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Abstract: In this paper, the operating principles of the acid battery and its features are discussed.
The results of voltage tests containing the measurements conducted at the terminals of a loaded
battery under constant load conditions, and dependent on time, are presented. The article depicts the
principles of the development of electric models of acid batteries and their various descriptions. The
principles for processing the results for the purpose of the determination and description of the battery
model are characterized. The characteristics under stationary and non-stationary conditions are
specified using glued functions and linear combinations of exponential functions, and the electrical
parameters of the battery are determined as the components of the circuit, i.e., its electromotive force,
resistance, and capacity. The dynamic characteristic of the battery in the form of transmittance was
determined, using the Laplace transform. Possible uses of the crankshaft driving signals as diagnostic
signals of the battery, electric starter, and internal combustion engine are also indicated.
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1. Introduction

The lead–acid battery is a chemical source of electric energy in which current is
generated as a result of chemical processes taking place on its electrodes in the presence
of sulfuric acid. The factor that forces the course of the current generating processes is
an electromotive force of the cell resulting from a difference in the electrodes constituting
the cell normal potentials. The basic parameters characterizing the electrical and energy
properties of the battery are: voltage, twenty amp hour (Ah) rate capacity, and the ability
to start an engine (CCA—Cold Cranking Amps). CCA is a rating used to define the ability
of the battery to start an engine in a cold temperature. The existing chemical models of the
battery explain a mechanism of the generation of an electromotive force and a sum of its
electrical and energetic capacities, e.g., electric capacity. However, the chemical models are
not useful for analyzing electrical circuits where the acid battery is a component. When
using an acid battery, it is not possible to determine the current electrical parameters of the
circuit, current, and voltage. In such a circuit it is necessary to use electric battery models
composed of the typical electrical circuit components: electromotive force, resistance,
capacitance, inductance, and others [1]. Modeling of the batteries, including acid batteries,
has become necessary and is carried out in a particularly intensive manner due to the
increased demand for electricity in vehicles resulting from the arrival of electric and hybrid
drives. The modeling and determination of the battery model parameters is considered a
difficult, unclear, laborious, expensive, and ambiguous process [2].

A lead–acid battery consists of a negative electrode made of porous lead and a positive
electrode consisting of lead dioxide. Both electrodes are immersed in electrolyte which is a
solution of sulfuric acid and water. The overall reversible chemical reaction, which enables
lead–acid batteries to store energy, is as follows:

PbO2 + Pb + 2H2SO4 ⇔ 2PbSO4 + 2H2O

Discharging a battery causes the formation of lead sulphate at both the negative and
positive electrodes. Sulphate from the sulfuric acid electrolyte surrounding the battery is
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used in the formation of this lead sulphate. When the battery is in the fully discharged
state, its two electrodes are of the same material and there is no chemical potential or
voltage between these two electrodes. Between the fully charged and discharged states,
the lead–acid battery experiences a gradual reduction in voltage. A voltage level is used to
indicate the state of charge of the battery. Thus, there is a dependence of the battery voltage
on the battery state of charge. The battery is in equilibrium only in the state characterized
by no load. The battery voltage and its capacity have specified values. The battery under
load is not in equilibrium, and its voltage and battery capacity differ significantly from the
equilibrium values. The difference between the voltage at equilibrium and that under a
load, with a current flow, is termed the battery polarization.

The battery voltage value or its dependence on time versus battery operating condi-
tion parameters is the basic battery operating parameter or characteristic. The operating
characteristics of the acid battery are the object of research and modeling for the imple-
mentation of many practical and theoretical objectives: the evaluation of the correlation of
the starting parameters of the internal combustion engine [3]; the design of the internal
combustion engine start-up systems [4]; the analysis of the dynamic properties of the
battery in electric vehicles [5]; the possibility of using the characteristics in the process
of diagnosing the internal combustion engine and its starting system [6]. In the case of
the lead–acid battery model in electric or hybrid vehicles, the charging and discharging
process is of great importance, i.e., a charging/discharging voltage and state of charge
(SoC) [7]. Very often the model of the lead–acid battery for the Stop-Start Technology is
a circuit model with two resistance–capacitance (RC) blocks [8]. The simulated battery
operating parameters are the voltages, currents, and state of charge (SoC). The battery
models for the different designs of the lead–acid-based batteries, i.e., batteries with gelled
electrolyte and an Absorbent Glass Mat (AGM), differ from the common lead–acid batteries
models in regards to the parameters of the battery model, although they are based on the
same chemistry [9]. There are also different models of the lead–acid battery in terms of
their ageing processes, i.e., deep discharge models which are combined with a sulfation
model [10]. The ageing processes determine the battery state of health (SoH). The purpose
of some works is to investigate factors which affect the failure of automotive batteries or
battery durability. The main factors influencing the aging process of batteries are the battery
temperature and the discharge current [11]. Statistical methods are used for analysis and
prediction of battery degradation in electric vehicle use [12], including regression models
for estimation of the battery state of health [13]. In regression models, charge/discharge
cycle number, battery terminal voltage, and internal resistance are used as independent
variables.

