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Abstract: In this study, a full-scale three-dimensional trapezoidal thermoelectric cooler model is
constructed to study its cooling performance and mechanical reliability using finite element simulation.
Temperature dependent material properties are considered in this work. The boundary conditions
similar to those in a real experimental environment are applied. The effects of the input electrical current
and geometry of the thermoelectric leg on the cooling performance and reliability of a trapezoidal
thermoelectric cooler are analyzed, and a comparison is made with a rectangular thermoelectric cooler.
The results indicate that increasing the leg height and the variable cross-sectional design of the leg can
improve the cooling performance of the trapezoidal thermoelectric cooler. Compared to the original
rectangular thermoelectric cooler, the minimum chip temperature was reduced by 0.87% under the
trapezoidal thermoelectric cooler with optimized geometry. Furthermore, increasing the leg height
enhances the mechanical reliability of the trapezoidal thermoelectric cooler, while the trapezoidal
design of the leg reduces its mechanical reliability. The maximum von Mises stress of the leg for the
trapezoidal thermoelectric cooler with optimal cooling performance increased by 40.1%. The results
of this work provide useful guidance for the structural design of trapezoidal thermoelectric coolers.

Keywords: trapezoidal thermoelectric cooler; variable cross-sectional area; cooling performance;
thermal stress analysis

1. Introduction

The thermal management of electronic devices has attracted increased attention in recent years.
With the power density of the electronic device increases, more heat is generated by electronic devices.
Excessive chip temperature will reduce the reliability of the device [1]. Many advanced passive
cooling techniques such as heat pipe cooling [2], micro-channel cooling [3], phase change cooling [4]
and nanofluid cooling [5,6] have effectively prevented the chip from overheating. Nevertheless,
these passive cooling methods cannot quickly remove the high heat fluxes and effectively control the
chip temperature. An effective cooling method needs to be developed to solve the thermal management
problem of electronic devices.

The thermoelectric cooler (TEC) is an attractive cooling technology, which takes advantage
of the Peltier effect to remove the localized heat fluxes of electronic devices and control the chip
temperature, reflecting significant advantages in thermal management [7]. A TEC contains a number
of thermoelectric legs, which are connected by copper slices and encapsulated by ceramic substrates.
The TEC has many advantages over conventional refrigeration equipment including good reliability,
no moving mechanical modules, a small dimension, quiet operation and zero pollution [8].
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In spite of their advantages, thermoelectric coolers (TECs) are still not widely used in account
of their low thermoelectric conversion efficiency and high price. Many attempts have been made to
enhance the cooling performance of TECs, and researchers have improved the conversion efficiency in
two main ways. The first way involves improving the figure of merit (ZT) by finding new thermoelectric
materials and doping in the original thermoelectric material [9,10]. In addition, numerous researchers
have strived to optimize the structure of TECs using commercial thermoelectric materials [11].

Some researchers have found that the height and cross-sectional area of the leg have a remarkable
influence on the TEC performance. Zhu et al. [12] found that the cooling performance of the TEC is
improved and its response time shortened with the ratio of the leg height to the leg cross-sectional
area decreased using finite element analysis. Huang et al. [13] selected the number of thermoelectric
legs, leg height and fill ratio of the thermoelectric pairs as optimization variables and used a simplified
conjugated-gradient algorithm to obtain the maximum cooling capacity of the TEC. Abid et al. [14]
altered the height and cross-sectional area of the legs to optimize cooling performance of TECs by
simulation and experimental verification. Gong et al. [15] found a smaller leg height and larger
cross-sectional area of the leg are conducive to enhancing cooling performance and reliability of
rectangular TECs.

