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Abstract

:

This paper aims to develop a review of the electrokinetic flow in microchannels. Thermal characteristics of electrokinetic phenomena in microchannels based on the Poisson–Boltzmann equation are presented rigorously by considering the Debye–Hückel approximation at a low zeta potential. Several researchers developed new mathematical models for high electrical potential with the electrical double layer (EDL). A literature survey was conducted to determine the velocity, temperature, Nusselt number, and volumetric flow rate by several analytical, numerical, and combinations along with different parameters. The momentum and energy equations govern these parameters with the influences of electric, magnetic, or both fields at various preconditions. The primary focus of this study is to summarize the literature rigorously on outcomes of electrokinetically driven flow in microchannels from the beginning to the present. The possible future scope of work highlights developing new mathematical analyses. This study also discusses the heat transport behavior of the electroosmotically driven flow in microchannels in view of no-slip, first-order slip, and second-order slip at the boundaries for the velocity distribution and no-jump, first-order thermal-slip, and second-order thermal-slip for the thermal response under maintaining a uniform wall-heat flux. Appropriate conditions are conferred elaborately to determine the velocity, temperature, and heat transport in the microchannel flow with the imposition of the pressure, electric, and magnetic forces. The effects of heat transfer on viscous dissipation, Joule heating, and thermal radiation envisage an advanced study for the fluid flow in microchannels. Finally, analytical steps highlighting different design aspects would help better understand the microchannel flow’s essential fundamentals in a single document. They enhance the knowledge of forthcoming developmental issues to promote the needed study area.
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1. Introduction


Microfluidics has become a more attractive research area nowadays. The major area of application is the miniaturization of the transport device, biotechnology, microelectro-mechanical system (MEMS), and drug delivery chip [1,2,3,4,5]. Electrical fields [6,7,8,9,10,11], electromagnetic fields [12], capillaries [13], bubbles [14,15], surface acoustic waves [16], electroosmotic pumps [9,10,11,17,18,19], etc. are possible design conditions. The tininess of the chemical system for sampling and handling processes using lab-on-a-chip devices [20,21,22] integrates into a compact form to produce mobile analysis. The main advantage of miniaturization is reducing the time and space for clinical testing in laboratories to implement heat transport and fluid motion in microchannels successfully. Micropumps and injectors [23,24], microfluidic devices [25,26], induced hydraulic pumps [27], fluid propulsion systems [28], etc., are the key applications of microfluidics.



Burgreen and Nakache [29] introduced the study of fluid flow by viewing electrokinetic effects in a very fine capillary microchannel with a rectangular cross-section. They determined the streaming potential and speed with an arbitrarily high ionic energy and small electrokinetic circumstances. This model was developed mainly based on the electro-hydrodynamic pressure-driven flow for no-slip conditions analyzed using Navier–Stokes momentum equations. Early, several researchers investigated the effects of the liquid’s ionic concentration on the solid surface’s zeta potential to explore the streaming potential, speed distribution, friction factor, and volumetric flow rate in microchannels with the existence of the electrical double layer (EDL) [30,31,32,33,34]. The first-order slip for a pressure-driven electroosmotic flow could increase the flow rate [35]. Yang and Li [36] established a 2D model by implementing the product method and Green function approach with the help of the Debye–Hückel approximation for speed, steaming potential, volumetric discharge rate, and friction coefficient in rectangular microchannels. Later, many authors [37,38,39,40,41,42,43] developed their works in rectangular microchannels using the model of Yang and Li [36] to study the pressure-driven and electrokinetic effects.