The existing methods of battery testing have been systematically developed, and new
approaches are used to determine the characteristics of batteries, e.g., based on neural
networks, genetic algorithms, or Kalman filters. These often concern the determination of
model parameters, the battery state of charge, and energy management in energy storage
systems using batteries. Genetic algorithms are used to optimize the energy system of
electric vehicles because of the growing number of electricity consumers in the vehicle [14].
For the state of charge of batteries, and its dynamic determination, supervised chaos genetic
algorithms have been used [15]. The use of the Kalman filter based on the RC model for
estimation of model parameters and the state of charge of lead–acid batteries requires
knowledge of the value of the process covariance and the measurement noise [16]. The
prediction voltage and lifetime of a lead–acid battery may be determined using neural
network methods [17]. Ref. [18] describes the design of a measurement system to conduct
the electrical tests, and an estimation algorithm for automatic analyses and reporting
proceedings for lead–acid started batteries. Determination of the state of charge (SoC) of
a lead–acid battery was tested using the electrochemical impedance spectroscopy (EIS)
method [19]. Lead–acid cells were explored during intermittent discharge and charge
processes. More battery parameters were taken into account in the design and simulation
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of a model of a lead–acid battery [20]. These parameters were the SoC, battery voltage, and
temperature of the battery in the charge and discharge state.

Previous research has also investigated the problems of the physical phenomena that
determine the operation of the energy storage system, i.e., the lead–acid battery [21]. A rela-
tively similar new modeling method for lead–acid batteries combined the physicochemical
model with the equivalent circuit model [22]. Ref. [23] drew attention to the fact that the
battery equivalent circuit model has two time constants. Because the load process duration
is often short, the test data during the load period may not contain sufficient information for
extracting these time constants. In contrast, the relaxation period may last hours, and thus
may provide sufficient data for this purpose. The problems of the modern technology used
in the battery production process were considered in [24]. Carbon materials are widely
used as an additive to the negative active mass and allow the battery specific energy and
active mass utilization to be increased. A constant problem concerning the use of battery
energy relates to the starting of an automobile engine in low or negative temperature
conditions. When using an autonomous means of engine pre-heating, it is necessary to
optimally distribute the battery energy to the pre-start and start-up discharges [25].

The objective of this paper is to present the author’s mathematical models of the acid
battery for stationary and non-stationary dynamic operating conditions. The basis for
the development of the models was the research results of voltage measurements at the
terminals of the loaded batteries under constant load conditions, i.e., the dependence of
the voltage on time. The battery tests were carried out on a test stand that was placed in a
low-temperature chamber, which allowed the ambient and tested battery temperatures to
be changed.

In the literature, the accumulator battery models are presented in graphic or math-
ematical form, and a mathematical description is not frequently used. Therefore, in this
work the mathematical form of the model is particularly emphasized and explained. On the
basis of test results, a linear model of the dependence of the battery terminals’ voltage on
its nominal electric capacity, loaded current, temperature, and battery state of charge (SoC)
is elaborated. This multidimensional model was developed for the stationary operating
conditions within the time period of several seconds following switching on the load.
In this case, the principles of planning the experiment were applied [26]. The dynamic
characteristics of the battery are also presented, i.e., its voltage at the dynamic state of
operating just after switching on the load, and after switching it off.

The principles of processing the results for the purpose of the determination and
description of the battery models are characterized. The characteristics under the stationary
and non-stationary conditions are specified using glued functions and linear combinations
of exponential functions, and the electrical parameters of the battery are determined as the
components of the circuit, i.e., its electromotive force, resistance, and capacity. Possible
uses of the crankshaft driving signals as diagnostic signals of the battery, electric starter,
and internal combustion engine are also indicated.

2. Materials and Methods

The battery performance tests were carried out on a test stand that was placed in a
low-temperature chamber, which allowed the ambient and the tested battery temperatures
to be changed. The equipment of the test bench enabled the test implementation and the
recording of the battery operation parameters to be controlled. The tested battery was
loaded with a constant resistance value within approx. 10 s. The values of the current and
voltage were recorded by means of a computer measuring system, including after switching
off the load, to observe changes in the electromotive force of the battery polarization during
this period. The examples of the recorded dependencies of the current and voltage at the
terminals within the load test of the battery of 54 Ah capacity are shown in Figures 1 and 2.
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Figure 2. The voltage (to 10 s) at the loaded and unloaded battery terminals.

At the moment of switching on the load, characteristic and correlated, proportional
changes in the intensity of the absorbed current and voltage at the battery terminals can
be observed. During the initial discharge period, the voltage at the battery terminals and
the current decrease approximately exponentially, and then their values stabilize. When
the load is switched off, the voltage increases rapidly and then increases exponentially
(Figure 2). This is due to an increase in its electromotive force caused by changes in the
electrolyte concentration in the vicinity and in the inner layers of the active mass of the
battery plates.

The recorded characteristics have, in addition to the visible and clear trend of changes,
significant irregularity. This can cause difficulties in their further processing to determine
and interpret electrical characteristics and the battery model. Therefore, the courses were
subjected to pre-processing aimed at smoothing them. The causes of signal distortion were
analyzed, and methods of their elimination were developed. The following sources of
interference were identified:

• The own noise of the measuring system;
• Interference from the external electricity network;
• Quantization errors of the measuring system.

