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Abstract: Laminar flow of ethylene glycol-based silicon nitride (EG-Si3N4) nanofluid in a smooth
horizontal pipe subjected to forced heat convection with constant wall heat flux is computationally
modeled and analyzed. Heat transfer is evaluated in terms of Nusselt number (Nu) and heat
transfer coefficient for various volume fractions of Si3N4 nanoparticles in the base fluid and different
laminar flow rates. The thermophysical properties of the EG-Si3N4 nanofluid are taken from a
recently published experimental study. Computational modelling and simulation are performed
using open-source software utilizing finite volume numerical methodology. The nanofluid exhibits
non-Newtonian rheology and it is modelled as a homogeneous single-phase mixture, the properties
of which are determined by the nanoparticle volume fraction. The existing features of the software
to simulate single-phase flow are extended by implementing the energy transport coupled to the
fluid flow and the interaction of the fluid flow with the surrounding pipe wall via the applied wall
heat flux. In addition, the functional dependencies of the thermophysical properties of the nanofluid
on the volume fraction of nanoparticles are implemented in the software, while the non-Newtonian
rheological behavior of the nanofluid under consideration is also taken into account. The obtained
results from the numerical simulations show very good predicting capabilities of the implemented
computational model for the laminar flow coupled to the forced convection heat transfer. Moreover,
the analysis of the computational results for the nanofluid reflects the increase of heat transfer of the
EG-Si3N4 nanofluid in comparison to the EG for all the considered nanoparticle volume fractions and
flow rates, indicating promising features of this nanofluid in heat transfer applications.

Keywords: EG-Si3N4 nanofluid; numerical simulation; laminar flow; heat transfer coefficient

1. Introduction

Nanofluids are mixtures or suspensions of small particles of order of tens of nanometer in pure
base fluids, which after mixing and dispersing the nanoparticles have shown the potential to increase
heat transfer in engineering applications. The increase in thermal conductivity of nanofluids relative
to the base fluid was first time indicated by Choi and Eastman [1]. They conducted a theoretical
study of thermal conductivity of nanofluids with copper nanophase materials. Consequently, due
to their discovered potential in a variety of applications incorporating heat transfer, such as heat
exchangers, solar collectors, or thermal energy storage systems, the research in nanofluids has been
intensified over the past years [2–6]. For the base fluids water and ethylene glycol are commonly used
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in both, the experimental [5,7–14] and the numerical studies [4,15–17]. The numerical investigation
has been directed towards two main different approaches by modeling the nanofluid flow either as an
effective single-phase mixture with unique properties depending on the nanoparticle volume fraction,
or a two-phase flow with explicitly accounting for the interaction of the nanoparticles with the base
fluid [18]. In the last several years ionic liquids (ILs) have been used more and more as base fluids
for producing the nanofluids [19–25]. At ambient conditions ionic liquids have the property of being
non-volatile and non-flammable and they are recyclable liquids. These are the reasons why ionic
liquids are very often considered as green fluids. By suspending nanoparticles in an ionic liquid, the
so called ionanofluid (INF) is formed. Ionanofluids is a new type of nanofluids which can further
increase the thermophysical properties of ionic liquids. In a recent study [26] the available research
and results are summarized in order to assess the potential of ionanofluids. In spite of scattering of the
literature results, it was concluded that ionanofluids have good potential in advanced thermal and
energy applications. The recently conducted researches especially point at ionanofluids as potential
media for advanced solar collectors [19–25].

In addition to the convincing results for the enhancement of the heat transfer a broader approach
to research in nanofluids has to identify the drawback of their usage, such as the obvious problem of
sedimentation of the nanoparticles after a long-time storage [27–29], or even the costs that have to be
paid for the increased efficiency in the energy performance [30], since the enhancement in heat transfer
characteristics might not be enough to balance the increase the pressure drop in terms of costs.

