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Abstract: Vuilleumier machines are a promising technology for heating. Respective performances of
Vuilleumier’s engine and cooler are generally unclear. In Stirling machines, performances can be
determined based on PV power flow and heat flow methods. In this work, respective performances
based on two methods in current Vuilleumier models were investigated. It was found that PV
power flow and heat flow methods in current Vuilleumier models were ineffective for analysis of
respective performances due to there being no piston as a boundary between Vuilleumier’s engine and
cooler. Then, a virtual piston was assumed, and a virtual piston based Vuilleumier model (VPBVM)
was developed. The relative Carnot efficiencies of the obtained engine and cooler were 53~64%
and 43~49%, respectively, at conditions of 550 ◦C hot temperature, 50~70 ◦C warm temperature,
and −20~10 ◦C cold temperature. The results indicated that respective performances obtained in
VPBVM were reasonable. Moreover, the engine’s compression ratios could be obtained in VPBVM
and were 1.2~1.24. Thus, VPBVM could be effective for the analysis of the Vuilleumier machine’s
engine and cooler.

Keywords: Vuilleumier cycle; Stirling engine; Stirling cooler; virtual piston; compression ratio

1. Introduction

Vuilleumier machines are a promising technology for heating [1,2]. Figure 1 shows a
schematic diagram of free piston Vuilleumier machines, which consist of displacers (hot
Dh and cold Dc), regenerators (hot 5© and cold 8©), chambers (hot 1©, warm 2© and cold
3©), and heat exchangers (hot 4©, hot-warm 6©, cold-warm 7©, and cold 9©). Although
there is no piston, Vuilleumier machines are essentially a Stirling engine-driven Stirling
cooler [3,4]. The coupling between the hypothetical Stirling engine and Stirling cooler is a
working fluid.

As a Stirling cooler driven by a Stirling engine, its theoretical efficiency can achieve
Carnot efficiency. However, in a practical Vuilleumier machine, the achieved coefficient
of performance (COP) is much lower. Adiabatic losses, heat losses, and friction losses
are the main reason for a low practical COP. Nevertheless, as thermal-to-mechanical
efficiency in the independent Stirling engine and mechanical-to-thermal efficiency in
the independent Stirling cooler can reach 68% [5] and 41~46% [6] of Carnot efficiency,
respectively, Vuilleumier machines could have 28~31% of Carnot efficiency for cooling,
which is the product of the independent Stirling engine and independent Stirling cooler
values [7]. However, as shown in Table 1, the maximum relative Carnot efficiency COPCarnot
in practical Vuilleumier machines is only 15%, which is nearly half of the value based on
an independent Stirling engine and independent Stirling cooler.
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At present, the engine’s thermal efficiency and cooler’s COPC in Vuilleumier ma-
chines are usually unknown. Thus, it is usually unclear whether a Vuilleumier’s low over-
all performance is due to the engine’s low thermal efficiency or cooler’s COPC in 
Vuilleumier machines. Moreover, few studies have been carried out for the analysis of the 
Vuilleumier’s engine and cooler, except our previous work [12]. In our previous work, an 
alternate method of combining an adiabatic sub-model with losses and an isothermal sub-
model without losses is proposed. The results indicate that there is still room to improve 
the accuracy of the obtained respective performances. Thus, it is essential to carry out a 
further study analyzing the respective performances of a hypothetical Stirling engine and 
Stirling cooler, which could be helpful for revealing the characteristics of the Vuilleumier 
machine and provide a guide for the preliminary design and optimization of the 
Vuilleumier machine. 
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Figure 1. Schematic of free piston Vuilleumier machine.

Table 1. A summary of performance of Vuilleumier heat pumps.

Author Tc [K] Tw [K] Th [K] COPv COPCartnot

Kuhl [8] 263 313 773 0.161 0.05

Carlsen [1] 285 313 873 0.665 0.1

Kawajiri [9] 285 318 973 <0.7 <0.12

Pfeffer [10] 273 323 773 0.392 0.12

Kuhl [11] 262 306 853 0.571 0.15

At present, the engine’s thermal efficiency and cooler’s COPC in Vuilleumier ma-
chines are usually unknown. Thus, it is usually unclear whether a Vuilleumier’s low
overall performance is due to the engine’s low thermal efficiency or cooler’s COPC in
Vuilleumier machines. Moreover, few studies have been carried out for the analysis of
the Vuilleumier’s engine and cooler, except our previous work [12]. In our previous work,
an alternate method of combining an adiabatic sub-model with losses and an isothermal
sub-model without losses is proposed. The results indicate that there is still room to
improve the accuracy of the obtained respective performances. Thus, it is essential to
carry out a further study analyzing the respective performances of a hypothetical Stirling
engine and Stirling cooler, which could be helpful for revealing the characteristics of the
Vuilleumier machine and provide a guide for the preliminary design and optimization of
the Vuilleumier machine.

