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Abstract: A non-linear three-dimensional inverse shape design problem was investigated for a pipe
type heat exchanger to estimate the design variables of continuous lateral ribs on internal Z-shape
lateral fins for maximum thermal performance factor η. The design variables were considered as
the positions, heights, and number of ribs while the physical properties of air were considered as
a polynomial function of temperature; this makes the problem non-linear. The direct problem was
solved using software package CFD-ACE+, and the Levenberg–Marquardt method (LMM) was
utilized as the optimization tool because it has been proven to be a powerful algorithm for solving
inverse problems. Z-shape lateral fins were found to be the best thermal performance among Z-shape,
S-shape, and V-shape lateral fins. The objective of this study was to include continuous lateral ribs
to Z-shape lateral fins to further improve η. Firstly, the numerical solutions of direct problem were
solved using both polynomial and constant air properties and then compared with the corrected
solutions to verify the necessity for using polynomial air properties. Then, four design cases, A, B, C
and D, based on various design variables were conducted numerically, and the resultant η values
were computed and compared. The results revealed that considering continuous lateral ribs on the
surface of Z-shape lateral fins can indeed improve η value at the design working condition Re = 5000.
η values of designs A, B and C were approximately 13% higher than that for Z-shape lateral fins,
however, when the rib numbers were increased, i.e., design D, the value of η became only 11.5 %
higher. This implies that more ribs will not guarantee higher η value.

Keywords: nonlinear shape design problem; pipe type heat exchanger; Levenberg–Marquardt
method; Z-shape lateral fins with ribs

1. Introduction

It is well known that if a furnace produced industrial waste heat that can be recycled by utilizing
economizers or regenerators before it is discharged into the environment, the thermal efficiency of the
system can thus be improved significantly. In addition, if the exhaust gas can be cooled down to a
reasonably low temperature before its discharge then this will also be environmentally friendly.

Economizers and regenerators are basically the so-called pipe type heat exchangers, and internally
longitudinal finned tubes are usually utilized to effectively enhance heat transfer for the tube side.
They can be used in many practical industrial applications such as petroleum industries, boiler systems,
power plants and chemical engineering industries.

Many researchers have investigated the research topic regarding internally longitudinal finned
tubes problems. For instance, Webb [1] has discussed internally finned tubes in detail, and Fabbri [2,3]
examined an optimal design problem in determining the lateral profile of longitudinal fins located in
cylindrical tubes.
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The pressure drop behaviors inside circular finned tubes under turbulent flow conditions were
examined experimentally by El-Sayed et al. [4]. They have reported that, in the periodic fully developed
region, the tube pressure drop with continuous fins is higher than that of inline arrangement fins and
lower than that of staggered arrangement fins. The heat transfer performance of vertical internally finned
tube under forced convection condition were investigated numerically by Al-Sarkh and Abu-Nada [5].
They have found the existence of an optimum combination of fin numbers and height to yield the best
heat transfer performance.

Heat transfer performance of a three-dimensional heat exchanger with internally longitudinally
finned tube with blocked core tube and stream wise wavy fin was examined numerically by
Wang et al. [6]. The numerical solutions were verified by comparing them with the experimental data
and the effects of both wave height and wave distance on heat transfer performance were investigated.
The numerical results indicated that the Nusselt number and friction factor increase with the increase in
the wave height, while they decrease with the increase in the wave distance. Yu and Tao [7] investigated
the pressure drop and heat transfer characteristics of turbulent flow in annular tubes with internal
wave-like longitudinal fins. Results revealed that heat transfer can be enhanced using wave-like finned
tubes and wave number 20 can result in best performance.

Three different lateral fin profiles, i.e., S-shape, Z-shape and V-shape, of internally finned tubes
with blocked core-tube was investigated and the heat transfer performances of those lateral fin profiles
were examined by Wang et al. [8]. The hydro-thermal performances of the studied lateral fin profiles
were computed and compared under three working conditions. It was found that Z-shape fins have
the best performance.

Based on the research findings in Wang et al. [8], Duan et al. [9] extended the concept of Z-shape
fins to construct the blossom shape internal fins and utilized in a double-tube structure internally
finned tube. The hydro-thermal behaviors of the heat exchanger were analyzed, and the conclusion
was that the blossom shape fin is more suitable for the exhaust gas heat recovery system than the
wave-like fin.

Rib-roughened cooling passages are commonly used in heat exchangers; the utilization of
ribs on the fin surface of heat exchanger introduces two heat transfer enhancement characteristics,
i.e., an increase in heat transfer area and a significant increase in heat transfer coefficients.