The various forms and principles of averaging were adopted as the methods of
smoothing of the received signals. These can only be used in the case of a good recognition
of the signal and an understanding of the nature of its changes, to ensure that useful signal
components are not lost. The own noise of the measuring system, particularly high values,
is usually represented as a single isolated deviation of its value from the set level. In
principle, all distortions can be reduced using a method analogous to the moving average;
the difference is that the moving average is a forecasting method in which the forecast
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value is assumed as the moving average of the preceding values. In this case, a calculated
value of the mean was taken as the central data value. It is preferred that this uses an odd
number of datapoints. Depending on the degree of a signal interference, the smoothing of
the curve can be used several times.

As a characteristic of the battery load, the dependence of the voltage at its terminals at
a constant value resistance load is considered. The analysis concerns the characteristics
during the battery load period, as shown in Figure 3 as Uload. After the load is turned off,
the voltage at the battery terminals increases abruptly, and then gradually stabilizes to the
value in the no-load state.
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The different battery models are applied to the specific purposes and the different
methods used to test the battery characteristics [27,28]. The simplest model of the battery
presents it as an ideal voltage source, i.e., an electromotive force that does not exhibit even
any internal resistance. The lead–acid battery is most often treated as a voltage source of
electric current with a defined electromotive force and a variable internal resistance. In
the electrical circuit, certain voltage changes at its terminals (at a constant value resistance
load) can be justified by a change in its electromotive force or internal resistance. The
changes in the electromotive force (or the internal resistance) are caused by the processes in
the electrolyte around the electrodes or on their surface. When under the given discharge
conditions, a constant value of electromotive force is accepted, and a classic equivalent
electrical circuit of the battery can be presented, as shown in Figure 4.
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When such a battery is loaded with the external resistance R or the constant current I,
the voltage at the battery and receiver terminals is as follows (1):

U = RI = EB − IRint. (1)

A complex battery model takes into account its electromotive force, internal resistance,
inductance or capacitance, and other characteristics. The model presented in this article
considers the dependencies of the characteristics of the battery on its rated capacity, temper-
ature, and state of charge. However, the model should reflect the principle of the lead–acid
battery. It also should be simple, fast, and effective to implement and use. The equations of
the lead–acid model always contain constants that must be determined experimentally by
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laboratory tests. Any battery model can be validated by a simulation using, for example,
the MATLAB/Simulink Software [29].

3. Results
3.1. Stationary Operating Characteristics of an Acid Battery

The operating voltage of the lead–acid battery depends on its rated capacity, current
consumption, temperature, and state of charge (technical state). Previous research of one-
and two-dimensional operating characteristics of acid batteries formulated a conclusion
about the linear nature of the dependences of the battery operating voltage on the above-
mentioned independent parameters [30]. In order to determine the multidimensional
characteristics of the acid battery operation, an experiment was developed that enabled
determination of the coefficients of a linear equation that describes the relationship between
the voltage of the loaded battery and the factors influencing it. Testing the characteristics
of the batteries was carried out on a test stand prepared and placed in a low-temperature
chamber, which enabled the operating conditions of the battery to be changed. In the
initial period of load, changes in the current and voltage values are visible, resulting
from the dynamic nature of the tested battery operation (load switching on). Because the
objective of the study was the determination of the characteristics under the steady-state
load conditions, the values of the parameters describing the operating state of the battery
were determined for the load duration time of approx. 10 s, i.e., after their stabilization.

Gaining an understanding of the properties of the research object and its behavior un-
der the influence of extortion requires many, often costly and time-consuming experiments.
The number of measurements performed depends on the complexity of the model, the
number of independent variables affecting the research object, and the variables’ values.
For the purpose of limiting the number of measurements and, at the same time, obtaining
as much information as possible, it is necessary to plan the experiments and then perform
them according to the principles resulting from the adopted plan. In the experimental
research, the most commonly adopted approach is a linear structure of the model, in
addition to exponential or logarithmic structures that can be reduced to a linear form. The
method of least squares is most often used to determine the coefficients of these models.
The method of least squares is used to identify the linear models and the second-order
polynomials, in addition to the power or logarithmic functions.

The research object is characterized by the independent (input) variables xi, i.e., a set
of parameters influencing its properties; and dependent variables yi, i.e., output quantities
(the result of the interaction of input and disturbing quantities). The disturbing quantities
zi are the result of an impact of random factors on the research object and the inaccuracy of
measurement methods and means.

The research is carried out according to a prepared experiment plan, usually in
accordance with the experiment table included in the plan. The determination of the
inaccuracy of the measurement results is possible when the same experiment is repeated
several times. The arithmetic mean can be used as a position measure and the standard
deviation as a dispersion measure. The optimization of the model describing the real object
mainly consists in finding the best of all possible limitations, and a model that describes
the relationships between the studied variables.

As mentioned above, the experiment plan was developed with the assumption of
a linear structure of the mathematical model that describes the relationship between the
voltage of the loaded battery (dependent variable) and the physical quantities that influence
the voltage (independent variables): battery nominal capacity—Q [Ah]; load current
intensity—I [A]; temperature (of electrolyte)—T [◦C] (in this case it is more advisable
and convenient to use the Celsius temperature scale than the Kelvin temperature scale);
and battery condition—k. A two-level, static, determined, and complete experiment was
assumed. The plan assumes that the input factors, i.e., the independent variables, take two
levels of values: the upper ones are marked as “+1” and the lower ones are marked as
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“−1”. Therefore, the number of tests in the planned experiment for the four independent
variables is: n = 24 = 16.