Basically, determinations of Stirling machines’ performances can be experimentally
and theoretically obtained based on two methods. One method is to monitor PV power
flow in the chambers:

W =
∮

PdV (1)

The other method is to monitor heat flow in heat exchangers:

dQ
dϕ

=
V · ∂P

∂ϕ · Cv

R
− Cp · (Tin ·min − Tout ·mout) (2)

These methods have been popularly employed for the overall performance of Vuilleu-
mier machines [13] and performance analysis of Stirling machines, such as the Stirling
engine [14–16], Stirling cooler [17,18], and duplex Stirling machines [19]. It seems that PV
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power flow and heat flow will be also effective in the performance analysis of Vuilleumier’s
hypothetical Stirling engine and Stirling cooler.

However, as the Stirling engine and Stirling cooler in a Vuilleumier machine are
coupled by a working fluid, there is no piston to isolate the volumes of the engine and
cooler. On the one hand, variations of these volumes in Equation (1) based on PV power
flow are difficult to determine, due to there being no piston as a boundary between the
engine’s and cooler’s volumes. On the other hand, the mixing of an engine’s and cooler’s
working fluids in Vuilleumier’s warm chamber will lead to a shift of heat flow in the
engine’s and cooler’s warm heat exchangers, resulting from the heat transfer between the
engine’s and cooler’s working fluids due to mixing. Thus, the effectiveness of PV power
flow and heat flow methods in the performance analysis of Vuilleumier’s hypothetical
Stirling engine and cooler should be evaluated.

As stated above, the challenge of obtaining the respective performances in Vuilleu-
mier machines is due to there being no piston, which leads to there being no boundary
between the engine’s and cooler’s volumes. Thus, an assumed virtual piston could be a
solution since it will provide a virtual boundary between the engine’s and cooler’s volumes.
Then, respective performances can be obtained based on the PV power flow method or
Equation (1). However, the method for tracking the virtual piston’s position during the
cycle needs to be studied.

In this work, both PV power flow and heat flow methods were first employed for
the analysis of hypothetical Stirling engine’s and Stirling cooler’s performance in current
Vuilleumier models. Then, a virtual piston was assumed in Vuilleumier machine. A method
of tracking the position of a virtual piston in a current Vuilleumier model was proposed.
Respective performances of the hypothetical Stirling engine and cooler were obtained and
analyzed based on the developed virtual piston model.

2. Principles of Hofbauer’s Vuilleumier Cycle Heat Pump

In conventional Vuilleumier machines, the motions of hot and cold displacer are al-
ways moving simultaneously. This will lead to lower specific output. Furthermore, its COP
at partial load will be reduced as a result of the control strategy of on-off or reducing the
hot temperature. In order to overcome these drawbacks, Hofbauer invented a four-process
cycle Vuilleumier heat pump with electromechanically-actuated displacers [12,13,20,21].
The basic structure of Hofbauer’s Vuilleumier cycle heat pump (HVCHP, as shown in
Figure 2) is the same as that of conventional Vuilleumier cycle heat pump (as shown in
Figure 1), except for the additional electromechanical component, which is not shown in
Figure 2. As a result, the displacers can be controlled by the electromechanical components
to be stationary at its bottom dead center (BDC) and top dead center (TDC) (as shown in
Figure 2). Figure 2 shows the motions of displacers during a cycle. It can be found that the
motions in HVCHP are noncontinuous and rise-dwell-fall-dwell. Thus, HVCHP can easily
meet the partial load by reducing the operating cycles per second. Moreover, it could have
a longer life as a result of fewer operating cycles at partial load and higher output at full
load [12,13].

