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Abstract: Hydrogen consumption is an important performance indicator of fuel cell hybrid vehicles
(FCHVs). Previous studies have investigated fuel consumption minimization both under different
driving cycles and using various power management strategies. However, different constrains on
battery state of charge (SOC) ranges can also affect fuel consumption dramatically. In this study,
we develop a power-source sizing model based on the Pontryagin’s Minimum Principle (PMP) to
minimize the fuel consumption of FCHVs, considering different driving cycles (i.e., FTP-72 and US06)
and SOC ranges (conservative 50–60% and aggressive 20–80%). The different driving cycles and SOC
ranges present the real-world circumstances of driving FCHVs to some extent. Fuel consumptions are
compared both under different driving cycles and using different SOC ranges. The simulation results
show an effective power size map, with outlines of an ineffective sizing zone and an inefficient sizing
zone based on vehicle performance requirements (e.g., maximum speed and acceleration) and fuel
consumption, respectively. Based on the developed model, an optimal power-source size map can
be determined while minimizing both fuel consumption and powertrain cost as well as considering
different driving cycles and SOC ranges.

Keywords: FCHV; PMP optimal control; energy consumption; powertrain cost

1. Introduction

With the rising demand for lowering carbon footprint, fuel cell hybrid vehicles
(FCHVs) that possess good energy efficiency and fuel costs, are being developed as pos-
sible alternative transportation vehicles to minimize the adverse environmental impacts
of excessive energy consumption. FCHVs have shown to be a promising solution for a
more sustainable, next-generation transportation system due to the existence of an on-
board hydrogen tank as the main supplier of the energy, thus producing only water and
heat at the tailpipe [1–4]. Furthermore, FCHVs enable longer driving ranges and faster
refueling compared to conventional battery electric vehicles (BEVs) [5–7]. However, the
powertrain and operation costs of hydrogen fuel cells hinder the wide commercialization
of FCHVs. According to recent investigations, each fuel cell and battery costs $800/kW [8]
and $831.5/kWh [9], respectively. A fuel-cell hybrid system consists of hundreds of fuel
cells and batteries, which causes the powertrain cost of FCHVs to be expensive. Meanwhile,
the high cost of hydrogen ($13.14/gallon [10]) leads to the high operation cost of FCHVs.
For this reason, many investigations have been conducted to study the fuel consumption
of HCHVs in order to improve the overall performance, fuel cost and driving range of
vehicles. For this purpose, in order to reduce fuel consumption, different power manage-
ment strategies have been adopted in FCHVs. Yun et al. [11] proposed a novel stiffness
coefficient model for a prototype FCHV, which improved the fuel costs by 5.18% while main-
taining power balance and stable control. In regard to diverse actual driving conditions,
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Lqbal et al. [12] proposed a frequency separation method to improve fuel costs and lifespan.
Moreover, references [2,13–16] focused on combining intelligent algorithms for optimiza-
tion of energy management strategies. To further improve the robustness and adaptability
of power management strategies, references [4,17–22] studied the enhancement and con-
trollability of these strategies. A key step in designing an optimal HEV control strategy for
blended regime corresponds to the synthesis of the battery SOC reference trajectory [23].
Xiao et al. [24] proposed a strategic approach to maximize the efficiency of energy use
by controlling the state of safety (SOS) of the battery’s state of charge. In this context,
recently, optimal control strategies based on the Pontryagin’s Minimum Principle (PMP)
have been widely used to minimize the fuel consumption and power system costs based
on the optimality of the solution and the real-time nature of the computation [8,25–28].
Following a PMP approach, Zheng et al. [8] resolved the SOC constrain problem and
increased the fuel cell lifespan by introducing a cost function. Song et al. [25] presented a
real-time estimated optimal energy management strategy based on PMP to determine the
approximate optimal hydrogen consumption by controlling the state of charge of batter-
ies within a certain range for various driving conditions. Cristian et al. [29] investigated
the fuel consumption of hybrid electric vehicles (HEVs) under different driving cycles
using different power management strategies. Furthermore, in addition to energy manage-
ment strategies, power-source sizing has an impact on fuel consumption and powertrain
costs [1,30–38]. Liu et al. [30] developed a power-source sizing model for FTP-72 driving
conditions to compare and analyze the total powertrain cost, battery life, battery energy loss,
and fuel consumption with and without battery current constraints for different effective
power-source sizes. Hou et al. [33] compares and analyzes the battery size optimization
and energy management strategies based on dual-loop DP and CP in NEDC and UDDS,
considering the fuel-cell transient response constraint, using the Dongfeng X37 model as
the research object. Ceschia et al. [39] evaluated the reliability of fuel cell hybrid electric
vehicles; a method of linear trend extrapolation of battery SOH based on date test analysis
was proposed to study the correlation between energy constraints and reliability under
different driving cycles and operating conditions, which showed that the battery lifetime
loss was affected by the dynamic range.