Nevertheless, it should be noted that commercial thermoelectric legs are limited to rectangular
shape with a constant cross-sectional area. This is mainly because the shape of the legs is limited by
traditional processing techniques. Recently, with the rapid development of additive manufacturing
technology, the limitations of traditional manufacturing processes have been overcome, enabling
the manufacture of thermoelectric legs with complex shapes [16–18]. Consequently, it is of great
significance to study the effect of differently shaped legs on the thermoelectric performance and
reliability of thermoelectric devices. Many researchers have studied some new shapes of thermoelectric
legs with non-constant cross-sectional areas, such as trapezoidal-shaped [19,20], X-shaped [21] and
Y-shaped legs [22]. Considering the simplicity of the manufacturing process, the trapezoidal-shaped
leg structure has been gradually studied using analytical methods or finite element methods. In spite of
a number of studies having focused on the influence of a trapezoidal-shaped leg on the thermoelectric
performance of thermoelectric device, they are basically related to the thermoelectric generator.
Since the leg structure of variable cross-sectional areas affects the thermal resistance and electrical
resistance of legs, the performance evaluation of TECs with non-constant cross-sectional areas is
an important research issue, and few studies have focused on the influence of trapezoidal-shaped
leg structure on TEC performance. Lin et al. [23] introduced trapezoid-type two-stage p-n pairs
in a two-stage TEC. They proved that this structure can enhance performance compared with the
traditional rectangular-shaped leg structure. Lv et al. [24] studied the effect of the single-stage TEC with
no-constant cross-sectional area on transient supercooling performance by comparing it with a TEC
with constant cross-sectional area. Gao et al. [25] designed the new two-stage TEC with non-constant
cross-sectional areas. They adjusted cross-sectional area ratios of the hot side to the cold side of different
stages to enhance transient supercooling performance. Qiu et al. [26] analyzed the influences of the
leg shape, connection layer thickness and temperature difference between hot and cold ends on the
performance of a TEC with a variable cross-sectional area using numerical and mathematical models.
Lamba et al. [27] made use of an optimization algorithm to find optimal values of design variables for
optimizing the performance of a single-stage trapezoidal TEC, and studied the effect of the Thomson
effect on the cooling capacity of the TEC.

When designing thermoelectric devices, it is of importance to enhance their thermoelectric
performance. In addition, reliability should be taken into account. The failure of thermoelectric devices
is mainly due to the mismatched thermal expansion coefficients of different components. Various
defects are caused by thermal stress, which reduce the lifespan of thermoelectric devices, causing their
eventual failure [28]. Hence, it is necessary to research the thermal stress distribution of thermoelectric
devices and find high stress locations within them. These data are helpful to improve the reliability
and lifespan of the devices, and many researchers have thus conducted work on thermal stress in
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the last few years [29–31]. Many of them have analyzed the thermal stress of thermoelectric devices
with variable cross-sectional areas. Merbati et al. [32] studied the thermal stress distribution of the
trapezoidal thermoelectric device, and found that trapezoidal-shaped legs could decrease the maximum
thermal stress within thermoelectric generator. Erturun et al. [33] analyzed the effects of various leg
shapes on the thermo-mechanical performance of thermoelectric generators. Yilbas et al. [34] studied a
horizontal and variable cross-sectional thermoelectric generator, and showed that the tapered legs
can decrease thermal stress compared with the rectangular-shaped legs. Ibeagwu et al. [35] clarified
the influence of various leg configurations on thermal stress. They showed that optimization of leg
shape is an effective method to reduce thermal stress. Most articles focus on research of thermal stress
in thermoelectric generators due to the fact that thermoelectric generators operate in environments
with large temperature differences between the hot side and cold side. Thermal stress is, therefore,
much more likely to occur. The temperature difference between the hot side and cold side generated
by the TEC is relatively small compared with that of a thermoelectric generator. In fact, when a large
electrical current is applied, a TEC generates a great deal of heat inside the device due to the Joule heating
effect. The thermo-mechanical characteristics of TECs are thus affected. Therefore, it is of importance
to investigate the thermal stress distribution of TECs for improving their reliability. However, there are
few articles that have studied the thermal stress of TECs at present. Wang et al. [36] investigated the
thermal deformation of a TEC and explained its cause through experiments. Gong et al. [37] studied
the effects of the electrical current, leg height, thickness of substrates and contact layers on the thermal
stress of a TEC. Gong et al. [38] studied the transient thermal stress gradient of a TEC when a variable
load was applied to its cold surface.

These articles show the importance of analyzing the performance and thermal stress of trapezoidal
TECs. However, most of these studies use thermal resistance models to analyze the performance
of trapezoidal TECs. The Joule heating effect and Thomson effect are assumed to be symmetrically
distributed in the thermoelectric leg in these studies. The local thermal resistance and electrical
conductance of the trapezoidal-shaped leg vary with different cross-sectional areas of the legs along the
leg height. Therefore, it is not appropriate to assume that the symmetrical distribution of both effects in
the trapezoidal TEC. Moreover, to the best of our knowledge, at present no studies have systematically
researched the thermal stress distribution of a trapezoidal TEC. Additionally, most studies assume a
constant hot side and cold side temperature and ignore the effects of real working conditions—where the
cold end has a thermal load and the hot end is connected to an advanced heat dissipation device—on the
performance and reliability of TECs. The thermal load will cause higher local thermal stress, affecting
the reliability of the device significantly.