The materials of nanoparticles used for forming the nanofluids are commonly oxides, metals,
carbides, and carbon nanotubes. In the last several years suspensions of nitride nanoparticles in
base fluids have been started to be used for research [9–13,31–35]. Promising results have been
obtained so far which point out that thermal conductivity enhances with the volume fraction of
nanoparticles in suspension. The increase of the thermal conductivity for hexagonal boron nitride
nanofluids (average particle size 70 nm) goes up to 26% at volume fractions of 3% for water and up to
and 16% for the same volume fraction in EG-based nanofluids [10]. The research of thermophysical
properties of EG-based nanofluids with TiN nanoparticles has been conducted for average nanoparticle
diameters of 30 nm and 50 nm and nanoparticle volume fraction from 0.0022 to 0.0111. It was
concluded that thermal conductivity of considered nanofluids could be improved by decreasing the
size of nanoparticles [13]. Contrary to that, the thermal conductivity of nanofluids with boron nitride
(BN) nanoparticles in ethylene glycol was found to be possible to be enhanced with increasing the
nanoparticle size [9]. The main reason for this was concluded to be the surface area and the aspect
ratio of BN nanoparticles. In the same study one more abnormality related to thermal conductivity
enhancements of BN/EG nanofluids is noticed. The higher increase of the thermal conductivity was
achieved at a low nanoparticle volume fraction. The authors suspect the chain-like loose aggregation
of nanoparticles to be the reason for this uncommon increase of thermal conductivity at very low
volume fraction of nanoparticles. Nanofluids with suspended aluminum nitride nanoparticles (AlN) in
ethylene glycol (average particle sizes 165 nm) and propylene glycol (average particle sizes 169 nm) as
base fluids with the nanoparticle volume fraction of 0.1 increase the thermal conductivity by 38.71% and
40.2%, respectively [31]. Computational fluid dynamics using the finite-volume method and adopting
the SIMPLE algorithm was performed for flowing of suspension of aluminum nitride nanoparticles
(particle size 30 nm) in ethylene glycol as the base fluid through a horizontal heated tube [32]. Overall
efficiency of heat transfer enhancement was above one for ranges of nanoparticle concentrations from
1% to 3% and Reynolds numbers from zero to 20,000. The heat capacity of nanofluids with ethylene
glycol and three different types of nitride nanoparticles (namely, aluminum nitride AlN, silicon nitride
Si3N4, and titanium nitride (TiN) was experimentally determined in [33]. It was concluded that the
volume fraction of nanoparticles has a strong effect on the heat capacity, whereas the nanoparticle size
does not show a significant impact on this thermophysical property.

The findings presented above nominate nanofluids with suspended nitrides for in-depth research
in the future. In numerical simulations nanofluid is often modelled as a single-phase Newtonian
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fluid, which is considered to be a good balance between the achieved numerical accuracy and the
acceptable computational costs, in particular for use in practical engineering applications, which
may be accompanied by flows in complex geometries or involve some additional complex physics.
However, in the available literature there is a lack in studies of nanofluids which exhibit some more
complex rheology. The present study focuses on computational modelling and analysis of a laminar
flow of a non-Newtonian nanofluid (ethylene glycol-based silicon nitride (EG-Si3N4)) in a horizontal
pipe with respect to the forced convection heat transfer.

The nanofluid considered in the present study is ethylene glycol-based silicon nitride, which
was experimentally examined in [35] by measuring its rheological behavior and thermal properties in
addition to the electrical conductivity and optical properties, all as functions of the concentration of
nanoparticles. In the above-mentioned experimental study, the average size of the nanoparticles is 20 nm
and the suspension was produced in a production method using vortex shaker, ultrasonic bath, and
high-energy ultrasound generator. The properties of the nanofluid are determined for volume fractions
of nanoparticles up to 0.035. The obtained experimental results reveal the non-Newtonian shear
thinning behavior of the nanofluid, a simple linear increase of thermal conductivity with volume fraction
of nanoparticles, as well as a high enhancement of electrical conductivity and an increase of optical
properties (refractive index, absorption) with volumetric concentration of nanoparticles. Such behavior
of the properties renders the EG-Si3N4 nanofluid as being convenient not only in applications for
heat transfer, such as heat exchangers and thermal energy storage, but also for applications where
enhanced electrical and optical properties are of importance, such as electromagnetic flow meters or
solar collectors.

The present computational study is devoted to determining the heat transfer characteristics of
the EG-Si3N4 nanofluid when it is subjected to laminar pipe flow and forced convection heat transfer
with a constant wall heat flux. Heat transfer is evaluated by determining the Nusselt number and
the heat transfer coefficient for various volume fractions of Si3N4 nanoparticles at different nanofluid
flow rates. The computational model is implemented in the open-source software foam-extend ver.
4.0 [36], which represents an extension of the widely used open-source software OpenFOAM® [37]
utilizing finite volume numerical methodology. The results show that the heat transfer of the EG-Si3N4

nanofluid increases in comparison with the ethylene glycol as the base fluid.