These studies show that different energy management strategies and battery sizes
have a correlation with fuel consumption, especially in evaluating the power management
strategies. Two factors that can significantly affect the fuel consumption should also be
taken into consideration: driving condition and battery state of charge (SOC) range. When
the vehicle operates in urban and non-urban areas, the fuel consumption can significantly
vary in each case, which ultimately affects the power-source sizing design of FCHVs. In the
meanwhile, SOC range constraint determines the amount of power that can be obtained
from the battery pack, and the amount of power extracted from the battery pack can
have a significant impact on fuel consumption. As a major power-source component,
battery SOC range constraint also plays a critical role in determining fuel consumption and
powertrain cost.

To address the aforementioned challenges, this study attempts to investigate fuel
consumption minimization considering different driving cycles and SOC range constraints.
For this purpose, we constructed the vehicle drivetrain model, compared the fuel consump-
tion under different driving cycles and SOC ranges, and used the PMP to optimize the
power distribution between fuel cell and battery. Moreover, the results of this investigation
determined the effective power-source size distribution map, fully utilized the power
performance of fuel cell and battery system and improved the fuel economy.

2. Materials and Methods
2.1. Vehicle Drivetrain Model

In the proposed vehicle drivetrain model, the variations in vehicle powertrain mass
are taken into account. The required motor power is calculated at each time step with the
given vehicle speed. In order to get a better vehicle performance, a PMP-based power
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management strategy is used that optimizes the power split between batteries and fuel
cells in order to obtain necessary motor power.

Motor speed N can be described by Equation (1) [30]:

N =
Ve · io · ig · 60 · η

2πRw
(1)

where, Ve is the velocity of vehicle, io represents the final drive ratio, ig represents the
transmission gear ratio, Rw is the radius of wheel, and η is the efficiency of drivetrain.

The air drag force Fd, rolling resistance force Fr, acceleration force Fa and total force Ft
of the vehicle can be expressed by Equations (2)–(5) [30]:

Fd =
ρair · A · Cd · Ve

2

2
(2)

Fa =
∆Ve

T
· Me (3)

Fr = µ · Me · g (4)

Ft = Fr + Fa + Fd (5)

where, ρair is the density of air, A is the front area of vehicle, Cd is the drag coefficient, Me is
the mass of vehicle, µ represents the rolling resistance coefficient, and g is the gravitational
acceleration.

The torque Tm and required power Pm of motor can be calculated using
Equations (6) and (7) [30]:

Tm =
Ft · Rw

io · ig
(6)

Pm =
2 · π · N · Tm

60 · 1000 · ηmotor
(7)

where Rw is the radius of wheel, ηmotor is the efficiency of motor. In the FCHVs, the required
motor power Pm comes from both fuel-cell stack power output Pfcs and battery pack power
output Pbatt.

Pm = Pfcs + Pbatt (8)

Pfcs is the control variable in this study. Pfcs and Pbatt are calculated using PMP-based
power split control described in the following Section 2.2.

2.2. PMP-Based Power Management Strategy

In this investigation, PMP optimal control is used to optimize the power split between
fuel cells and batteries in FHCVs. The control variable of fuel-cell power output Pfcs is de-
termined by the PMP management strategy at each time to minimize the fuel consumption.