Therefore, in this work, a full-scale 3D trapezoidal TEC model is constructed to study its cooling
performance and mechanical reliability via the finite element simulation firstly. A power chip is fixed
on the cold end of the trapezoidal TEC with thermal grease, and the advanced heat dissipation device
connected to the hot end is simplified by the equivalent heat transfer coefficient, which is closer to
the real working environment. Temperature-dependent characteristics of thermoelectric materials
are considered. Subsequently, the effects of the input electrical current, thermoelectric leg height and
the ratio of the area of the cold end of the thermoelectric leg to the area of its hot end on the cooling
performance and thermal stress of the trapezoidal TEC are analyzed. These results in the article give
us a better understanding of the cooling performance and reliability of the trapezoidal-shaped leg,
which helps us to design the actual trapezoidal TEC.

2. Modelling

2.1. Physical Model

The schematic diagram of a trapezoidal TEC with variable cross-sectional area and a power chip
is attached to its cold end through thermal grease is shown in Figure 1. The geometry dimensions of
the TEC selected in this work are based on common commercial applications. The trapezoidal TEC
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(30 × 30 mm) is made up of 142 thermoelectric legs. All leg dimensions are equal. The schematic of a
thermoelectric pair in a rectangular TEC or a trapezoidal TEC is shown in Figure 2. The volume of
the trapezoidal-shaped legs with different cross-sectional ratios remains constant, which is equal to
that of the rectangular-shaped legs used in the conventional TEC. The geometric parameters of the
rectangular TEC are used as the basic parameters in this study. These basic geometric parameters
are listed in Table 1. The materials used in this work have been carefully selected considering their
physical properties for optimal performance. The choice of thermoelectric materials directly affects the
performance of TECs. Bismuth telluride (Bi2Te3) was selected as the thermoelectric material because
it has the best thermoelectric properties at low temperature ranges. As a commercial material, it is
widely used in thermoelectric coolers. Al2O3 was chosen as the substrate layer material for heat
conduction and electrical insulation. Copper slices were used as conductive layers which connect the
thermoelectric legs. The Sn-Pb solder was used as a welding layer in this study. Ceramic materials and
thermoelectric materials are considered as brittle materials. Copper slices and solders were identified
as elastoplastic materials for reducing thermal stress in the trapezoidal TEC [39]. The temperature
dependent properties of thermoelectric leg materials used in this simulation are shown in Figure 3 and
residual material properties are shown in Table 2.

Figure 1. Schematic diagram of a trapezoidal thermoelectric coolers (TEC) with power chip system.

Figure 2. Geometric model of a thermoelectric pair: (a) rectangular TEC or (b) trapezoidal TEC.

Table 1. Basic geometric parameters of the rectangular TEC.

Parameter Value

Leg height (mm) 1.6
Electrode thickness (mm) 0.2

Solder thickness (mm) 0.1
Substrate thickness (mm) 0.8

Cross-section area of the legs (mm2) 1.4 × 1.4
pitch (mm) 1.0

Power chip thickness (mm) 0.4
Thermal grease thickness (mm) 0.1

Cross-section area of power chip (mm2) 10 × 10
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Figure 3. Temperature dependent thermoelectric material properties (a) Seebeck coefficient (b) electrical
resistivity (c) thermal conductivity and (d) figure of merit (ZT) [40].

2.2. Thermo-Physical Properties

Figure 3 shows the temperature dependence of Bi2Te3 materials. Because of its bipolar diffusion
effect, the Seebeck coefficient peaks around 400 K, and the thermal conductivity starts to rise at
350 K, making the extreme value of ZT appear at around 350 K. The electrical resistivity increases
monotonously with temperature.

In the design of thermoelectric coolers, the electrical resistance causes Joule heat, the temperature
inside the thermoelectric leg decreases as the electrical resistivity decreases, and the electrical resistivity
determines the maximum current of the device. Thermal conductivity determines the maximum
temperature difference of the device, lower thermal conductivity provides better cooling performance
for thermoelectric coolers. The Seebeck coefficient is the most important parameter in the thermoelectric
cooler, it directly determines the performance of the thermoelectric cooler. The maximum efficiency of
a thermoelectric cooler is a function of the ZT, ZT = S2σT/κ. The ZT is proportional to the square of
the Seebeck coefficient (S) and electrical conductivity (σ). It is inversely proportional to the thermal
conductivity (κ). The ZT can effectively reflect the cooling performance of thermoelectric coolers.
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Table 2. Other material properties used in this simulation [38,41].