Generally, the electric field due to the electroosmosis direct current (DC) causes the electroosmotic flow. In contrast, an alternating current (AC) electric field is associated with the time and frequency-dependent electroosmotic flow. Electroosmosis has a significant effect on fluid motion in the case of the AC electric field across the channels. Yang et al. [44] and Luo et al. [45] proposed a 2D model by describing the frequency and time-dependent electroosmotic flow in rectangular microchannels. Their results found that the sinusoidal electric field strongly depends on the frequency of the AC electroosmotic flow to analyze the flow pattern. Next, Yang and Kwok [46] and Kang et al. [47] introduced a time-dependent pressure-driven flow and electrokinetic slippage flow in a rectangular cross-sectional 2D channel, where the slippage and pressure-driven flow counteract the EDL effects. Consequently, an increase in the flow rate was noticed. The flow analysis and mixing in various microchannel geometries were extensively studied by Jayaraj et al. [48] with the help of different numerical simulations and experimental investigations under the electrokinetic driven flow.



The electro-magneto-hydrodynamics (EMHD)-driven micropump works with the principle of the Lorentz force, and the electric and magnetic fields imposed in microchannels are responsible for this phenomenon. The electrical current produced by the interaction of aqueous solutions sets a perpendicular magnetic field in channels. Therefore, the electromagnet or the permanent magnet can make the magnetic field. A high flow rate is achieved due to the pumping effect caused by the permanent magnet, and no moving parts are present [49,50,51]. Jang and Lee [52] reported the EMHD micropump acting along the flow of an electrically conducting liquid in the imposed electric and magnetic fields in the perpendicular direction. Jian et al. [53] studied the transient rotating electroosmotic flow through two infinite microparallel plates. They obtained the speed and volume flow rate by using the method of the separation of variables for both AC and DC electric and magnetic fields. Theoretically, DC EMHD micropumps have a more continuous flow speed.



However, if gas bubbles are generated, the flow speed declines. In the case of the AC EMHD micropumps, when a high current passes through the electrolyte solution, chemical reactions take place to oppose the formation of bubbles [54,55]. Recently, Xie and Jian [56] studied a transient rotating EMHD power-law fluid flow between two parallel plates in microchannels. The finite difference method was used to obtain velocity distributions with the variation of various fluid behavior indexes. Yang et al. [57] determined the thermal characteristics of EMHD flow in a two-dimensional rectangular microchannel by assessing the Debye-Huckel approximation [58]. Subsequently, the combined pressure-driven electroosmotic flow was influenced by the electric and magnetic fields. Finally, viscous dissipation and Joule heating effects are required to include in determining the velocity and temperature distributions at no-slip and no-jump conditions.




2. Fundamentals of Electrical Double Layers


Reuss [59] first conducted an experimental study of a water-clay mixture in the electroosmotic flow. Helmholtz [60] introduced the concept behind the electrical double layers formed between the charged metal surface and electrolyte solution. The EDL theory demonstrated the flow velocity under the electrokinetic effect in capillary tubes. Then, Smoluchowski [61] extended Helmholtz’s work [60] to investigate the electroosmotic speed. Gouy [62] and Chapman [63] introduced diffusive double layers on a flat surface, accumulating ions due to the Boltzmann distribution and extending it to a distance from the solid surface. For the theories mentioned above, Stern [64] proposed a model to include Helmholtz and the diffusive layer of Gouy and Chapman at the solid-fluid interface. The electrokinetic flow is a combination of electrophoresis, electroosmotic, streaming potential, and sedimental potential. However, both electrophoresis and electroosmotic flow create a motion by applying the electric field. In the electrophoresis phenomenon, charged particles travel in the stationary fluid. The electroosmotic ionized fluid moves toward the relatively more charged particles in static conditions [65,66,67].