In order to calculate the fuel consumption rate with each given Pfcs, the corresponding
fuel-cell stack current needs to be derived. The relationship between fuel-cell stack current
and the FCS net power can be found in reference [8]. The fuel consumption rate is a function
of stack current, as indicated by Equation (9):

.
mH2 =

Ncell · MH2 · Istack · γ
n · F

(9)

where,
.

mH2 is the fuel consumption rate (g/s), MH2 is the molar mass of hydrogen (g/mol),
Ncell is the number of cells, Istack is the stack current (A), γ is the hydrogen excess ratio, n is
the number of electrons acting in the reaction, and F is the faraday constant.
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A battery internal resistance model [8] is adopted to calculate the rate of SOC of the
battery, which can be expressed as below:

.
SOC = −

V(SOC)−
√

V(SOC)2 − 4R(SOC) · (Pm − Pfcs)

2R · Qbat
(10)

In this equation,
.

SOC is the rate of SOC, Qbatt is the rate of battery capacity and Pfcs
is the fuel-cell power output, which is a control variable in the PMP optimal control. V
and R stand for the open circuit voltage and internal resistance. They are both related to
the battery SOC, and the characteristics of V-SOC and R-SOC are provided by the battery
manufacturing company [9]. This equation shows the relationship between the SOC and
the control variable Pfcs. It is the state equation for this control problem.

Equation (10) is a constraint of the control system, which shows the relationship
between the control variable Pfcs and the state variable SOC. Equation (10) can be expressed
as a general function f [30]:

.
SOC (t) = f (SOC(t), Pfcs(t), t) (11)

Equation (11) is the state equation of PMP optimal control. State variable
.

SOC(t) is a
function of battery SOC(t), Pfcs(t) and time t. Using the above expressions, the Hamiltonian
function of PMP optimal control can be defined as below [30]:

H =
.

mH2(Pfcs(t)) + p(t)
.

SOC(t) + S (12)

The Hamiltonian function here is adopted to solve the optimal control problem. The
first term (

.
mH2(Pfcs(t)) is the optimal control objective with the purpose of minimizing the

hydrogen consumption rate. The second component in the equation consists of the state
equation,

.
SOC(t), and the Lagrange multiplier p which is the co-state. The cost function of

battery SOC constraint S is defined by the equation below [30]:

S =


α · (Pfcs(t)), SOC(t) ≤ SOCmin

β · (Pfcs(t)), SOC(t) ≥ SOCmax
0, Otherwise

(13)

where, α and β a are constant values defined as turning parameters. Once the SOC crosses
its upper/lower boundary, SOC constraint starts to be involved in the PMP optimal control
and less/more power will be distributed from the fuel cell system to make sure battery
SOC stays in its operation range due to the imposed SOC constraint. For the aggressive
SOC range, the SOCmin equals to 0.2, and SOCmax equals to 0.8. For the conservative SOC
range, SOCmin equals to 0.5, and SOCmax equals to 0.6.

∂H
∂p

=
.

SOC (14)

∂H

∂
.

SOC
= − .

p (15)

∂H
∂Pfcs

= 0 (16)

Equations (14)–(16) describe the conditions that need to be included in the model. The
first necessary condition (Equation (14)) is the state equation which shows the relationship
between Pfcs and

.
SOC. The second condition (Equation (15)) is the dynamic equation of

co-state that deals with determining the co-state p. The third condition (Equation (16))
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implies that the control variable Pfcs needs to minimize the Hamiltonian function at each
time step. We can rewrite the third condition (Equation (16)) as below:

H
( .

SOC(t), Pfcs(t), t
)
≥ H

( .
SOC(t), Pfcs(t)

∗, t
)

(17)

In Equation (17), Pfcs(t)
∗ is the optimal fuel-cell power output at each time step, which

can be found from admissible Pfcs. The admissible Pfcs is determined by the fuel-cell
stack size of the FCHV. The Pfcs that causes the minimal value from Equation (12) is the
optimal fuel-cell power output at this time step. Following such a procedure, the optimal
fuel-cell power output at each time step to minimize the fuel consumption of FHCVs can
be obtained.

3. Results

The system considered in this study is not the typical fuel cell hybrid electric vehicle
with a standard electric motor and a single gear for the design purpose of simplicity and
low cost. Inspired by the reference [40], to further optimize motor propulsion and traction,
and minimize fuel consumption and efficiency, we used an electric drive system consisting
of battery, motor, inverter, changeable or fixed gear, and differential gear. In addition,
In this study, the change of vehicle powertrain mass is considered, where the masses of
the fuel cell and battery are 335 g/cell and 0.013·Pfcs

0.867 kg, respectively. The simulation
parameters are shown in Table 1.