2.1. Current Adiabatic Vuilleumier Models

At present, there have been adiabatic and isothermal models for the analysis of
Vuilleumier machines [22]. The difference between the two models is compression and
expansion processes in the chambers. These processes are assumed to be adiabatic in the
adiabatic model while isothermal in the isothermal model. Generally, the adiabatic model
has much higher accuracy. Thus, the current adiabatic Vuilleumier model is employed
as the baseline. Moreover, the following assumptions are made: no pressure drop in the
working space; ideal gas; constant temperature in the hot, warm, and cold heat exchangers,
and constant average temperature in the regenerators. The working fluid in warm chamber
has the same temperature.
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2.1.1. Variations of Working Fluid’s Mass in Respective Components

For the heat exchangers and regenerators with constant volumes, the variations of the
working fluid’s mass are determined by

dmi =
Vi

RTi
dP (i = 4, 5, 6, 7, 8, 9) (3)

For the hot, warm, and cold chambers with variable volumes, the variations of the
working fluid’s mass are determined by

dmi =
PdVi +

1
γVidP

RT∗i
(i = 1, 2, 3) (4)
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where γ is the ratio of specific heat and T∗i are temperature that the working fluid flowing
into or out the chamber, which is shown in Figure 3 and are determined by

The =

{
Th (dmhe > 0)
T1 (dmhe < 0)

(5)

Twc =

{
Tw (dmce < 0)
T2 (dmce > 0)

(6)

Tce =

{
Tc (dmce > 0)
T3 (dmce < 0)

(7)
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2.1.2. Variations of Pressure

The pressure is determined based on
9
∑

i=1
dmi= 0. Thus, based on Equations (3) and (4),

the pressure can be obtained by

dP = −
PdV1

T∗1
+ PdV2

T∗2
+ PdV3

T∗3
V4
T4

+ V5
T5

+ V6
T6

+ V7
T7

+ V8
T8

+ V9
T9

+ V1
γT∗1

+ V2
γT∗2

+ V3
γT∗3

(8)

2.1.3. Variations of Temperatures in Hot, Warm and Cold Chambers

The variations of temperatures can be determined according to the ideal gas law PV = mRT.

dTi

Ti
=

dVi

Vi
+

dP
P
− dmi

mi
(i = 1, 2, 3) (9)

2.1.4. PV Power Flow in Hot, Warm and Cold Chambers

The indicated PV power flow can be determined based on PV power flow:

Wh =
∫

PAhdxh (10)

Wc =
∫

PAcdxc (11)

Ww,h =
∫

PAw,hdxh (12)

Ww,c =
∫

PAw,cdxc (13)
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Furthermore, in order to approach a practical performance, regenerator loss QR,
shuttle loss Qshuttle, and conduction loss Qcon are considered. The detailed calculations can
be found in the literature [12,19]. Thus, the practical absorbed heat in the cold and hot heat
exchangers can be determined by

Qc,practical= Wc −QR,C −Qshuttle,C −Qcon,C (14)

Qh,practical= Wh+QR,E+Qshuttle,E+Qcon,E (15)

2.1.5. Heat Flow in Hot, Warm and Cold Heat Exchangers

The indicated absorbed heat in the heat exchangers can be determined based on
heat flow:

dQh
dϕ

=
Vh · ∂P

∂ϕ · Cv

R
− Cp · (Trh ·mrh − The ·mhe) (16)

dQw,h

dϕ
=

Vw,h · ∂P
∂ϕ · Cv

R
− Cp · (Twc,h ·mwc,h − Twr ·mwr,h) (17)

dQw,c

dϕ
=

Vw,c · ∂P
∂ϕ · Cv

R
− Cp · (Twc,c ·mwc,c − Twr ·mwr,c) (18)

dQc

dϕ
=

Vc · ∂P
∂ϕ · Cv

R
− Cp · (Trc ·mrc − Tce ·mce) (19)

Moreover, the practical absorbed heat in the cold and hot heat exchangers can be
determined by

Qc,practical= Qc −QR,C −Qshuttle,C −Qcon,C (20)

Qh,practical= Qh+QR,E+Qshuttle,E+Qcon,E (21)

2.1.6. Overall Performance of Vuilleumier

Vuilleumier’s overall performance can be determined by

COPV= Qc,practical/Qh,practical (22)

where subscript “V” represents the Vuilleumier machine.

2.1.7. Performance of Vuilleumier’s Engine and Cooler

Current Vuilleumier model or Equations (3)–(22) has been validated to be effective for
Vuilleumier’s overall performance [23,24]. At present, few studies have been carried out
for the analysis of the hypothetical Stirling engine and cooler. Thus, there are no formulas
for the analysis of the hypothetical Stirling engine and cooler in the current Vuilleumier
model. In this work, the respective performances based on the current Vuilleumier model
are analyzed based on

WE = Qh −Qw,h −Wr,h or Wh −Ww −Wr,h (23)

WC = Qw,c −Qc + Wr,c or Ww −Wc + Wr,c (24)

