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Abstract: At Université Libre de Bruxelles (ULB), research was performed on a 1 kN lab-scale Hybrid
Rocket Motor (the ULB-HRM). It has a single-port solid paraffin fuel grain and uses liquid N2O as an
oxidizer. The first Computational Fluid Dynamics (CFD) model of the motor was developed in 2020
and improved in 2021, using ANSYS Fluent software. It is a 2D axisymmetric, two-phase steady-
state Reynolds-Averaged Navier–Stokes (RANS) model, which uses the average fuel and oxidizer
mass flow rates as inputs. It includes oxidizer spray droplets and entrained fuel droplets, therefore
adding many additional parameters compared to a single-phase model. It must be investigated how
they affect the predicted operating conditions. In this article, a sensitivity analysis is performed to
determine the model’s robustness. It is demonstrated that the CFD model performs well within the
boundaries of its purpose, with average deviations between predicted and experimental values of
about 1% for the chamber pressure and 5% for the thrust. From the sensitivity analysis, multiple
observations and conclusions are made. An important observation is that oxidizer related parameters
have the highest potential impact, introducing deviations of the predicted operating chamber pressure
of up to 18%, while this is only about 6% for fuel-related parameters. In general, the baseline CFD
model of the ULB-HRM seems quite insensitive and it does not suffer from an excessive or abnormal
sensitivity to any of the major parameters. Furthermore, the predicted operating conditions seem to
respond in a logical and coherent way to changing input parameters. The model therefore seems
sufficiently reliable to be used for future qualitative and quantitative predictions of the performance
of the ULB-HRM.

Keywords: hybrid rocket; paraffin; nitrous oxide; CFD; RANS; simulation; two-phase; sensitivity
analysis

1. Introduction
1.1. Hybrid Rocket Motors

A Hybrid Rocket Motor (HRM) is a type of chemical rocket motor. Chemical rocket
motors are characterized by the reaction of a fuel with an oxidizer at some point in the
motor. Depending on the way in which the fuel and oxidizer are stored, three types of
chemical rocket motors exist: liquid, solid, and hybrid rocket motors (HRMs) [1]. In the
latter case, the fuel and oxidizer are stored separately and in different phases. Figure 1
shows a schematic example of each of the three types of chemical propulsion systems. The
illustrated HRM is the most common HRM configuration, which includes a solid fuel grain
and a liquid or gaseous oxidizer.

Typical for an HRM is the formation of a non-premixed macroscopic diffusion flame
in a large boundary layer, in which the fuel and oxidizer come together. This principle is
shown in Figure 2, for the HRM configuration as shown in Figure 1, and it is based on the
fundamental work on hybrid boundary layer combustion undertaken by [2].
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Figure 1. Schematic example of each of the 3 types of chemical rocket propulsion systems.
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Figure 2. Schematic overview of the hybrid boundary layer combustion, based on the fundamental
work of [2].

An HRM combines some advantages of the solid and liquid motors, while eliminating
some of their disadvantages. One of the main aspects are the safety and the complexity in
terms of fabrication, handling, storage, and operation. During all of these stages, HRMs are
far less hazardous or demanding than liquid or solid motors. From this, it follows that they
are also less expensive and more accessible. Furthermore, HRMs can be throttled, shut
down, and restarted [3].

Despite these promising properties, HRMs still lack technological maturity compared
to solid and liquid systems, which are widely used for space launch, commercial and
military applications. Although the specific impulse Isp of HRMs is competitive, hybrid
rocket technology has been suffering throughout its history from low regression rates
(resulting in low thrust), instabilities and other uncertainties when scaling up to full size
motors for space launch applications. Given the successes of solid and liquid systems in
the past, one could argue that the hybrid rocket technology has simply been overshadowed
by them for a long time.

Nevertheless, there were some surges in the HRM research in the 1960s and 1980s.
In the 1960s, the hybrid technology played an important role in target drones, for which a
high thrust was not required. In the 1980s, the worldwide business in commercial satellites
was growing. This caused a search for low-cost solutions to launch space vehicles, because
of price competition. Also in the 1980s, in consequence of the Space Shuttle Challenger
failure (1986), NASA (National Aeronautics and Space Administration) started a program
in view of replacing the solid rocket boosters with HRMs. The program ended without
success [3].

In the past two decades, there has again been a renewed interest in hybrid rocket
technology. The safety, low cost, and therefore potential repeatability that come with HRMs,
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has become appealing again in the context of space tourism, satellite launch systems and
in-space applications. A well-known accomplishment includes several successful flights
of the Virgin Galactic SpaceShip, bringing tourists and researchers into space just above
an altitude of 100 km, using an HRM propelled spaceship that is launched in-air from
a carrier aircraft (air launch). Other recent hybrid rocket programs include the planned
Turkish moon mission (2023) of DeltaV Space Technologies Inc., and the development of a
commercial launch service by the Taiwanese company TiSpace. Apart from these larger
programs, the HRM has always been popular amongst academic groups for use in their
smaller sounding rockets or laboratory projects.

An important technological factor contributing to the renewed interest is the research
on liquefying fuels such as paraffin wax. These fuels form a liquid layer at the fuel surface
during operation, which can lead to the formation of roll waves from which fuel droplets
can be entrained. This mechanism is illustrated in Figure 3 [4]. It results in regression
rates that are 3 to 4 times higher than classical fuels, which can alleviate some of the
aforementioned problems (low regression rate and thrust). Fundamental work on this is
done by [4].
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Figure 3. Schematic of the entrainment mechanism, as presented in [4].

1.2. Computational Fluid Dynamics

In order to study the flow in HRMs, the fundamental partial differential equations
(PDEs) of fluid dynamics have to be solved, such as the well-known Navier–Stokes equa-
tions, which describe the conservation of momentum. As an analytical solution of these
equations is only feasible in very simplified cases, numerical methods are applied.

One of the first examples of this is presented in the book Weather Prediction by Numerical
Process (1922) by [5]. By dividing the atmosphere, or in general, the fluid domain in discrete
elements, the PDEs can be approximated by a system of algebraic equations, which can be
solved iteratively. As computational power grew over the years, these equations could be
solved by a computer, which is then referred to as Computational Fluid Dynamics (CFD) [6].

Although computational power has grown exponentially, there are still limitations.
Practical flows such as in HRMs are highly turbulent, which requires an extremely high
resolution domain discretization in order to capture all possible eddies. The smallest eddy
is at the Kolmogorov scale, where viscosity dominates, and the turbulent kinetic energy
is dissipated into heat. In the case of a paraffin-fueled HRM, which is the subject of this
work, it is currently impossible to simulate the entire internal flowfield at such a level of
detail (all possible length and time scales). Such a simulation is called direct numerical
simulation (DNS). In addition, physical phenomena such as liquid droplet entrainment
from the fuel surface, oxidizer spray, combustion and radiation, all add to the complexity
of simulating an HRM. It is therefore necessary to adopt one of the simplified approaches
presented below.

In CFD, there are two widely used alternatives to DNS that need far less computational
power: Reynolds-Averaged Navier–Stokes (RANS) and Large-Eddy Simulation (LES). In
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RANS, the Navier–Stokes equations are averaged in time and space, and some model is
chosen to include the effects of turbulence. The resulting solution is a smooth, averaged
flowfield. If the simulated system is non-steady (changes with time), and if the associated
timescales are much larger than the turbulent timescales, an unsteady RANS (URANS)
simulation is possible, resulting in a series of average flowfields at different system times.
LES is in essence a combination of DNS and RANS, in that the computed flowfield only
includes the large eddies, while the smaller eddies are averaged. Note that RANS can be
applied on a 2D or 3D mesh, while LES and DNS require a 3D mesh.

1.3. Research Scope

Since 2010, the Université Libre de Bruxelles (ULB) and the Royal Military Academy
(RMA), both located in Brussels, are working together on a lab-scale HRM (referred to as
the ULB-HRM in the remainder of the text). It has a target thrust of 1 kN and a theoretical
burning time of about 10 s. The motor has a relatively short single-port solid paraffin fuel
grain and uses liquid nitrous oxide (N2O) as an oxidizer, which is injected axially in a
pre-combustion chamber. Figure 4 shows a typical image of the motor during operation,
and Figure 5 shows a 3D cut of the motor and its main parts. Details about the internal
geometry are presented in Section 2.1. For elaborate information on the ULB-HRM design
process and the test bench development, the reader is referred to [7].

Figure 4. The ULB-HRM during operation [7].

The past ULB-HRM research has been almost exclusively experimental. Examples
include the HRM test bench development [7,8], the investigation of paraffin fuel proper-
ties [9,10], and the oxidizer injector development and their performance [11–13]. Some
numerical work has been undertaken by [14], in which the influence of the fuel entrain-
ment effect, mentioned at the end of Section 1.1, on the combustion properties of an HRM
was investigated.

It is only recently, in 2020, that the ULB-HRM research was expanded with a first
numerical model of the motor. It is a 2D axisymmetric single-phase (gaseous) steady-state
RANS model, of which the results correspond well with the time-averaged experimental
measurements (less than 10% offset) [15,16]. In 2021, this model was improved by adding a
discrete liquid phase to account for both the nitrous oxide spray droplets and the entrained
liquid fuel (paraffin) droplets. The results of this two-phase model show a very good
agreement with the time-averaged experimental values: the average offset is 1% for the
chamber pressure (Pch) and 5% for the thrust (F) [17]. The latter two-phase CFD model of
the ULB-HRM forms the subject of the presented work.
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Figure 5. A 3D cut of the ULB-HRM (as presented in [7], but reoriented horizontally).