2. Computational Model

2.1. Governing Transport Equations and Constitutive Relations

The nanofluid considered here is modeled as a single-phase mixture with thermophysical properties
depending on the nanoparticle volume fraction. The computational model for the steady-state flow
of such a fluid is given by the governing equations for the mass, linear momentum, and energy
conservation with neglected temperature induced density changes:

∇ · (ρU) = 0, (1)

∇ · (ρUU) = −∇p +∇ · τ, (2)

∇ ·

(
ρcpUT

)
= ∇ · (k∇T), (3)

where ρ is the density of the nanofluid, U is the velocity, p is the pressure, τ is the viscous stress tensor,
cp is the specific heat, k is the thermal conductivity, and T is the temperature. The changes in density
due to temperature changes in the fluid are neglected since the effects of the natural heat convection are
not considered. This is a consequence of the assumption that the effects of the forced heat convection
are predominant in comparison to the natural heat convection. This assumption is justified for cases
where the flow is constrained to small geometries, such as the one used here (tube with 4 mm inner
diameter), whereas the natural heat convection effects become important in larger geometries [38].
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To evaluate the density and the specific heat of the nanofluid, weighted averages based on the
volume fraction of nanoparticles are use, according to the expressions:

ρ = ϕvρn + (1−ϕv)ρb f , (4)

ρcp = ϕv
(
ρcp

)
n
+ (1−ϕv)

(
ρcp

)
b f

, (5)

where ϕv is the volume fraction of nanoparticles in the suspension and the indices n and bf refer to
nanoparticles and base fluid, respectively.

The thermal conductivity of the EG-Si3N4 nanofluid is modelled as a linear dependency on the
nanoparticle volume fraction, with the expressions [35]:

k = (1 + 2.87ϕv)kb f . (6)

The rheology of the EG-Si3N4 nanofluid is modelled with the expressions [35]:

τ = τ0 + Kγn, (7)

where γ represents the strain rate, while the parameters τ0, K, and n depend on the Si3N4 nanoparticle
volume fraction ϕv and their values are provided in [35]. The Expression (7) represents the
Herschel-Bulkley rheology model, which is implemented in the software foam-extend in a manner that
avoids the numerical stability problems for very low values of the strain rate and the singularity at the
limiting case of γ = 0, which would mathematically correspond to infinite viscosity. The local viscous
stress tensor can be represented as the product of the local nanofluid dynamic viscosity µ and the local
strain rate γ, corresponding to the given local viscous stress. If the dynamic viscosity is expressed
in terms of the kinematic viscosity, the local viscous stress is τ = ρνγ and the Equation (2) can be
rewritten in the following form:

∇ · (UU) = −
1
ρ
∇p +

1
ρ
∇ · τ = −

1
ρ
∇p +

1
ρ
∇ · (µγ) = −

1
ρ
∇p +

1
ρ
∇ · (ρνγ). (8)

The kinematic viscosity is determined from the expression:

ν =
1
ρ
τ
γ
=

1
ρ

τ0 + K
[
γn
−

(
τ0
ν0

)n]
.
γ

=
1
ρ

τ0 + K
(
γn
− γn

0

)
γ

, (9)

where the small value for the strain rate γ0 = τ0/ν0 is introduced in order to be able to control the
situation of very small local strain rates during the computation. Thus, the viscous stress is evaluated
from the expression:

τ = τ0 + K
(
γn
− γn

0

)
, (10)

and the graphical representation is given in Figure 1. The value for γ0 is determined by setting the
viscosity ν0 to some high value (say 0.1), as the input parameter to the model. The value for the
viscosity, which is required in the momentum equation, is then determined as being equal to ν0 for local
values of γ < γ0 and the viscous stress is then closely equal to τ0, whereas for γ > γ0 the viscous stress
calculated from the expression (10) will nearly be equal to the theoretical value in the expression (7).
In this manner, the singularity at γ = γ0 is avoided and the numerically obtained viscous stress is
negligibly different from the theoretical value in the expression (7), the difference being determined by
the value for ν0 and γ0: the higher the value for ν0 is set, the lower will be the value for γ0 and the
viscous stress will be closer to the theoretical value.
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Figure 1. Herschel-Bulkley model for non-Newtonian fluid rheology. 

2.2. Geomery Modeling and Numerical Mesh 

The geometry consists of a smooth horizontal pipe in which the flow is axisymmetric due to the 
assumption of negligible effects of natural heat convection. Therefore, in order to significantly reduce 
the computational efforts, the pipe can be modelled as a 2-D axisymmetric slice and the numerical 
mesh is two-dimensional having only one cell in the azimuthal direction, as shown in Figure 2. 
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Figure 2. Geometry and mesh modeling: (a) 2-D axisymmetric domain flow; (b) Snapshot of the 2-D 
numerical mesh. 