For individual independent variables, the appropriate symbols xi were adopted, and
the levels of their variability were assumed. The levels of variability define the range
within which they take the values [xmin − xmax]. To develop the model, it is necessary to
code the input quantities. Coding consists of transforming the value of any input quantity
into a coded (normalized) value which is within the range limited by the conventional
levels of the input variables, and falling into the following set [−1 ÷ +1]. For this purpose,
mathematical operations were performed, consisting of determining central values; that
is, calculating arithmetic means for the individual variables and determining a unit of
variation for the individual quantities, which is the unit value of the input factor change.
These values were then coded. The units of the variables’ variation were determined on
the basis of the changes in the parameters of the operation of the engine starting system
under the average engine starting conditions with the use of an electric starter.

A calculation of the units of variation consists of determining the unit value of the
change in the independent variable. The unit of variation was determined on the basis of
Equation (2). The value of ximax and ximin in Equation (2) corresponds to the maximum
and minimum value, respectively, of the independent variable with the number, i.e., xi in
the adopted variation range.

∆xi =
xi max − xi min

2
. (2)

The central values are the arithmetic means of the maximum and minimum values of
each individual independent variables Equation (3):

xio =
xi max + xi min

2
. (3)

Coding of independent variables results in transforming the values of the input
quantities into dimensionless numbers contained in the following set [−1; +1]. Coding
makes the experiment plan independent of the real values and the physical meaning
of independent variables describing the research object, and replaces the independent
variables with dimensionless values. Hence, the methods of planning the experiment
become universal and independent of the physical importance of factors describing a given
phenomenon, and can be used in various fields of research.

Thus, the coded value of any independent variable, according to Equation (4), is:

xik =
xi − xio

∆xi
, (4)

where the individual component of Equation (4) has the following meaning:

• xik—the coded value of the independent variable;
• xi—the independent variable subjected to the coding;
• xio—the central value, determined by the Equation (3);
• ∆xi—the unit of variation of the independent variable subjected to the coding.

The appropriate levels of the variability of the factors were adopted, for which the
values were, respectively:

• The battery nominal capacity: Q = 110 and 170 Ah;
• The current: I = 84 and 224 A;
• The temperature: T = 0 and +22 ◦C
• The battery condition (state of charge): k = 0.7 and 1.

The notional levels of the factor values are described as −1 for the lower value and
+1 for the higher value. The first step of the experiment is to code the variables, which
then assume conventional, dimensionless values. The central values of the independent
variables were determined in the form of the arithmetic mean of the values assumed by
these variables at the upper and lower levels according to Equation (3). Then, the units of
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variability of the factors considered in the experiment were calculated. After calculating
the central moments and units of variability, the variables were coded in accordance with
Equation (4). The results of the activities leading to the presentation of the variables in the
coded form are recorded in Table 1.

Table 1. Variables’ coding results.

Variable
Characteristic Value

Central Value Unit of Variation Coded Variable

Capacity: Q 140 30 xQ = Q−140
30

Current: I 154 70 xI =
I−154

70

Temperature: T 11 11 xT = T−11
11

SoC: k 0.85 0.15 xk = k−0.85
0.15

Voltage: U – – y = U

The dependent variable, i.e., the voltage at the terminals of the loaded battery, U [V],
is also coded. Following the coding of the variables, the next step in the preparation of the
experiment plan is the plan table arrangement, according to which the measurements are
carried out. Table 2 presents the table for the planned experiment in question. The number
of planned experiments results from the number of variables describing the research object
and the number of levels of the values that these variables take.

Table 2. The matrix of the experiment.

Number x0 x1 x2 x3 x4 ymean

1 +1 +1 +1 +1 +1 11.32
2 +1 +1 +1 +1 −1 11.03
3 +1 +1 +1 −1 +1 11.09
4 +1 +1 +1 −1 −1 10.63
5 +1 +1 −1 +1 +1 11.89
6 +1 +1 −1 +1 −1 11.78
7 +1 +1 −1 −1 +1 11.82
8 +1 +1 −1 −1 −1 11.34
9 +1 −1 +1 +1 +1 11.00

10 +1 −1 +1 +1 −1 10.78
11 +1 −1 +1 −1 +1 10.86
12 +1 −1 +1 −1 −1 10.41
13 +1 −1 −1 +1 +1 11.7
14 +1 −1 −1 +1 −1 11.61
15 +1 −1 −1 −1 +1 11.59
16 +1 −1 −1 −1 −1 11.21

The x0 value is an intercept of the linear model describing the object, and the subse-
quent columns represent independent variables, respectively: battery rated capacity, load
current, electrolyte temperature, and battery condition (SoC—state of charge). A single
experiment from Table 2 defines the measurement system as a set of independent variable
values. Only one value of each variable belongs to each set, and all independent variables
describing the research object were simultaneously taken into account. In the created plan,
the number of experiments was 16. It is also assumed that the individual experiments
included in Table 2 should be performed in a random order. The measurements were made
for the tests presented in the table.