1.4. Aim

The overall aim of the numerical work that started recently is to add a predictive
capacity to the ULB-HRM academic research and, ultimately, improve the ULB-HRM. This
is achieved by developing numerical models of the ULB-HRM with increasing complex-
ity. At this stage, the latest model uses the time-averaged oxidizer and fuel mass flow
rates as inputs. These two parameters are known from the experiments. By using these
experimental values as inputs, the predicted motor operating conditions can be compared
with experimental measurements. As mentioned in Section 1.3, the latest two-phase model
performs well at this level. It therefore allows to predict, to some extent, the motor’s
performance for a given oxidizer and fuel mass flow rate. Note that, in reality, the fuel
mass flow rate depends on the oxidizer mass flow rate. Therefore, ideally, future numerical
models of the ULB-HRM should also solve for the fuel regression rate (from which the
fuel mass flow rate is obtained), therefore only using the oxidizer mass flow rate as input.
In addition, the fuel mass flow rate can also be estimated by using an empirical relation
such as ṙ = aGn

ox [2], which relates the fuel regression rate ṙ to the oxidizer mass flux Gox in
the fuel port, by using only two empirical constants, a and n. This is actually a simplified
equation, as a series of parameters are lumped into a single empirical constant a.

The specific aim of the presented work here is to provide some details about the latest
two-phase CFD model, and to investigate its sensitivity to a series of input parameters. This
provides insights into how the flowfield and the motor’s operating conditions are affected
by these parameters, and it allows to identify the level of uncertainty they introduce in the
numerical results. From this, conclusions about the overall robustness of the model can
be drawn. This part of the investigation is essential before applying the model to perform
qualitative or quantitative predictions about the behavior of the ULB-HRM, such as with
respect to changes in geometry.

1.5. Outline

In Section 1, all the necessary elements have been provided for the reader to place
this work in its context. In Section 2, the latest two-phase model with its baseline input
parameter values is presented. Next, in Section 3, a sensitivity analysis with respect to a
series of input parameters is performed by deviating from their baseline values. In the final
section, Section 4, the presented work and the conclusions are summarized.
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2. Baseline CFD Model
2.1. Computational Domain

The computational domain is a 2D axisymmetric domain, which includes the internal
geometry of the motor and an exhaust plume area. This allows to investigate the exhaust
plume itself, and it avoids having to set a boundary condition directly at the nozzle exit.
By using a 2D mesh instead of a 3D mesh, the computational time is reduced significantly
and therefore many simulations can be performed in a relatively short amount of time.
This is an important feature, as many parameters have to be investigated to perform a
good sensitivity analysis (see Section 3). Many of the conclusions that follow from this
analysis may also apply for future, more complex models such as 3D LES models, for
which the computational time is increased dramatically. For those models, the available
computational power will most likely limit the extent to which a sensitivity analysis can be
done, so that assumptions based on conclusions from a 2D analysis must be made. Figure 6
shows the computational domain, which is represented by the white area, its dimensions,
and, for clarity, the surrounding parts of the motor. The size of the exhaust plume area
is based on observations of the exhaust plume during experiments with the ULB-HRM.
During these experiments, the intermediate port radius is 35 mm, for which the reason is
explained later in Section 2.3.1.
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Figure 6. Computational domain (white area) and its dimensions.

2.2. Mesh

The current mesh is a structured-like mesh, and it consists of 120,602 cells, which are
almost all quadrilateral (Figure 7). The mesh was created using the ANSYS Meshing tool.
The mesh convergence study for the single-phase model resulted in a characteristic cell
size ∆xchar of 1 mm in the combustion chamber [15]. As the current model is a two-phase
model, the mesh convergence must be reviewed. Therefore, the baseline simulation of ex-
periment “SH1-01” (a list is provided in Section 2.6) is performed on three different meshes.
A diagram is provided in Figure 8, in which the resulting numerical chamber pressure Pch
and mass averaged nozzle exit velocity v̄exit are shown as a function of ∆xchar. From
this, it is concluded that the resulting operating conditions still remain quasi unchanged
below ∆xchar = 1 mm, as it was the case for the single-phase model. Therefore, it seems
acceptable to continue with the same 1 mm mesh that was used for the single-phase model.
The mesh has a near-wall refinement to account for the effects of the viscous sublayer near
the wall. More information on this is presented in [15].

2.3. Flow Modeling

In contrast to the first CFD model of the ULB-HRM, the latest model is a two-phase
model. A continuous gas phase is solved in a Eulerian framework, and a discrete liquid
phase is solved in a Lagrangian framework. The discrete liquid phase is introduced to
mimic the effects of the injected oxidizer spray and entrained fuel droplets. Both phases
interact through Eulerian–Lagrangian coupling, but the discrete liquid droplets do not
break up or interact with each other. Details on how the gaseous and liquid oxidizer and
fuel enter the domain are provided in Section 2.5.
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Figure 7. Complete mesh, with zoom on the motor region.
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Figure 8. Review of the mesh convergence. Below the characteristic combustion chamber cell
size ∆xchar of 1 mm, operating conditions remain quasi constant.

2.3.1. Continuous Gas Phase

The steady-state RANS model is used to simulate the continuous gas phase in the ULB-
HRM. The resulting flowfield, therefore, represents the average operating conditions of the
motor, when the fuel grain thickness is about half the initial web thickness b (definition
provided in [1]). This is why the port radius in the numerical domain is set to 35 mm (see
Section 2.1). At this stage of the numerical research, this approach is acceptable for the
development of the initial CFD models of the motor. Moreover, some of the experimental
measurements to which the numerical results are compared, are only available as space-
time averaged values.

The Reynolds averaging process of the momentum conservation equations leads to
the well-known RANS equations, in which a Reynolds stress term appears, which can
be modeled by applying a turbulence model. In the presented CFD model, the k-ε eddy
viscosity model [18] is applied. This choice is motivated by the preliminary lack of success
with other turbulence models such as the k-ω model [19] or the k-ω SST model [20], for
which the results are unrealistic or not attained at all due to convergence issues.

Next, the resulting governing equations are presented in which source terms appear
to establish the coupling between the continuous gas phase and the discrete liquid phase.
The first equation presented below is the continuity equation or mass conservation equation.
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∂ρ

∂t
+∇ · (ρ~v) = Sm (1)

The source term Sm represents the mass that is added to the continuous phase from
the evaporation of the discrete liquid phase. Similarly, due to the exchange in momentum
caused by drag forces between the gas phase and the liquid droplets, a force source SF
appears on the right hand side in the RANS equations (conservation of momentum). Note
that Equation (2) can be written as multiple equations (one for each component of ~v), hence
the plural RANS equations is most often used.

∂

∂t
(ρ~v) +∇ · (ρ~v~v) =−∇P +∇ ·

[
(µ + µt)(∇~v +∇~vT − 2

3
∇ ·~vI)

]
+∇ · (−ρk

2
3

I) + SF

(2)

In the total energy equation, shown below in terms of enthalpy H, two source terms
appear. The heat of combustion is responsible for the first source SH,c. The heat exchange be-
tween the continuous and the discrete phase is represented by the second source term SH,d.

∂

∂t
(ρH) +

∂

∂t
(ρK) +∇ · (ρ~vH) +∇ · (ρ~vK)− ∂P

∂t
= ∇ ·

(
κ + κt

cp
∇H

)
+ SH,c + SH,d (3)

Because of the chosen combustion model, presented later in Section 2.4, several species
must be tracked separately. Therefore, the model also includes N-1 transport equations
for the N species that are present in the calculation. Furthermore, given the k-ε turbulence
model, two additional transport equations for k and ε are solved as well.

A detailed list of all the equations involved in describing the continuous gas phase,
starting from the general convection-diffusion equation for any extensive property φ, is
presented in [15] and is therefore not repeated here. Details on how the various source
terms are calculated can be found in [21].

2.3.2. Discrete Liquid Phase

For the discrete phase, the trajectory of a droplet is predicted by integrating the force
balance on it, which is written in a Lagrangian reference frame. In this case, the only force
acting on the droplets is a drag force. This results in the following equation, in which the
indices c and p refer to continuous phase and particle (droplet), respectively.

d~v
dt

=
3CDρc

4dpρp
|~vc −~vp|(~vc −~vp) (4)

For an evaporating droplet, the temperature is calculated using the equation below,
in which h is the convective heat transfer coefficient and hp,vap is the droplet vaporiza-
tion enthalpy. It does not include the term for radiation, as the latter is ignored in the
developed model.

mpcp
dTp

dt
= hAp(Tc − Tp)−

dmp

dt
hp,vap (5)

For specific details such as the calculation of the drag coefficient CD and the droplet
vaporization rate dmp

dt , the reader is referred to [21].

2.4. Combustion Model

Typical for an HRM, as indicated in Section 1.1, is the macroscopic turbulent diffusion
flame that is formed where the oxidizer and fuel meet in flame sustaining quantities. Heat
transfer from the flame to the fuel surface causes the fuel to evaporate towards the flame
zone, which sustains the combustion process. Fundamental work on the diffusion flame in
both classical and paraffin fueled HRMs is presented in [2,4], respectively.
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In this work, a high Damköhler number is assumed, meaning that the chemical
reaction rate is much higher than the convective mass transport rate. For the flow in an
HRM, it implies that the combustion rate is controlled by the turbulent mixing. To model
this turbulence–chemistry interaction (TCI), the Eddy Dissipation Model (EDM) [22] is
chosen. The model requires a transport equation for each species, but it avoids complex
chemical kinetics. The EDM is one of the popular choices and it has proven to provide
good results. Examples include [23–25]. Another well-known model is the mixture fraction
model [26]. Preliminary results (single-phase) have been obtained with this model [16],
confirming that it is a viable alternative to the EDM.