ηE =
Qh −Qw,h −Wr,h

Qh + Qloss,h
or

Wh −Ww −Wr,h

Wh + Qloss,h
(25)

COPC =
Qc −Qloss,c

Qw,c −Qc + Wr,c
or

Wc −Qloss,c

Ww −Wc + Wr,c
(26)

An engine’s work output or cooler’s work input is calculated based on indicated
PV power flow or indicated heat flow. Related heat losses are considered in calculations
of absorbed heat in the engine’s hot heat exchanger and cooler’s cold heat exchanger.
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It should be pointed out that Equations (23)–(26) could be ineffective since it is assumed
that all the heat in a hot-warm heat exchanger is all an engine’s waste heat or the virtual
boundary between the engine and cooler is always at the middle of the warm chamber.

2.1.8. Four Chambers Model with Two Separate Warm Chambers

The above model is based on a Vuilleumier machine with three chambers, six heat
exchangers, and three variable volume spaces. However, this Vuilleumier machine was
also divided into ten functional spaces in some studies [22], with six heat exchangers and
four variable volume spaces. The warm temperature chamber is considered to consist of
two separate warm chambers (as shown in Figure 4). Furthermore, the working fluids’
temperatures in two warm chambers are independent.
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The respective performances in the Vuilleumier model with four chambers is com-
pletely the same as the Vuilleumier model with three chambers, except for the determination
of the pressure, which is calculated by

dP =

PdV4
Rg
− T4

PdV3
RgT∗3

+ T4i(
PdV1
RgT∗1

+ PdV2
RgT∗2

)

T4(
V8

RgT8
+ V9

RgT9
+ V10

RgT10
+

1
λ V3

RgT∗3
)−

1
λ V4
Rg
− T4i(

V5
RgT5

+ V6
RgT6

+ V7
RgT7

+
1
λ V1

RgT∗1
+

1
λ V2

RgT∗2
)

(27)

2.2. Improved Vuilleumier Model: Virtual Piston Based Vuilleumier Model
2.2.1. Assumption of Virtual Piston

As there is no real piston in Vuilleumier machines as a boundary between the engine
and cooler, a virtual piston with zero volume and zero mass between the engine and
cooler is assumed. The pressures in the engine’s and cooler’s warm chambers are the
same as a result of there being no mass while the heat transfer between the working fluids
across the virtual piston will not be isolated. Thus, the engine’s PV work is transferred to
the cooler by the virtual piston. On the one hand, as the virtual piston has zero volume,
the position of the virtual piston (as shown in Figure 5) could be in the hot-warm heat
exchanger, hot-warm chamber (as shown in Figure 5a), cold-warm chamber (as shown
in Figure 5a), cold-warm heat exchanger, or cold regenerators (as shown in Figure 5c),
depending on the operating conditions and the angle during the cycle. On the other hand,
as the virtual piston will move through different cross-sections of the machine, the “shape”
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of the virtual piston is assumed to be dependent on where it is in the machine. Overall,
the above assumptions are reasonable.
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2.2.2. Model for Engine’s Output Work

If the position of the virtual piston during a cycle is determined, the engine’s volume
is also determined. Then, the engine’s output work can be obtained by

dWE = PdVE (28)

According to the ideal gas law for an engine’s working fluids

PV = mRT (29)

Its differential form is
PdVE + VEdP = Rd(mT) (30)

Thus, Equation (28) becomes

dWE = Rd(mT)E −VEdP (31)

As there are multi masses and temperatures in engine, Equation (31) becomes

dWE = R∑
i
(midTi + Tidmi)E −VEdP (32)

where subscript “i” represents the engine’s components marked in Figure 5. Thus,
the position of the virtual piston should be determined first.

2.2.3. Method of Tracking the Position of Virtual Piston

In this work, a method of tracking the position of the virtual piston based on the
engine’s total working fluid mass is proposed. As the pressure is maximum at the end of
A-B process or at 90◦ (as shown in Figure 2), the working fluid in the hot chamber 1©, hot
heat exchanger 4©, hot regenerator 5© and hot-warm heat exchanger 6© is considered the
engine’s total working fluid at 90◦. The engine’s total working fluid mass is obtained in the
current Vuilleumier model.

mE = (m1 + m4 + m5 + m6)90◦ (33)
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where subscripts “1”, “4”, “5”, and “6” represent the components marked in Figure 5. Then,
the position of the virtual piston during the cycle is tracked by determining the volume
occupied by mE.