The linear regression equation describing the relationships between the variables for
the presented plan takes the form of Equation (5):

y = a0 + a1x1 + a2x2 + a3x3 + a4x4. (5)
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The coefficients of the regression equation were determined using the following
relationships Equations (6) and (7):

a0 =
1
N ∑N

i=1 x0i·ymean, (6)

a1÷4 =
1
N ∑N

i=1 x1÷4i·ymean. (7)

After confirming the adequacy of the model, the equations were decoded and writ-
ten in the form of a linear function taking into account all independent variables. The
sought-after linear model of the object describes the relationships between the variables
Equation (8).

y = a0 + ai·
xi − xio

∆xi
+ · · ·+ an·

xn − xno

∆xn
. (8)

After carrying out the measurements according to the plan review table, the coef-
ficients of the linear equation describing the relationships between the variables were
determined according to Equations (6) and (7). After determining the coefficients, the
following equation was obtained in a coded form Equation (9):

y = 11.25 + 0.109xQ − 0.364xI + 0.135xT + 0.155xk. (9)

This expression presents a linear mathematical model of the object, i.e., an acid battery,
the coefficients of which, determined on the basis of the data from Table 2, indicate how
much the value of the dependent variable (battery voltage) will change when the value of
the coded independent variable changes by one.

The mathematical description of the research object, i.e., the lead–acid battery, obtained
as a result of the tests, is presented below. For this purpose, Equation (9) was decoded in
order to determine the coefficients describing the quantitative influence of the individual
physical variables on the value of the loaded battery voltage. The decoded linear model
of the research object is a quantitative model that describes the dependence of the loaded
battery terminal voltage U, as the dependent variable, on the nominal (rated) capacity Q,
the discharge current I, the ambient (electrolyte) temperature T, and the (technical) state
of charge (SoC) k, as the independent variables. This is presented as Equation (10). This
makes it possible to know the “degree of influence” of the individual independent variables
on the dependent variable.

U = 10.53 + 0.0036Q− 0.0052I + 0.012T + 1.033k; [V]. (10)

Thus, using the principles of experiment planning, a multidimensional model of
the acid battery under the stationary operating conditions was obtained. This method
significantly reduces the time needed to conduct experiments in order to achieve the
intended research objective, especially when the objective is to develop a mathematical
model with a known (assumed) form that describes the relationships between the factors.

3.2. Acid Battery Non-Stationary Operating Characteristics

In the electrical circuit of the acid battery under the non-stationary operating condi-
tions, the dynamic characteristics of the battery are revealed, which can be represented by
the variability of its internal resistance. On the basis of Equation (1), the internal resistance
of the analyzed battery was determined (Figure 5), considering that the voltage at the
terminals of the unloaded battery, i.e., its electromotive force, was equal to 12.97 V.
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The analytical form of the obtained dependencies (internal resistance and analogously
of the voltage and current consumption) is convenient for the engineering calculations for
predicting the features of an object. One of the significant problems in this case is the choice
of the form of a regression function that is appropriate as an object or a process model. In
the analyzed case, e.g., for the internal resistance, it is advisable to adopt the exponential
function featuring the form Equation (11) because of the nature of the variability of the
observed dependency. In addition:

• It is a function commonly used in science and technology;
• It is easy to interpret;
• It enables the development, through the interpretations, of a structural model of the

object that undergoes an exponential response to a step extortion and its analytical
description.

Rint = Rs − Rv exp
(
− t
τ

)
, (11)

where:

• Rs—battery resistance in the steady operating state;
• Rv—amplitude of the variable resistance component of the battery;
• τ—time constant of the change process of the internal resistance.

The obtained signal courses (Figures 1–3, and 5) indicate the need to isolate fixed and
variable parts of the dependences. Clear determining the value of the specified course is
difficult because, under exponential variability, this value is reached in infinity. In addition,
especially at high current values, low temperature, and poor battery condition, the changes
in the value of the analyzed signals can also be a result of the battery discharge, and thus a
permanent change in its properties.

The variable part of the course, as presented in Figure 5, cannot be easily described
using one exponential function. In this case, the description can be made using a glued
function, i.e., a set of exponential functions defined in the different time intervals. The
functions should meet the condition of continuity at the limits of the time intervals. The
general form of the glued function, F, and the continuity condition can be written as in
Equation (12):

F(t) = Fi(t); ti−1 ≤ t < ti,
Fi(ti) = Fi+1(ti); i = 1, . . . , n− 1.

(12)

In this case, another problem is the choice of the number and domain of each function,
which are related to the description complexity and accuracy. As a criterion for the choice
and assessment of these properties, the coefficient of determination R2 for an individual
function can be used. With regard to the analyzed dependencies in Figure 6, the fixed
voltage values at the loaded and unloaded battery terminals were determined. Using
the value of the coefficient of determination as a criterion, the time intervals of voltage
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stabilization at the terminals of the loaded and unloaded battery were determined, in
addition to the variation intervals, for which the voltage change characteristic has an
invariable value with respect to the time constant (Figure 6). In this manner, it was
established that the voltage stabilization time of the loaded battery is approximately 4.5 s,
and the stabilization of the voltage value after the load was turned off did not end within
20 s. It is important to note that the approximation of the value of the variable voltage of
the loaded battery using the spline function requires two components, and for an unloaded
battery, the required number of components is equal to three.