In the EDM, the reaction rate is calculated based on the turbulence field values k
and ε. Therefore, only one reaction rate is calculated, and a single global chemical reaction
must be provided. In order to establish this chemical equation, the reactants must first be
determined. For the oxidizer this is N2O. For the fuel, the main products of the pyrolysis of
paraffin are consideroxider ed. The pyrolysis of paraffin with chemical formula Cn H2n+2
yields the following products.

CnH2n+2 = H2 +
n
2

C2H4 (6)

In order to test the impact of the presence of H2 in the paraffin pyrolysis products,
a preliminary numerical investigation was performed with and without the H2 in the
reactants. It was found that the impact on the resulting numerical flowfield is negligible
and therefore only ethylene (C2H4) is considered as fuel reactant. For an ideal combustion
of C2H4 with N2O, the reaction is as follows.

C2H4 + 6 N2O = 2 CO2 + 4 H2O + 6 N2 (7)

This reaction was considered in the first single-phase CFD model presented in [15].
In reality, however, a series of reaction products exist in chemical equilibrium. Therefore,
instead of driving the reaction towards the products as shown in Equation (7), the reaction
is now driven towards some equilibrium composition. As it will become clear in Section 2.6,
19 experiments are simulated and therefore a composition of the reaction products must be
estimated for each one of them. This is done with ICT-code (thermodynamic code from
Fraunhofer Institute for Chemical Technology) [27], based on the experimental chamber
pressure Pch,exp for each case. The obtained reaction for test SH1-01 is shown below. The
considered reaction products represent just over 97 m% of all products generated by ICT-
code. Note that, as expected, the same results were obtained with NASA’s CEA (Chemical
Equilibrium and Applications) [28].

C2H4 + 6 N2O = 5.867 N2 + 1.542 H2O + 1.107 CO + 0.893 CO2

+ 0.43 OH + 0.4345 O2 + 0.266 NO + 0.243 H2
(8)

Based on the reaction coefficients in this equation, the EDM calculates Ri, which is the
rate of production of species i, as the smallest of the two equations below [22]. Ri appears
as a source term in the ith species transport equation.

Ri = (ν′′i − ν′i )Mi Aρ
ε

k
min

R

(
YR

ν′iMR

)
(9)

Ri = (ν′′i − ν′i )Mi ABρ
ε

k

(
∑P YP

∑j ν′′j Mj

)
(10)

Note that the droplets that are present in the flow do not react themselves, but they
evaporate. The evaporated gas then reacts according to the model described above. The
liquid N2O droplets evaporate to gaseous N2O, and the liquid paraffin droplets evaporate
to gaseous ethylene. In short, all reactions occur in the gas phase.
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2.5. Boundary Conditions

In Section 2.1 through Section 2.4, all physicochemical models and flow equations
are determined. The numerical solution or resulting flowfield now ultimately depends
on the boundary conditions. For the baseline CFD model that is presented in Section 2,
many aspects of the boundary conditions are fixed at some motivated value. The only
parameters that are not fixed are the total oxidizer inlet mass flow rate ṁox (and from it,
the inlet velocity vox) and the total fuel inlet mass flow rate ṁ f uel , as these values depend
on the experiment that is being simulated. As mentioned in Section 1.4, the experimental
time-averaged oxidizer and fuel mass flow rates serve as input to the numerical model at
this stage of its development. In order to easily locate the different boundary conditions
that are discussed in the following sections, an overview is provided in Figure 9.
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Figure 9. Computational domain with an overview of its boundaries.

2.5.1. Oxidizer Inlet

In Section 2.6, 19 experiments will be simulated with the baseline CFD model. The
purpose is to compare the numerical results with the experimental measurements. During
all 19 experiments, a showerhead (SH) injector was used to inject the liquid N2O. However,
not all experiments were performed with the exact same SH injector. In fact, four types of
SH injectors were used. A summary is shown in Table 1.

Table 1. Properties of the 4 types of SH injectors [29] used during the 19 experiments.

Injector Number of Orifices Number of Orifice Orifice
Name Tests Done 1 Layout Orifices Diameter (mm) Length (mm)

SH1 10 11 1.4 7.0

SH2 3 11 1.9 7.0

SH3 3 21 1.4 7.0

SH4 3 71 0.8 7.0

Total 19
1 This number only includes the tests with an initial fuel port diameter of 30 mm. The full test campaign [29]
included test firings with other initial port diameters as well.

In order to model the oxidizer injection in a 2D axisymmetric domain, a simplification
must be made, as it is not possible to model the individual orifices. Therefore, in the
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simulations, the oxidizer is injected in the normal direction from a ∅ 70 mm circular area
as a mixture of gas and liquid droplets (see Figure 9).

The presence of two oxidizer phases (rather than only liquid) results from the oxi-
dizer flow development within the injector orifices. Some mass fraction, called the vapor
quality x, therefore leaves the injector as a gas. Since only the total average oxidizer mass
flow rate is known from the experimental results, some estimation of x must be made.
In [30], different injector flow modeling options are explored and summarized. A possible
way to determine x is to consider an isentropic depressurization throughout the orifices.
During this process, it is assumed that the liquid and vapor have equal velocities and are in
thermodynamic equilibrium. This model is referred to as the Homogeneous Equilibrium
Model (HEM). In this case, we can write for x:

x =
sL

1 − sL
2

sV
2 − sL

2
(11)

where 1 and 2 refer to upstream and downstream conditions of the orifice, respectively,
and L and V refer to the saturated liquid and vapor, respectively. As the experimental
pressures before and after the injector are known, the entropy values can be taken from
a thermophysical properties database such as the one provided by the National Institute
for Standards and Technology (NIST) [31]. The average values that are found for x using
Equation (11) are between 14% and 22%, and therefore a value of 20% is chosen for all
19 baseline simulations. In [24], a very similar HRM test bench setup with nitrous oxide is
investigated and similar values for x have been found.

Next, the size of the liquid N2O droplets must be estimated as well. Usually, some
empirical size distribution function is used. However, no distribution is universally better
than any other, and the extent to which any particular function matches any given set
of data depends largely on the mechanism of disintegration involved [32]. Therefore,
at this stage of the two-phase model development, all droplets are set to have the same
diameter (uniform size distribution). This allows for a clear initial analysis of the droplet
size influence. Future work can include exploring a non-uniform size distribution such as
the popular Rosin-Rammler distribution [33].

To determine the uniform diameter, some representative mean value should be chosen.
There are several definitions for a mean diameter. The most widely used mean diameter
is the Sauter Mean Diameter (SMD) or D32. Definitions of different mean diameters are
presented in [32]. The SMD is the diameter of the drop whose ratio of volume to surface
area is the same as that of the entire spray. Empirical expressions for the SMD in the case of
plain orifices, such as those of the current SH injectors, have been established by several
researchers [32]. Unfortunately, the resulting SMDs can be unreliable, as the conditions
in the ULB-HRM can deviate significantly from those for which the empirical expressions
of the SMD are valid. On top of this, it is also difficult to insert the appropriate values for
some of the gas and liquid properties in those expressions. Both in [29,34], the SMD of N2O
spray was estimated for similar injectors, and it was found to be around 0.3 and 1000 µm,
respectively. This shows how easily results can deviate. An example calculation for test
SH1-01, based on [35], is shown below and yields 274 µm.

SMD =
500d1.2

or ν0.2
ox

vox
=

500 · 0.00141.2 ·
(
8.036 · 10−8)0.2

26.18
= 0.000274 m = 274 µm (12)

in which νox is the liquid oxidizer kinematic viscosity, and dor is the orifice diameter. The
oxidizer inlet velocity vox (only required for the liquid droplets) is calculated as

vox =
ṁox,exp

ρox Aor
(13)
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From all the above, it can only be concluded that the droplet SMD is expected to lie
between 1 and 1000 µm. Therefore, an intermediate reference value of 100 µm is chosen for
the baseline simulations, based on the order of magnitude found from Equation (12), as
well as from another expression provided by [36], which yields 333 µm.

The last inputs that are needed, are the thermophysical properties of N2O. They are
taken from [31,37].

To end this section, a summary of the oxidizer boundary conditions is provided in
Table 2.

Table 2. Summary of oxidizer inlet boundary conditions for the baseline simulations.

Parameter Value or Setting Remark

Species N2O properties from [31,37]
Gas inlet type mass flow inlet
Liquid inlet type droplets source from inlet boundary
Total mass flow rate ṁox,exp different for each simulation
Gas mass flow rate 0.2 · ṁox,exp different for each simulation
Liquid mass flow rate 0.8 · ṁox,exp different for each simulation
Droplets initial velocity from Equation (13) different for each simulation
Droplets diameter distribution uniform
Droplets diameter 100 µm
Droplets and gas orientation normal to boundary
Temperature 280 K test campaign conditions

2.5.2. Fuel Inlet

The location of the fuel grain has already been shown in Figure 6. In the numerical
baseline model, fuel enters the domain both as a gas (C2H4, see Section 2.4) and as liquid
droplets (paraffin) with an initial velocity normal to the grain surface (see Figure 9). The
droplets enter the domain from the grain surface, and the gaseous fuel enters the domain as
sources in the cells adjacent to the grain surface. The grain surface itself is a wall boundary.
No fuel enters the domain from the sides of the fuel grain.

Similar to the oxidizer inlet (Section 2.5.1), 19 time-averaged experimental fuel mass
flow rates (ṁfuel,exp) serve as input for the 19 simulations that are presented later in
Section 2.6. For the ULB-HRM, it is however unclear which fraction of ṁfuel,exp is en-
trained as a result of the liquid film formation mentioned in Section 1.1.

