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Abstract: High-order harmonic resonance is a key issue in the traction power supply systems
(TPSS) of electric railways for safe operation. The effective evaluation of the resonance frequency
is critical for taking measures to suppress harmonic resonance. In this paper, the influence of the
distributed parameters of traction networks on resonance frequencies based on accurate calculation is
proposed. The quantitative assessments of the distributed impedance and admittance are investigated.
Furthermore, the theoretical calculation is directly verified using field tests at a high voltage level
equal to 25 kV. The results show that the resonance frequencies of the TPSS are mainly affected by the
distributed parameters, including the self-admittance and self-impedance of the contact wires, and
the self-admittance of the positive feeders. In addition, the admittance connected in parallel has a
greater effect than the series-connected impedance. The calculation method is also adapted to TPSS
connected to renewable energy.

Keywords: electric railway; field test; railway; resonance frequency; traction network parameters

1. Introduction

In current electric railways, the high-order harmonic resonance (HHR) of traction
power supply systems (TPSS) is a great technical challenge due to its complex characteristics.
The study of HHR has attracted much attention from researchers in many countries, such
as China, Britain, Italy, Korea, New Zealand, Spain, and Thailand [1–10]. In order to
suppress the HHR, the accurate estimation of the resonance frequencies of electric railways
is essential for adapting measures, e.g., passive filter installation along the railway, electrical
parameters, and control method adjustments of the traction converters [5,11–15]. Therefore,
forecasting the resonance frequencies and investigating the influence of different factors
are necessary. In [16], Holtz studied the influence mechanism of track topography and
traction vehicle position changes on the harmonics of overhead power supply systems
based on the wave propagation approach. In [17], the influence of soil was considered,
and distributed construction and soil modeling were established. However, the simplified
track topography is significantly different from present electric railways. Dolara built
simulation models to study the harmonic penetration and resonance frequencies [18],
and showed that the resonance frequency is affected by the three-phase high-voltage
power system when the traction system is coupled with this power system. However,
the detailed/corrected parameters of railways and power systems are required in this
model, which are not suitable in some countries. In [19], the harmonic distribution model
of the track traction current of an AC electrified railway was established, and it proved
that the harmonic current distribution depends on the distance among the power supply
substation, the rail-to-earth conductance, and the train locations in the feeder area. Andrea
studied the resonance conditions at the interface of the on-board pantograph, and proposed
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a scheme of on-line measurement for real-time implementation [20]. The model of the
power supply lines was not considered in [20], such as the catenary. In [21], external
balancing devices, i.e., a static VAR compensator (SVC), were installed in a 1 × 25 kV
railway, and the effect of SVC on harmonic resonances was studied. Nevertheless, the
commonly used 2 × 25 kV TPSS was not considered. Catenary length plays an important
role in determining resonance frequencies. Hence, in [2,22,23], simulations with PSCAD
or RT-lab were carried out to detect the resonance points of the TPSS. However, catenary
parameters with respect to frequency were not considered. More precisely, the skin effect
and proximity effect were neglected. In [24,25], the influence of the skin effect was studied,
and the calculation formula of impedance in a conductor was given. However, they are
not directly applicable to the catenary and rail of TPSS. Considering the influence of
frequency, papers [26,27] simulated the variation of the rail impedance with frequency by
different methods. The characteristics of rail impedance with a frequency under 50–650 Hz
frequencies or audiofrequency conditions were measured, respectively [28,29]. However,
the methods of these articles have not been tested in the field. In addition, none of the
abovementioned studies were directly verified by field tests in actual railways. In [2], a
step-down laboratory test with a low voltage level, at 220 V, was carried out. However,
there is still a huge gap between the low-voltage validation and the real system with the
rated voltage at 25 kV.

Compared with the literature, this paper explores the relationship between the catenary
distributed parameters and the resonance frequencies of a 25 kV autotransformer-fed (AT-
fed) electric railway over a wide frequency range of ~4000 Hz. Table 1 summarizes the
current research and the contributions in this paper.

Table 1. Comparison with other studies.

