O() — H15[))n < 0and (H]()() — H15[))n+1 > 0, then the signal is SELL.
When Hjgy crosses downward through Hisy, it indicates a potential buying oppor-

tunity, suggesting reduced chaos. Conversely, when Hygy crosses upward through Hjs,
it may signal a selling opportunity, indicating increased chaos (see Figure 2). Further,
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Difference

we implement a basic MA strategy with the same window sizes, i.e., 100 and 150. Then,
we compare returns evaluated based on the metric that is defined in Section 4.1. Our
intention is to comparatively perform better in MH returns than MA returns, proving to be
a replacement in certain ensemble strategies where MA is being used traditionally.

MH 100 - MH 150

0.4

0.3

Buy

—— MH 100 - MH 150
Zero Line

Sell Sell Buy

Buy
Buy

SeII

=0.1

=0.2

2016

2017

Buy Sell
2018 2019 2020 2021 2022 2023 2024

Date

Figure 2. Plot of MH g9 — MHjsg over time.

4. Results, Implementation and Validation
4.1. Evaluation Metric

The evaluation metric allows traders to quickly compare trading strategies among

themselves or with some benchmark strategy. There are so many performance metrics that
can be applied in practice. These performance metrics are typically based on different math-
ematical aspects of a trading system’s performance. In the experimental study conducted
here, a simple evaluation metric is used to compare the performance of the conventional
Moving Average (MA) strategy with the proposed Moving Hurst (MH) strategy.

1.

N

Consider a unit quantity of security under consideration for every buy or sell trade
signal. The time duration for evaluation is one year. The number of buy and sell
signals generated by strategies may differ in numbers.

Separate queues for buy and sell trade signals.

Starting with the first buy/sell signal find the complementary (sell/buy) signal and
count the corresponding profit or loss.

Keep finding pairs of complementary trades until the end of buy or sell trade signal
queues.

If there are any buy or sell trade signals that will not find their complementary
trade signals after exhausting queues they are to be discarded in evaluation. In real
practice, they can be carried forward to the next evaluation period using the sliding
window method.

This is illustrated through the following Table 1 for five months.
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Table 1. Evaluation metric for generated signal queues.
Buy Signal Queue Sell Signal Queue Pair Profit/Loss
Buy Sr. No. Date Buy Signal Sell Sr. No. Date Sell Signal
B1 01-01-20 150 S1 02-02-20 159 (B1, S1) 9
B2 15-01-20 155 S2 03-03-20 162 (B2, 52) 7
B3 20-02-20 157 S3 16-03-20 161 (B3, S3) 4
B4 15-04-20 164 S4 18-03-20 160 (54, B4) —4
B5 04-05-20 165 S5 08-04-20 161 (S5, B5) —4
B6 14-05-20 161 S6 29-04-20 162 (S6, B6) 1
B7 19-05-20 163 S7 30-05-20 165 (B7,57) 2
B8 23-05-20 165 Unpaired
Total Profit/Loss 15

4.2. Approach and Testing
4.2.1. Strategy Implementation

The strategy was applied to 50 stocks from the NIFTY-50 index on the National Stock
Exchange of India (NSEI). In most cases, its performance aligned with expectations when
compared to the traditional Moving Average (MA). The strategy was developed and
implemented using Python. Although both the Moving Hurst (MH) and MA indicators
can become unreliable during periods of sudden and extreme market fluctuations, the
MH indicator appears to offer better containment of volatility. This potentially leads to
reduced losses or increased profits when market conditions are erratic. To assess the
strategy, 10 years of historical price data were analyzed. The results were examined across
three selected stocks, which are described below.

4.2.2. Results

We compared the outcomes of the Moving Hurst (MH) strategy against the MA
strategy for three selected stocks: Cipla Pharmaceutical Yahoo Finance (2024a) (see Table 2
and Figure 3), Reliance Industries Yahoo Finance (2024b) (see Table 3 and Figure 4), and
UltraTech Cement Yahoo Finance (2024c) (see Table 4 and Figure 5).

Objective: Maximizing profit

Table 2. Number of generated signals for Cipla Yahoo Finance (2024a): MH vs. MA.

Strategy Buy Signals Sell Signals Net Result (units)
MH 16 14 +296
MA 5 4 +25

Objective: Minimizing loss

Table 3. Number of generated signals for Reliance Industries Yahoo Finance (2024b): MH vs. MA.

Strategy Buy Signals Sell Signals Net Result (units)
MH 10 13 -929
MA 5 6 —1498

Objective: Maximizing profit

Table 4. Numberof generated signals for Ultratech Cement Yahoo Finance (2024c): MH vs. MA.