Table 1. Parameters of simulation.

Vehicle Mass (without Power Source) 1400 kg Shift Point 2000 [rpm]

Air density 1.21 kg/m3 Maximum Motor input voltage 500 [V]

Front area 1.12 [m2] Maximum Motor speed 8250 [rpm]

Radius of Wheel 0.29 [m] Battery type LiFePO4

First gear ratio 3.78 Voltage 3.2 V

Second gear ratio 2.06 Capacity 15 Ah

Third gear ratio 1.58 Cycle Life 2500 (charge and discharge at
1 C 80% capacity)

Fourth gear ratio 1.21 Fast Discharge Current 15 A

Fifth gear ratio 0.82 Maximum Discharge Current 45 A

Final driving ratio 4.125 Charge Current 15 A

Driving line efficiency 0.95 Battery cell mass 335 g/cell

Air drag coefficient 0.37 Cost of battery $831.5/kWh

Rolling resistance coefficient 0.014 Cost of fuel cell $800/kW

Motor efficiency 0.95 Fuel cell mass 0.013·Pfcs
0.867 kg

3.1. Effective Power Source Size

The powertrain configurations of FCHVs are chosen from the red region in the effective
power-source map, as shown in Figure 1. The low boundary of the map is selected by two
constraints, i.e., the maximum speed of 120 km/h and the 0–100 km/h acceleration time
of 12 s. Another constraint is that FCHVs should be able to store the kinetic energy of the
vehicle in the battery pack during vehicle braking, thus a threshold number of batteries is
needed to meet this constraint. In order to avoid increasing the powertrain cost, the upper
boundary of the battery number and fuel cell is set as 200 and 150 kW, respectively. From
Figure 1, it can be seen that the battery selection range for the above constraint is 60~200,
and the fuel cell selection range is 62~150.
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Figure 1. Power source sizing map.

The different power-source combinations are tested under FTP-72 and US06 driving cy-
cles to compare hydrogen consumption and powertrain costs using different SOC constraints.

Aggressive SOC with a range of 0.2–0.8 is applied, which is shown in Figure 2a,c. The
initial value of battery SOC in both cases starts at 0.8 and the final measured SOC is at 0.44
and 0.22, respectively. The difference between the final SOC is due to the highway driving
condition, which needs higher power output from the power sources. Hence, the battery
SOC in Figure 2c drops to the 0.22 mark. Under the urban driving condition (Figure 2a),
FCHVs operate with relatively lower speed, and less power output than normal is needed
to be obtained from battery pack.

Figure 2. SOC plots under driving cycles with different SOC range constraints: (a) FTP-72 driving
cycle, SOC 0.2–0.8; (b) FTP-72 driving cycle, SOC 0.5–0.6; (c) US06 driving cycle, SOC 0.2–0.8;
(d) US06 driving cycle, SOC 0.5–0.6.

Conservative SOC with a range of 0.5–0.6 is considered and shown in Figure 2b,d, with
an initial value of battery SOC in both tests of 0.6. Due to the small SOC range, although
different driving cycles are applied, the final SOCs in Figure 2b,d both end at 0.5. The
fuel cell that provides most of power to drive the vehicle after battery SOC reaches its
lower boundary.
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3.2. Comparison of Fuel Consumption

As shown in Figure 3, fuel consumption has a rising tendency with increasing size of
power sources, but a different value of fuel consumption can be observed in each figure.
In Figure 3a, the minimal fuel consumption is 89.4 g at (200, 62) (battery size [unit cell],
fuel cell size [kW]) and the maximum fuel consumption is 148.4 g when the power-source
combination is (200, 150). In Figure 3b, the fuel consumption is analyzed under the same
driving condition, similar to Figure 3a, but with a conservative battery SOC range. For this
case, the minimal fuel consumption is observed to be 113.6 g at (200, 62). The maximum
fuel consumption is 420.5 g at (200, 150). Similar to Figure 3a,b, in Figure 3c,d, the minimal
and maximum points are still at (200, 62) and (200, 150), respectively. The minimal fuel
consumption is 147 g and 148.9 g at (200, 150) in Figure 3c,d, respectively. The maximum
fuel consumption is 216.6 g in Figure 3c and 831.1 g in Figure 3d.