Literatures Main Contribution Methodology

[2] Proposed impact of catenary length on harmonic
resonance frequency Simulation and tests at 220 V

[16] Proposed impact of traction vehicles and feeding
substations on harmonic resonance frequency Simulation with a simple two-track model

[17] Established the distributed construction and
soil modeling. Simulation in Modelica simulation Language

[18]
Proposed impact of power system line, track circuits

on harmonic resonance frequency on harmonic
resonance frequency

Simulation with a coupled track model

[19] Established harmonic distribution model of track
traction current of AC electrified railway Simulation with Mathematical model

[20] Proposed a scheme of on-line measurement suitable
for real-time implementation Field test and data analysis

[21] Proposed impact of external balancing equipment on
harmonic resonance frequency Tectorial analysis and calculation

[22] Proposed impact of catenary length and load demand
on harmonic resonance frequency Simulation

[23] Proposed impact of catenary length and ATs on
harmonic resonance frequency Simulation

This paper Proposed impact of distributed parameters of all the
contact wires on harmonic resonance frequency Calculations and validations by field tests at 25 kV

The main contributions of this paper are summarized as follows:

(a) The influence of the catenary distributed parameters on the resonance frequencies
is quantitatively and comprehensively studied. The indicator, defined as a marginal
utility (MU), is proposed in order to determine the primary and subordinate factors.
As shown in Figure 1, a multiconductor transmission system is applied in TPSS.
This system is composed of contact wires (CWs), messenger wires (MWs), protective
wires (PWs), positive feeders (PFs), rails, and ground wires (GWs). These practical
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installations and the geometrical configuration (e.g., viaduct, tunnel, and railroad
bed) determine the catenary distributed parameters, i.e., the catenary admittance and
impedance per unit length. Therefore, the resonance frequencies of a railway can
hardly be estimated accurately without the global consideration of the distributed pa-
rameters. In this paper, a 10-conductor model of an actual AT-fed railway is developed.
Then, all of the elements of the 10-conductor model are quantificationally investigated
by MU. Research on the connection of renewable energy power generation systems
to electrified railways has been carried out [30,31]. This model can also be applied
to electrified railways with renewable energy by making an equivalent of renewable
energy to an impedance at the access point.

(b) The 10-conductor model calculation results and related analysis are guaranteed by
direct field tests in an actual AT-fed railway at 25 kV. As shown in Table 1, the
literature can provide different conclusions about the resonance frequency’s changing
rules. However, it should be noted that the analysis results are directly related to
the accuracy and correctness of the calculations. Most of the current studies are
based on simulation tests without sufficient experiments or actual data from real
systems. The errors introduced by the model parameters and nonlinearity in the
high-frequency range cannot be evaluated. For example, many software tools and
calculation models mainly deal with cylindrical conductors [32,33]. It is difficult to
calculate the impedance of irregularly shaped conductors (e.g., the CW and rail, as
presented in Figure 2) over a large frequency range, considering both the spiraling
effect and skin effect. The internal resistance and inductance of the rail by the finite
element method is proposed in [26], while other factors, such as the ground circuit,
are neglected. In addition, if resistor-inductor-capacitor-based impedance networks
with lumped parameters are used to build models, they are convenient to implement.
However, considerable error may be introduced because the actual power supply
section is long enough (e.g., ~25 km for actual electric railways) compared with the
electromagnetic wavelength at several thousand hertz. In this paper, the system
model and algorithm used to calculate the resonance frequency are presented in
Section 2. The calculation results are validated using direct field tests at 25 kV, which
have been reported in our previous works [34,35]. The validation results ensure
the calculation accuracy of this paper, which lays a solid foundation to evaluate the
influence of distributed parameters. The test can also provide necessary information
and overcome the lack of reliable data for actual systems. Based on the substantial
measured data and an improved model [36], this paper investigates the effect of
distributed parameters on resonance frequencies.

Figure 1. Schematic of the 2 × 25 kV AT-fed railway: the catenary configuration and a typical cross
section (A B and C are three-phase voltage respectively).
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Figure 2. Irregularly shaped wires: (a) CW, (b) rail.

The remainder of this paper is organized as follows. In Section 2, the multiconductor
transmission line (MTL) model and the calculation process are presented in detail. Then, the
effectiveness of the model is verified using theoretical analysis and field tests. In Section 3,
the distributed admittance and impedance per unit length are analyzed. The contribution of
each distributed parameter to the resonance frequencies is quantitatively assessed. Finally,
conclusions are drawn in Section 4.