Much research regarding this topic can be found in the open literature. For example, Chai et al. [10]
numerically investigated the thermal performance of a microchannel heat sink with rectangular inserted
ribs. They have considered the designs with different rib lengths and widths and arrangements,
and concluded that when Re < 600, the interrupted microchannel with ribs was a good passive method
for heat transfer enhancement. Xia et al. [11] studied the micro heat sink equipped with fan-shaped
reentrant cavities and internal ribs. Result indicated that the effect of rib height was stronger than the
individual effect of the size or arrangement of the reentrant cavity for Re > 300.

Ahmed [12] investigated the optimal design of a ribbed flat-plate fin heat sink. In this work,
the sizes, positions, numbers, and orientations of ribs were considered as the design variables and the
objective was to obtain the optimal thermal performance heat sink. Results indicated that a ribbed
plate fin heat sink provides thermal performance of 1.55 times greater than a plate fin heat sink under
the studied conditions.

Based on the above preliminary reviews, it is expected that the thermal performance factor of a
pipe type heat exchanger can be improved by including continuous lateral ribs to internal Z-shape
lateral fins. The objective of this shape design problem is to determine the optimal sizes and number
of continuous lateral ribs to yield the optimal thermal performance factor under fixed fin volume
constraints with an efficient optimization tool.

The Levenberg–Marquardt method (LMM) [13] has been considered as an efficient optimization
tool for shape design problems. For instance, Chen and Huang [14] used LMM and commercial code
SHIPFLOW to estimate the optimal shape of the after hull based on the desired wake distribution.
Huang and Li [15] determined the optimal boundary geometry of a three-dimensional conductive
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body for producing boundary isotherms with LMM. Huang and Chen [16] used LMM to estimate the
optimal shape and perforation diameters of a perforated pin-fin array module. A three-dimensional
wavy-shaped fin array design problem was considered by Huang and Tung [17], and the objective was
to estimate the optimal wavy-shaped fin array with deformed sinusoidal function to minimize the
average temperature of the base plate of fin array under a fixed fin volume constraint. Therefore, LMM
was chosen in this study as the optimization algorithm.

2. Problem Formulation

A 3-D Pipe Type Heat Exchanger with blocked core-tube and internal Z-shape lateral fins with
ribs (PTHE-ZR) was studied in the present inverse design problem to illustrate the methodology for
estimating the optimal design variables of lateral ribs using LMM and CFD-ACE+ [18].

Figure 1 indicates the physical model of PTHE with internal Z-type lateral fins (PTHE-Z) listed with
the parameter index. PTHE-Z is composed of an annulus tube and Z-shape lateral fins, the tube length
is 400 mm, and there are 20 waves located in the cross-section of internally finned tube. The diameters
are considered as do = 16 mm, Di = 32 mm, Do = 35 mm and δ= 0.2 mm, t = 0.1 mm, L = 7.6 mm,
Lt = 400 mm, and N = 20. The inlet air temperature and wall temperature are taken as Tin = 373 K and
Tw = 303 K, respectively [9], inlet pressure is considered as Pin = 0.2 MPa, and thermal conductivity of
copper is kcopper = 387 W/m-K.

Figure 1. The physical model of PTHE-Z. (a) three-dimensional view, (b) cross-sectional view and
(c) computational region.

Here, Ω represents the computational domain and {Ω} = {Ω1∪Ω2}, where Ω1 indicates the solid
regions (tube and Z-shape lateral fin materials) and Ω2 is the working air flow region. The outer
boundary surfaces of PTHE are subjected to constant wall temperature boundary conditions.

Due to the axial symmetry of PTHE-Z, for simplicity of computations, the computational domain
is chosen as 1/40 of the original PTHE-Z and its 3-D computational domain and grid system are given
in Figure 2a,b, respectively.
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Figure 2. Grid system: (a) cross-sectional view and (b) three-dimensional view.

The conduction equation for the 3-D solid domain Ω1 is given by:

[
∂2Ts(Ω1)

∂x2 +
∂2Ts(Ω1)

∂y2 +
∂2Ts(Ω1)

∂z2 ] = 0; in Ω1 (1)

where Ts represents the solid, i.e., tube and fin, material temperature distributions in Ω1.
It is assumed that air is a 3-D steady-state incompressible flow in region Ω2 and the thermal

properties of air are assumed to be a function of temperature; this makes the problem non-linear.
In addition, due to force convection and moderate air temperature conditions, buoyancy and radiative
heat transfer effects are both neglected.