Material Thermal Conductivity
(W/(m·K))

Electrical Conductivity
(S/m)

Seebeck Coefficient
(V/K)

Density
(kg/m3)

Specific Heat Capacity
(J/kg·K)

Young’s Modulus
(GPa)

Coefficient of Thermal Expansion
(1/K) Poisson’s Ratio

Ceramic 25 1 × 10−12 0 3970 800 380 6.5 × 10−6 0.22
Copper 385 5.9 × 107 6.5 × 10−6 8930 386 115 1.7 × 10−5 0.31
Solder 55 2 × 107 0 7240 210 44.5 2.7 × 10−5 0.33

P-Bi2Te3 - - - 7740 154.4 65~59 0.8 × 10−5~1.32 × 10−5 0.23
N-Bi2Te3 - - - 7740 154.4 65~59 0.8 × 10−5~1.32 × 10−5 0.23

Power chip 420 1 × 10−14 0 3100 800 410 4 × 10−6 0.14
Thermal grease 1 2.5 × 10−12 0 1630 1450 60 1.8 × 10−5 0.19
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2.3. Mathematical Model

The algebraic expressions on the variable cross-sectional area of the leg for the trapezoidal TEC,
as expressed in Figure 2, and can be written as [42,43]:

Aleg(x) =
Ac −Ah

H
x + Ah, (1)

where Ah is the cross-sectional area of hot end for thermoelectric legs, Ac is the cross-sectional area of
cold end. H is the leg height. The ratio of the area of the cold end for the thermoelectric leg to the area
of its hot end is defined as RA = Ac/Ah.

The equation of the cross-sectional area of thermoelectric legs is rewritten:

Aleg(x) = Am

[
1 + 2

RA − 1
RA + 1

( x
H
−

1
2

)]
, (2)

where Am is the uniform (mid-height) cross-sectional area of the thermoelectric pin.
The total volume of each thermoelectric pin for the trapezoidal TEC can be calculated as:

Vleg =
Lc + Lh

2
×W ×H =

Ac + Ah
2

×H = Lm ×W ×H = Am ×H, (3)

where Lc and Lh are the leg length of the cold end and hot end of the trapezoidal TEC, respectively.
Lm is the leg length for the rectangular TEC. W is the leg width.

The Fourier heat conduction rate along the x-axis is expressed as:

.
Q = −kAleg(x)

dT
dx

, (4)

After substituting Equation (2) into Equation (4) and performing an integral operation, the Equation (4)
is rewritten as:

.
Q =

2k Am
H ( RA−1

RA+1 )

In(RA)
(Th − Tc), (5)

The overall thermal conductance of each thermoelectric leg pair is expressed as:

K = 2(kp + kn)

Am
H ( RA−1

RA+1 )

In(RA)
, (6)

where kp and kn are the thermal conductivity for each p-type leg and n-type leg, respectively.
The total electrical resistance for each thermoelectric column pair is given as:

R = (
1
σp

+
1
σn

)
1

2 Am
H ( RA−1

RA+1 )
In(RA), (7)

where σp and σn are the electrical conductivity for each p-type leg and n-type leg, respectively.

2.4. Numerical Model

The numerical analysis for the trapezoidal TEC is segmented into the following two aspects: the
thermoelectric analysis and thermal stress analysis. All thermoelectric effects are considered in both
analytical models. The thermal stress distribution of the trapezoidal TEC is obtained by applying the
temperature field value calculated from the thermoelectric analysis.
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2.4.1. Mathematical Equations of Thermoelectric Analysis

Under the steady-state study, the three-dimensional heat flow equation and charge continuity
equation of the trapezoidal TEC are described as Equations (8) and (9) [44]:

∇
→
·q = Q, (8)

∇ ·
→

J = 0, (9)

where
→
q , Q,

→

J , are the heat flux vector, Joule heating and electric current intensity vector, respectively.

The electric field
→

E , expressed by the electric scalar potential φ, is written in Equation (10):

→

E = −∇φ, (10)

The matrix form of the thermoelectric constitutive equation is:

→
q = [π] ·

→

J − [K] · ∇
→

T , (11)

→

J = [σ] ·
→

E − [σ] · [S] · ∇
→

T , (12)

where [π], [K], [σ], [S] are the Peltier coefficient matrix, thermal conductivity matrix, electric conductivity
matrix and Seebeck coefficient matrix, respectively.