2. Resonance Frequency Calculation Method
2.1. Calculation of the Input Impedance

Overall, the TPSS can be regarded as a chain network, as shown in Figure 3.
The chain network is represented by the series-connected impedance components
Zi (i = 1, 2, ···, N−1), parallel-connected admittance components Yi, and injected current
Ii(i = 1, 2, ···, N). The voltage at node i is denoted as Vi (i = 1, 2, ···, N). If the catenary
system is made up of m wires (for example, in Figure 1, m is 14, as shown in blue), Zi and
Yi are m × m matrices, and Ii and Vi are m × 1 vectors.

Figure 3. Chain network of the catenary system.

The nodal voltage equation of this chain network is given by

YV = I, (1)

where Y, V, and I are

Y =


Y1 + Z−1

1 −Z−1
1

−Z−1
1 Z−1

1 + Y2 + Z−1
2

−Z−1
2

. . . −Z−1
N−1

Z−1
N−1 + YN


V =

[
V1 V1 . . . VN

]T

I =
[

I1 I1 . . . IN
]T

, (2)

If I is not independent of V, (1) is a nonlinear equation. Here, the Picard iteration
method is used to solve (1).

Assuming that
F(V) = YV− I(V), (3)
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The solution of F(V) = 0 can be given by

V(k) = Y−1I(k−1). (4)

The matrix form of (4) is defined as

V(k)
1

V(k)
2
...

V(k)
N−1

V(k)
N


=


M1 D1
D1 M2 D2

. . . . . . . . .
DN−2 MN−1 DN−1

DN−1 MN



−1


I(k−1)
1

I(k−1)
2

...
I(k−1)

N−1

I(k−1)
N


(5)

where 
M1 = Y1 + Z−1

1
Mi = Z−1

i−1 + Yi + Z−1
i (i = 2, 3, · · · , N − 1)

MN = Z−1
N−1 + YN

Di = −Z−1
i (i = 1, 2, · · · , N − 1)

, (6)

The LU factorization of Y is described as

Y =


1

C2 1
. . . . . .

CN−1 1
CN 1




A1 E1

A2 E2
. . . . . .

AN−1 EN−1
AN

, (7)

Assuming that


A1 E1

A2 E2
. . . . . .

AN−1 EN−1
AN





V(k)
1

V(k)
2
...

V(k)
N−1

V(k)
N


=



h(k−1)
1

h(k−1)
2

...
h(k−1)

N−1

h(k−1)
N


, (8)

and substituting (7) and (8) into (5) yields


1

C2 1
. . . . . .

CN−1 1
CN 1





h(k−1)
1

h(k−1)
2

...
h(k−1)

N−1

h(k−1)
N


=



I(k−1)
1

I(k−1)
2

...
I(k−1)

N−1

I(k−1)
N


, (9)

The solution of (8) can be obtained as

V(k)
i =

{
A−1

n h(k−1)
n (i = N)

A−1
i (h(k−1)

i − EiV
(k)
i+1)(i = 1, 2, · · · , N − 1)

, (10)

Based on (9), the result can be deduced as

h(k−1)
i =

{
I(k−1)

1 (i = 1)
I(k−1)

i −Cih
(k−1)
i−1 (i = 2, 3, · · · , N)

, (11)
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Substituting (11) into (10), the k-th iteration is completed. When the vector norm
of (12) is less than the given value, Equation (4) is convergent

||Σ∆U(k)|| < ε. (12)

Then, we can obtain the input impedance between the CW and the rail at every point,
expressed as

Zij =
V(k)

i (m)−V(k)
i (n)

I(k)j (m)
, (13)

where Vi
(k) (m) is the m-th element of Vi

(k), representing the CW voltage at node I; Vi
(k)(n)

is the n-th element of Vi
(k), representing the rail voltage at node i; and Ij

(k)(m) is the current
going through the CW and the rail at node j. If i = j, Zii represents the self-impedance at
node i. Otherwise, if i 6= j, Zij represents the transimpedance from node j to node i.