2.3. Discretization of Transport Equations and Boundary Conditions 

For the discretization of various terms in the governing transport equations the finite-volume 
numerical methodology is used. The numerical mesh is made of a number of small volumes (cells), 
in which each two cells share one flat cell-face. All variables are stored at cell-centroids (cell-centers) 
denoted with P and all cells are bounded by a finite number of flat cell-faces denoted with f. The 
transport equations representing conservation laws in a steady state simulation may be written in a 
generic form for some variable ϕ: 

( ) ( ) ( )Sφρ φ Γ φ φ∇⋅ = ∇⋅ ∇ +U , (11) 

where ϕ stands for one in the continuity equation, for U in the momentum equation and for T in the 
energy equation, Γ is the diffusion coefficient, replaced by ν in the momentum equation and by k/cp 
in the energy equation, and Sϕ represent any sources which may be present and depend on ϕ. There 
is no such source in the present model in the energy equation, so the only term treated as a source of 
momentum is the negative pressure gradient in the momentum equation. All terms in Equation (11) 
are discretized within the finite-volume approximation and the transport equations are integrated 
over all cell-volumes: 

( ) ( ) ( )d d d
P P PV V V

V V S Vφρ φ Γ φ φ∇⋅ = ∇⋅ ∇ +  U  (12) 

Figure 1. Herschel-Bulkley model for non-Newtonian fluid rheology.

2.2. Geomery Modeling and Numerical Mesh

The geometry consists of a smooth horizontal pipe in which the flow is axisymmetric due to the
assumption of negligible effects of natural heat convection. Therefore, in order to significantly reduce
the computational efforts, the pipe can be modelled as a 2-D axisymmetric slice and the numerical
mesh is two-dimensional having only one cell in the azimuthal direction, as shown in Figure 2.
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Figure 2. Geometry and mesh modeling: (a) 2-D axisymmetric domain flow; (b) Snapshot of the 2-D
numerical mesh.

2.3. Discretization of Transport Equations and Boundary Conditions

For the discretization of various terms in the governing transport equations the finite-volume
numerical methodology is used. The numerical mesh is made of a number of small volumes (cells),
in which each two cells share one flat cell-face. All variables are stored at cell-centroids (cell-centers)
denoted with P and all cells are bounded by a finite number of flat cell-faces denoted with f. The transport
equations representing conservation laws in a steady state simulation may be written in a generic form
for some variable φ:

∇ · (ρUφ) = ∇ · (Γ∇φ) + Sφ(φ), (11)

where φ stands for one in the continuity equation, for U in the momentum equation and for T in the
energy equation, Γ is the diffusion coefficient, replaced by ν in the momentum equation and by k/cp in
the energy equation, and Sφ represent any sources which may be present and depend on φ. There is
no such source in the present model in the energy equation, so the only term treated as a source of
momentum is the negative pressure gradient in the momentum equation. All terms in Equation (11)
are discretized within the finite-volume approximation and the transport equations are integrated over
all cell-volumes: ∫

VP

∇ · (ρUφ)dV =

∫
VP

∇ · (Γ∇φ)dV +

∫
VP

Sφ(φ)dV (12)
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The discretization of terms containing spatial derivatives is performed by converting the volume
integrals in surface integrals according to Gauss’s theorem and then summing over all cell-faces f is
performed. The gradient-containing terms are approximated according to the expression:∫

VP

∇φdV =

∫
SP

φdS ≈
∑

f

S fφ f . (13)

where SP is the surface area of all the cell-faces enclosing the control volume VP, Sf is the surface of a
cell-face, and dS is the differential of the cell-face surface-normal vector. The summation is again done
over all cell-faces f bounding a cell P. In accordance, divergence-containing terms are discretized as:∫

VP

∇ ·φdV =

∫
SP

φ · dS ≈
∑

f

S f ·φ f (14)

Similarly, the second-order spatial terms are approximated as:∫
VP

∇ · (Γ∇φ)dV =

∫
SP

dS · (Γ∇φ) ≈
∑

f

Γ f S f ·
(
∇φ f

)
. (15)

For the calculation of surface integrals, the unknown variables are interpolated to the centers of the
cell-faces. The approximation of the terms with gradients does not impose severe restrictions, so that
simple linear interpolation can be used, while on the other hand the discretization of the term involving
the divergence, in particular the convective term in the momentum equation, is more problematic
and approximation of the convective term represents one of the challenges in Computational Fluid
Dynamics (CFD). Due to the simplicity of the problem studied a simple upwind convection scheme
is considered to be sufficient here for the convective terms in both, the momentum and the energy
equations. In the momentum equation the convective term is linearized by calculating the volume flux
through the cell-faces from the previous iteration.