Substituting Equations (11) and (12) into Equations (8) and (9) can be written as:

∇ · [π] ·
→

J −∇ · [K] · ∇
→

T = Q, (13)

∇ · [σ] · ∇φ+∇ · [σ] · [S] · ∇
→

T = 0, (14)

2.4.2. Mathematical Equations of Thermal Stress Analysis

The thermal stress governing equation described by the displacement-strain equilibrium
relationship is expressed as [45]:

εxx =
∂u
∂x

, εyy =
∂v
∂y

, εzz =
∂w
∂z

, (15)

εxy =
1
2
(
∂u
∂y

+
∂v
∂x

), εyz =
1
2
(
∂w
∂y

+
∂v
∂z

), εxz =
1
2
(
∂w
∂x

+
∂u
∂z

), (16)

An asymmetric Jacobian matrix is used to describe the dimensionless strain relation, as shown below:

σxx

σyy

σzz

σyz

σzx

σxy


=

E
(1 + v)(1− 2v)



1− v v v 0 0 0
v 1− v v 0 0 0
v v 1− v 0 0 0
0 0 0 1− 2v 0 0
0 0 0 0 1− 2v 0
0 0 0 0 0 0


×



εxx

εyy

εzz

εyz

εzx

εxy


−



1
1
1
0
0
0


αET

1− 2v
(17)

The von Mises stress is used to express the value of thermal stress in this study. The three principal
stress components are expressed as σ1, σ2 and σ3, respectively. According to the shape change specific
energy theory, the von Mises stress can be described by these three principal stresses as:

σvon =

√
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ3 − σ1)

2

2
, (18)
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2.4.3. Boundary Conditions

These assumptions—that do not deviate significantly from reality—are introduced to simplify
this simulation model. These simplified factors have negligible influence on the results:

• Steady state conditions are assumed in this study;
• Apart from the cold side and hot side for the trapezoidal TEC, all lateral surfaces are considered

to be adiabatic;
• Electrical and thermal contact resistance are neglected;
• The thermal power of the power chip on the cold side of trapezoidal TEC is set to 5 W;
• The heat sink connected to the hot end of the trapezoidal TEC is assumed to be the equivalent

convection heat transfer coefficient, its value is set to 1000 W/(m2 K) to meet the range of forced
convection heat conduction for water;

• The cold side and hot side of the trapezoidal TEC are fixed by clamps during thermal stress analysis.

2.4.4. Model Validation

The numerical results in this study were calculated by COMSOL Multiphysics 5.4 software.
The cooling performance and thermal stress distribution for the trapezoidal TEC was obtained by the
finite element method. The electrical currents, heat transfer in solids and solid mechanics interfaces
were applied in this numerical simulation. To demonstrate the grid independence, three different mesh
elements of 171040, 209655 and 266264 were investigated, as listed in Table 3. It can be seen that the
values of the chip temperature, calculated by the three grid elements are basically same. The maximum
deviation of the calculation result is less than 1% in the three grid systems. Therefore, the independence
of the grid is confirmed. To decrease the computational cost, the mesh number of 171040 was chosen for
the simulation analysis. In addition, in order to prove the correctness of the trapezoidal TEC simulation
model, we compared the simulation results with the experimental results of Siddique et al. [17] and
Erturun et al. [33], as shown in Figure 4a,b. The simulation environment and parameters were reset to
be consistent with the experimental condition and parameters in the reference articles. It can be seen
from both figures that the numerical results are consistent with the experimental results within the
allowable error range. The deviation between the numerical and experimental results for power output
is 4.87% and for height difference is 4.98%. Hence, the simulation model used in this article is accurate.

Table 3. Chip temperature under three grid systems.

Grid Number Chip Temperature
for I = 2 A (K)

Chip Temperature
for I = 3 A (K)

Chip Temperature
for I = 4 A (K)

Chip Temperature
for I = 5 A (K)

171040 332.183 322.049 318.728 321.935
209655 332.224 322.091 318.762 321.961
266264 332.215 322.081 318.752 321.950

Figure 4. Comparison of simulation results and experimental results (a) performance validation and
(b) thermal stress validation.
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3. Results and Discussion

In order to keep the temperature of the chip below the critical temperature, the electrical current
will be constantly changed when the trapezoidal TEC is functioning. Therefore, the performance
and thermal stress distribution of trapezoidal TECs are affected by the electrical current. Besides,
the performance and thermal stress distribution of trapezoidal TECs are also affected by the geometric
parameters of the thermoelectric legs. The effects of the electrical current, the ratio of the area of the
cold end of the thermoelectric leg to the area of its hot end, and leg height on the cooling performance
and thermal stress distribution of trapezoidal TECs are analyzed in this section. The cross-sectional
areas of the cold side and hot side for the thermoelectric legs corresponding to different RA values are
shown in Table 4.