2.2. Resonance Frequency Identification Based on the Input Impedance-Frequency Curve

The schematic of the resonance frequency identification is described in Figure 4a,
where ZES is the equivalent impedance of the substation. The total distance of the power
supply section is D km. A harmonic current source Ii is connected between the CW and
rail at position i, which is x km away from the substation. The voltage of this point is
denoted as Vi. Based on (1)–(13), Zii can be calculated, and the process is repeated at
different frequencies until the frequency range of interest is covered. Then, the impedance–
frequency curve |Zii| at point i can be achieved, as shown in Figure 4b.

Figure 4. (a) Schematic of the resonance frequency identification × km from the substation.
(b) Impedance–frequency curve of Zii at position i (The slender arrow represents the change trend
of impedance).

In Figure 4b, the amplitude of Zii increases in the first place and reaches the maximum
at the resonance frequency f R. When f > f R, |Zii| declines rapidly. It should be noted
that in a wide frequency range, there can be several resonance frequencies. In actual
railways, these resonance frequencies are different according to the length of the railway,
the distributed parameters, and the configuration, etc. This paper focuses on the effect of
the distributed parameters on the resonance frequencies.
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2.3. Distributed Parameters per Unit Length

In the whole process of identifying the resonance frequency, as described in
Sections 2.1 and 2.2, the admittance YP and impedance ZP of the catenary system per unit
length are crucially important. They directly determine Zi and Yi, as follows: Zi =

sinh(
√

ZPYP`i)√
ZPYP

ZP

Yi =
tanh(
√

ZPYP`i−1/2)+tanh(
√

ZPYP`i/2)√
ZPYP

YP

, (14)

where `i is the catenary length from node i to node i + 1 in Figure 3. Because (14) is not
convenient for coding, it can be calculated approximately using the matrix series for the
practical application, written as:

Zi = ZP
∞
∑

n=0

`2n+1
i

(2n+1)! (ZPYP)
n

Yi = Z−1
i

∞
∑

n=0

(ZPYP)
n

(2n)! (`2n
i−1 + `2n

i )
, (15)

The YP and ZP are determined by the structure and wire types of the catenary system.
Take the double-track AT-fed railway for example, in Figure 1. The 14-wire system can be
reduced to a 10 × 10 parameter matrix:

(16)

In (16), ZP is symmetric satisfying A = B and C = DT. If a = b, zaa represents the self-
impedance. For example, z66—with the red circle—is the self-impedance of the PW wire of
the down-track. If a 6= b, zab is the mutual impedance of two different wires. For example,
z25 with the green circle is the mutual impedance introduced between the PF of the up-track
and the MW + CW of the down-track. Compared with Figure 1, in (16), the MW and
CW are composed of one element MW + CW; the two rails of the same track are reduced
to one element. Because many circuit wires short them, the two wires are equipotential.
The admittance matrix YP has the same structure as ZP. For the sake of simplification,
YP will not be presented here. The whole process of identifying the resonance frequency
is illustrated in Figure 5. When the inner loop is completed every time, the resonance
frequency at one position of the railway can be attained. Then, the parameter x is changed
to calculate the resonance frequency at other positions based on the outer loop algorithm.
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Figure 5. Flow chart of the identification of the resonance frequency at different positions.

2.4. Direct Field Test Validation

In order to verify the proposed method in Section 2, two field tests were carried out
in the 2 × 25 kV AT-fed railway. The tests are based on the harmonic generator (HG) we
specifically developed, which can directly inject harmonic currents into a TPSS at 25 kV
over a wide frequency range. The performance and field test of the HG were described in
our previous paper [32], and this paper only briefly describes some of the test contents used.
In the first and second tests in reference [32], the HG was installed at the head end of the
power supply section at x = 0 km and at the end of the power supply section at x = 26.25 km,
respectively. Then, the fully controlled harmonic current I (frequency range 150–3750 Hz)
was injected into the TPSS. The voltage data at the injection point were recorded, and the
test input impedance of the TPSS was obtained by processing the data. A comparison and
error analysis of the field test results and calculation results are shown in Figure 6b,c.