Energies 2021, 14, x FOR PEER REVIEW 11 of 17 
 

 

In this case, another problem is the choice of the number and domain of each func-

tion, which are related to the description complexity and accuracy. As a criterion for the 

choice and assessment of these properties, the coefficient of determination R2 for an indi-

vidual function can be used. With regard to the analyzed dependencies in Figure 6, the 

fixed voltage values at the loaded and unloaded battery terminals were determined. Us-

ing the value of the coefficient of determination as a criterion, the time intervals of voltage 

stabilization at the terminals of the loaded and unloaded battery were determined, in ad-

dition to the variation intervals, for which the voltage change characteristic has an invar-

iable value with respect to the time constant (Figure 6). In this manner, it was established 

that the voltage stabilization time of the loaded battery is approximately 4.5 s, and the 

stabilization of the voltage value after the load was turned off did not end within 20 s. It 
is important to note that the approximation of the value of the variable voltage of the 

loaded battery using the spline function requires two components, and for an unloaded 

battery, the required number of components is equal to three. 

  

(a) (b) 

Figure 6. The variable component of the: (a) loaded battery voltage together with the approximating glued function lines 

(regression equations are written in the text (13)); (b) unloaded battery voltage together with the approximating glued 

function lines (regression equations are written in the text (14)). 

The final form of the analytical description of the two dependencies is presented by 

Equations (13) and (14), and its illustration, together with the exponential analytic func-

tions, is shown in Figure 6. 

Uload(t) = {
0.68exp(−3,47t) 0 ≤ t < 0.12; 

0.55exp(1.17t) 0.12 ≤ t < 4.5.
 (13) 

Uunload(t) = {

0.65 exp( − 2.01t) 0 ≤ t < 0.25;
0.41 exp( − 0.28t) 0.25 ≤ t < 1.7;

032 exp( − 0.14t) 1.7 ≤ t < 20.

 (14) 

The second possible means of describing the presented dependencies with the expo-

nential functions is using their linear combination, i.e., a mixture of exponential functions. 

The mixture of functions, Fi, can be undertaken as follows (15): 

F(t) = ∑ aiFi(t)n
i=1 , (15) 

where ai represents the function weighting factors, which are also amplitudes of each in-

dividual function. 

In the case of the analyzed battery, the description was made using a mixture of the 

voltage characteristic curve functions within the time interval from 0 to 4.5 s for a loaded 

battery. A stable component of the value of Us = 11.37 was extracted. Hence, a very good 

correspondence of the description with the real dependency was obtained, by distinguish-

ing the range of fast polarization voltage variations in the period up to 0.1 s. In this case, 

Figure 6. The variable component of the: (a) loaded battery voltage together with the approximating glued function lines
(regression equations are written in the text (13)); (b) unloaded battery voltage together with the approximating glued
function lines (regression equations are written in the text (14)).

The final form of the analytical description of the two dependencies is presented
by Equations (13) and (14), and its illustration, together with the exponential analytic
functions, is shown in Figure 6.

Uload(t) =
{

0.68 exp(−3.47t) 0 ≤ t < 0.12;
0.55 exp(1.17t) 0.12 ≤ t < 4.5.

(13)

Uunload(t) =


0.65 exp(−2.01t) 0 ≤ t < 0.25;

0.41 exp(−0.28t) 0.25 ≤ t < 1.7;
0.32 exp(−0.14t) 1.7 ≤ t < 20.

(14)

The second possible means of describing the presented dependencies with the expo-
nential functions is using their linear combination, i.e., a mixture of exponential functions.
The mixture of functions, Fi, can be undertaken as follows Equation (15):

F(t) =
n

∑
i=1

aiFi(t), (15)

where ai represents the function weighting factors, which are also amplitudes of each
individual function.

In the case of the analyzed battery, the description was made using a mixture of
the voltage characteristic curve functions within the time interval from 0 to 4.5 s for a
loaded battery. A stable component of the value of Us = 11.37 was extracted. Hence, a
very good correspondence of the description with the real dependency was obtained, by
distinguishing the range of fast polarization voltage variations in the period up to 0.1 s.
In this case, a description according to Equation (16) was obtained, and the separated
intervals and their approximation functions are shown in Figure 7a. Similarly, the voltage
dependencies at the battery terminals after switching off the load were described using
a mixture of exponential functions (Figure 7b, Equation (17)). In addition, in the case of
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a mixture of functions, it was necessary to use the three components of the exponential
function.

Uload(t) = 0.19 exp(−30.88t) + 0.55 exp(−1.17t). (16)

Uunload(t) = 0.2548 exp(−26.12t) + 0.21 exp(−2.12t) + 0.32 exp(−0.14t). (17)
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Attention should be paid to the significant, more than 25-fold, differentiation in the
time constants of both functions (for the loaded battery), which is equal to about 0.032 s
for the fast-changing component, i.e., in the time interval up to 0.1 s and 0.86 s for the
slow-changing component (they are equal to the inverse of coefficients specified in the
function exponents).

3.3. Battery Structural Model

In the previous considerations, according to the electrical diagram given in Figure 4,
the reason for the voltage change at the terminals of the loaded battery was recognized
to be the change in its internal resistance. The primary reasons for the change are the
changes in the electrolyte density around the electrodes and in the inner layers of the active
mass of the battery plates. The change in the electrolyte density is also the reason for the
changing potentials of the electrodes, i.e., the electromotive force of the battery. Therefore,
the change in the voltage at the terminals can also be considered to be the change in the
component of the electromotive force called the electromotive force of polarization. The
polarity of each electrode (anode and cathode) can be distinguished, depending on the
location of the polarization processes and the voltage drop in the electrolyte. In general, the
electrical resistance of the battery is constituted by resistance, capacitance, and inductance
components.