When surfaces of the solid carry a net charge of the polar medium contacting with an aqueous solution, chemical associations or dissociations of ions attract or repel each other. Acids to alkynes pH (potential of hydrogen), clay, sand, the surface of the quartz, ceramics, etc. are examples of the negatively charged surface. The charged surface attracts the oppositely charged counter ions in the fluid, and the surface repels coions. The electrical double layer is formed by excess counterions closer to the interface in the solid-fluid environment. This phenomenon plays an enormous role in colloid science, polymer science, biophysics, medicine, and separation technologies, such as wastewater filtration, membrane filtration, protein, cell separation, etc., are examples of the application and importance of the electrical double layer [68,69]. The EDL develops two layers: the sterned layer (Helmholtz layer) and the diffused layer (Gouy-Chapman). The sterned layer is thin and stationery, which absorbs the opposite ions of the surface. However, the diffused layer is mobile and free to migrate from its surface; a plane forms between the sterned and diffused layers called a shear plane. When the electric field applies tangentially along the surface, the ions move due to an exerting force in the diffused electric layer. Fluid flows through the diffused layer, causing ion drag of the fluid in channels, and the motion of this type of flow is known as electroosmotic flow (EOF) [70,71,72]. Neale [73] stated one important electrokinetic phenomenon in the absence of the electric field where the mobile ions force the fluid to flow by applying an external pressure difference. So, EDL’s mobile charge ions (counterions) move downstream and generate electrical currents in the pressure-driven flow direction. Wall [74] studied the brief history of electrokinetic flow, where the fluid movement is tangential from the charged surface. Lopez-García et al. [75] analyzed the Poisson–Boltzmann equation in electrical double layers consisting of a finite ion size in the aqueous electrolyte solution with the suspension of polarizable insulating spheres in fluids.




3. Pressure-Driven Electrokinetic Flow


Fluid delivery is a complex process in microfluidic systems when the operating pressure is very high. However, owing to their movable parts, there are complications in design and fabrication, and consequently, fatigue and fabrication involve mechanical failures [25]. Therefore, this system is not at all practicable in microfluidic applications. Alternatively, electroosmotic micropumps are favorable for creating a pumping effect in microfluidic devices as they have many advantages. There are no moving devices in electrokinetic flow systems, so the design is straightforward and easy to fabricate [76]. In addition, this type of micropumps possibly applies to a fluid with an extensive range of conductivity, and biomedical applications require this phonological aspect highly. The other beneficiary applications are pumping the solution in capillaries [77], micromachine in a chip [20], a process to control the injection of samples through microchips [78], and enhancement of the electroosmotic flow [79].



A slight pressure difference imposed in microchannels results in flow and thermal characteristics that depart from the purely electroosmotic flow [80]. However, the electroosmotic flow is always different from the conventional pressure-driven flow where the thermal transport mechanism is not the same. Velocity profiles in a channel strongly depend on the electroosmotic effect. The electroosmotic mobility and the voltage potential in the flow direction are used to describe them. These situations affect the electroosmotically induced flow with the viscosity variation, wall zeta potential, dielectric constant, and velocity profile dependent on the Debye–Hückel parameter. The electroosmotically induced velocity highly influences the temperature distribution and heat transfer. Electroosmotically created electric current produces the Joule heat in fluids due to a volumetric heat generation. The heat generation has significantly influenced the temperature distribution and heat transfer [81,82]. Many studies were performed extensively on combined electrokinetic pressure-driven flow in microchannels for Newtonian [46,83,84,85,86,87] and non-Newtonian fluids [88,89,90,91,92,93,94,95]. The parametric conditions, namely, electrokinetic and pressure, electroosmotic and Poiseuille, etc., influence the velocity distribution. Electroosmotic [10] and pure electroosmotic [96] affect the velocity profile significantly with the influence of pressure and electric fields in microchannels.




4. Thermophysical Phenomena


4.1. Main Effects of Joule Heating


An electrokinetic flow in the presence of the Joule heating in microchannels was developed with axial and radial temperature gradients in channels [97]. The electrokinetic flow occurs due to volumetric heating by applying an electric field in conducting media. For example, the electric current flowing in the electrolyte solution produces heat by the ohmic resistance. However, Joule heating on the electrokinetic phenomenon depends on many factors, such as fluid specimen and channel wall [98,99]. Other factors that can cause an axial temperature gradient in microchannels and capillaries are elaborated below:




	
Capillary electrophoresis and disruption in bubble formations [100].