From Figure 6b,c, the magnitude of Zii presents a maximum at 1325 Hz, which can be
regarded as the resonance frequency of the tested railway. From the impedance frequency
waveform, the calculation results based on Figure 5 are highly consistent with the field test
results of the railway’s starting point and ending point. In order to prove the effectiveness
of the calculation method proposed in this paper, the error of the calculation results relative
to the field test results is analyzed in Table 2. The absolute value of the impedance error
at the resonance frequency and frequency error of the field test results and the calculation
results at the resonance frequency point are shown in Table 2. It can be seen that the
errors between them are tiny. These two field test validations guarantee the accuracy of
the following analysis. Other papers rarely present such similar comparisons between
calculations and field tests in actual electric railways. Due to the length limitation of the
article, more details can be found in [32].
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Figure 6. (a) Schematic of the two tests in the actual railway; (b) comparison and error analysis
between the calculation and the field test at x = 0 km; (c) comparison and error analysis between the
calculation and the field test at x = 26.25 km.

Table 2. Absolute value of the impedance error percentage of the field test and calculation.

Position Field Test Calculation Error/%

x = 0 km
1036 Ω 1010 Ω 2.5
1325 Hz 1325 Hz 0

x = 26.25 km
2149 Ω 1927 Ω 10.3
1325 Hz 1325 Hz 0

3. Impact of the Distributed Parameters on TPSS Harmonic Resonance
3.1. Line Distributed Impedance Influence

The precise calculation lays the foundation for the investigation of the impact of the dis-
tributed parameters in this section. The calculated results of the changing of the distributed
impedance parameters per unit length are shown in Figure 7. The three-dimensional
impedance amplitudes are depicted in Figure 7a–c, where the x-axis denotes the positions
of the power supply section and the y-axis represents the frequencies. Figure 7a is based
on the parameters of the actual railway, and it can be found that there is only one ridge.
Near the substation (x = 0 km), the impedance is smaller than that at the end of the railway
(x = 26.25 km). Figure 7d is the top view of Figure 7a, drawn in a thermodynamic diagram.
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The dark-blue part indicates a lower impedance value, while the coloured line represents
a higher impedance value, namely, the ridge of Figure 7a. The colourful straight line in
Figure 7d indicates that the resonance frequency at any position along the railway is the
same at 1325 Hz. Then, the changed impedance parameter zchan

ab is defined as

zchan
ab = z∗ab × zbase

ab , (17)

where zbase
ab , the element of (16) used to obtain Figure 7a, is set as the base value, and z∗ab is

a dimensionless impedance factor (DIF), equivalent to unity. After step 5© is completed in
Figure 5, (17) is applied to intentionally change the specific element of (16). For example,
only z∗00 and z∗55 are set to 0.001, representing the self-impedance of MW + CW scaling
down to 1/1000 of the base value (DIF = 0.001). The calculated result is shown in Figure 7b.
Unlike Figure 7a, the amplitude at the head of the railway is larger than that at the end of
the railway.

Figure 7. Cont.
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Figure 7. Calculation results from changing z00 and z55: (a) z∗00 = z∗55 = 1; (b) z∗00 = z∗55 = 0.001;
(c) z∗00 = z∗55 = 4; (d) top view of (a); (e) top view of (b); (f) top view of (c); (g) resonance frequency
trajectory at x = 0 km; (h) resonance frequency trajectory at x = 12 km; (i) resonance frequency
trajectory at x = 26.25 km. (Arrows are used as labels).

The resonance frequency increased to 1475 Hz, as shown in Figure 7e, which is the
top view of Figure 7b. When z∗00 and z∗55 are set as 4, indicating that the self-impedance of
MW + CW is scaled up to four times, the 3D impedance graph makes a large difference.
First, a second ridge appears at a higher frequency, as shown in Figure 7c. The second
ridge has two peaks and one valley. Its profile resembles a wave. This phenomenon means
that a train running on the railway may face one resonance frequency at one position
and two resonance frequencies at some other positions, as shown in Figure 7f, which
is the top view of Figure 7c. Then, z∗00 and z∗55 are varied in the range of 0.001–4. The
resonance frequency trajectories at a fixed position are shown in Figure 7g−i, where the
y-axis represents frequencies and the x-axis represents the DIF z∗00 or z∗55.

At x = 0 km and x = 26.25 km, there are two trajectories in both Figure 7g,i. At
x = 12 km, in Figure 7h, there is only one trajectory. At this position, a valley appears,
which is explained in Figure 7c,f. Because the resonance frequencies caused by the first
impedance ridge are the same at different positions, as illustrated by Figure 7d–f, the first
trajectories of Figure 7g−i are also the same. The first resonance frequency is of the greatest
concern, as most actual resonance accidents are related to this resonance frequency [11].