Tracking the Position of Virtual Piston during the Process of 0~90◦

During the process of 0~90◦ (as shown in Figure 2), the virtual piston is tracked
and positioned in the warm chamber 2© (as shown in Figure 5a). It should be pointed
out that the mass of working fluids in the warm chamber 2© consists of the engine’s and
cooler’s working fluids. Thus, the part of the engine’s working fluid m2E stored in the
warm chamber during the process can be determined based on the obtained total mass of
the engine’s working fluids according to Equation (33).

m2E = mE − (m1 + m4 + m5 + m6)ϕ (34)

where mE is the engine’s total working fluid and determined according to Equation (33),
ϕ is the angle at the position, and subscript “2E” represents volume occupied by engine in
warm chamber, which is marked in green in Figure 5a.

Then, the volume occupied by the engine’s working fluid in the warm chamber can
be obtained based on the ratio of an engine’s mass of working fluid over the total mass of
working fluid in the warm chamber.

V2E =
m2E
m2
·V2 (35)

Incorporating Equations (34) and (35), Equation (32) becomes

dWE = R(m1dT1 + T1dm1 + ∑
i=4−6

Tidmi + m2EdT2 + T2dm2E)− (V ′E + V2E)dP (36)

where V ′E is
V ′E = V1 + V4 + V5 + V6 (37)

Thus, the engine’s work output during the process of 0–90◦ can be determined accord-
ing to Equation (36).

Tracking the Position of Virtual Piston during the Process of 90~180◦

During the process of 90~180◦, the virtual piston could move into the cold-warm heat
exchanger 7© (as shown in Figure 5c) or cold regenerator 8©. Thus, the ultimate position of
virtual piston should be judged by

m2E =

{
mE − (m1 + m4 + m5 + m6+m2)ϕ > 0 (a)
mE − (m1 + m4 + m5 + m6+m2 + m7)ϕ > 0 (b)

(38)

If it is Equation (38a), the ultimate position is in the cold-warm heat exchanger 7©.
Thus, the volume occupied by the engine’s working fluid in the cold-warm heat exchanger
can be obtained by

V7E =
m7E
m7
·V7 (39)

m7E = mE − (m1 + m4 + m5 + m6 + m2)ϕ (40)

where subscript “7E” represents the volume occupied by the engine in the cold-warm heat
exchanger, which is marked in green in Figure 5c. Then, the engine’s work output becomes

dWE = R( ∑
i=1,2,4−6

(midTi + Tidmi) + T7dm7E)− (V ′E + V2 + V7E)dP (41)

If it is Equation (38b), the ultimate position is in the cold regenerator 8©. The volume
occupied by the engine’s working fluid in the cold regenerator is relatively difficult because
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the temperature in the regenerator varies with the length. Firstly, the engine’s mass in the
regenerator is obtained.

m8E = mE − (m1 + m4 + m5 + m6 + m2 + m7)ϕ (42)

where subscript “8E” represents volume occupied by engine in cold regenerator. As the
temperature in regenerator varies with the length, the regenerator is divided into N com-
ponents. Then, the position in the regenerator is obtained by integral.

m8E = ∑
PVj

RTj
(43)

where subscript “j” represents j components. Thus, the engine’s work output becomes

dWE = R( ∑
i=1,2,4−7

(midTi + Tidmi)+ T8Edm8E +m8EdT8E)− (V ′E +V2 +V7 +V8E)dP (44)

Tracking the Position of Virtual Piston during the Process of 180~360◦

During the process of 180~270◦, the motion of virtual piston is the reverse pro-
cess of 90~180◦. During the process of 270~360◦, the motion of the virtual piston is
the reverse process of 0~90◦. Similarly, the work output can be determined based on
Equations (36), (41) and (44).

2.2.4. Difference between Virtual Piston Based Vuilleumier Model and Current
Vuilleumier Model

The pressure and temperatures in the chambers are determined by Equations (9) and (27),
which are the same as those in current Vuilleumier model. Thus, the adsorbed heat
in the engine’s hot heat exchanger and cooler’s cold heat exchanger will be the same.
The difference between the virtual piston based Vuilleumier model and current Vuilleumier
models is the determination of work (as shown in Table 2). As the variations of an engine’s
total volume can be determined due to the virtual piston, the work is determined based
on Equation (28) in the virtual piston based Vuilleumier model. However, the work in the
current Vuilleumier models cannot be determined by Equation (28) since the variations of
the engine’s total volume cannot be determined in current Vuilleumier models. Thus, it is
determined based on Equations (23) and (24). A flowchart of the simulation process for the
virtual piston based Vuilleumier model is shown in Figure 6.