Strategy Buy Signals Sell Signals Net Result (units)
MH 11 13 +8824
MA 6 5 +4763
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CIPLA HOLDINGS OVER TIME

0 —
\ —
A R \ )
500 4 ‘ \ — .
—1000 1
i
=]
=
=}
=
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=2000 1 Action
— Owerall Cumulative Holdings (MH)
Owverall Cumulative Holdings (MA)
_z5o0 4 ® Buy Actions (MH)
& Sell Actions (MH)
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Figure 3. Plot of Cipla’s holdings over time.
RELIANCE HOLDINGS OVER TIME
1000 -
500
5 0
=
=}
=]
T
=500 - 3
Action
— Owerall Cumulative Holdings (MH)
—1000 1 Overall Cumulative Holdings [MA)
® Buy Actions (MH)
® Sell Actions (MH)
® Buy Actions (MA)
—1500 A Sell Actions (MA)
T T T T T T T T
201& 2017 2018 2019 2020 2021 2022 2023

Date
Figure 4. Plot of Reliance’s holdings over time.

NOTE: The graphs 3, 4 and 5 focus solely on the signals described in Section 4.1 and
their performance as measured by the selected metric.
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ULTRATECH CEMENT HOLDINGS OVER TIME
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Figure 5. Plot of Ultratech Cement’s holdings over time.
4.3. Validation via Hypothesis Testing

Given the fluctuating differences in profits between using moving Hurst (MH) and
moving average (MA), we applied paired t-test statistics to test our hypothesis that MH
produces higher profits than MA. This analysis utilized the time series of profits generated
by MH and the corresponding time series of profits generated by MA across all the stocks
examined in this study.

We propose the following hypotheses:

Hp (Null hypothesis): uypp = ppa,
Hj (Alternate hypothesis): upy > uma,
where y g and pp4 are means of moving Hurst and moving averages, respectively.

The hypothesis testing has been achieved using Matlab software and the results are dis-
played through Table 5. The inbuilt function “ttest” has been used for the implementation
of a paired t-test.

Table 5. Results of hypothesis testing.
Stock df o p Value  h'Value Null Hypothesis (Hy)  Alternate Hypothesis (Hy)
Cipla Pharmaceutical 38  0.01 0.0006 1 Rejected Accepted
Reliance Industries 33 0.05 0.0302 1 Rejected Accepted
UltraTech Cement 34 0.03 0.0208 1 Rejected Accepted

In all three stocks under consideration, we conducted a paired t-test to evaluate
the performance difference between the Moving Hurst (MH) and Moving Average (MA)
indicators. The null hypothesis (Hp) assumed no significant difference in the mean returns
generated by MH and MA, while the alternate hypothesis (H;) asserted that MH yields
higher returns. The calculated t-statistics for each stock showed that the p-values were
consistently below the 0.05 threshold, leading to the rejection of (Hy) at the 5% significance
level. This statistical evidence supports the superiority of MH over MA with a 95%
confidence interval.
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References

For investors in the Indian financial markets, these test results imply that the MH
indicator is statistically more effective at generating profitable trading signals than the
traditional MA. The rejection of the null hypothesis suggests that investors using MH are
likely to achieve better returns, particularly in environments characterized by significant
volatility, thus offering a more reliable tool for market analysis and decision-making.

5. Conclusions

The results of our study suggest that the Moving Hurst (MH) indicator offers a
valuable approach to forecasting and managing volatility in Indian equity markets. Our
analysis shows that MH provides a more effective means of capturing profitable trading
opportunities compared to traditional indicators like Moving Averages (MA). It also shows
how MH is a less lagging indicator than MA. For not consecutive buy/sell signals, an
argument is made that for a current buy/sell, there might be a sell/buy indicator in the
past or the future which was not included in the moving window frame. By incorporating
the principles of chaos theory and fractal analysis, this new indicator presents a unique
perspective for market analysis. Our analysis shows that MH provides a more effective
means of capturing profitable trading opportunities compared to traditional indicators like
Moving Averages(MA). By incorporating the principles of chaos theory and fractal analysis,
this new indicator presents a unique perspective for market analysis.

6. Future Work

Exploring composite models that combine the MH indicator with other technical
indicators or even replace some like MA could yield more robust and nuanced market
insights. This approach could pave the way for improved volatility forecasting and trend
identification strategies, catering to different trading styles and risk profiles. Future work
should also consider investigating the impact of various external factors—such as macroe-
conomic trends, policy changes, and geopolitical events—on the performance of the MH
indicator. Furthermore, exploring the optimal threshold of market variance for this strategy
presents an exciting opportunity for future research. By studying this aspect, we can en-
hance our understanding of the strategy’s effectiveness across different market conditions.
This analysis could reveal valuable insights into the strategy’s performance and reliability,
potentially uncovering new ways to optimize it for various levels of market volatility.
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