The electrical diagram of the acid battery shown in Figure 4 can be used to describe
the operation of the battery under a constant current load or constant resistance. The
variability of the internal resistance with time under dynamic load conditions makes it
practically impossible to use this diagram to determine the response of the accumulator to
the variable, dynamic force.

The description of the battery discharge characteristics (voltage at its terminals) us-
ing the exponential function enables the introduction of the electric components to the
equivalent battery circuit, whose electrical properties generate responses in the form of
exponential function. Such a component of vicarious battery diagrams may consist of a
capacitor and a resistor through which the capacitor is charged or discharged. Therefore,
it is possible to connect the RC circuits to a stationary source of the electromotive force
of the battery EB, as in Figure 8. Under variable load conditions, these circuits gener-
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ate the electromotive force of the polarization components Epi (Figure 8) according to
Equations (16) and (17). A description of the battery discharge characteristics by means of
a linear combination of two or more exponential functions indicates the possibility and
need to also apply a larger number of RC circuits connected in series to the equivalent
circuit of the battery.
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Determination of the parameters of the circuit components is made possible on the basis
of the test results of the battery discharge characteristics, as specified in Equations (16) and (17).
It is known that the capacitor discharge characteristic is the exponential curve in the fol-
lowing form Equation (18):

U(t) = Uo exp(− t
τ
) = Uo exp(− t

RC
). (18)

This enables physical values to be assigned to the indicated components of the battery
equivalent circuit. This is due to the fact that the time constant of the discharge process is
τ = RC.

4. Discussion

The characteristic of a device functioning (operating) is the dependence of its output
signal feature value, i.e., device response, on the value of the input signal. Devices have
static and dynamic characteristics. A device’s static characteristic is most often the function
y = y(u), which represents the dependence of the value of the output signal feature y
of the device on the input value, i.e., the input signal feature u under the steady-state
conditions. An example of such a characteristic may be the dependence of the voltage at
the battery terminals on the factors influencing its value, as presented above. The most
frequently expected static characteristic is a linear one-dimensional or multi-dimensional
characteristic, for example, as shown in Equation (10).

The dynamic characteristic of the device determines the transformation of the input
signal u(t) (extortion signal), which varies as a function of time, into the output signal y(t);
that is, the variable as a function of time constitutes a response of the system to this input.
The dynamic characteristics of a device are most frequently described using transmittance.
The operator transmittance, also referred to as a function of the device transition, is the
ratio of the Laplace transform of the output signal Y(s) to the Laplace transform of the
input signal U(s) under the zero initial conditions Equation (19):

G(s) =
Y(s)
U(s)

, (19)

where the Laplace transformation is a transformation of the time function f(t) into a complex
function of the complex variable F(s) Equation (20):

F(s) = L{f(t)} =
∫ ∞

0
f(t)e−stdt. (20)

On the basis of the transition function, using the inverse Laplace transform, it is
possible to determine the signal that will be obtained at the output of the system for any
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input signal Equation (21)—or vice versa—to determine the driving signal, which should
be given at the input of the device to obtain the desired response of the device.

y(t) = L−1{U(s)G(s)}. (21)

The transmittance is most often presented in the form of the amplitude characteristic
|A(f)| and phase characteristic Φ(f) of the device as a function of frequency f or angular
frequencyω, i.e., amplitude and phase transfer in the event of a sinusoidal input. A lack of
linearity of the amplitude and phase characteristics may cause dynamic deviations of the
output signal. The amplitude and phase characteristics of the device are derived from the
spectral transmittance.

The spectral transmittance is the ratio of the value of the complex Y response of
the system caused by a sinusoidal extortion to the complex value of this extortion in the
stationary state. Thus, spectral transmittance characterizes the response of the system
to a sinusoidal extortion. The spectral transmittance can be obtained from the operator
transmittance by substituting s = jω, thus obtaining the corresponding Fourier transform.

According to the aforementioned dependencies Equations (19) and (20), the battery
operator transmittance was determined for the signal presented in Figure 7a and described
using Equation (16). It was assumed that the input signal is the leap in the polarization elec-
tromotive force with a value equal to the sum of component amplitudes in Equation (16),
given as Equation (22):

Ep0 = Ep10 + Ep20. (22)

Therefore, in accordance with the above, the output signal Equation (16) can be written
as Equation (23):

Ep = Ep10

[
1− exp

(
− t
τ1

)]
+ Ep20

[
1− exp

(
− t
τ2

)]
. (23)

Performing the Laplace transforms of the above-written expressions, the transforma-
tions of the input and output signal were obtained in the forms of Equations (24) and (25):

Ep0(s) =
Ep10 + Ep20

s
. (24)

Ep(s) =
Ep10

s(1 + sτ1)
+

Ep20

s(1 + sτ2)
. (25)

As stated above, the battery operator transmittance can be obtained by dividing the
Laplace transforms of the output signal and the input signal. Thus, after performing the
appropriate transformations, the transmittance of the battery can be presented in the form
Equation (26) as below:

F(s) =
1

Ep10 + EP20
·

Ep10(1 + sτ2) + Ep20(1 + sτ1)

(1 + sτ1)(1 + sτ2)
. (26)