Figure 3. Fuel consumption maps under driving cycles with different SOC ranges: (a) FTP-72
driving cycle, SOC 0.2–0.8; (b) FTP-72 driving cycle, SOC 0.5–0.6; (c) US06 driving cycle, SOC 0.2–0.8;
(d) US06 driving cycle, SOC 0.5–0.6.

When the driving condition and SOC range are the same, the fuel consumption slightly
increases with the battery size. For example, if we set the fuel cell size to 150 kW, according
to the graph shown in Figure 3b, the fuel consumption reaches 388.2 g at (60, 150). Similarly,
when the battery size increases to 200 units, the fuel consumption is equal to 420 g at
location (200, 150). Hence, an additional 31.8 g hydrogen is consumed when the battery size
increases from 60 units to 200 units. However, the fuel consumption significantly increases
by enlarging the fuel cell size. For example, in Figure 3b, if the battery size is selected as
160 units, the fuel consumption is 141 g at (160, 80) and 409.7 g at (160, 150). Also, 268.7 g
more hydrogen is consumed when fuel cell size increases from 80 kW to 150 kW. This
observation can be attributed to the fact that in instances that the fuel cell is heavier than
the battery cell; according to Table 1, each battery cell is 0.335 kg/cell and there is only a
46.9 kg mass change when the battery size changes from 60 units to 200 units. However,
according to fuel cell mass, which equals to 0.013·Pfcs

0.867 kg, Pfcs[w] is the fuel cell power
output with a 167.9 kg mass change when fuel cell size changes from 80 kW to 150 kW.
Also, larger fuel cell size allows for a bigger power output, which leads to higher fuel
consumption (Equation (9)).

Under the FTP-72 driving cycle, the maximum fuel consumption in Figure 3b, is
2.8 times higher than the one in Figure 3a. Under the US06 driving cycle, the maximum
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fuel consumption in Figure 3d is 3.8 times higher than that in Figure 3c. Hence, the
high-speed driving condition will cause more substantial fuel consumption in FCHVs.
Furthermore, excessive battery SOC range allows for more power consumption in the
battery during the driving cycle. Therefore, less power output from the fuel cell leads
to lower fuel consumption. Conversely, applying a conservative SOC range leads to
more power consumption from the fuel cell, thus the fuel consumption in Figure 3b,d is
much higher.

If a FCHV needs to be designed to have fuel consumption less than 200 g in both
FTP-72 and US06 driving cycles, we can apply the fuel consumption distribution maps
in Figure 3 to acquire new power-source sizing maps (Figure 4). For the FTP-72 driving
cycle, based on Figure 4a, it is witnessed that the fuel consumption of all the effective
combinations are under 200 g. Hence, the power-source combination can be selected in the
entire effective region. On the other hand, when a conservative SOC range is applied, as
shown in Figure 4b, part of the effective region has fuel consumption higher than 200 g.
Thus, we can conjecture that the region has fuel consumption higher than 200 g as the
inefficient region, which means that the power-source combinations chosen from this
region cannot meet the fuel consumption requirement. By applying this method to define
inefficient sizing region in Figure 4c,d, we found that the effective region shrinks further
when highway driving cycle and conservative SOC range are applied. In Figure 4d, most
of the efficient power-source sizing region becomes the inefficient region. This results as
the highway driving condition has an average speed of 77.89 km/h (the average speed is
31.54 km/h in FTP-72 urban driving cycle) and needs more power output, and when SOC
crosses its upper and lower bounds, the SOS constraint is involved in the PMP optimal
control according to Equations (12) and (13). Thus, the power management strategy
distributes more power from the fuel cell stack. Therefore, higher fuel consumption is
observed in Figure 4d.

Figure 4. Power source sizing maps under driving cycles with different SOC ranges: (a) FTP-72
driving cycle, SOC 0.2–0.8; (b) FTP-72 driving cycle, SOC 0.5–0.6; (c) US06 driving cycle, SOC 0.2–0.8;
(d) US06 driving cycle, SOC 0.5–0.6.