Table 4. Various cross-sectional area ratio of the cold side to the hot side.

RA 0.27 0.4 0.56 0.75 1 1.33 1.8 2.5 3.67

Ac (mm2) 0.84 1.12 1.4 1.68 1.96 2.24 2.52 2.8 3.08
Ah (mm2) 3.08 2.8 2.52 2.24 1.96 1.68 1.4 1.12 0.84

3.1. Influence of Electrical Current

The effect of the electrical current on the power chip temperature under different leg heights and
ratios of the area of the cold end of the thermoelectric leg to the area of its hot end, is presented in
Figure 5. It can be seen from Figure 5a,b, that the chip temperature first decreases and then increases
with increasing electrical current. Before the electrical current reaches a critical value, the Peltier
effect is dominant relative to the Joule heating effect. Therefore, the performance of the trapezoidal
TEC is enhanced with the increase in the electrical current, making the chip temperature gradually
decrease. On the contrary, when the electrical current exceeds the critical value, the Joule heating effect
dominates, weakening the trapezoidal TEC performance and increasing the chip temperature again.
When the electrical current is in the range of 3.5 A to 4 A, the chip temperature reaches its minimum
value. The electrical current corresponding to the minimum chip temperature is defined as the optimal
electrical current in this study. Figure 5a shows the different optimal electrical currents for various leg
heights, when the ratio of the area of the cold side to area of the hot side of the trapezoidal-shaped
legs is constant (i.e., RA = 2.5), and the optimal electrical current decreases along with increasing
leg height owing to the higher electrical resistance in the trapezoidal TEC with increasing leg height.
Furthermore, the optimal electrical current first increases and then decreases with increasing RA for
the leg height of the trapezoidal TEC at a value of 1.6 mm, as shown in Figure 5b, and the optimal
electrical current reaches the maximum value when RA = 1 (the traditional rectangular TEC). For any
two RA values that are reciprocal to each other, their corresponding optimal electrical currents are
equal, because they have the same electrical resistance and thermal resistance. The optimal electrical
current defined in this section is used in the remaining sections of this study.

3.2. Influence of Leg Height

Figure 6 shows the influence of the leg height on the minimum chip temperature for different RA

values. The minimum chip temperature has the same decreasing trend as increasing leg height under
different RA values. It can be found that a higher leg height reduces the minimum chip temperature,
which suggests that higher leg height is beneficial to enhance the cooling performance of the trapezoidal
TECs. For example, the minimum chip temperature decreased by 4.5% for RA = 1.8 when the leg
height increased from 0.6 mm to 2.0 mm. The minimum chip temperature reached the minimum value
of 284.085 K when H = 2.0 mm and RA = 1.8, as shown in Figure 6.
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Figure 5. Variation of the chip temperature with the electrical current for (a) different leg heights when
RA = 2.5 and (b) different cross-sectional area ratios of the cold side to hot side for the legs when
H = 1.6 mm.

Figure 6. Variation of the minimum chip temperature with leg height for different RA.
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The main reason for this phenomenon is derived from the change of leg height leading to the
change of all electrical resistances and thermal conductance for the trapezoidal TEC. From Equations (6)
and (7), the overall thermal conductance of each thermoelectric leg pair is inversely proportional to the
leg height, and the total electrical resistance of each thermoelectric leg pair is proportional to the leg
height. The higher leg height leads to an increase in the electrical resistance of the leg and generates
more Joule heat, causing a decrease in the thermal conductance of the leg and the Fourier heat transfer.
Hence, a larger temperature difference is generated as increasing leg height between the hot side and
cold side of the trapezoidal TEC, reduces the temperature of the chip.