The 3-D equations of continuity, momentum, and energy in the steady-state turbulent flow with
the standard k–εmodel, turbulent kinetic energy and turbulent energy dissipation rate are illustrated
in Equations (2)–(6), respectively [19]:

∂ρui

∂xi
= 0 (2)

∂ρujui

∂xj
= −

∂p
∂xi

+
∂
∂xj

[µt(
∂ui
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+
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∂xi
)] (3)
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∂
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σl
+
µt
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∂Ta
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] (4)
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∂ui

∂xj
+
∂uj
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)
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∂ρujε
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=

∂
∂xj

(
µt

σε

∂ε
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) + C1µt
ε

k
(
∂ui

∂xj
+
∂uj

∂xi
)
∂ui

∂xj
−C2ρ

ε2

k
(6)

where µl and µt are the kinematic viscosity and turbulent viscosity, respectively, and σl and σt stand
for the kinematic Schmidt number and turbulent Schmidt number, respectively, with µt = Cµ(k2/ε),
C1 = 1.44, C2 = 1.92, Cµ = 0.09, σk = 1.0 and σε = 1.3. Ta represents air temperature distribution in
Ω2. It is assumed a non-slip boundary condition, i.e., ui = 0, applied on all pipe surfaces. The 3-D
hydro-thermal conjugate problem in domain Ω of PTHE-Z is solved using CFD-ACE+, and the physical
properties of air are assumed as a function of air temperature Ta.
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The functions of density ρ(Ta), specific heat Cp(Ta), viscosity µl(Ta) and conductivity ka(Ta) of air
are given below [9]:

ρ(Ta) = 6× 10−6
× (Ta − 273)2

− 0.0058× (Ta − 273) + 2.4028 (kg/m3
)

(7)

Cp(Ta) = −3× 10−9
× (Ta − 273)3 + 2× 10−6

× (Ta − 273)2

−0.0001× (Ta − 273) + 1.004 (kJ/kg−K)
(8)

µl(Ta) = 1× 10−6
× (Ta − 273)3

− 0.0007× (Ta − 273)2

+0.1679× (Ta − 273) + 10.282 (kg/m− s)
(9)

ka(Ta) = 3× 10−6
× (Ta − 273)2 + 0.0084× (Ta − 273)

+2.3802 (W/m−K)
(10)

Equations (7)–(10) indicate that the values of thermal properties depend on the value of Ta, and this
makes the problem nonlinear. Equations (1)–(10) are utilized to calculate the pressure, velocity and
temperature distributions for PTHE-Z when all the boundary conditions and the size of the internal
Z-shape lateral fins are known. Thereafter, the average outlet air temperature Tout can be calculated.

The Reynolds number Re, Nusselt number Nu, and friction factor f are defined as follows:

Re =
ρuinDh

µl
(11)

Nu =
hDh

ka
(12)

f =
∆P

(ρu 2 /2)(L t/Dh

) (13)

where uin and ∆p are the inlet velocity and total pressure drop, respectively, Dh denotes hydraulic
diameter and is defined clearly in [8], and Lt is the tube length with internal fins. In addition, the heat
transfer coefficient h is defined as:

h =

·
mCp(Tin − Tout

)
A∆TLMTD

(14)

In Equation (14), A denotes the total heat transfer area, and ∆TLMTD represents the logarithmic
mean temperature difference and is defined as:

∆TLMTD =
(T in − Tw)−(T out − Tw)

ln( Tin−Tw
Tout−Tw

) (15)

Here, Tin and Tout represent the inlet and average outlet air temperatures of heat exchanger,
respectively, and Tw is the tube wall temperature. Based on the constant pumping power constraint,
the thermal performance factor η of PTHE-ZR is defined as the ratio between the convective heat
transfer coefficients of PTHE-ZR, hZR, and PTHE-Z, hZ. Finally, η of PTHE-ZR can be obtained
below [20,21]:

η =

(
hZR

hZ

)
pp

=

(
NuZR

NuZ

)
pp

=

(
NuZR

NuZ

)(
fZR

fZ

)− 1
3

(16)

Under identical power conditions, η≥ 1 indicates that the increase in the enhancement ratio of
heat transfer rate (NuZR/NuZ) is larger than the increase in friction losses (fZR/fZ)−1/3. A higher η will
result in better heat dissipation performance under the same energy consumption conditions.
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3. The Inverse Design Problem of Ribs

Wang et al. [8] utilized a k–ε turbulence model with a wall function method to investigate
the hydro-thermal performance of PTHE with internal lateral fins and blocked core-tube. PTHE
with S-shape, Z-shape, and V-shape internally lateral fin profiles, i.e., PTHE-S, PTHE-Z and
PTHE-V, were investigated and compared. They have concluded that PTHE-Z achieved the best
hydro-thermal performance.

It is well known that roughness elements such as ribs can be used on heat exchanger surfaces to
promote turbulence and enhance convective heat transfer. These various types of ribs are mounted on
fin surfaces and have been widely used in engineering applications to enhance heat transfer of heat
exchangers, mixing chambers, turbine blade cooling and electronic equipment cooling.