Table 2. Virtual piston based Vuilleumier model and current Vuilleumier models.

Current VIRTUAL Piston

pressure Completely Same

Temperature Completely Same

Absorbed heat Completely same

work

Wh =
∫

PAhdxh
Wc =

∫
PAcdxc

WE = Wh −Ww −Wr,h
WC = Ww −Wc + Wr,c

WE = Qh −Qw,h −Wr,h
WC = Qw,c −Qc + Wr,c

dWE = PdVE
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3. Results and Discussions

In this work, helium was selected as the working fluid. The conditions were set at
550 ◦C hot temperature, 50~70 ◦C warm temperature, and −20~10 ◦C cold temperature.

3.1. Overall Performance of Vuilleumier Machine

Vuilleumier’s cooling capacity and COP in the current three chambers Vuilleumier
model (TCVM), current four chambers Vuilleumier model (FCVM), and the proposed
virtual piston based Vuilleumier model (VPBVM) model were obtained and compared.
Figure 7 shows the ratios of COPV and Qc in FCVM and VPBVM over TCVM at various
conditions. The solid line represents FCVM while the dashed line represents VPBVM.
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As shown in Figure 7, the performances in the three models were the same. This
indicates that the overall performance of HVCHP will not be affected by two separate
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warm chambers or the virtual piston. In fact, VPBVM only provides a method for tracking
the variations of the engine’s total volume. The pressure and temperatures in the engine’s
and cooler’s working fluids are coupled as those in TCVM or FCVM. Thus, the overall
performance in VPBVM should be the same as those in TCVM and FCVM.

3.2. Respective Performance of Hypothetical Engine and Cooler
3.2.1. Respective Performance Based on PV Power Flow in Current Vuilleumier Models

As described above, the engine’s output work and cooler’s input work for TCVM and
FCVM based on PV power flow in this work are determined by

WE = Wh −Ww −Wr,h (45)

WC = Ww −Wc + Wr,c (46)

According to Equations (10)–(13), the engine’s output work and cooler’s input work
in TCVM and FCVM can be expressed as

WE =
∫

PAhdxh −
∫

PAw,hdxh −
∫

PAr,hdxh (47)

WC =
∫

PAcdxc −
∫

PAw,cdxc +
∫

PAr,cdxc (48)

As Ah = Aw,h + Ar,h and Ac = Aw,c + Ar,c, both the engine’s output work and cooler’s
input work in TCVM and FCVM based on Equations (23)–(26) will be zero. This indicates
that the determination of PV power flow based on Equations (10)–(13) and Equations
(23) and (24) is ineffective for the engine’s output work and cooler’s input work. This is
due to the determinations of engine’s and cooler’s compression volumes. In independent
Stirling machines, Ww in Equations (45) and (46) is the compression work. However, in
Equations (47) and (48), the engine’s and cooler’s compression volumes are simplified
to be the respective swept volume by the respective displacer. In fact, the independent
Stirling machine’s compression volumes consist of two parts: swept volume by displacer
and swept volume by piston. However, the swept volume by piston cannot be obtained
in current Vuilleumier models due to there being no piston in Vuilleumier. Thus, this
could be the reason for the scarcity of studies on the performance analysis of Vuilleumier’s
engine and cooler. Moreover, this is the motivation for proposing a virtual piston in the
Vuilleumier model.

3.2.2. Respective Performance Based on Heat Flow in Current Vuilleumier Models and PV
Power Flow in VPBVM

Respective performances of the engine and cooler in TCVM and FCVM are obtained
based on heat flow in heat exchangers. Respective performances in VPBVM are obtained
based on PV power flow (Equation (28)). Moreover, the results in our previous work [12]
are also provided. Figure 8 shows the relative Carnot efficiencies of the engine and cooler at
various conditions. Overall, respective values in different models are significantly different,
although Vuilleumier’s overall performances are the same (as shown in Figure 7).