	
Thermal end effects of the electroosmotic flow occurred in cooling reservoirs by pulling the cold fluid from the inlet reservoir and pushing the hot fluid into the outlet reservoir [101].



	
Non-uniform cross-section and length and non-uniform cooling or heating.



	
The radial temperature gradient existed due to the radial non-uniformity of the geometry [101] and temperature variations for the conductivity effect [102].








Several researchers [81,98,103,104,105,106,107] studied the fully developed two-dimensional steady/unsteady electroosmotic flow and heat transport in microchannels with Joule heating to control and enhance the hybridization. They determined the temperature and Nusselt number as a function of the Joule heating parameter. Tang et al. [108] numerically analyzed Joule heating effects on heat transport in microchannels having an electrical double layer. The Joule heating affects the temperature distribution in axial and radial directions. Joule heating amplifies the fluid temperature and temperature gradient in the axial direction [109,110]. The temperature effect makes the fluid properties non-uniform; hence, the applied electric potential field’s characteristics change on the flow field. The Joule heating phenomenon explains the impact of electric current flow in the electrolyte solution on the electrokinetic flow, as shown in Figure 1.



To construct Figure 1, data have been taken from the published papers [109,111]. The electric current passes through the buffer solution in the capillary, which strongly influences the Joule heating parameter. The results indicate that the presence of Joule heating increases 66.5% current compared to without Joule heating. Due to Joule heating, the temperature rises caused by current flow in the Buffer layer, which is the relationship as a function of the square of field strength in a lab-on-a-chip device [112,113,114]. A plug-like velocity profile was investigated for the electroosmotic flow in microfluidic channels [115]. By neglecting the thermal end effect in microchannels, the radial temperature gradient increases with the fluid temperature due to Joule heating [116,117,118,119]. Then, Mondal et al. [120] invented a combined electroosmotic and pressure-driven flow in plane microchannels considering the Joule heating aspect. However, their model analyzes when a positive Joule heating parameter is for surface heating, and the negative parameter is for surface cooling. Therefore, the temperature was an extremum at the wall and the lowest at the centerline. Tripathi et al. [121] and Noreen et al. [122] observed the electroosmotic transport of aqueous nanofluid with Joule heating in two-dimensional microchannels. This model considered Brownian motion and thermophoresis effects on the complex waveform. Nayak et al. [123] and Shit et al. [124] developed a closed-form solution of the electroosmotic pressure-driven flow of power-law fluids through a hydrophobic microchannel. They found that the Joule heating parameter greatly influences the heat transfer in variable power-law index fluids in Bio-MEMS design aspects. In the electrokinetic flow, Joule heating effects are negligible. Such flow strongly depends on the thermal gradient, viscous force, and electric field. On the other hand, Sanchez et al. [125] discussed an interrupted flow pattern in microchannels. Vargas et al. [126] analyzed temperature-dependent viscosity, arbitrary zeta potential, and electrical conductivity with the Joule heating effect of electroosmotic mobility in microchannels.



The Joule heating in the microcapillary amplified is at a high electric field [125]. Figure 1a shows that at 15 kV/m, 50% electroosmotic velocity increases in the existence of Joule heating compared to without Joule heating. The electric current increases the fluid temperature for the Joule heating, as shown in Figure 1b. The results show that the 66.5% current is increased in Joule heating compared to without Joule heating.