3.3. Influence of Cross-Sectional Area Ratio

To illustrate the principle of variable cross-sectional area design, Figure 7 shows the spatial
temperature distribution of the rectangular-shaped and trapezoidal-shaped leg for RA = 1 and
2.5 when H = 1.6 mm. The temperature distribution of the trapezoidal-shaped leg along the leg
height is different from that of the rectangular-shaped leg. As shown in Figure 3, the thermal
conductivity, electrical resistivity, Seebeck coefficient and ZT for thermoelectric materials are all
temperature-dependent. The variable cross-sectional area design can adjust the temperature distribution
along the leg height compared with a constant cross-sectional area design. Therefore, compared
with the rectangular-shaped thermoelectric leg, these thermo-physical properties of the material in
the trapezoidal-shaped thermoelectric leg vary with the change in spatial temperature distribution,
which affects the performance of the trapezoidal thermoelectric cooler.

Figure 7. Temperature distributions of thermoelectric legs when H = 1.6 mm: (a) RA= 1; (b) RA= 2.5.

The influence of the ratio of the cross-sectional area of the cold side to that of the hot side of the
thermoelectric leg on the minimum chip temperature at different leg heights is shown in Figure 8.
The traditional rectangular TEC is expressed as RA = 1. It can be seen that the variation tendency
of the minimum chip temperature when H = 1.6 mm is different from the other leg heights, as is
the increase in RA. The minimum temperature of a chip cooled by a trapezoidal TEC is lower than
the minimum temperature of a chip cooled by a rectangular TEC. For instance, the minimum chip
temperature corresponding to the trapezoidal TEC is 1.2 K lower than the minimum chip temperature
corresponding to the rectangular TEC when H = 1.6 mm. The minimum chip temperature decreases
more significantly at RA > 1 compared to RA < 1. This indicates that the area of the cold side for the
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trapezoidal TEC is larger than that of its hot side, which is more conducive to improving the cooling
performance of the trapezoidal TEC. The minimum value of the minimum chip temperature always
occurs at RA = 2.5 in this figure.

Figure 8. Variation of the minimum chip temperature with cross-sectional area ratios of the cold to hot
ends of the legs for different H.

The variation tendency of the minimum chip temperature with increasing cross-sectional area
ratio under different leg heights is mainly determined by the competitive relationship between the
two effects. The trapezoidal-shaped leg changes the local electrical current density and local thermal
resistance. They are no longer symmetrically distributed along the leg height. The electrical current
density becomes larger at a smaller cross-sectional area, which generates more heat per unit volume.
This phenomenon is called the Joule heating effect. Nevertheless, the smaller thermal resistance at the
larger cross-sectional area causes more heat to be more easily transferred to the larger cross-sectional
area end. This behavior is referred as the heat conduction effect. For example, when H = 1.2 mm,
the minimum chip temperature increases first as the cross-sectional area ratio increases, indicating that
increasing RA makes the heat conduction effect dominate over the Joule heating effect at this stage.
Afterwards, when RA reaches a critical value, the Joule heating effect begins to dominate and the chip
temperature begins to decrease. This occurs up until the point when RA value is too large (RA = 2.5),
when the heat conduction effect once again dominates, making the minimum chip temperature rises
again. When the leg height value is 1.6 mm, there is no first stage because the higher leg height weakens
the heat conduction effect, a smaller cross-sectional area ratio is needed to make the heat conduction
effect dominate.

From above results shown in Figures 6 and 8, the minimum chip temperature is determined by
the leg height and the ratio of the area of the cold end of the thermoelectric leg to the area of its hot
end. They are interdependent. It can be seen that the leg height has a more obvious effect on the
minimum chip temperature than the cross-sectional area ratio, as shown in Figure 9. Compared to the
original rectangular thermoelectric cooler, the minimum chip temperature is reduced by 0.87% under
the trapezoidal thermoelectric cooler with optimized geometry.
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3.4. Thermal Stress Analysis

It is of importance to carry out a thermal stress analysis of trapezoidal TECs to increase its operating
lifespan. The von Mises stress nephogram of a full-scale trapezoidal-shaped thermoelectric leg is
shown in Figure 10 at H = 1.6 mm, I = 4 A. It can be found that the maximum von Mises stress appears
on contact surfaces between the thermoelectric legs and solder layers. When RA < 1, the maximum
von Mises stress is generated on the cold side of the thermoelectric legs. When RA > 1, the maximum
von Mises stress is generated on the hot side of the thermoelectric legs. Furthermore, the maximum
von Mises stress is generated at the edge of thermoelectric legs. These positions are easily destroyed
first. From this figure, it can also be seen that the hot side and cold side of the trapezoidal-shaped
thermoelectric legs generate a non-uniform thermal stress distribution, and the thermal stress for the
thermoelectric legs at the edge of the chip is greater. This is due to the inhomogeneous temperature
distribution resulting in a large local thermal stress gradient.