The design concept of this study was to include some pairs of rectangular lateral ribs on the
surface of Z-shape fin to improve the thermal performance factor η of PTHE-ZR.

The proper design variables need be identified prior to the design process, and only effective
design variables need to be included to avoid the long computational time of the design process.
The following four design cases will be considered and investigated.

3.1. Design A

In design A, it is assumed that there is one pair of rib and the position W and height H of rib
are considered as the design variables. Figure 3a–c indicates the geometry of the isometric view,
cross-sectional view, and computational domain of PTHE-ZR, respectively. The design variables W
and H can be rearranged in the following expression:

Θ= {Θ1, Θ2} = {W, H} (17)

Figure 3. The physical model of design A PTHE-ZR. (a) three-dimensional view, (b) cross-sectional
view and (c) computational region.

Figure 3 implies that the fin position and height of upper and lower ribs are identical. In addition,
the volume of each lateral fin with ribs, Vol, is obtainable using the following equation:

Vol = (L × δ+2×H× t) × Lt (18)
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Once H is determined, the thickness of lateral fin δ can be obtained using volume constraint
condition Equation (18) and the geometry of Figure 3c can be constructed.

3.2. Design B

In design B, it is also assumed that there is one pair of ribs, however, the position W1 and the
height H1 of the upper rib, and the position W2 and the height H2 of the lower rib are considered as
the design variables. Figure 4a–c indicates the geometry of the isometric view, cross-sectional view,
and computational domain of PTHE-ZR, respectively. The design variables W1, W2, H1 and H2 are
arranged as follows:

Θ= {Θ1, Θ2, Θ3, Θ4} = {W1, H1, W2, H2} (19)

Figure 4. The physical model of design B PTHE-ZR. (a) three-dimensional view, (b) cross-sectional
view and (c) computational region.

Figure 4c indicates that there are four design variables in design B. The volume of each lateral fin
with ribs, Vol, can be computed with the equation below:

Vol = [L × δ+ (H1 + H2) × t] × Lt (20)

Once H1 and H2 are obtained, the thickness of the lateral fin δ can be computed from Equation (20)
and the geometry of PTHE-ZR can then be plotted.

3.3. Design C

In design C, two pairs of ribs are considered and Figure 5a–c plots the geometry of the isometric
view, cross-sectional view, and computational domain of the PTHE-ZR in design C, respectively.
It can be learned from Figure 5c that the positions W1 and W2 and the heights H1 and H2 of ribs are
considered as the design variables, i.e., there are also four design variables in design C.
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Figure 5. The physical model of design C PTHE-ZR. (a) three-dimensional view, (b) cross-sectional
view and (c) computational region.

The design variables W1, W2, H1 and H2 are arranged as follows:

Θ= {Θ1, Θ2, Θ3, Θ4} = {W1, H1, W2, H2} (21)

The volume of each lateral fin with ribs, Vol, can be calculated using the following expression:

Vol = [L × δ+2× (H1 + H2) × t] × Lt (22)

Once H1 and H2 are obtained, the thickness of the lateral fin δ can be obtained using Equation (22)
and the geometry of PTHE-ZR in design C can be plotted.

3.4. Design D

Three pairs of ribs are considered in design D, and Figure 6a–c illustrates the geometry of the
isometric view, cross-sectional view, and computational domain of PTHE-ZR in design D, respectively.
It is clear that the positions W1, W2, and W3 and the heights H1, H2, and H3 of ribs are considered as
the design variables, i.e., there are six design variables in design D.

Figure 6. The physical model of design D PTHE-ZR. (a) three-dimensional view, (b) cross-sectional
view and (c) computational region.
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The design variables W1, W2, W3, H1, H2 and H3 can be arranged as follows:

Θ= {Θ1, Θ2, Θ3, Θ4, Θ5, Θ6} = {W1, H1, W2, H2, W3, H3} (23)

The volume of each lateral fin with ribs, Vol, can be calculated using the following expression:

Vol = [L × δ+2× (H1 + H2 + H3) × t] × Lt (24)

Once H1, H2 and H3 are estimated, the thickness of lateral fin δ can be obtained using Equation (24)
and the geometry of PTHE-ZR in design D can be plotted.

3.5. The Cost Function

The purpose of this work was to obtain the optimal value of η(Θ) by determining the optimal
shape of PTHE-ZR. Letting the desired η(Θ) of PTHE-ZR be denoted asφ, the fin shape design problem
can be stated as follows: utilize φ to design PTHE-ZR for yielding optimal thermal performance
factor η(Θ).