4.2. Primary Effects of Viscous Dissipation


Temperature-dependent fluid properties play a significant role in the temperature field’s development, which alters the heat flux and velocity distributions. Many researchers investigated the viscous dissipation effects theoretically and experimentally [127,128,129,130,131]. It was found that a small value of the Brinkman number affects the bulk fluid temperature. For microchannels, the effect of the Brinkman number relates to the dynamic viscosity and increments the bulk fluid temperature. The above fact reduces the Brinkman number at the outlet by about 50% of its inlet value. It was observed that the axial variation of the Brinkman number affects the Nusselt number in microchannels and is called a “secondary effect.” The temperature disparity for the viscous dissipation varies the thermo-physical properties of the fluid in microchannels. In the case of a liquid flow, the main effects of temperature-dependent fluid properties are mainly owing to the viscosity change with temperature. It notes that the temperature influences the viscosity, which modifies the velocity distribution in the channel’s hot or cold parts. Viscous dissipation effects are negligible for microchannels with small hydraulic diameters. Therefore, the viscous dissipation with the temperature-dependent viscosity revises the microchannel’s temperature and velocity profiles.



Lawal and Mujumdar [132] investigated the heat transfer behavior of power-law fluids in different channel shapes. For viscous dissipation, degradation of mechanical energy into thermal energy alters the temperature distribution in a duct. Xu et al. [133] examined the effect of viscous dissipation on liquid flow in microchannels. Their study shows that pressure, velocity, and temperature strongly influence the viscous dissipation parameter (Brinkman number). Giudice et al. [128] and Nonino et al. [134,135] reported the thermally fully developed liquid flow in different straight microchannels. Their results highlight that the effects of the viscous dissipation parameter vary the temperature distribution. Many researchers [136,137,138,139,140,141] introduced the viscous energy dissipation on the fully developed laminar flow in circular ducts. They showed the effect of viscous dissipation on the axial distribution of wall heat flux for power-law fluids in a thermally developed region. Tso et al. [142] analyzed the viscous dissipation for hydro-dynamically and thermally fully developed laminar heat transfer of power-law fluids between two fixed plates. They showed that heat transfer depends on fluids’ power-law index. Xuan et al. [111] studied the electroosmotic velocity with the Joule heating effect in a homogeneous capillary fluid. They developed fluorescence-based thermometry techniques to measure the liquid temperature and speed in a capillary tube. The volume flow rate increases at a high electric field by increasing the electroosmotic velocity, and consequently, it amplifies the Joule heating effect.



Koo and Kleinstreuer [143] investigated viscous dissipation effects in microtubes and microchannels. They analyzed the viscous dissipation effects on the fluid flow dependent on the Brinkman number. Morini and Spiga [129] reported scaling effects (axial heat conduction, viscous dissipation, conjugate heat transfer, wall roughness, etc.) for flows in microchannels. They demonstrated the viscous dissipation to be a function of the Brinkman number, aspect ratio, and hydraulic diameter, which are crucial parameters in determining the impact of viscous dissipation on the Nusselt number.



It can be noted that the viscous energy dissipation effect is negligible in microchannels for ordinary fluids having a small Prandtl number for a low value of hydraulic diameter [128,144,145]. Such fluids, hydrodynamic [143] and thermally fully developed [146] flow, heating, or cooling, begin at the thermal entrance length of the hot or cold regions. It starts forming the velocity and temperature boundary layers. Sheela-Francisca et al. [147] studied the effects of viscous dissipation on heat transfer at a constant wall heat flux under the steady, laminar, and both hydrodynamically and thermally fully developed pseudo-plastic fluid with a power-law index of Couette–Poiseuille flow. The importance of the effect of viscous dissipation on the fully developed forced convection in porous media for the temperature distribution in the transverse direction was studied extensively [148,149,150]. These works elaborate on the heat transfer characteristics and frictional heating effects. It was observed that the temperature distributions are a vital function for the Darcy friction factor and Brinkman number for both the cooling and heating processes. Recently, Mukherjee et al. [151] studied the fluid rheology and viscous dissipation effect on heat transfer in forced convection microchannels with different cross-sectional geometries. It highlights that for all the geometries, the Nusselt number inversely varies with the Brinkman number at a constant heat flux or wall temperature. The effects of viscous energy dissipation due to nanoparticle volume fractions in nanofluids were investigated by many researchers [148,152,153], and the energy dissipation, temperature distribution, and entropy generation were prominently affected due to the increase in irreversibility. Ting et al. [154] established a closed-form solution for the temperature considering with and without viscous dissipation in the energy equation. The study of the extended Graetz problem for the gaseous slip-flow with a heating section of a finite length of micropipes and parallel-plate microchannels subject to viscous dissipation and axial conduction was carried out by Haddout and Lahjomri [155].