The same processes described in the above paragraph are repeated in order to investi-
gate every other element of Equation (16) by changing the DIF z∗ab. Notably, because (16)
satisfies A = B and C = DT, some elements should be changed at the same time, as shown
in Figure 8a–e. From the results, when z∗27, z∗72, z∗22, z∗77, z∗50, and z∗05 are increased, the reso-
nance frequency will decrease; in contrast, when z∗52, z∗25, z∗07, z∗70, z∗20, z∗02, z∗57, and z∗75 are
raised, the resonance frequency will increase. Other elements of (16) have a very weak effect
on the resonance frequency change, as shown in Figure 8e. The resonance frequency line is
perpendicular to the y-axis; in other words, its resonance frequency trajectories are straight
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lines that are perpendicular to the x-axis. As such, these results are not presented in this
paper. The exponential function fr(x) is selected to fit the resonance frequency trajectories:

zchan
ab = z∗ab × zbase

ab , (18)

where x represents the DIF. The fitting results are shown in Figure 8f, and the function
parameters (a1, b1, a2, b2) are summarized in Table 3. In Table 3, the adjusted R-square is
nearly one, indicating a good fitting effect. Function (18) is differentiable. The derivative
of (18) at DIFk = 1 is defined as the marginal utility (MU) of the resonance frequency caused
by the parameter variation:

zchan
ab = z∗ab × zbase

ab , (19)

Figure 8. Resonance frequency trajectories obtained by changing (a) DIF: z∗22 = z∗77, (b) DIF: z∗50 = z∗05,
(c) DIF: z∗52 = z∗25 = z∗07 = z∗70, (d) DIF: z∗20 = z∗02 = z∗57 = z∗75, (e) DIF: z∗27 = z∗72; (f) function fitting of
the resonance frequency trajectories. (Arrows are used as labels).
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Table 3. Calculation results summary (four significant digits).

Trajectory a1 b1 a2 b2 MU Parameter Representation

Distributed
impedance
parameters

Figure 7i 1288 −0.00868 186.3 −1.271 −77.51 z00, z55 Self-impedance of MW + CW

Figure 8a 1311 −0.01521 173.5 −2.317 −59.56 z22, z77 Self-impedance of PFs

Figure 8b 1290 −0.00586 85.30 −0.5815 −35.23 z50, z05
Mutual impedance of

MW + CW of different tracks

Figure 8c 1294 0.05333 −18.00 0.4350 60.67 z25, z52

Mutual impedance between
PF and MW + CW of

different tracks

Figure 8d 1172 0.01830 121.2 0.1419 61.66 z20, z02, z57, z75

Mutual impedance between
PF and MW + CW of the

same track

Figure 8e 1349 −0.01261 4.200 0.5198 −17.84 z27, z72
Mutual impedance of PFs of

different tracks

Distributed
admittance
parameters

Figure 9f 792.9 −0.3896 827.2 −0.01986 −225.3 y00, y55 Self-admittance of MW + CW

Figure 9g 691.2 −0.2684 827.0 −0.01463 −153.8 y22, y77 Self-admittance of PFs

Figure 9h 1295 0.03249 0.088 0.7602 43.61 y50, y05
Mutual admittance of

MW + CW of different tracks

Figure 9i 101.9 −0.06884 1248 −0.00538 −13.23 y25, y52

Mutual admittance between
PF and MW + CW of

different tracks

Figure 9j 755.2 −0.06102 622.7 0.00283 −41.59 y20, y02, y57, y75

Mutual admittance between
PF and MW + CW of the

same track

Figure 9k 1329 0.001580 0 0 2.100 y27, y72
Mutual admittance of PFs of

different tracks

The value of MU can be used to quantitatively describe how much influence the
distributed parameters have on the resonance frequency. For example, the absolute value of
MU based on Figure 7i is approximately two times larger than that based on Figure 8b. This
means that the self-impedance of MW + CW of the same track has a greater influence on the
resonance frequency. The minus sign of MU represents a negative correlation between the
distributed impedance and the resonance frequency. Based on Table 3, the mutual impedance
between the PF and the MW + CW has a positive correlation with the resonance frequency.