The cost function of the present shape design problem is as follows:

J
[
Ω(Θ)] = [η(Θ) −φ]2 = ATA (25)

Here, Ω denotes the computational domain of the PTHE-ZR and is a function of the design
variable Θ. η denotes the estimated thermal performance factor of PTHE-ZR, and its value is calculated
from the solution of the direct problem by using an updated geometry of PTHE-ZR. In addition,
the volume constraints, Equations (18), (20), (22) and (24) for designs A, B, C and D, must be satisfied.

4. The Optimization Algorithm

The cost function is minimized with respect to the design variable Θ to obtain the following equation:

∂J[Ω(Θ)]

∂Θ
=

[
∂η(Θ)

∂Θ

]
[η−φ] = 0 (26)

Equation (26) is linearized by expanding η(Θ) in a Taylor series and retaining only the first-order
terms. Thereafter, a weighting coefficient µn is included in the resultant expression to speed up the
rate of convergence. Finally, the Levenberg–Marquardt method [13] can be obtained as:

(F +µnI)∆Θ = D (27)

F = ΨTΨ (28)

D = ΨTA (29)

∆Θ = Θn+1
−Θn (30)

Here, I denotes the identity matrix, the superscripts T and n represent the transpose matrix and
iteration index, respectively, and Ψ is the Jacobian matrix and is given as:

Ψ =
∂η

∂ΘT
(31)

The Jacobian matrix given in Equation (31) can be obtained by perturbing the design variables
Θ one at a time and calculating the resultant change in the thermal performance factor η from the
solution of direct problems.
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To yield an expression for suitable iterative calculation, Equation (27) is rearranged and expressed as:

Θn+1 = Θn+(ΨTΨ + µnI
)−1

ΨT(η−φ) (32)

In the beginning, the steepest-descent method (ηn
→∞ ) is applied, then the value of µn decreases,

and eventually Newton’s method (µn = 0) is utilized to compute the optimal solutions [13]. A sequence
of direct problems is solved by CFD-ACE+ to update the design variables for PTHE-ZR by minimizing
the difference between η and φ in this optimization algorithm.

5. Computational Steps

The iteration steps for obtaining the optimal design variables of this work are summarized below:

Step 1: Use the original design variables Θ0 as the initial guesses to begin the calculations.

Step 2: Solve the direct problems and then the estimated η can be obtained from Equation (16).

Step 3: The Jacobian matrix is computed with Equation (31).

Step 4: Update Θ n+1 from Equation (32).

Step 5: If
(∣∣∣Jn+1

− Jn
∣∣∣/Jn+1)<ε is not satisfied, return to Step 2 and repeat.

6. Results and Discussion

The optimal design algorithm with LMM was considered in the present study to estimate the
design variables of the ribs for the internal Z-shape lateral fins in PTHE-ZR. To illustrate the algorithm
of LMM in estimating the design variables of the lateral ribs by minimizing the cost function of
PTHE-ZR, the optimal shape design problem is described below.

Copper with the thermal conductivity k = 387 W/(m − K) was chosen for PTHE-ZR materials and
the working conditions were the same as those given by Wang et al. [8]. In addition, the temperature-
dependent physical properties of air were identical to those reported by Duan et al. [9].

It is important to verify the accuracy of the computed numerical data because it plays a critical
role in the shape design problem. If the solutions obtained by CFD-ACE+ are not accurate enough,
the optimal rib dimensions of PTHE-ZR cannot be designed properly and correctly. The following
benchmark model is utilized for the above-mentioned purpose, and the numerical results will be
compared with the corrected results given by Wang et al. [8].

The geometry for PTHE-Z is illustrated in Figure 1 and is considered as the initial design of this
study. Based on Equation (16), the thermal performance factor of PTHE-Z is taken as η = 1.0 and the
following dimensions are adopted:

• do = 16 mm, Di = 32 mm, Do = 35 mm, Tw = 303 K, Tin = 373 K,
• Pin = 0.2 MPa, kcopper = 387 W/m-K, δ = 0.2 mm, t = 0.1 mm,
• L = 7.6 mm, Lt = 400 mm, N = 20

The volume of each internal Z-type lateral fin can be obtained as Vol = L × δ × Lt = 608 mm3.
Additionally, temperature-dependent physical properties of air, Equations (7)–(10), were utilized.

The average outlet air temperature of PTHE-Z, Tout, was calculated utilizing CFD-ACE+ package
with four different grid numbers 158,400, 323,400, 653,400 and 983,400 at Re = 5000, and the computed
results were obtained as Tout = 304.1, 305.6, 306.8 and 307.5 K, respectively. The relative error of
Tout between grid numbers 653,400 and 983,400 was calculated as 0.23%, which is very small; thus,
grid number 653,400 was considered for all computations in this work.