An estimation is made based on the work presented in [38], in which it is explained
that the entrainment rates for the liquefying fuel pentane are close to those of paraffin
wax. Also in [38], a liquid layer theory is developed, and the diagram shown in Figure 10
is established based on that theory. It includes entrainment predictions for pentane as a
function of the total port mass flux.

For the average fuel port radius of 35 mm that is chosen for the baseline simulations
presented in the current work, the total port mass flux ranges from 100 to 180 kg

m2 s , de-
pending on the experiment and on the axial position in the fuel port. For these fluxes, the
estimated mass fraction of entrained fuel ranges from 46 to 59%, respectively. Therefore,
the entrained fuel mass fraction is set to 50% for all 19 baseline simulations.

Next, some choice has to be made for the liquid fuel droplet diameter. For the same
reasons as explained in the previous section on the oxidizer inlet, a uniform size distribution
is chosen for the baseline numerical model. In order to determine some representative
diameter, the empirical relation of [39] shown below is applied, as suggested by [40] to be
the most representative for fuel droplet size prediction in an HRM.

Dvm = 0.028
σ

ρg j2g
Re
− 1

6
f Re

2
3
g

(
ρg

ρ f

)− 1
3
(

µg

µ f

) 2
3

(14)
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Figure 10. Plot as seen in [38], showing instantaneous regression rates and corresponding mass fluxes
evaluated from the midpoint of the port for four different pentane tests.

Here, Dvm is called the volume median diameter. By definition, the total volume of all
droplets with a diameter larger than Dvm, is 50% of the total volume of all droplets. The
subscripts f and g refer to the properties of the fuel liquid film and of the gas flowing over
the liquid film. The gas flow velocity over the liquid film is represented by jg. The Reynolds
numbers are based upon the hydraulic diameter dh, which is set to be the port diameter.

Re f =
ρ f j f dh

µ f
(15)

Reg =
ρg jgdh

µg
(16)

Here, j f is the liquid film flow velocity. By replacing Re f and Reg in Equation (14) by
Equations (15) and (16), Equation (14) becomes

Dvm = 0.028σd
1
2
h ρ
− 2

3
g j−

4
3

g ρ
1
6
f j−

1
6

f µ
− 1

2
f (17)

It is of course not easy to determine the correct thermophysical properties and veloci-
ties that could apply for the ULB-HRM. They depend on many aspects such as the temper-
ature, the distance from the liquid film and the axial position. By using Equation (17), it is
assumed that the obtained volume median diameter only represents some order of magni-
tude. Based on data from [14,31], together with observations of the numerical flowfield,
Table 3 is established. It shows the expected fuel droplet volume median diameter Dvm
for a set of baseline values for the parameters that are present in Equation (17). Next, in
Table 4, the influence of each of these parameters on Dvm is shown. Each line represents the
variation of Dvm when the value of a certain parameter is changed within some range of
uncertainty, while keeping the others parameters at their baseline value. With an exponent
of − 4

3 , it is clear that the gas flow velocity jg has the most impact.



Energies 2021, 14, 6794 14 of 35

Table 3. Chosen baseline values for the parameters in Equation (17), and the resulting value for Dvm.

σ dh ρg jg ρ f j f µ f Dvm
N/m m kg/m3 m/s kg/m3 m/s Pa·s µm

Baseline values 7.1 · 10−3 0.07 4.0 4.0 700 0.010 6.5 · 10−4 93

Table 4. Ranges for Dvm for varying values of the parameters in Equation (17). At each line, the other
parameters are kept at their baseline value.

Parameter Unit Lower Limit Upper Limit Resulting Dvm (µm)

σ N/m 5.0 · 10−3 9.0 · 10−3 66 − 118
dh m 0.06 0.08 86 − 100
ρg kg/m3 1.0 10.0 235 − 51
jg m/s 1.0 10.0 592 − 27
ρ f kg/m3 600 800 96 − 91
j f m/s 0.001 0.100 137 − 64
µ f Pa·s 5.0 · 10−4 8.0 · 10−4 106 − 84

Based on this short analysis, the representative value for the uniform size of the fuel
droplets is estimated to be of the order of 100 µm.

The initial velocity of the fuel droplets is based on the velocity flowfield, which was
obtained with the first single phase numerical model [15]. In this model, fuel enters the
domain as gaseous C2H4 at a mass flow rate of ṁfuel,exp. The resulting average radial
velocity near the grain surface is used for the initial fuel droplet velocity in the current
two-phase model, and it is equal to 0.28 m/s. In the work of [9], a value of the same order
of magnitude is obtained.

Although the conditions in the ULB-HRM are for the most part beyond the paraffin
wax critical conditions, some initial temperature must be set for the gaseous and liquid fuel
that enters the domain. A common approach is to set the temperature of the droplets as
the average of the paraffin melting and boiling temperature, which yields 515 K. The grain
wall is also fixed at this temperature. For the gaseous fuel (C2H4), the inlet temperature is
set to the boiling temperature, which is 700 K.

Table 5 summarizes the fuel boundary conditions. Thermophysical properties for
paraffin wax and ethylene are taken from [31], as well as from previous experimental work
on the ULB-HRM [7,14].

Table 5. Summary of fuel inlet boundary conditions for the baseline simulations.

Parameter Value or Setting Remark

Evaporating species C2H4
Liquid species paraffin
Gas inlet type mass source in cells adjacent to grain wall
Liquid inlet type droplets source from grain wall
Total mass flow rate ṁfuel,exp different for each simulation
Gas mass flow rate 0.5 · ṁfuel,exp different for each simulation
Liquid mass flow rate 0.5 · ṁfuel,exp different for each simulation
Droplets initial velocity 0.28 m/s
Droplets diameter distribution uniform
Droplets diameter 100 µm
Droplets orientation normal to boundary
Droplets temperature 515 K
Gas temperature 700 K
Grain wall temperature 515 K
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2.5.3. Walls

Figure 9 shows the locations of the wall type boundaries. They are all no-slip walls
that reflect any droplets colliding with them. A detailed study of these collisions and their
simulation falls outside the scope of this work. All walls are adiabatic, except for the grain
wall (see Section 2.5.2).

2.5.4. Ambient Inlet and Outlet

As shown in Figure 9, the ambient area consists of a 1 atm pressure outlet and a lateral
1 atm pressure inlet (air at 280 K). The latter allows for the exhaust plume to draw in air
from the sides.

2.6. Baseline Model Results

The baseline CFD model is now used to simulate 19 experiments, which are listed in
Table 6. Showerhead 1 leads to 10 “low pressure” cases (order 17 bar), and showerheads 2,
3 and 4 lead to 9 “high pressure” cases (order 24 bar). The four types of SH injectors are
summarized in Table 1. The purpose of Table 6 is to compare the numerical results with the
experimental results, and draw conclusions about the performance of the model. Typical
computational times range from a few hours to one day, depending on the values of the
input parameters, such as droplet sizes and liquid fractions. Note that the experimental
results are not used to calibrate the CFD model in any way. Before comparing the results,
some visualizations of the flowfield are provided first.

Table 6. Summary of experimental results with 4 different showerhead (SH) injectors. The corre-
sponding numerical results are listed as well.

Exp. ID tb ṁox ṁfuel ṙ
O/F

Pch,exp Pch,num Fexp Fnum Isp
(s) (g/s) (g/s) (mm/s) (bar) (bar) (N) (N) (s)

SH1-01 8.28 386.4 148.6 6.21 2.6 17.9 17.84 879 868 167.5
SH1-02 8.29 380.3 152.1 6.20 2.5 17.0 17.67 768 856 147.1
SH1-03 8.16 391.3 144.9 6.30 2.7 17.8 17.97 879 876 167.2
SH1-04 8.10 384.0 142.2 6.35 2.7 17.7 17.65 873 856 169.1
SH1-05 7.24 386.9 161.2 6.72 2.4 17.2 18.08 835 881 155.3
SH1-06 7.07 387.1 143.4 6.64 2.7 17.7 17.78 873 865 167.8
SH1-07 6.84 393.8 145.9 6.90 2.7 17.7 18.09 862 883 162.9
SH1-08 6.48 393.3 157.3 7.01 2.5 18.2 18.27 912 893 168.9
SH1-09 6.36 387.7 149.1 6.96 2.6 17.3 17.90 872 871 165.6
SH1-10 6.28 384.1 153.6 9.65 2.5 17.1 17.83 864 867 163.9
SH2-01 5.29 529.2 147.0 7.18 3.6 24.1 23.46 1142 1211 172.2
SH2-02 5.23 542.5 150.7 7.28 3.6 24.4 24.10 1100 1249 161.8
SH2-03 5.27 528.9 155.6 7.41 3.4 23.1 23.55 1082 1217 161.2
SH3-01 5.29 538.3 153.8 7.33 3.5 22.8 23.77 1100 1235 162.0
SH3-02 5.23 543.2 150.9 7.22 3.6 23.8 24.03 1168 1248 171.5
SH3-03 5.27 537.6 153.6 7.38 3.5 24.4 23.76 1183 1234 174.5
SH4-04 5.08 550.0 157.1 7.70 3.5 24.1 24.24 1172 1265 169.0
SH4-05 5.15 537.5 153.6 7.69 3.5 23.3 23.63 1131 1231 166.8
SH4-06 5.11 544.5 155.6 7.61 3.5 24.3 23.98 1137 1251 165.6

In Figure 11, a visualization of the flowfield in terms of the static temperature for
cases SH1-04 and SH4-04 is shown. It shows the cases for which the highest and lowest
numerical chamber pressures are obtained, respectively.
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Figure 11. Static temperature field for cases SH1-04 and SH4-04.