Figure 11 shows the influence of leg height on the maximum von Mises stress for the thermoelectric
leg at different RA. The maximum von Mises stress for the thermoelectric leg reduces as leg height
is increased due to the decreasing temperature gradient, which indicates that the reliability of the
trapezoidal TEC with a higher leg height is better. In addition, we observed that the maximum von
Mises stress for the trapezoidal-shaped leg with variable cross-sectional area decreases more obviously
as leg height increases, compared with the rectangular-shaped leg with a constant cross-sectional area.
Taking RA = 1.8 as an example, the maximum von Mises stress decreases by 46.7% as the leg height
increases from 0.6 mm to 2.0 mm.

The influence of the ratio of the area of the cold end of the thermoelectric leg to the area of its
hot end on the maximum von Mises stress of the thermoelectric leg is shown in Figure 12. As the
RA increases, the maximum von Mises stresses have the same changing trend at different leg heights.
It can be seen that the maximum von Mises decreases first, then increases, and finally decreases as
the RA value increases. The minimum value for the maximum von Mises stress always occurs at
RA = 1, which indicates that the mechanical reliability of the rectangular-shaped leg with constant
cross-sectional area compared with that of the trapezoidal-shaped leg with non-constant cross-sectional
area is better. Meanwhile, when the RA value exceeds 2.5, the maximum von Mises stress begins to
decrease. From Figures 11 and 12, it can be seen that the minimum value for the maximum thermal
stress of the thermoelectric leg is reached when H = 2 mm and RA = 1. The maximum von Mises stress
of the leg for the trapezoidal thermoelectric cooler with optimal cooling performance has increased by
40.1% compared to the original rectangular thermoelectric cooler.
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Figure 12. Change of the maximum von Mises stress with cross-sectional area ratio of the cold side to
hot side of the leg for different H.

From the above analysis, it can be seen that a higher thermoelectric pin not only improves cooling
performance but also enhances the mechanical reliability of the trapezoidal TEC. However, compared
with the rectangular-shaped leg with a constant cross-sectional area, the trapezoidal-shaped leg with a
variable cross-sectional area improves the performance while reducing the mechanical reliability of the
trapezoidal TEC. Therefore, practical applications, the leg height and the ratio of the cross-sectional
area of the cold end to that of the hot end for the trapezoidal-shaped thermoelectric leg should be
carefully selected according to the actual needs, the cooling performance and mechanical reliability
should be considered at the same time.

4. Conclusions

In summary, the cooling performance and mechanical reliability of a full-scale trapezoidal TEC
with a non-constant cross-sectional area were studied via finite element analysis. The thermal boundary
conditions were simulated in a similar manner to the actual experimental conditions. The effects of the
input electrical current, leg height, and the ratio of the area of the cold end of the thermoelectric leg to
the area of its hot end on the minimum chip temperature and the maximum thermal stress for the leg
were analyzed in detail, and a comparison between trapezoidal TEC and rectangular TEC was carried
out. The calculated thermal stress nephogram of the trapezoidal-shaped legs is used to better visualize
the thermal stress distribution of the legs. Some important conclusions are as follows:

1. The optimal electrical current corresponding to the trapezoidal-shaped thermoelectric leg under
different geometric parameters is different. The optimal electrical current should be used when
analyzing the performance and thermal stress of the trapezoidal TEC.

2. Increasing the thermoelectric leg height simultaneously improves the cooling performance and
mechanical reliability of the trapezoidal TEC. For RA = 1.8, the minimum chip temperature
decreased by 4.5% and the maximum von Mises stress of the leg decreased by 46.7% as the leg
height increased from 0.6 mm to 2.0 mm.

3. Compared to the rectangular TEC, the variable cross-sectional design for the trapezoidal TEC
improves the cooling performance. The minimum chip temperature was reduced by 0.87% under
the trapezoidal thermoelectric cooler with optimized geometry.

4. The maximum von Mises stress for the trapezoidal-shaped leg was greater than that of the
rectangular-shaped leg. The maximum von Mises stress of the leg for the trapezoidal thermoelectric
cooler with optimal cooling performance increased by 40.1% compared to the original rectangular
thermoelectric cooler. Therefore, both the cooling performance and reliability need to be
considered at the same time when designing a trapezoidal TEC.
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