In approximations of source terms, the corresponding values at cell-centers are reconstructed
from the values at the cell-faces. For example, the source containing the pressure gradient is calculated
according to the expression:

(∇p)P ≈

∑
f

S f S f∣∣∣S f
∣∣∣

−1

·

∑
f

S f∣∣∣S f
∣∣∣ ·

(
∇p⊥f

)∣∣∣S f
∣∣∣, (16)

where the symbol ⊥ denotes the surface-normal gradient, which is obtained by a simple linear scheme
between two neighboring computational cells.

For solving the coupled flow and heat transfer problem described by transport Equations (1)–(3)
and the constitutive relations (4)–(10), boundary conditions are prescribed at domain boundaries (pipe
inlet, pipe outlet, and pipe wall, with reference to Figure 2). The boundary conditions are summarized
in the following.

Momentum:

• inlet: U = (Uin, 0, 0), ∇p = 0,
• pipe wall: U = (0, 0, 0), ∇p = 0,
• outlet: ∇U = 0, p = pout.

Energy:

• inlet: T = Tin,
• pipe wall: ∇T = q/k, where q is the applied wall heat flux,
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• outlet: ∇T = qDπ/
( .
mcp

)
,

where D is the inner diameter of the pipe and
.

m is the mass flow rate. Thus, for the momentum,
there is an inflow boundary at the inlet of the pipe with the prescribed uniform velocity and an outflow
boundary at the outlet of the pipe. As for the energy, a uniform temperature is prescribed at the inlet,
while the temperature gradient is imposed at the pipe wall which is obtained from the given heat flux.
At the outlet, the temperature gradient is imposed which is evaluated theoretically from the analytical
solution ∇T = qDπ/

( .
mcp

)
valid for a constant wall heat flux [39].

Upon the discretization, sets of linear algebraic equations are obtained for each unknown variable,
each set of algebraic equations representing a counterpart of the corresponding transport equation:

aPφP +
∑

N

aNφN = b, (17)

where the summation is performed over all the neighboring cells N surrounding the cell P of interest
and the term b on the right-hand side represents the explicit terms.

The linear systems of algebraic equations are solved to obtain the numerical approximate solutions
of the governing transport equations. The system of Equation (17) is solved in an iterative solution
procedure, starting from an initial estimate and continually improving the solution in every iteration.
The iteration loop is stopped, and the solution is reached when the difference between the solutions in
two consecutive iterations is smaller than some small prescribed tolerance.

The proper coupling between the pressure and the velocity in the momentum equation is ensured
by using the continuity equation to derive the discrete form of the pressure equation from the discrete
form of the momentum equation and iterate via the SIMPLE algorithm for steady-state flows, as
implemented in OpenFOAM® [40], which is extended to iterate over the energy equation as well:

1. Set all fields to initial values.
2. Assemble and solve the under-relaxed momentum equation (momentum predictor).
3. Assemble and solve the pressure equation and calculate the conservative volume fluxes, then

update the pressure field with under-relaxation and correct the velocity explicitly.
4. Solve the temperature equation using the available volume fluxes, pressure and velocity fields;

under-relax the equation implicitly in order to improve convergence.
5. Check convergence for all equations; if the system is not converged, start a new iteration from the

step 2.

3. Results

The described computational model is implemented in the foam-extend version of the software
OpenFOAM®. The capabilities of the model are first verified by computing a single-phase flow with
heat transfer and comparing the computationally obtained results with the existing results in the
available literature. After that, the model is used to compute the nanofluid flow and obtain results for
various volume fractions of the nanoparticles in the mixture.

For the purpose of evaluation of the heat transfer characteristics, the local Nusselt number and
heat transfer coefficient are calculated along the pipe axial axis, as well as the average heat transfer
coefficient. The mean temperature of the fluid in a pipe cross-section S is evaluated from the following
expression:

Tm =

∫
S
ρcpTU · dS∫

S
ρcpU · dS

, (18)
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The local heat transfer coefficient and the Nusselt number in the pipe cross-section are evaluated
from the following expressions:

h =
−k∇Twall

Twall − Tm
, (19)

Nu =
hD
k

, (20)

and the average heat transfer coefficients for the pipe is evaluated from the following expression:

h =
1
L

L∫
0

hdx (21)

In the above expressions the indices m and wall refer to mean value and value at the pipe wall,
respectively, D is the diameter and L is the length of the pipe, and overbar denotes the average value.
The local values for Tm, h and Nu are calculated for each column of cells along the axial axis of the pipe.
Thus, the number of calculated values in the direction of the axial pipe axis is equal to the number of
cells in the axial direction.