The charge surface-induced EDL is directly associated with the flow behavior and heat transfer, such as viscous dissipation, axial conduction, etc. [156,157]. Şen and Darici [158] investigated effects on flow rarefaction, viscous dissipation, and axial conduction in transient conjugate circular microchannels. The finite difference method was employed to solve the momentum and energy equations under the slip velocity and the temperature jump boundary conditions. Lalami et al. [159] focused on evaluating the effects of viscous dissipation and Joule heating parameters for an imposed magnetic field to enhance heat transfer at the superhydrophobic surface of a nanofluid microchannel.



Figure 2 shows the influence of the Brinkman number on heat transfer in a triangular microchannel for thermally and hydrodynamically fully developed flow for power-law fluids with viscous heat generation at a constant wall heat flux [151]. At a particular Brinkman number (Br) and power index (N = 0.8) in forced convection, the shear thickening fluid has a lower development length than the shear-thinning fluid, irrespective of the thermal boundary conditions. The energy generation due to the viscous effect is more prominent in shear-thickening fluids than in shear-thinning fluids, with the same flow as illustrated in Figure 2a. Chen and Tso [138] investigated Nusselt number variation with Da for different Brinkman numbers for Newtonian and non-Newtonian fluids. They highlighted that for a Darcy factor Da < 0.3, the shear thickening fluid dominates over the shear-thinning fluid, while the reverse is true for Darcy factor Da > 0.3. The range of Darcy factor (0.0001 < Da < 0.1) becomes pronounced for the viscous dissipation in non-Newtonian fluids. However, Newtonian and non-Newtonian fluids have the same value when Da = 0.2, as shown in Figure 2b. For a small Br, viscous dissipation’s effect is significant for a non-Newtonian fluid having a Da greater than 1.




4.3. Effects of Thermal Radiation


A slight temperature difference between the wall and the local temperature of the electrolytic solution largely influences the heat transfer in microchannels [160]. Notably, a temperature potential without the penetration of the incident radiation at the boundary wall of the channel employs in the involvement of the thermal aspects. It depends on the difference between the fourth power of the wall temperature and fluid temperature to approximate a linear function [161]. Nevertheless, electromagnetic interactions are present in micropumps, microelectronics, and micro heat exchangers [162], where the fluid is an essential medium for heat transfer. The molecular interaction of fluid due to the exchange of the radiation heat transfer in microchannels enhances the overall heat transfer at a constant wall temperature. Besides, nonlinear radiative term in the energy equation and conjugate convection-radiation heat transfer at the boundary surface is more general for the heat transfer and fluid flow analysis in microchannels.



According to the Rosseland approximation [162], the radiative heat flux is    q r  = −    (  4  σ ∗  ∂  T 4   )   /   (  3  k ∗  ∂ y  )     . It assumes the temperature difference in the flow system expressed a linear combination of the temperature. The term T4 expands using the binomial theorem with the reference wall temperature in the following:


   T 4  =  T w 4  + 4  T w 3   (  T −  T w   )  + 6  T w 2     (  T −  T w   )   2  + 4  T w     (  T −  T w   )   3  +    (  T −  T w   )   4   



(1)







Neglecting the higher order terms, we have:


   T 4  = 4  T w 3  T − 3  T w 4   



(2)