Analysis of TCVM

As shown in Figure 8, the engine’s relative Carnot efficiency is in the range of 20–37%
while the cooler’s relative Carnot efficiency is in the range of 82–108% in TCVM. As the
cooler’s relative Carnot efficiency could not be higher than 100%, it indicates that the
engine’s output work or cooler’s input work is underestimated. This is caused by the
shift of heat flow in Vuilleumier’s warm chamber. A part of the heat from the cooler’s
working fluid is transferred to the engine’s working fluid. Thus, the dissipated heat in the
engine’s warm heat exchanger is more than the engine’s waste heat. As a result, this leads
to lower engine output work based on Equation (23) and lower cooler input work based on
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Equation (24). Therefore, it can be concluded that respective performances of the engine
and cooler cannot be obtained based on heat flow in TCVM.
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Figure 8. Relative Carnot efficiencies in three models at various conditions: (a) thermal efficiency;
(b) COPC.
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Analysis of FCVM

As shown in Figure 8, the engine’s relative Carnot efficiency is in the range of 37–39%
while the cooler’s relative Carnot efficiency is in the range of 61–78% in FCVM. Compared
to those in TCVM, the engine’s relative Carnot efficiency is higher while the cooler’s
relative Carnot efficiency is lower. As Vuilleumier’s overall performance in TCVM and
FCVM are the same, the comparisons indicate that two warm chambers with independent
temperature can reduce the coupling of heat transfer between the working fluids.

Figure 9 shows the warm temperatures in TCVM’s and FCVM s’ warm chambers
during a cycle at conditions of 550 ◦C Th, 70 ◦C Tw, and 10 ◦C Tc. It can be found that the
temperatures of the engine’s and cooler’s warm chambers in FCVM are not the same. This
indicates that heat transfer will occur between the engine’s and cooler’s working fluids
in TCVM. Moreover, the engine’s heat dissipated in the engine’s warm heat exchanger
during 0–90◦ while the cooler’s heat dissipated in the cooler’s warm heat exchanger during
90–180◦. Thus, the engine’s warm temperature during 0–90◦ and cooler’s warm tempera-
ture during 90–180◦ will determine the heat flow. Figure 9 shows that the engine’s warm
temperature in FCVM is slightly lower than those in TCVM during 0–90◦ while the cooler’s
warm temperature in FCVM is slightly higher than those in TCVM during 90–180◦. Thus,
less heat will be dissipated in the engine’s warm heat exchanger while more heat will
be dissipated in the cooler’s warm heat exchanger. Consequently, this leads to larger
engine output work or cooler input work. However, although heat flows in FCVM’s two
warm heat exchangers are redistributed, the results are still unreasonable since the cooler’s
relative Carnot efficiencies are too high compared to the results in present studies [5,12].
Therefore, it can be also concluded that respective performances of the engine and cooler
cannot be obtained based on heat flow in FCVM.
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Analysis of VPBVM

As shown in Figure 8, the engine’s relative Carnot efficiency is in the range of
53–64% while the cooler’s relative Carnot efficiency is in the range of 43–49% in VPBVM.
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As it was difficult to obtain the respective performances in Vuilleumier by experiment,
the respective performances obtained by experiments in independent Stirling machines
and by the theoretical model in our previous work were used to evaluate the respective
performances in VPBVM.

Experimental results showed that thermal-to-mechanical efficiency of the independent
Stirling engine was 68% [5] of Carnot efficiency at conditions of 875 ◦C hot temperature and
80 ◦C warm temperature, respectively. Compared to the achieved values in the independent
Stirling engine, the engine’s values in VPBVM do not exceed the maximum value and
could be reasonable. Experimental results [6] showed that mechanical-to-thermal efficiency
of the independent Stirling cooler was 41–46% of Carnot efficiency at conditions of 45 ◦C
warm head and −30~10 ◦C cold head. Compared to the achieved values in independent
Stirling cooler, cooler’s values in VPBVM are slightly higher. This could be due to there
being no temperature difference between the heat exchanger temperature and working
fluid as a result of the ideal heat exchanger in the theoretical model. Thus, the cooler’s
values in VPBVM are also reasonable.

Compared to the theoretical results in our previous work [12], the engine’s relative
Carnot efficiency is 11~18% higher while the cooler’s relative Carnot efficiency is 4% lower
in VPBVM. Overall, the obtained respective performances in different models are close.
As Vuilleumier’s overall COP is 6–11% higher than the product of the obtained engine’s
thermal efficiency and cooler’s COPc in previous work, this indicates that the engine’s
thermal efficiency should be underestimated in hybrid mode. If the engine’s relative Carnot
efficiency is increased by 6–11% in the hybrid model, the gap between the hybrid model
and VPBVM will be closer. Therefore, it can be concluded that VPBVM is effective for the
analysis of respective performances of the engine and cooler.

Moreover, from Figure 8, it can be found that the engine’s relative Carnot efficiency
increases with decreasing cold temperature. This could be due to the small compression
ratio at higher cold temperature. The variations of the cooler’s relative Carnot efficiency
are small. Overall, the cooler’s relative Carnot efficiency also decreases with increasing
cold temperature. This could be caused by higher adiabatic loss at high cold temperature.