For the evaluation of the flow hydrodynamics, the friction factor for laminar flow in the pipe is
calculated from the expression:

f =
−2∇pD

ρv2 (22)

where v is the mean flow velocity in the pipe cross-section, which is equal to the inlet velocity, and ∇p
is the local pressure gradient in the same cross-section.

3.1. Verification of the Computational Model

The model is verified for a pure fluid, without nanoparticles, against the known analytical
solution [39], the experimental results [38], and the empirical result [41]. In the computational setup,
the pipe geometry and fluid (water) properties are the same as in [38], with the Reynolds number of
the flow Re = 965, the wall heat flux q = 1000 W/m2 and the temperature of the fluid at the inlet is
Tin = 293 K, as listed in Table 1. The fluid in these simulations is Newtonian and the viscous stress
tensor is calculated as τ = µ

[
∇U + (∇U)T

]
, instead of using the Herschel-Bulkley model. There meshes

were used for the verification: 200 × 5, 400 × 10 and 800 × 20 cells in the axial and radial directions,
respectively. Figure 3 shows the computationally obtained velocity profile and the friction factor for
the laminar flow of water. The results for both, the velocity profile and the friction factor, converge
with increasing mesh resolution.

Table 1. Parameters in the computational setup used for the verification.

Pipe Diameter D Pipe Length L Inlet Temperature Tin Wall Heat Flux q Reynolds Number Re

4 mm 5 m 293 K 1000 W/m2 965

The model predicts very accurately the analytical parabolic velocity profile and the theoretical
friction factor, which in this case is f = 64/Re = 0.0663, except at the entrance into the pipe where the
boundary layer still develops.
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Figure 3. Results for laminar flow of water at Re = 965: (a) The computed velocity profile evaluated at
x/D = 625; (b) The computed friction factor.

The computed local Nusselt number and the dimensionless radial temperature profile in the
pipe cross-section are plotted in Figure 4. The computationally obtained results converge with
decreasing the mesh size in both, the dimensionless radial temperature distribution and the Nusselt
number. The analytical solution for the Nusselt number Nu = 4.36 is also correctly evaluated and
the computational results for the Nusselt number are in very good agreement with the experimental
results in [38] and also the empirical result from [41].
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profile evaluated at x/D = 625; (b) The computed Nusselt number.

In order to have an impression on the distributions (fields) of the velocity and the temperature in
the pipe, these distributions are shown in Figure 5 for the velocity, and in Figure 6 for the temperature.
Due to the large length-to-diameter ratio of the pipe, only results for the parts of the pipe at its inlet and
outlet are shown. It can clearly be seen how the velocity and temperature boundary layers develop
from the pipe entrance to the pipe outlet. At the pipe outlet the velocity boundary layer is fully
developed, while the temperature boundary layer still seems to develop. This is expected, since the
hydrodynamic entry length is estimated as (xh/D) ≈ 0.05Re and the thermal entry length is estimated as
(xt/D) ≈ 0.05RePr [39], where Pr is the Prandtl number. Thus, for the Prandtl number Pr > 1, as is the
case here, the velocity boundary layer develops faster than the thermal boundary layer. This is also
the reason why the boundary condition for the energy equation at the pipe outlet is given in terms of
the gradient of the temperature, which can be calculated analytically and is not a function of the axial
coordinate of the pipe [39].
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3.2. Results for the EG-Si3N4 Nanofluid

After the verification of the computational model in regard to the flow dynamics and heat transfer,
further computations of the laminar flow of the EG-Si3N4 nanofluid are done. The pipe in the following
simulations has a length of 2 m and a diameter of 4 mm, and the applied wall heat flux is equal
to 10 kW/m2. According to the previous results of the verification, and noting that the pipe length
is smaller in the simulations with the nanofluid, the numerical mesh consisting of 400 × 20 cells is
taken as sufficient for the simulations. Simulations are performed for various volume flow rates and
nanoparticle volume fractions, according to Table 2.
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Table 2. Parameters used for the simulation scenarios for ethylene glycol-based silicon nitride
(EG-Si3N4) nanofluid.