Next, in Figure 12, the streamlines are shown for case SH4-04. Two recirculation
zones are easily identified. The recirculation zone in the pre-combustion chamber extends
slightly into the fuel port, causing fuel (both droplets and gas) to enter the pre-combustion
chamber, where it can react with the oxidizer. This phenomenon was also observed during
the experiments, confirmed by the paraffin wax that was found on the oxidizer injector
plate after the test run [13].
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Figure 12. Streamlines for case SH4-04, colored by Mach number.

In order to compare the numerical results with the experimental measurements, two
diagrams are provided in Figure 13.

On the left diagram, the numerical and experimental chamber pressures Pch are plotted
on the ordinate and abscissa, respectively. As all cases are very close to the central identity
line, it is clear that the model predicts Pch accurately.

On the right diagram, the same plot is presented for the thrust F. The same conclusion
as for Pch holds, but there is a slight overestimation of F for the high pressure cases
(groups “SH2”, “SH3”, and “SH4”). A possible reason for this is an overestimation of the
chemical reactions in the nozzle, leading to an overestimated nozzle exit velocity (from
which F is calculated). However, it might also be due to certain phenomena causing
performance losses during the experiments, so that the expected thrust is not reached for
higher chamber pressures.
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Figure 13. Comparison between experimental and numerical results.

Section 2 is concluded with Table 7, in which the average deviations between the
numerical and experimental values are summarized. With average deviations of +1% and
+5% for Pch and F, respectively, it can be concluded that the model performs well. It must,
however, be noted that the model does not include all physical phenomena that occur in
the ULB-HRM. This implies that there might be hidden deviations that compensate for
each other. Nevertheless, the model demonstrates the potential to perform predictions
about the operating characteristics and performance of the ULB-HRM, when installed with
an SH injector.

Table 7. Average deviation of numerical values from experimental measurements.

Group Chamber Pressure Thrust
(%) (%)

SH1 +2.02 +1.30
SH2 −0.64 +10.69
SH3 +0.86 +7.82
SH4 +0.23 +8.94

All +1.13 +5.02

3. Sensitivity Analysis

In this section, a sensitivity analysis is performed. As indicated in Section 1.4, this is
performed by varying a series of model input parameters and monitoring the effect on the
resulting operating conditions of the motor. From this, conclusions can be drawn about

• The level of uncertainty introduced in the numerical results;
• The overall robustness of the numerical model;
• How the flowfield is affected qualitatively;
• How the ULB-HRM would react to changing boundary conditions.

The selected input parameters of the baseline CFD model are now reviewed in the
same order as they were presented in Section 2. Note that, unless mentioned otherwise,
only one parameter at a time is investigated, while keeping the other parameters at their
baseline value. The range for each parameter is chosen such that it reflects the limits of
what can be expected in reality.
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3.1. Combustion Model
3.1.1. Chemical Reaction Equation

The stoichiometric coefficients of the products in Equation (8), which was presented
in Section 2.4, are valid for some specific chamber pressure Pch, which in turn depends on
these coefficients. Therefore, their determination should ideally be an iterative process. As
this would be very time consuming, the chemical reaction equations for the 19 simulations
have been determined via ICT, based on the experimental chamber pressure Pch,exp. They
are summarized in Table 8, in which the stoichiometric coefficients of Equation (8) are
found at the first line.

Table 8. Summary of the product stoichiometric coefficients for the 19 simulations.

Exp. ID Pch,exp Coefficients Obtained via ICT, Based on Pch,exp
Resulting

Pch,num
(bar) N2 H2O CO CO2 OH O2 NO H2 (bar)

SH1-01 17.9 5.8670 1.5420 1.1070 0.8930 0.4300 0.4345 0.2660 0.2430 17.84
SH1-02 17.0 5.8670 1.5390 1.1100 0.8900 0.4320 0.4365 0.2660 0.2450 17.67
SH1-03 17.8 5.8670 1.5410 1.1070 0.8930 0.4310 0.4345 0.2660 0.2435 17.97
SH1-04 17.7 5.8670 1.5410 1.1080 0.8920 0.4310 0.4350 0.2660 0.2435 17.65
SH1-05 17.2 5.8670 1.5400 1.1090 0.8910 0.4320 0.4355 0.2660 0.2440 18.08
SH1-06 17.7 5.8670 1.5410 1.1080 0.8920 0.4310 0.4350 0.2660 0.2435 17.78
SH1-07 17.7 5.8670 1.5410 1.1080 0.8920 0.4310 0.4350 0.2660 0.2435 18.09
SH1-08 18.2 5.8665 1.5420 1.1060 0.8940 0.4300 0.4335 0.2670 0.2430 18.27
SH1-09 17.3 5.8670 1.5400 1.1090 0.8910 0.4310 0.4360 0.2660 0.2445 17.90
SH1-10 17.1 5.8670 1.5390 1.1100 0.8900 0.4320 0.4365 0.2660 0.2450 17.83
SH2-01 24.1 5.8645 1.5550 1.0880 0.9120 0.4210 0.4205 0.2710 0.2345 23.46
SH2-02 24.4 5.8645 1.5560 1.0870 0.9130 0.4200 0.4200 0.2710 0.2340 24.10
SH2-03 23.1 5.8650 1.5530 1.0900 0.9100 0.4220 0.4225 0.2700 0.2360 23.55
SH3-01 22.8 5.8650 1.5530 1.0910 0.9090 0.4230 0.4225 0.2700 0.2355 23.77
SH3-02 23.8 5.8645 1.5550 1.0880 0.9120 0.4210 0.4205 0.2710 0.2345 24.03
SH3-03 24.4 5.8645 1.5560 1.0870 0.9130 0.4200 0.4200 0.2710 0.2340 23.76
SH4-04 24.1 5.8645 1.5550 1.0880 0.9120 0.4210 0.4205 0.2710 0.2345 24.24
SH4-05 23.3 5.8650 1.5540 1.0900 0.9100 0.4220 0.4220 0.2700 0.2350 23.63
SH4-06 24.3 5.8645 1.5550 1.0870 0.9130 0.4200 0.4205 0.2710 0.2350 23.98

From Table 8, it is immediately clear that the coefficients vary very little within the
range of relevant chamber pressures. To quantify the influence of the coefficients on the
resulting numerical chamber pressure Pch,num, two extra simulations are performed. The
case with the lowest Pch,exp, case SH1-02, is simulated as before, but by applying the
coefficients of SH3-03, the case with the highest Pch,exp. Likewise, the case with the highest
Pch,exp, case SH3-03, is simulated as before, but by applying the coefficients of SH1-02. The
effect on Pch,num by applying these incorrect coefficients is very limited, as shown in Table 9.
It can be concluded that a single set of product coefficients would be sufficient to simulate
all 19 cases. The maximum error would then be about 0.2%.

Table 9. Effect on Pch,num when applying incorrect product coefficients.

Exp. ID Pch,exp Coefficients for Pch,num Deviation
(bar) (bar) (bar) (%)

SH1-02 17.0 17.0 17.667 0.2224.4 17.706

SH3-03 24.4 24.4 24.090 0.1917.0 24.043
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3.1.2. Chemistry in Nozzle

In the baseline CFD model, the EDM is active throughout the entire numerical do-
main. While hot gasses expand in the nozzle, their chemical composition changes as the
chemical reactions continue. This is called shifting equilibrium, and it often leads to slightly
overestimated performance values. Another approach is called frozen equilibrium, in which
case the chemical composition remains constant throughout the nozzle expansion process.
This approach tends to underestimate the system’s performance [1].

In order to determine the effect of setting the nozzle to a frozen equilibrium instead
of a shifting equilibrium, the simulations of the experiments SH1-04 and SH4-04 are run
again with deactivated reactions in the nozzle and ambient area. Figure 14 shows the
temperature flowfield of the simulation of experiment SH4-04, for both shifting and frozen
equilibrium in the nozzle. Next, in Figure 15, the impact on Pch,num and Fnum is visualized.
For the two cases, Pch,num is reduced by maximum 5%, and Fnum is reduced by a maximum
of 15%. Therefore, as it could be expected, the largest impact is observed on the thrust.
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Figure 14. Static temperature field for case SH4-04, with shifting and frozen equilibrium.
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As mentioned before in Section 2.6, the baseline model slightly overestimates the thrust
for the high pressure cases. It was speculated that, for these cases, the chemical reaction
progress might be overestimated in the nozzle. This can be related to the combustion
model, which predicts the reaction progress based on the turbulence. From Figure 14, it
is clear that there is a high level of turbulent mixing immediately downstream the throat.
If the k-ε model overpredicts the turbulence in that region, the reaction progress will
be overestimated as well. However, from the analysis in the current section, it is clear
that a frozen equilibrium in the nozzle (no reactions) has an almost equally important
impact on the thrust of SH1-04 as on that of SH4-04. It can therefore be concluded that the
overestimated thrust is not (only) caused by an overestimation of the reactions.

Furthermore, it can be concluded that the baseline CFD model is quite sensitive to
whether the flow in the nozzle is frozen or shifting. However, although this is an interesting
observation, such an important and non-quantifiable parameter could be as important as
the selection of the combustion model itself. Therefore, one could argue about whether this
element falls within the boundaries of a sensitivity analysis.

3.2. Oxidizer Inlet
3.2.1. Vapor Quality

In Section 2.5.1, the vapor quality x for the N2O inlet was set to 20% for the baseline
CFD model. This value is now investigated by varying it from 0 to 100%. The impact
on Pch,num and Fnum is visualized in Figure 16. For SH2-01, both Pch,num and Fnum show
a maximum near the baseline value of 20%. For SH1-01, this is for x ∈ [0.20, 0.40]. From
this, it is concluded that x affects the motor’s operating conditions not in a linear but
rather parabolic way, due to a combination of different effects on the flowfield which are
visualized and discussed later in this section.