3.3. Comparison of Powertrain Cost

Powertrain cost [$103] equals total battery pack cost plus total fuel cell stack cost.
Without considering the inefficient area cost, the powertrain cost was calculated for a con-
servative SOC range and the FTP-72 driving cycles. Table 2 shows the different powertrain
costs of each power-source combination. The table shows that the powertrain cost increases
with fuel cell and battery size. The larger fuel cell provides more power output but is often
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accompanied by higher fuel consumption and high cost, while the smaller fuel cell size
costs less but more of the power output comes from the battery and the endurance capacity
lacks. Therefore, the combination of effective power-source size should be a comprehen-
sive consideration of cost, endurance capacity, fuel economy and other factors to select a
reasonable size.

Table 2. The cost of different power-source combinations.

Fuel Cell Size [kW]

62 70 80 90 100 110 120 130 140 150

60 X X X X X 90.40 98.40 106.40 114.40 122.40

80 X X X X X 91.20 99.20 107.20 115.20 123.20

100 X X X X 84.00 92.00 100.00 108.00 116.00 124.00

120 X X X 76.79 84.79 92.79 100.79 108.79 116.79 124.79

140 X X X 77.59 85.59 93.59 101.59 109.59 117.59 125.59

160 X X 70.39 78.39 86.39 94.39 102.39 110.39 11839 126.39

180 X 63.19 71.19 79.19 87.19 95.19 103.19 111.19 119.19 127.19

B
attery

size
[unitcell]

200 57.59 63.99 71.99 79.99 87.99 95.99 103.99 111.99 119.99 127.99

C
ostof

pow
er-source

com
bination

[$10
3]

X: ineffective combinations.

4. Conclusions

This study investigated the variation of the mass of the vehicle powertrain as well as
power-source dimensions of the fuel cell hybrid vehicle based on Pontryagin’s Minimize
Principle. Based on the results, the major conclusions can be drawn as follows:

(1) The article compares the fuel consumption and power cost for different energy source
combinations at different SOC ranges (aggressive: 0.2–0.8, conservative: 0.5–0.6) for
different driving cycles. The simulation results have revealed that fuel consumption
of the aggressive SOC range at a power-source combination of (200,150) (battery
size [unit], fuel cell size [kW]) is approximately 3.8 times higher than that of the
conservative SOC range for the same driving cycle.

(2) To find the effective power-source combinations, based on the entire vehicle pow-
ertrain model, PMP optimal control was used to determine the power-source size
according to the minimum fuel consumption corresponding to the optimal power
output of the FCHV at the time of calculation. The simulation results have shown
that the power-source size is positively correlated with fuel consumption for the same
driving cycle and SOC range, and the effect of fuel cell size on fuel consumption is
more significant than that of the battery.

In conclusion, this paper based on the Pontryagin’s Minimize Principle derived the
new effective power size map, and in order to achieve good fuel economy, the power-source
combination needs to be selected in the region of high-efficiency power-source size, which
provides a feasible method for other power-source combination selections.

In the future, we will consider the impact of different battery sizes and fuel cells on
fuel consumption after degradation in our next project. In addition, temperature changes
will affect the power output of the battery, and this factor will be considered in the energy
management strategy study in our future work.
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Abbreviations

A vehicle front area
c turning parameter
dair air density
deff effective discharge
Fa acceleration force
Fd air drag force
Ft vehicle traction force
F faraday constant
H Hamiltonian function
I battery operation current
Istack Stack current
M vehicle mass
.

mH2 fuel consumption rate
Ncell number of cells
n the number of electrons acting in the reaction
N motor speed rpm
p co-state
Pbatt battery power output
Pfcs net power
Pm required of motor
Pmotor required motor power
Pstack fuel cell stack power
Rw wheel radius
R battery internal resistance
S SOC constraint cost function
SOC state of charge

.
SOC rate of state of charge
Tm torque of motor
T time step
V battery open circuit voltage
ηmotor motor efficiency
µ rolling resistance coefficient
η drivetrain efficiency
β turning parameters
α turning parameters
γ Hydrogen excess ratio
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