Pipe Diameter
D

Pipe
Length L

Inlet Temperature
Tin

Wall Heat Flux
q

Volume Flow
Rate Q

Nanoparticle Volume
Fractionϕv

4 mm 2 m 293 K 10 kW/m2 8 × 10−6–8.4 ×
10−5 m3/s

0–0.035

In Table 2 the volume flow rates of the nanofluid from Q = 8 × 10−6 to 8.4 × 10−5 m3/s, which were
used in the simulations, correspond to the Reynolds numbers in the range from Re = 200 to Re = 2100
expressed for the base fluid (pure EG). The thermophysical properties for the pure EG as the base fluid
and the Si3N4 nanoparticles are listed in Tables 3 and 4, respectively.

Table 3. Thermophysical properties of the base fluid (EG).

Density ρ Specific Heat cp Heat Conductivity k

1109.67 kg/m3 2458.3 J/(kg K) 0.2429 W/(m K)

Table 4. Thermophysical properties of nanoparticles (Si3N4).

Density ρ Specific Heat cp Heat Conductivity k

3400 kg/m3 540 J/(kg K) 16.7 W/(m K)

Figure 7 shows the computationally obtained velocity profile of EG as base fluid and of EG-Si3N4

with nanoparticle volume fraction of 3.5% for the volume flow rate Q = 6× 10−5 m3/s, which corresponds
to Re = 1500 for the base fluid. The results reflect the difference in the computed velocity profiles,
in particular around the symmetry axis of the pipe, where the profile obtained with the non-Newtonian
rheology becomes flattened as expected. It can be concluded that the non-Newtonian shear thinning
rheology is correctly predicted by the computational model.
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Figure 7. The computed velocity profile for laminar flow of pure EG and of EG-Si3N4 nanofluid with
the nanoparticle volume fraction of 3.5% at Q = 6 × 10−5 m3/s, which corresponds to Re = 1500 for
pure EG.

The computed heat transfer coefficients of EG as base fluid and of EG-Si3N4 with different
nanoparticle volume fractions are plotted in Figure 8 for the volume flow rates Q = 8 × 10−6 m3/s,
which corresponds to Re = 200 for EG, and for Q = 6 × 10−5 m3/s, which corresponds to Re = 1500 for
EG. It can be observed that the heat transfer coefficient in the nanofluid is higher than the one in the
pure base fluid, and the increase of the volume fraction of the nanoparticles leads to the increase of the
heat transfer coefficient.
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Figure 8. Computational results for laminar flow of EG-Si3N4 nanofluid with various nanoparticle
volume fractions and the imposed wall heat flux q = 10 kW/m2: (a) Heat transfer coefficient at the
volume flow rate of Q = 8 × 10−6 m3/s, which corresponds to Re = 200 for pure EG; (b) Heat transfer
coefficient at a volume flow rate of Q = 6 × 10−5 m3/s, which corresponds to Re = 1500 for pure EG.

Furthermore, simulations were performed with the highest volume fraction of the nanoparticle of
φv = 3.5% in a range of Reynolds numbers between 200 and 2100 (which correspond to the pure EG)
and the results for the average heat transfer coefficient in the pipe are shown in Figure 9. As can be
seen, the increase in the volume flow rate leads to the increase in the heat transfer coefficient, and the
increase of the heat transfer coefficient is slightly more pronounced at higher flow rates.
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nanofluid at the nanoparticle volume fraction of 3.5% over a range of nanofluid volume flow rates
corresponding to Re between 200 and 2100 for pure EG.

Finally, the computational results for the relative enhancement of the average heat transfer
coefficient for the EG-Si3N4 nanofluid at the volume fraction of nanoparticles of 3.5% over a range of
nanofluid volume flow rates corresponding to Re between 200 and 2100 for pure EG are shown in
Figure 10. The relative enhancement of the average heat transfer coefficient is higher at lower flow
rates and amounts to 6.5% at the lowest flow rate, while the enhancement is slightly decreasing at
higher flow rates. This is attributed to the fact that at higher flow rates the heat transfer coefficient of
the pure base fluid is also increased, which slightly damps the relative enhancement.
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3.3. Discussion on the Performance Evaluation