Tables 10 and 11 summarize some key values from the diagrams in Figure 16. Based
on the study of cases SH1-01 and SH2-02, it is concluded from Tables 10 and 11 that
the uncertainty of the vapor quality x can introduce a maximum absolute deviation of
Pch,num and Fnum from their baseline values of the order of 18% and 8%, respectively. This
demonstrates how the CFD model would not be accurate if the liquid phase of the oxidizer
would be ignored by assuming an all gaseous oxidizer inlet. Moreover, it is reasonable to
assume that x will never reach values of 100% in the ULB-HRM. Within the range of 0 to
50%, the deviations mentioned above are only of the order of 5% and 2%, which adds to
the robustness of the developed model. Another observation is that the baseline value of x
(20%) results in the highest (or almost highest) values for the numerical chamber pressure
and thrust, from which it can be concluded that any other value for x leads to a lower
prediction of the motor’s performance in terms of Pch and F. For design purposes, an SH
injector that delivers a vapor quality of about 20 to 30% therefore seems optimal.
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Figure 16. Impact of the vapor quality x on Pch,num and Fnum for the simulations of experiments
SH1-01 and SH2-01.
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Table 10. Effect on Pch,num when varying the oxidizer inlet vapor quality x.

Exp. ID Vapor Quality Resulting Deviation from
x (%) Pch,num (bar) Baseline Pch,num (%)

SH1-01

0 17.522 −1.79
20(*) 17.841 0.00
30 17.844 (=max) +0.02
50 17.508 −1.88

100 14.804 (=min) −17.04

SH2-01

0 22.804 −2.80
20(*) 23.462 (=max) 0.00
50 22.181 −5.46

100 19.177 (=min) −18.26
(*) Value of the baseline CFD model presented in Section 2.

Table 11. Effect on Fnum when varying the oxidizer inlet vapor quality x.

Exp. ID Vapor Quality Resulting Deviation from
x (%) Fnum (N) Baseline Fnum (%)

SH1-01

0 857 −1.27
20(*) 868 0.00
30 869 (=max) +0.12
50 863 −0.58

100 796 (=min) −8.29

SH2-01

0 1193 −1.49
20(*) 1211 (=max) 0.00
50 1187 −1.98

100 1116 (=min) −7.84
(*) Value of the baseline CFD model presented in Section 2.

Next, the effect of x on the flowfield is investigated. Figure 17 shows the static
temperature contours and droplet trajectories for case SH1-01, for x ∈ {0, 0.2, 0.7, 1}. Only
the upper half of the domain is shown for compactness. A remarkable impact on the
average temperature in the pre-combustion chamber (Tpre) is observed. As x increases,
fewer oxidizer droplets are injected into the fuel port and therefore the recirculation
zone mentioned in Section 2.6 extends less into the upstream end of the fuel port, as
illustrated in [17]. As a consequence, less fuel is reacting with the oxidizer upstream in the
pre-combustion chamber, explaining a decreasing temperature with increasing x. In the
post-combustion chamber, however, Tpost seems to reach a maximum for x = 20%, just
as it was the case for Pch,num and Fnum. For this value, the amount of fuel recirculation in
the pre-combustion chamber, together with the oxidizer droplets trajectory and lifetime
throughout the combustion and post-combustion chamber, seem optimal to reach the
highest chamber pressure. Note that for higher values of x, unburnt fuel droplets start
exiting the motor.
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Figure 17. Influence of the oxidizer vapor quality x on the flowfield for case SH1-01.

3.2.2. Spray Droplets Size

The oxidizer spray droplets diameter (dox) was set to a uniform distribution of 100 µm
for the baseline CFD model, as explained and motivated in Section 2.5.1. In the current
section, the impact of this diameter is investigated while the uniform size distribution is
maintained. Figure 18 shows the influence of dox on Pch,num for cases SH1-01 and SH2-01.
The plot of Fnum is not included as it follows the same profile as Pch,num. This was also the
case for the study of the vapor quality x in Section 3.2.1.
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Figure 18. Impact of the oxidizer droplets diameter dox on Pch,num for the simulations of experiments
SH1-01 and SH2-01.

From Figure 18, it is clear that, within the investigated range of dox, Pch,num de-
creases non-linearly with decreasing dox. As the droplet size decreases, the derivative of
Pch,num(dox) increases substantially, indicating a higher sensitivity of the motor’s perfor-
mance to size variations within the range of smaller droplets.

Table 12 summarizes some key values of the plot from Figure 18. It is concluded that
the uncertainty of dox can introduce a maximum absolute deviation of Pch,num of about 16%
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from its baseline value, when dox varies between 20 and 500 µm. Note that Table 12 also
includes some extrapolated values, for which the reason is explained next.

From a physical point of view it is expected that when dox approaches 0 µm, the
numerical results should approach those of the case where the oxidizer is injected com-
pletely as a gas. From Table 10, it can be seen that for case SH1-01, Pch,num equals 14.80 bar
when x = 100% (all injected oxidizer is gaseous). This is indeed very close to the pres-
sure obtained by extrapolating the curve in Figure 18 to a theoretical dox of 0 µm with a
fourth-order polynomial fit, which then yields 14.85 bar. This adds to the robustness and
the consistency of the CFD model.

Table 12. Effect on Pch,num when varying the oxidizer inlet droplets diameter dox.

Exp. ID Droplets Diameter Resulting Deviation from
dox (µm) Pch,num (bar) Baseline Pch,num (%)

SH1-01

0 14.85 (extrapolation)(=min) −16.76
20 15.74 −11.78

100(*) 17.84 0.00
400 18.80 (=max) +5.38
500 18.73 +4.99

SH2-01

0 19.25 (extrapolation)(=min) −17.95
20 19.65 −16.24

100(*) 23.46 0.00
200 24.33 (=max) +3.71
500 24.07 +2.60

(*) Value of the baseline CFD model presented in Section 2.

Figure 19 visualizes how the flowfield is affected by the oxidizer droplets diameter
dox in terms of the static temperature. It stands out immediately that the temperature
in the pre-combustion chamber increases significantly with decreasing dox, and reaches
a maximum for dox ≈ 40 to 60 µm, after which it decreases again for smaller values of
dox. This behavior is possibly related to the oxidizer droplet pathlines along which they
evaporate and is currently under further investigation.
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Figure 19. Influence of the oxidizer droplets diameter dox on the flowfield for case SH1-01.
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3.3. Fuel Inlet
3.3.1. Entrained Fuel Fraction

Based on the literature, it was estimated in Section 2.5.2 that 50% of the total exper-
imental fuel mass flow rate (ṁfuel,exp) consists of entrained fuel droplets. This entrained
fuel fraction, xent, is a parameter comparable to 1− x (with x the vapor fraction of oxi-
dizer, see Sections 2.5.1 and 3.2.1). As it is very difficult to confirm this baseline value of
50% experimentally, it must be investigated how xent, as a user input of the CFD model,
affects the numerical results. In this section, xent is varied from 0 to 100%, while keeping
the total numerical fuel mass flow rate constant and equal to the corresponding average
experimental value ṁfuel,exp. The focus is again on Pch,num, as this is a measurable key
operating value.

Figure 20 demonstrates how the numerical chamber pressure Pch,num is affected by
xent in the simulations of eight experiments (4 low pressure cases and 4 high pressure cases,
see Section 2.6). It is clear that the curves of Pch,num(xent) follow the same quasi-linear
(especially for xent < 67%) profile for all eight cases. As xent increases, Pch,num decreases.
This might seem strange at first, as the entrainment of the paraffin fuel droplets is known
to improve the fuel regression rate and therefore the motor’s performance. However,
in that case, the total fuel mass flow rate is increased by the entrainment effect. In the
current sensitivity analysis, however, the total fuel mass flow rate is kept constant as
clearly indicated at the abscissa in Figure 20. Whenever xent increases, the mass flow rate
of entrained droplets increases at the cost of an equal decrease in the mass flow rate of
gaseous fuel entering the domain. Increasing xent simply implies that more droplets first
have to evaporate before they can take part in the reaction.

For completeness, it is demonstrated in Figure 21 how the chamber pressure would be
affected if the gaseous fuel flow rate is kept constant while some entrained fuel is added,
thus increasing the total fuel mass flow rate. This is done by starting from the simulation of
SH1-01 with xent = 0. It is clear from the diagram that, for some given oxidizer mass flow
rate, the motor’s performance does indeed benefit from the entrainment effect. Note that
Figure 21 shows the chamber pressures that would be reached theoretically, if one would
be able to achieve a certain fuel mass flow rate and entrainment with the given oxidizer
mass flow rate. In reality, there is of course a limitation to the fuel regression rate that can
be achieved for some given oxidizer mass flow rate.
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while keeping the total fuel mass flow rate constant.
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Figure 21. Impact of entrained fuel fraction xent on Pch,num for the simulation of SH1-01, while
keeping the gaseous fuel mass flow rate constant.

Table 13 summarizes some key values from the plot in Figure 20. It is concluded that
the uncertainty of xent can introduce a maximum absolute deviation of Pch,num of about 4%
from its baseline value, when xent varies between 0 and 100%. As explained in Section 2.5.2,
it is estimated that the entrained fuel fraction ranges from 46 to 59%, based on the operating
conditions of the 19 experiments. With this in mind it would be safe to state that the actual
entrained fuel mass fraction lies somewhere between 33% and 67%. Within this range, the CFD
model is quite insensitive, with a maximum deviation from the baseline pressure of only 0.8%.