In addition, in order to verify the necessity for using polynomial temperature-dependent physical
properties of air, Tout and f using constant physical properties measured at T = 373 K (inlet temperature),
306 K (outlet temperature) and 340 K (averaged temperature), together with utilizing the ideal gas
condition were computed with different Re values, and the results were then compared with those
using polynomial physical properties and the corrected equations reported by Wang et al. [8].
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Figure 7a,b illustrates the comparisons of Tout and f among six cases. Figure 7a indicates that
at higher Re, the values of Tout obtained by using polynomial temperature-dependent physical
properties of air matched best with corrected results and Figure 7b shows that the values of f obtained
by using polynomial properties of air always best fit with corrected results. The validity of using
temperature-dependent physical properties of air is thus verified. The computed temperature and
pressure distributions of PTHE-Z at z = 100 mm are plotted in Figures 8a and 9a, respectively.

Figure 7. The comparisons of (a) Tout and (b) f for PTHE-Z with the corrected values [8] using five
different physical properties of air.

Figure 8. The comparisons of temperature distributions for (a) PTHE-Z, (b) design A (c) design B
(d) design C and (e) design D at z = 100 mm.
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Figure 9. The comparisons of pressure distributions for (a) PTHE-Z, (b) design A (c) design B (d) design
C and (e) design D at z = 100 mm.

6.1. Optimal Design of PTHE-ZR

The objective of the present study was to examine whether the use of lateral ribs can further
improve η of the PTHE-Z. A 20% increase in η from PTHE-Z was required, i.e., ϕ = 1.2. After executing
the design algorithm, it was difficult to reach this desired ϕ value; however, the optimal design
variables could still be obtained for maximum η by using the LMM. The following four design cases
were investigated in sequence to identify the most effective design pattern. The stopping criterion
ε = 10−5 and volume of fin and ribs Vol = 608 mm3 were adopted in this study.

6.2. Design A

In design A, it is assumed that there is one pair of ribs and the upper and lower ribs have same
position and height, i.e., the design variables are considered as W and H. The initial guesses were
taken as W = 4.50 mm and H = 0.3 mm, by considering Re = 5000, ϕ = 1.2 and ε = 10−5, and after five
iterations the estimated design variables were obtained as W = 5.16 mm and H = 0.516 mm, and the
fin thickness reduced to η = 0.18641 mm. In addition, Nu, f and η were calculated as 148.4, 0.046 and
1.13, respectively, and are listed in Table 1. The computed temperature and pressure distributions at
z = 100 mm are plotted in Figures 8b and 9b, respectively.
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Table 1. Design variables and optimal results of PTHE-ZRs with various Re.

Design
Cases

Design
Variables

(mm)

Re = 3000 Re = 5000
(Design Condition) Re = 7000

Nu f η Nu f η Nu f η

PTHE-Z N/A 94.2 0.0320 1 112.0 0.0285 1 124.4 0.0240 1

Case A of
PTHE-ZR

W = 5.16, h = 0.516
δ = 0.18641 118.1 0.0605 1.0990 148.4 0.0460 1.1300 166.5 0.0382 1.1462

Case B of
PTHE-ZR

W1 = 5.01, h1 = 0.50
W1 = 5.44, h2 = 0.55

δ = 0.18623
118.8 0.0614 1.0998 150.0 0.0472 1.1321 169.1 0.0395 1.1516

Case C of
PTHE-ZR

W1 = 3.90, h1 = 0.31
W2 = 5.54, h2 = 0.57

δ = 0.17682
122.2 0.0651 1.1097 153.0 0.0498 1.1343 172.1 0.0416 1.1518

Case D of
PTHE-ZR

W1 = 3.85, h1 = 0.31
W2 = 5.13, h2 = 0.56
W3 = 6.14, h3 = 0.55

δ = 0.16274

123.9 0.0706 1.0952 154.3 0.0539 1.1147 173.7 0.0453 1.1294

It is clear from Figure 8a,b that by utilizing one pair of lateral ribs in PTHE-ZR, heat dissipation
ability in PTHE-ZR is greatly improved than in PTHE-Z, as a result, temperature distribution in
Figure 8b is observed lower than that in Figure 8a and therefore Nu of PTHE-ZR is obtained higher
than that of PTHE-Z. It is also observed that the optimal position of the ribs of PTHE-ZR is located
approximately at the position with the highest air temperature in the upper and lower zones of PTHE-Z.
Utilizing intruded cool ribs into the hottest region of air will definitely reduce the average temperature
of air effectively.