The heat transfer enhancement alone should not be used as the only criterion for the evaluation of
the heat transfer performance of the nanofluid compared to the pure base fluid. The increase of the
viscosity of the nanofluid should also be taken into account, in particular in cases where the change in
the viscosity leads to the change in the rheology of the nanofluid. The benefit of using the nanofluid
for the heat transfer enhancement in engineering should be estimated bearing in mind the additional
pumping power required to compensate for the loss of flow performance due to the increase of the
viscosity. Different approaches are proposed in the literature as criteria for the thermal performance
evaluation of nanofluids [19,42–44]. They are basically all somehow related to the consideration of
the heat transfer performance of the nanofluid compared with the base fluid and relative to the loss
of flow power. However, the criteria are proposed by different authors for the specific configuration
under consideration (type of the nanofluid, geometry and wall boundary condition) and it seems not
to be possible to find a unique criterion straightforwardly. It is therefore advisable to use a criterion
which is as simple as possible, while containing information about the relation of the heat transfer
increase and the power loss in the nanofluid flow. Since the heat transfer enhancement is directly
proportional to the enhancement in thermal conductivity and the loss of the flow power is proportional
to the increase in the viscosity, one such criterion for the performance evaluation of the nanofluid is the
simple comparison of ratios of thermal conductivities and viscosity of the nanofluid and the base fluid:

kn f

kb f
>

(
µn f

µb f

)1/3

, (23)

where the indices nf and bf refer to nanofluid and base fluid, respectively. This criterion can be derived
by requiring that the difference between the wall and bulk fluid temperature in the nanofluid flow
should be smaller than the one in the flow of the base fluid. It follows from expression (23) that that
the specific nanofluid could be considered to be beneficial for use if the nanofluid-to-base fluid thermal
conductivity ratio is greater than the third root of the nanofluid-to-base fluid viscosity ratio in the
laminar flow regime.

This simple criterion is tested in the present study for various nanoparticle volume fractions and
the results are listed in Table 5. The values for the thermal conductivity ratio and the one-third power
of the viscosity ratio are relatively close, but the criterion is not satisfied. According to this performance
evaluation criterion it would be questionable whether the nanofluid used in the present study would
be considered as beneficial for heat transfer applications. In other words, in addition to the gain in the
heat transfer performance of the nanofluid, it is important to account for the additional power loss
which is in the same order of magnitude but has slightly higher value than the gain in heat transfer.
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Table 5. Performance evaluation of the EG-Si3N4 nanofluid.

Nanoparticle Volume Fractionϕv Thermal Conductivity Ratio knf/kbf Viscosity Ratio (µnf/µbf)1/3

0.0 1 1
0.0033 1.00947 1.04483
0.0066 1.01894 1.05741

0.01 1.02870 1.07655
0.0134 1.03846 1.11588
0.0169 1.04850 1.13608
0.0258 1.07404 1.24519
0.035 1.100450 1.44602

4. Conclusions

Heat transfer characteristics in laminar flow of the EG-Si3N4 nanofluid in a pipe with the imposed
constant wall heat flux have been numerically analyzed. The computational model incorporating
coupled fluid flow and energy transport has been implemented in the finite-volume numerical approach
to enable simulations in the framework of CFD. The nanofluid is modeled as a single-phase mixture,
the properties of which are determined based on the volume fraction of nanoparticles. In contrast to
most previous studies, the rheology of the nanofluid also depends on the nanoparticle volume fraction
and the non-Newtonian shear thinning nanofluid rheology has been taken into account. The model is
verified by computing laminar pipe flow coupled with a constant wall heat flux and comparing the
numerical results with the available experimental, empirical, and analytical results. The computational
model is then used to compute the pipe flow of the EG-Si3N4 nanofluid subjected to constant wall
heat flux and forced heat convection. Simulated scenarios include various flow rates and nanoparticle
volume fractions in the laminar flow regime. The obtained results show that the heat transfer coefficient
in the flow of the nanofluid is higher than the one corresponding to the base fluid for the same flow rates,
the heat transfer coefficient increases with increasing the volume fraction of nanoparticles and the heat
transfer coefficient also increases with increasing the flow rate. The relative enhancement of the average
heat transfer coefficient in all cases is higher than 5% and it is about 6.5% at lower flow rates. Although
the obtained heat transfer enhancement might appear as lower than expected, this enhancement is
still achieved with the EG-Si3N4 nanofluid, while on the other hand it is important to note that this
nanofluid was recently also found to have very enhanced electrical and optical properties. Thus, it may
be considered as suitable for engineering applications where, in addition to the heat transfer, enhanced
electrical and optical properties are also important. Furthermore, the present study shows that a
relatively simple computational model with the nanofluid being treated as a single-phase mixture
offers a convenient and reliable tool for the analysis of nanofluid flow and heat transfer by means of
CFD. Finally, it is emphasized that, in spite of the proven capability of the nanofluid to enhance the
heat transfer characteristics, it is always very important to objectively asses the performance of the
nanofluid in terms of the power loss due to the increase of the viscosity by estimating the nanofluid
performance according to an appropriate performance evaluation criterion.
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