Table 13. Effect on Pch,num when varying the entrained fuel fraction xent. For compactness, only the
cases leading to the highest absolute deviations are summarized. Cases SH1-03, SH1-04, SH2-02 and
SH3-01 are not shown.

Exp. ID Entrained Fuel Resulting Deviation from
Fraction xent (%) Pch,num (bar) Baseline Pch,num (%)

SH1-01

0 18.25 (=max) +2.30
33 17.99 +0.78
50(*) 17.84 0.00
67 17.71 −0.73

100 17.13 (=min) −4.04

SH1-02

0 18.08 (=max) +2.32
33 17.79 +0.72
50(*) 17.67 0.00
67 17.53 −0.79

100 17.02 (=min) −3.64

SH2-01

0 23.80 (=max) +1.43
33 23.60 +0.60
50(*) 23.46 0.00
67 23.35 −0.47

100 22.74 (=min) −3.08

SH2-03

0 23.96 (=max) +1.73
33 23.66 +0.44
50(*) 23.55 0.00
67 23.39 −0.67

100 22.90 (=min) −2.78
(*) Value of the baseline CFD model presented in Section 2.
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To conclude this section, the temperature contours corresponding to the five points of
the curve for SH1-01 in Figure 20 are shown in Figure 22. From the colormap, it is observed
that, as xent increases, the average temperature in both the pre- and post-combustion
chamber decreases together with Pch,num. Furthermore, the width of the macroscopic
boundary layer decreases with increasing xent. For xent = 100%, it is clear that the diffusion
flame is less wide and burns hotter in the post-combustion chamber than for lower values
of xent. The reason for this is that, as explained earlier in this section, droplets first need
to evaporate before taking part in the reaction. When xent = 100%, gaseous fuel enters
the domain along the pathlines of the fuel droplets, whereas for xent = 0%, the fuel (all
gaseous) enters the domain along the grain surface.
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Figure 22. Influence of the entrained fuel fraction xent on the flowfield for case SH1-01, while keeping
the total fuel mass flow rate constant and equal to the experimental value.

3.3.2. Entrained Droplets Size

In Section 2.5.2, the entrained fuel droplets size was set to a uniform 100 µm for the
baseline CFD model. In the current section, the impact of the fuel droplets diameter dent is
investigated for dent ranging from 10 to 5000 µm. As before, the focus lies on the numerical
chamber pressure Pch,num, as other performance parameters such as the thrust are impacted
in the same (qualitative) way as Pch,num.

Figure 23 demonstrates how Pch,num relates to dent for SH1-01 and SH2-01. The dia-
gram also includes a plot of the fraction of the total mass flow rate that exits the motor as
liquid droplets, denoted by xexit, and thus defined as

xexit =
ṁliq.,exit

ṁtotal
(18)

For both the low (SH1-01) and high (SH2-01) pressure case, it is concluded from
Figure 23 that dent has little impact on Pch,num, as long as no unburnt fuel droplets exit the
motor. According to the CFD model, this starts to occur when dent exceeds 100 µm. For
dent > 100 µm, xexit is non-zero and increases with increasing dent, which means that an
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increasing fraction of the total mass flow rate at the nozzle exit is liquid. This fraction
consists of fuel droplets only, as it is known that no unreacted oxidizer droplets exit the
nozzle when all oxidizer parameters are set to their baseline values (see Figure 17 for
x = 20%). When dent exceeds 1000 µm, Pch,num reaches its lowest value and xexit stagnates
between 10% and 15%. It is, however, doubtful that simulations with higher values for dent
are reliable, because the CFD model uses a discrete phase model in which liquid droplets
are represented by points that follow a path in the flowfield. Whenever droplets become
very large, this approach may not be representative.
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Figure 23. Influence of the entrained fuel droplets diameter dent on Pch,num for cases SH1-01 and
SH2-02. The diagram also includes the mass fraction of the total mass flow rate that exits the motor
as liquid droplets, denoted by xexit.

Some key values from the diagrams in Figure 23 are now summarized in Table 14. The
table also includes the mass fraction of fuel that exits the motor as unburnt liquid droplets.
This fraction is thus defined as

xfuel,exit =
ṁliq. fuel,exit

ṁfuel
(19)

From Table 14, it is concluded that droplets with a diameter below 100 µm will
evaporate completely before exiting the nozzle. On the other hand, when their diameter
exceeds 1000 µm, only half (at best) of their mass evaporates within the motor. Furthermore,
it is concluded that the uncertainty of the entrained fuel droplets diameter can lead to a
maximum deviation of Pch,num of about 6% from its baseline value.

To visualize the effect of dent on the flowfield, Figure 24 is provided. It includes the
static temperature contours, as well as the entrained fuel droplet pathlines. These pathlines
confirm that unburnt fuel droplets are exiting the motor when dent exceeds 100 µm. As soon
as this happens, the exhaust plume becomes hotter because fuel droplets are now reacting
outside the motor. In the flowfield where dent = 2000 µm, the pathlines of the fuel droplets
are crossing the symmetry axis. In reality, this would mean a collision between droplets,
and therefore, the exhaust plume structure may deviate substantially from the one shown
at the bottom in Figure 24. Furthermore, it is assumed that droplets are reflected by the
interior walls of the motor (see Section 2.5.3). One can imagine that this interaction is far
more complex in reality. The post-reflection pathlines for the lower three flowfields shown
in Figure 24 might, therefore, be inaccurate.
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Table 14. Effect on Pch,num when varying the entrained fuel droplets diameter dent.

Exp. ID Fuel Droplets Diameter Resulting Deviation from Baseline Resulting Resulting
dent (µm) Pch,num (bar) Pch,num (%) xexit (%) xfuel,exit (%)

SH1-01

10 18.00 (=max) +0.90 0.00 0.00
100(*) 17.84 0.00 0.00 0.00
200 17.70 −0.78 0.81 2.90
500 17.15 −3.87 6.85 24.65

1000 16.76 −6.05 12.72 45.79
2000 16.70 (=min) −6.39 13.89 50.00
5000 16.78 −5.94 13.89 50.00

SH1-02

10 23.53 (=max) +0.30 0.00 0.00
100(*) 23.46 0.00 0.00 0.00

1000 22.42 −4.43 9.76 44.91
2000 22.24 (=min) −5.20 10.87 50.00
5000 22.31 −4.90 10.87 50.00

(*) Value of the baseline CFD model presented in Section 2.
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Figure 24. Influence of the entrained fuel droplets size dent on the flowfield for case SH1-01.

To conclude this section, it is investigated for SH1-01 how the input parameters dent
and xent affect the chamber pressure when they deviate simultaneously from their baseline
values of 100 µm and 50%, respectively. In Figure 25, Pch,num is plotted as a function of
xent, for three different values of dent: 10, 100 and 1000 µm. From the plot, it is clear that
the absolute derivative of Pch,num(xent) increases as dent increases. In other words, the
impact of xent on Pch,num becomes more significant for larger fuel droplets, which is quite
intuitive. Table 15 shows an example of how different combinations of dent and xent are
affecting Pch,num compared to its baseline value of 17.84 bar, for case SH1-01. When both
input parameters dent and xent are increased from their baseline values to 1000 µm and
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66%, respectively, Pch,num drops by 9%, which is, as it would be expected, more than the
sum of these parameter’s individual impacts (−6.05− 0.73 = −6.78%) on Pch,num.
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Figure 25. Combined influence of the entrained fuel fraction xent and fuel droplets size dent on the
numerical chamber pressure for case SH1-01.

Table 15. Example of how different combinations of dent and xent are affecting Pch,num compared to
its baseline value of 17.84 bar, for case SH1-01.

Exp. ID
Fuel Droplets Entrained Fuel Resulting Deviation from

Diameter Fraction Pch,num Baseline
dent (µm) xent (%) (bar) Pch,num (%)

SH1-01

100(*) 50(*) 17.84 (=max) 0.00
100(*) 66 17.71 −0.73

1000 50(*) 16.76 −6.05
1000 66 16.23 (=min) −9.02

(*) Value of the baseline CFD model presented in Section 2.

3.3.3. Droplets Initial Velocity Vector

The developed CFD model does not include a detailed simulation of the liquid film
instabilities at the surface of the paraffin fuel grain. The addition of entrained fuel droplets
therefore requires a series of input parameters such as determined in Section 2.5.2. Ex-
amples include the entrained fuel mass fraction and droplet diameter, which have been
discussed in Sections 3.3.1 and 3.3.2. In the current section, the initial velocity vector
is investigated. It is the same for all injected droplets, and its baseline magnitude and
orientation were set to 0.28 m/s and 90◦ (normal to grain surface), respectively.

Figure 26 demonstrates how Pch,num is affected when the velocity magnitude vent is
varied between 0.1 and 2.0 m/s, while keeping the vector normal to the grain surface. This
is done for a baseline droplet diameter dent of 100 µm but also for dent = 500 µm. For both
droplet diameters, it can be concluded that the impact of vent is rather limited within the
studied range. An overview is provided in Table 16, which shows that the influence of
vent is negligible compared to that of dent. This seems a logical outcome, as the entrained
droplets velocities are dominated and determined by the drag forces of the main flow
through the fuel port as soon as they are released into the domain. If vent would be set
to higher values such as 10 to 15 m/s, which are typical values for the velocities at the
diffusion flame in the combustion chamber of the ULB-HRM, it would not reflect reality.
Fuel droplets in a real motor are indeed accelerated and detached from the grain surface by
the flow through the port.
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Figure 26. Combined influence of the entrained fuel fraction xent and fuel droplets size dent on the
numerical chamber pressure for case SH1-01.

Table 16. Influence of the initial velocity magnitude vent of the injected fuel droplets on Pch,num, for
case SH1-01. The study was undertaken for dent = 100 µm and dent = 500 µm.