Figure 9. Cont.
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Figure 9. Calculation results to study the influence of the distributed admittance parameters. Three-
dimensional graphs of impedance by setting (a) y∗00 = y∗55 = 0.5, (b) y∗00 = y∗55 = 2, (c) y∗00 = y∗55 = 3,
(d) y∗00 = y∗55 = 5, and (e) y∗00 = y∗55 = 9. Resonance frequency trajectories obtained by changing
(f) DIF: y∗00 = y∗55, (g) DIF: y∗22 = y∗77, (h) DIF: y∗50 = y∗05, (i) DIF: y∗52 = y∗25 = y∗07 = y∗70, (j) DIF:
y∗20 = y∗02 = y∗57 = y∗75, (k) DIF: y∗27 = y∗72; (l) function fitting of the resonance frequency trajectories.
(Arrows are used as labels).
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3.2. Line Distributed Admittance Influence

The calculation results to study the influence of distributed admittance parameters are
shown in Figure 9 and Table 3. The process of this evaluation is the same as in Section 3.1,
which is not presented repeatedly here. As an example, Figure 9a–e describe the variation
in the impedance characteristics when the self-admittance of MW + CW increases. If
y∗00 and y∗55 are larger values (e.g., y∗00 = y∗55 = 9), there can be more than one ridge, as
shown in Figure 9e. Their resonance frequency trajectory has three curves, as illustrated
in Figure 9f–k, describing the other resonance frequency trajectories. The effect of the
remaining elements that are not presented in Figure 9 can be negligible. Figure 9l is
the fitting function, and the fitting parameters are also summarized in Table 3. The self-
admittance of the MW + CW has the greatest influence on the resonance frequency. Its
MU is −225.3, which is approximately three times as large as that of the self-impedance of
the MW + CW. On the whole, the distributed admittance is much more sensitive than the
distributed impedance in the calculation of resonance frequencies.

In decreasing order, the influential top list of the distributed parameters on the reso-
nance frequency variation is (1) the self-admittance of the MW + CW, (2) the self-admittance
of PFs, (3) the self-impedance of the MW + CW, (4) the mutual impedance between the
PF and the MW + CW of the same track, (5) the mutual impedance between the PF and
the MW + CW of different tracks, (6) the self-impedance of PFs, (7) the mutual admittance
of the MW + CW of different tracks, (8) the mutual admittance between the PF and the
MW + CW of different tracks, (9) the mutual impedance of the MW + CW of different
tracks, (10) the mutual impedance of the PF of different tracks, (11) the mutual admittance
between the PF and the MW + CW of the same track, and (12) the mutual admittance of the
PF of different tracks.

4. Conclusions

In this paper, the line distributed parameters on the resonance frequencies were
investigated using a 2 × 25 kV AT-fed electric railway. Based on the MTL and the unified
chain models, an accurate calculation method was proposed and validated by direct field
tests in a real 25 kV railway. Then, the index MU was introduced to quantificationally
determine each parameter contribution to the resonance frequency. Based on the analysis
results, some conclusions were drawn, as follows:

(1) The admittance parameters are regarded as key factors, as the self-admittances of
MW + CWs and PFs in MU are larger than others.

(2) Due to the large value of the self-impedance/admittance in MUs, the wire MW + CW
plays a more important role than others.

(3) Depending on the MU signs, the relevant parameters show not only a negative but
also a positive connection with the resonance frequencies.

This paper provides a knowledge reference for the study of the high-order harmonic
resonance of electric railways, and helps to take measures to suppress it. The method
proposed in this paper to calculate the harmonic resonance of a TPSS has good performance
in terms of accuracy. The calculation results are in good agreement with the field test
results. The resonance frequency of the TPSS can be calculated such that the resonance
phenomenon can be avoided by adjusting the modulation method of the converter or
changing some parameters of the traction network. This also provides a reliable reference
for the formulation of parameters during the construction of the TPSS. Manpower and
material resources can be reduced using the proposed method.

By updating the line distribution parameters, the proposed calculation method can
also be applied in the renewable energy-penetrated TPSS. The calculation rules of this
method can remain normal, while an extra equivalent resonance is considered at the new
energy access points.
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