Due to the added surface area of the ribs, the pressure distribution of PTHE-ZR given in Figure 9b
is found to be higher than that of PTHE-Z given in Figure 9a. Therefore, the computed friction f of
PTHE-ZR is larger than that of PTHE-Z. However, when considering the objective function of this
study, i.e., to maximize the thermal performance factor η, it is calculated as η = 1.13 with the present
optimal design shape of ribs, i.e., η of PTHE-ZR is 13% higher than that of PTHE-Z under fixed fin
volume constraint. It verifies that the design concept of this work is correct.

6.3. Design B

In design A, it was found that there is a significant increase in η by considering one pair of rib
with identical position and height. In design B the upper and lower ribs can have different positions,
W1 and W2, and heights, H1 and H2, and hope that η can be increased further.

The design variables are now considered as Θ = {W1, H1, W2, H2}. The optimal design variables of
design A is used as the initial guesses of design B, i.e., W1

o = W2
o = 5.16 mm and H1 = H2 = 0.516 mm.

By performing the LMM, the optimal solutions can be obtained as W1 = 5.01 mm, W2, = 5.44 mm,
H1 = 0.50 mm, and H2 = 0.55 mm after four iterations, and the fin thickness is obtained as δ= 0.18623 mm.
The resultant characteristics are obtained as Nu = 150, f = 0.0472 and η = 1.1321. The calculated
temperature and pressure distributions at z = 100 mm are plotted in Figures 8c and 9c, respectively,
and the data are summarized in Table 1. It is clear from Figure 8b,c that temperature distributions of
design B PTHE-ZR are lower than those of design A PTHE-ZR, due to the flexibility of the designing
positions and heights of upper and lower ribs.

It is found that (1) W1 and W2 move to the left and right sides from the initial position, respectively,
and (2) H1 and H2 become shorter and longer than the initial height, respectively, to yield better
thermal performance factor η.

The reason for the first observation is that due to structure asymmetry, the hottest region of the
lower passage is located left-hand-side of the upper passage. In design A, the positions of upper and
lower ribs are identical, therefore the optimal position W is located approximately between the hottest
regions of upper and lower passage. In design B, W1 and W2 are estimated by LMM separately to
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result in the best heat dissipation performance, and therefore W1 and W2 move to the hottest regions
of lower and upper passages, respectively. In addition, the vertical distance of the hottest point of the
upper passage to the internally lateral fin is greater than that of the lower passage, and as a result,
H2should be estimated higher than H1, and that is the explanation of the second observation.

In design B, Nu and f are both increased when compared with design A and the improvement of
thermal performance factor η is not significant because it is calculated as η = 1.1321 with the estimated
optimal design shape of ribs, i.e., η of design B PTHE-ZR is 13.21% higher than that of PTHE-Z under
fixed fin volume constraint, but only 0.21% higher than that in design A.

6.4. Design C

Two pairs of ribs were considered in design C and the position and height of ribs in each pair
were assumed to be identical. Figure 5c plots the geometry of the design, i.e., the design variables are
taken as Θ = {W1, H1, W2, H2}.

The initial guesses of design C are assumed as Θ0 = {1.52, 0.30, 4.65, 0.3}. By performing the
LMM, after four iterations the optimal solutions can be obtained as W1 = 3.90 mm, W2, = 5.54 mm,
H1 = 0.31 mm, H2 = 0.57 mm and η= 0.17682 mm. The resultant characteristics are obtained as Nu = 153,
f = 0.0498 and η = 1.1343. The calculated temperature and pressure distributions at z = 100 mm are
plotted in Figures 8d and 9d, respectively, and the data are summarized in Table 1.

Figure 8d indicates that the second pair of ribs is located at the original hottest region and the first
pair of ribs is located at the resultant second hottest region to enhance heat dissipation performance,
and the height of ribs in the second pair is higher than that in the first pair for the same reason
stated previously. In design C, Nu and f are both increased when compared with design B, again the
improvement of η is not significant because it is 13.43% higher than that of PTHE-Z under fixed fin
volume constraint, but only 0.43% higher than that in design B.

The comparisons among PTHE-Z and PTHE-ZRs indicate that η of the PTHE-ZRs can be improved
significantly, however, by varying rib positions and heights and increasing number of ribs from case A
to B and to C, η is improved gradually but insignificantly from designs A to B and to C.

Can η be further increased by increasing number of pair of ribs? To answer this, the following
design D needs be examined.

6.5. Design D

Three pairs of ribs were utilized in design D and the position and height of ribs in each pair were
assumed to be identical. Figure 6c plots the geometry of the design, i.e., the design variables are taken
as Θ = {W1, H1, W2, H2, W3, H3}.