Exp. ID
Fuel Droplets Fuel Droplets Resulting Deviation from

Diameter Initial Pch,num Baseline
dent (µm) vent (m/s) (bar) Pch,num (%)

SH1-01
100(*) 0.10 17.82 (=min) −0.11
100(*) 0.28(*) 17.84 (=baseline) 0.00
100(*) 2.00 17.90 (=max) +0.34

SH1-01
500 0.28(*) 17.15 −3.87
500 1.00 17.23 (=max) −3.42
500 2.00 17.08 (=min) −4.26

(*) Value of the baseline CFD model presented in Section 2.

Next, it is investigated how the orientation of the injected fuel droplets affects the
model’s results. The corresponding parameter αent is defined as the angle between the
initial velocity vector and the downstream grain surface. With vent and dent set to their
baseline values of 0.28 m/s and 100 µm, virtually no difference is observed between a
90◦ normal injection, a 45◦ downstream, or a 10◦ downstream injection. It is, however,
expected that, if vent or dent were to increase sufficiently, the impact of αent would become
non-negligible.

4. Summary and Conclusions
4.1. Summary

The presented work consists of three sections and a summary and conclusions section.
Section 1 provides general information on Hybrid Rocket Motors (HRMs), together with
the research background and aim of the current work. The research scope is the lab-scale
Hybrid Rocket Motor at Université Libre the Bruxelles (ULB-HRM), which has a target
thrust of 1 kN. The fuel is a single-port paraffin fuel grain and the oxidizer is liquid nitrous
oxide (N2O). Experimental work on this motor has been ongoing since 2010, but a first
Computational Fluid Dynamics (CFD) model of the motor has only been developed recently,
in 2020. This model is a single-phase model (only gaseous species). It has meanwhile
been improved to a two-phase model, which includes spray droplets of the oxidizer as
well as fuel droplets, which are entrained from the paraffin grain surface. The two-phase
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model performs quite well, with predicted chamber pressures deviating about 1% from
experimental measurements, on average. This two-phase CFD model is presented in
Section 2 and serves as a baseline model for Section 3, the main part of this work in which
a sensitivity analysis of the model is performed. The aim of this analysis is to identify the
influence and therefore the importance of different model setup parameters. It allows to
determine the level of uncertainty they introduce in the numerical results, and therefore
conclusions about the overall robustness of the model can be drawn. It also provides
insights into how the flowfield and the motor’s operating conditions are affected by these
parameters. Table 17 shows an overview of the parameters that have been investigated.
For an in-depth comprehension, the reader is referred to the corresponding sections.

4.2. Conclusions

A general conclusion from Table 17 is that, within the boundaries of the major setup
choices, the CFD model proves to be quite insensitive to most of the investigated parameters.
In other words, if any of the investigated input parameter values of the baseline model
deviate from reality, then the predicted operating conditions are expected to be quite
reliable nonetheless.

The parameters that seem to have the highest potential impact on the predicted
operating conditions are those related to the oxidizer inlet. It is therefore important in future
work to perform experiments with the injectors of the ULB-HRM, in order to determine
with reasonable accuracy the oxidizer vapor quality and droplet diameter distribution they
generate under representative pressure conditions. This would also allow to verify the
observations that are made in Section 3.2. A first observation is that the highest chamber
pressure is reached for a vapor quality x between 20% and 30%. A second observation is
that the chamber pressure becomes more sensitive to the size of the oxidizer droplets when
their size decreases.

Table 17. Overview of investigated parameters and how they affect the predicted motor’s operating conditions with respect
to the baseline CFD model.

Sections Investigated
Parameter

Studied
Range

Baseline
Value

Observed
Maximum
Impact

Section 3.1.1 Chemical reaction Coefficients for Pch,exp ±0.2% on Pch,num
equilibrium equation 17 bar and 24.4 bar (variable)

Section 3.1.2 Chemistry in Frozen/Shifting Shifting −5% on Pch,num (frozen)
nozzle −15% on Fnum (frozen)

Section3.2.1 Oxidizer inlet 0–100% 20% −18% on Pch,num @ x = 100%
vapor quality x −8% on Fnum @ x = 100%

Section 3.2.2 Oxidizer spray 20–500 µm 100 µm −16% on Pch,num
droplets diameter dox @ dox = 20 µm

Section 3.3.1 Entrained fuel 0–100% 50% −4% on Pch,num
mass fraction xent @ xent = 100%

Section 3.3.2 Entrained fuel 10–5000 µm 100 µm −6% on Pch,num
droplets size dent @ dent = 2000 µm

Section 3.3.3 Entrained fuel droplets 0.10–2.00 m/s 0.28 m/s +0.3% on Pch,num
initial velocity vent @ vent = 2.00 m/s

Section 3.3.3 Entrained fuel droplets 10◦, 45◦, and 90◦ 90◦ Negligible (when dent
initial angle αent (downstream angle (normal to and vent are set

to grain surface) grain surface) to baseline values)

Although the CFD model is less sensitive to the investigated fuel-related parameters,
some notable observations are made in Section 3.3. A first observation is that, whenever
the total fuel mass flow rate is kept constant, the motor does not benefit from an increased
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fraction of entrained fuel. The entrainment effect is only useful when it leads to an increase
in the total mass flow rate. A second observation is that, given the geometry of the ULB-
HRM, entrained fuel droplets with a diameter of more than 100 µm will exit the nozzle
partially unburnt. This suggests that the ULB-HRM is not operating optimally given that,
in reality, the droplets size is represented by some distribution, which definitely includes
values larger than 100 µm.

It is clear that the current CFD model would benefit from more knowledge about
the fraction of entrained fuel droplets and their size distribution. Apart from challenging
experiments, CFD simulations can also provide more insight on this. A possible approach
could be to simulate a small portion of the fuel grain surface through DNS (Direct Nu-
merical Simulation, see Section 1.2). The corresponding small, high resolution domain
would allow to model the liquid film and the entrainment of droplets from it. This could
provide information about the fraction of entrained fuel droplets, their size distribution,
and their average initial velocity vector at the moment of detachment from the liquid film.
An example of such a type of CFD model is presented by [41].

The overall conclusion from this work is that the current two-phase CFD model
performs well within the boundaries of its purpose. It does not suffer from an excessive
or abnormal sensitivity to any of the major parameters for which the chosen baseline
values are estimated and may deviate from reality. Furthermore, the predicted operating
conditions and flowfield seem to respond in a logical and coherent way to changing input
parameters. The model, therefore, seems sufficiently reliable to be used for qualitative and
quantitative predictions of the performance of the ULB-HRM, such as predictions related
to changes of the internal geometry, which is the main focus of near-future CFD studies.
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Abbreviations
CEA Chemical Equilibrium and Applications
CFD Computational Fluid Dynamics
DNS Direct Numerical Simulation
EDM Eddy Dissipation Model
HEM Homogeneous Equilibrium Model
HRM(s) Hybrid Rocket Motor(s)
ICT Institute for Chemical Technology
LES Large Eddy Simulation
NASA National Aeronautics and Space Administration
NIST National Institute of Standards and Technology
PDE(s) Partial Differential Equation(s)
RANS Reynolds-Averaged Navier–Stokes
RMA Royal Military Academy (in Brussels)
SH Showerhead (oxidizer injector)
SMD Sauter Mean Diameter (see D32)
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TCI Turbulence-Chemistry Interaction
ULB Université Libre de Bruxelles
ULB-HRM The Hybrid Rocket Motor at Université Libre de Bruxelles
URANS Unsteady Reynolds-Averaged Navier–Stokes
List of Symbols
a empirical variable mm

s

(
g

cm2 s

)−n

A surface (always with subscript) m2

A empirical constant equal to 4 –
b web thickness mm
B empirical constant equal to 0.5 –
CD drag coefficient –
d diameter m
D32 Sauter Mean Diameter (SMD) m
Dvm volume median diameter m
F thrust N
Gox oxidizer mass flux kg

m2 s
h convective heat transfer coefficient W

m K
hp,vap vaporization enthalpy J/kg
H total enthalpy J/kg
Isp specific impulse s
j velocity m/s
k turbulent kinetic energy J/kg
K kinetic energy J/kg
m mass kg
ṁ mass flow rate kg/s
M molecular mass kg/kmol
n empirical variable related to a –
N number of chemical species –
O/F oxidizer to fuel mass ratio –
P pressure Pa
ṙ fuel regression rate mm/s
R reaction rate kg

m3 s
Re Reynolds number –
s1 upstream entropy J

kg K
s2 downstream entropy J

kg K
SH,c heat source (combustion) J

m3 s
SH,d heat source (exchange between phases) J

m3 s
SF force source N

m3

Sm mass source kg
m3 s

t time s
tb burning time s
T temperature K
v velocity m/s
x vapor quality –
x (with subscript) liquid mass fraction –
Y species mass fraction –

α downstream angle with fuel grain surface ◦

∆xchar characteristic cell size mm
ε turbulent dissipation rate m2/s3

κ thermal conductivity W
m K
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µ viscosity Pa·s
ν′ reactant reaction coefficient –
ν′′ product reaction coefficient –
ν kinematic viscosity m2/s
ρ density kg/m3

σ surface tension N/m
φ general extensive property variable per kg
Subscripts and Indices
c continuous phase
ch (combustion) chamber
ent entrainment
exit at nozzle exit
exp experimental
f fuel liquid film
fuel fuel
g gas flowing over fuel liquid film
h hydraulic
i chemical species index
L saturated liquid
liq liquid
num numerical
or orifice
ox oxidizer
p particle or droplet
P product
R reactant
t turbulent
V saturated vapor
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