Knowledge of the operating characteristics of the acid battery, both static and dynamic,
in the form of its transmittance Equation (26), enables determination of the battery response,
i.e., the voltage at its terminals, for any load value, i.e., the current drawn from the battery.
In the expression describing the static characteristic Equation (10), the independent factors
include the technical condition, i.e., the state of charge of the battery, k (it is advisable
and necessary to determine similar relationships for the dynamic characteristics). The
comparison of the battery voltage value determined on the basis of the characteristic for the
reference battery, with the voltage value measured under the experimental conditions, may
enable the (SoC) value k of the researched battery to be determined. In this case, value k
becomes i.e., the battery status indicator, and can be used as a diagnostic parameter for the
determination of the status of the battery. It is expected that the developed dependencies
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will be used in the diagnostic procedure of the battery, based on the measurement of the
engine start signals, i.e., the driving of its crankshaft by the starting system. The proposed
method will allow not only the diagnosis of the condition of the acid battery, but also the
electric starter and the internal combustion engine in terms of the resistance to motion,
taking into account the compression pressure of cylinder charges.

5. Conclusions

The acid battery is a functionally and structurally complex non-linear power source,
whose features are dependent on many parameters. Its static characteristic, i.e., the loaded
battery terminal voltage U in stationary operating conditions, depends on the nominal
(rated) capacity Q, the discharge current I, the ambient (electrolyte) temperature T, and
the (technical) state of charge (SoC) k as the independent variables. For the purpose of
describing the dynamic characteristic of its operation, that is, the response to a rapid leap
in current (i.e., a load with a constant current or resistance), it is convenient to use the expo-
nential functions in the form of glued functions or a mixture of functions. Both methods
of description correspond to two different electric models (equivalent circuits) of the acid
battery in the form: (1) the electromotive force and the variable internal resistanc; (2) the
stationary electromotive force and the (two or three) RC systems having different charac-
teristics, resulting in changes in the electromotive force of the polarization of the battery in
the circuit. The presence of two or three different components of the electromotive force of
polarization indicates that the equivalent circuit of a lead–acid battery should include at
least two RC circuits connected in series, with the significantly different parameters defined
by means of time constants. In fact, the change in the time constant of the polarization
electromotive force occurs continuously, from very small values to theoretically equal
to infinity. The consideration of many independent parameters in the description of the
battery and its structure requires long-term extensive experimental research.

A feature of modern machine exploitation is the constant, systematic increase in the
role and meaning of technical diagnostics. The broad possibilities of its application result
from the change in the properties of the exploitation objects, including motor vehicles and
the development of methods and means of diagnosis using digital signal recording and
processing techniques. In the diagnostics of internal combustion engines and their starting
systems, the diagnostic parameters of the working and accompanying processes of the
driving of the crankshaft can be used. These diagnostic parameters include: the current
consumed by the starter, the voltage at the battery or starter terminals, and the speed of
the crankshaft forced by the starter. The set of electric starter characteristics depends on
the properties of the energy source, i.e., the acid battery.

The developed models, both for the stationary and non-stationary conditions, will be
used in the proposed and currently developed diagnosis method for the internal combus-
tion engine–electric starting system based on the engine start-up signals and its driving by
the starting system. It will be possible to determine the state of charge of the battery on the
basis of Equation (10). The dynamic components of the model in the form of transmittance
Equation (26) will allow determination of the significance of the influence of the battery’s
dynamic characteristics on the process of driving the crankshaft of the engine, and the
necessity to include this in the diagnostic test of the system.

As a result of the presented research and characteristics of the acid battery, and the
analyses performed, conclusions important for the knowledge and understanding of the
principles of operation of the acid battery can be formulated:

• Regression methods that enable general, symbolic, and formal descriptions of the test
results play an important role in the study of the characteristics and parameters of the
acid battery structure.

• The static characteristics of the battery as a function of the essential independent
parameters, such as rated capacity, state of charge, current intensity, and electrolyte
temperature, are linear under a wide range of usable operating conditions.
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• Under dynamic operating conditions, the battery is a complex control object with time-
varying characteristics and properties of an equivalent structural electrical circuit. This
is expressed by the necessity to include two or even three RC circuits in its structure.

• The determined stationary and dynamic model enables determination of the influence
on the operation of the starter and the parameters of driving the crankshaft of the
internal combustion engine by the battery under specific operating conditions.

• Estimation of the time constants of dynamic voltage characteristics of the battery
enables the determination of its operator and spectral transmittance, and evaluation
of the impact of the dynamic characteristics, not only on the functioning of the battery,
but also on the internal combustion engine starting system and its crankshaft drive
characteristics.

• The dynamic characteristics of the load phase and voltage stabilization after switching
off the load are significantly different, and the equivalent circuit has two or three RC
circuits, respectively.

• Significant differences in the load phase and voltage stabilization characteristics indi-
cate a significant differentiation in the causes of the appearance and disappearance of
the imbalance of the loaded battery and after the load is turned off.

• The determination procedures, especially of the dynamic characteristics, are laborious
and require precise separation of the variable, dynamic part from the recorded course.
It is possible to achieve high accuracy in determining the characteristics, as assessed
by the value of the determination coefficient, which can be as high as 0.99.

• The criterion for assessing the accuracy of determining the dynamic characteristics
may be the value of the determination coefficient, both in the range of the value of
the stable voltage and in the time intervals of the exponential function with a specific
value of the time constant.
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