The initial guesses of design D are assumed as Θ0 = {3.90, 0.31, 5.54, 0.57, 6.50, 0.57}. By performing
the LMM, after three iterations, the optimal solutions can be obtained as W1 = 3.85 mm, W2 = 5.13 mm,
W3 = 6.14 mm, H1 = 0.31, H2 = 0.56 mm, H3 = 0.55 mm, and δ = 0.16274 mm. The resultant
characteristics are obtained as Nu = 154.3, f = 0.0539 and η = 1.1147. The calculated temperature and
pressure distributions at z = 100 mm are plotted in Figures 8e and 9e, respectively, and the data are
summarized in Table 1.

Figures 8e and 9e illustrate that utilizing three pairs of ribs can enhance heat dissipation but also
increase pressure drop. The calculated thermal performance factor η is even smaller than that in design
A, which implies that in design D the increase in the enhancement ratio of (NuZR/NuZ)(fZR/fZ)-1/3 is
smaller than that in design A, and it can be concluded that more pairs of ribs cannot guarantee a higher
thermal performance factor η.

The complete cross-sectional view of temperature and pressure distributions for various designs
at z = 100 mm are illustrated in Figure 10. It is obvious from Figure 10 that temperatures are decreasing
(i.e., Nu values are increasing) and pressures are increasing (i.e., f values are increasing) monotonically
from PTHE-Z to design D. However, with regards to the concern of η, it shows that the η of design
D is the smallest among four designs of PTHE-ZR and there is no significant difference of η among
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designs A, B and C. Due to manufacturing costs consideration, simpler fin structures are preferred,
therefore design A is recommended for practical engineering applications.

Figure 10. The comparisons of cross-sectional view of (a) temperature and (b) pressure distributions
for various designs at z = 100 mm.

6.6. Hydro-Thermal Characteristics of PTHE-ZRs at Re = 3000 and 7000

Next, the computed values of Nu, f and η of the above PTHE-Z and designed PTHE-ZRs with
Re = 3000 and 7000 are summarized in Table 1. The variations in Nu, f and η with Re for various
designs are plotted in Figure 11a–c, respectively. As expected, Nu and f both increase as rib number
increases, and designs C and D have the largest and smallest η among PTHE-ZRs, respectively. Again,
η for optimal designs A to D are all greater than 1.0 for the tested range of Re. This implies that when
PTHE-ZRs are not working at the design condition Re = 5000, the hydro-thermal characteristics are
still similar to those working at the design condition.

Figure 11. The variations of (a) Nu, (b) f and (c) ηwith Re for various designs.
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Finally, it is concluded that the validity of the optimal design for PTHE-ZR has been demonstrated,
and this technology can readily be utilized in heat exchanger designs. In addition, wavy-shape fins
may have better heat dissipation performance than straight fine, and the determination of optimal
internal wavy-shape lateral fins can thus be investigated in the future.

7. Conclusions

An inverse shape design problem for pipe type heat exchangers was investigated in this work to
determine the optimal shape of continuous lateral ribs on internal Z-shape lateral fins for maximum
ηwith LMM and CFD-ACE+. The validity of using temperature-dependent polynomial function of
air properties were verified by comparing the computed Tout and f with the corrected solutions [8],
then four design cases at working condition Re = 5000 were considered based on various positions,
heights and numbers of continuous lateral ribs. Results indicated that by considering lateral ribs on
the surface of Z-shape lateral fins, Nu and f both increase as the number of ribs increase; however,
this is not the case for η. The improvements of η in designs A to C PTHE-ZRs (i.e., with two to four
ribs) is about 13% higher than that of PTHE-Z, however, is only 11.5% higher in design D. This implies
that more ribs will not guarantee a higher η value. In addition, the values of η for designs A, B and C
are approximately the same, due to the fact that simpler fin structures lead to lower manufacturing
costs, therefore, design A is the best design for industrial applications. Finally, the hydro-thermal
characteristics for off-design working conditions at Re = 3000 and 7000, which are not the design
conditions, were considered and Nu, f and η ware computed. Results revealed that the trends of
Nu, f and η at Re = 3000 and 7000 are similar to those working at the design condition Re = 5000.
This indicates that the optimal shapes of continuous lateral ribs can be utilized at off-design conditions.
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Nomenclature

A total heat transfer area (mm2)
Cp(Ta) specific heat capacity of air (kJ/kg-K)
Dh hydraulic diameter
f friction factor
h heat transfer coefficient (W/m2-K)
H height of rib (mm)
J the cost function
ka(Ta) thermal conductivity of air (W/m-K)
L tube length with fins (mm)
Lt fin length (mm)
N number of waves
Nu Nusselt number
Re Reynolds number
t rib thickness (mm)
Ts solid material temperature (K)
Ta air temperature (K)
Tw wall temperature (K)
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Tin inlet air temperature (K)
Tout outlet air temperature (K)
Vol volume of fins and ribs (mm3)
W rib position (mm)
Greek symbols
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