3.3. Engine’s Compression Ratio

At present, the engine’s compression ratio in Vuilleumier is usually unclear. However,
as the virtual piston can be tracked during a cycle, the variations of the engine’s total
volume during a cycle were obtained. Thus, engine’s compression ratio in Vuilleumier can
be obtained in VPBVM. This is defined as

ε =
VE,max

VE,min
(49)

Figure 10 shows the compression ratio of engine at various conditions. The com-
pression ratio of the engine is in the range of 1.2–1.24. It decreased with the decreasing
temperature ratio of the cooler due to the smaller density variations in the cooler as a
result of the low temperature ratio. This could also explain the phenomenon whereby the
engine’s relative Carnot efficiency increases with decreasing cold temperature (as shown in
Figure 8). Egas [25] summarized the experimental compression ratio in the independent
Stirling engine. The value was 1.6–1.7 in five machines and 1.39 in one machine. Thus,
the compression ratios in the hypothetical engine at such conditions are much lower than
the value achieved in the independent Stirling engine. This could lead to lower thermal
efficiency in a Stirling engine with losses [3] since the effect of losses would be larger at
low compression ratio.
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4. Conclusions

This study investigated the respective performances of a hypothetical Stirling engine
and cooler in a Vuilleumier machine based on PV power flow and heat flow methods.
A virtual piston based Vuilleumier model was developed. The following conclusions
were made:

(1) The overall performances of the Vuilleumier machine were the same in VPBVM
and the current adiabatic model. Thus, the assumption of a virtual piston will not
affect the evaluation of Vuilleumier performance. In fact, VPBVM only provides a
method for tracking the variations of the engine’s total volume. The pressure and
temperatures in the engine’s and cooler’s working fluids are the same as those in
current Vuilleumier models.

(2) Both PV power flow and heat flow methods were employed for the analysis of the
hypothetical Stirling engine’s and Stirling cooler’s performance in current Vuilleumier
models. The results showed that these methods were ineffective in the analysis of
the hypothetical Stirling engine and Stirling cooler in Vuilleumier machines. It also
indicates that respective performances of the hypothetical Stirling engine and Stirling
cooler cannot be obtained based on experiments, since experiments are usually based
on PV power flow and heat flow methods.

(3) The assumption of a virtual piston in VPBVM provides a solution to track the vari-
ations of the engine’s and cooler’s compression volumes. Thus, variations of the
engine’s and cooler’s volumes during the cycle can be monitored. As a result,
the respective performances of the Vuilleumier’s engine and cooler can be obtained
based on VPBVM. Moreover, the engine’s compression ratio can be obtained in VP-
BVM. The obtained engine’s compression ratio explained that a relatively smaller
thermal efficiency was obtained at high cold temperature in Vuilleumier machines.
Moreover, the obtained engine’s compression ratio could be used in the optimization
of the Vuilleumier’s engine and cooler. However, the VPBVM in this work is based
on the assumption of an engine’s total working fluid. Variations of the engine’s total
working fluid could lead to small variations in respective performance.
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Opportunities for further work include the analysis, preliminary design, and opti-
mization of Vuilleumier machines and the analysis of conventional Vuilleumier machines
with sinusoidal motions based on VPBVM.
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Nomenclature

Variable
A Area (m2)
Cv specific heat at constant volume (J·kg−1·K−1)
Cp specific heat at constant pressure (J·kg−1·K−1)
COP coefficient of performance
m working fluid’s mass (kg)
Q heat (J)
P pressure (kPa)
R gas constant (kJ·kg−1·K−1)
T temperature (K)
T∗i working fluid’s temperature to the interface between chamber and

heat exchanger (K)
V volume (m3)
W work (J)
x displacer’s displacement (m)
η thermal efficiency (-)
ε compression ratio
γ ratio of specific heat
ϕ angle (◦)
Subscript
1,2, . . . . . . ,9 shown in Figure 3
2E volume occupied by engine in warm chamber, which is marked in green in

Figure 5a
2i, 2o, 4i, 4o shown in Figure 4
7E volume occupied by engine in cold-warm heat exchanger, which is marked

in green in Figure 5c
8E volume occupied by engine in cold regenerator
ce, wr, rc, wc, rh, he interface shown in Figure 4
c cold
C cooler
Carnot relative Carnot efficiency
con conduction loss
E engine
h hot
r rod
R regenerator loss
shuttle shuttle loss
practical practical machine
V Vuilleumier machine
w warm
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