Gorla and Bakier [163] calculated the effect of radiation and natural convection on heat transfer in porous fins. The heat transfer in porous and solid fins was determined with and without radiation. Compared with both cases, it was found that the radiation parameter contributes to the heat transfer more than that of the convection solely. Lopez et al. [164] analyzed the entropy production and heat transport in a magneto-hydrodynamic nanofluid through a porous vertical microchannel with nonlinear thermal radiation. They performed the analysis numerically using the Runge–Kutta and shooting techniques. However, conjugated convective radiation involves heat transport by nonlinear-thermal radiation, viscous dissipation, and Joule heating. Kundu et al. [165] developed an appropriate model for calculating optimum heat transfer in different radiation porous fins. An extensive analysis of the Adomian decomposition method for energy transfer from a porous fin for three possible cases highlighting radiation mode was proposed by Kundu and Bhanja [166]. Recently, Das and Kundu [167] estimated the heat generation and magnetic field from the fin surface temperature information for heat transfer in radial porous fins exposed to radiation environments.



Radiation effects have significantly influenced blood flow; there are several practical applications in medical treatments, biomedical engineering, thermal therapeutic analyses, etc. Especially, the radiation effect treats muscle pain, muscle spasms, heat therapy, and permanent shortening of the muscle. He et al. [168] studied the human breast’s blood flow, temperature distribution, and oxygen transport in tumors. Laser irradiation is an adjuvant method in treating cancer cells using one-dimensional pulsating flow.



In the case of polymer processing industries, the final quality product depends on heat transfer, where thermal radiation acts as a significant character in flow dynamics. In fluid flow and heat transfer, thermal radiation effects are essential for advanced thermal design systems. Under thermal radiation and ohmic dissipation, Pal and Mondal [169,170] determined the particle deposition from the development of thermophoresis. They found the transport phenomena that occurred under a magnetohydrodynamic field over a wedge. Sinha and Shit [171] reported a comprehensive analytical analysis of the electro-magneto-hydrodynamic energy transport of the blood fluid with thermal radiation. Nazeer et al. [172] deliberated the electroosmotic flow for a third-grade fluid in the presence of thermal radiation to determine the velocity and temperature distributions between two parallel plates in microchannels.





5. Hydrodynamic Slip and Thermal Jump at Boundaries


Molecular dynamic simulations usually examine the flow boundary conditions between two flat walls [173]. It always needs assumptions on the fluid motion at the solid interface. No-slip boundary condition is one of the most natural and simple boundary conditions, which denotes zero relative speed of the elemental fluid neighboring the solid surface. Slip and jump conditions represent a discontinuity of transportation variables crosswise the interface (as shown in Figure 3).



Helmholtz [174] discovered possibility of liquid slip by considering a small order of magnitude of molecular velocities. However, this situation nullifies the interfacial slip in a large-scale system. Microscale and nanoscale transport phenomena alter the macroscopic condition due to interactions of solid-liquid particles, which becomes more dominant for an elevated surface-to-volume ratio of fluid particles and for tiny length scales in the analysis. The boundary conditions are susceptible to the wetting properties, electrical properties, dissolved gases, shear rates, molecular roughness, pressure drop, friction at the solid surface, and fluid-structure near the wall [175]. The slip flow has a slip length, a non-physical quantity, and it measures the backward distance from the boundary wall where the slip speed extrapolates to zero [176]. Navier [177] proposed a first-order slip simple model to correlate tangential slip speed and shear rate at the solid interface as follows:


  V = −  α 1    d V  /  d X    



(3)




where α1 is a dimensionless slip parameter, V is a dimensionless slip speed, and X is a dimensionless coordinate normal to the wall surface shown in Figure 3a. Poisson suggested the temperature jump similar to Equation (3) as:


  θ = −  γ 1    d θ  /  d X    



(4)




where    γ 1    is a non-dimensional first-order temperature jump parameter and X is a non-dimensional coordinate normal to the wall illustrated in Figure 3b.



It highlights that Navier slip conditions still exist when the local shear deformation rate at the interface is lower than the critical shear rate. The deviation of the fluid flow from the continuum depends on the Knudsen number (Kn) [96]. It is defined as the ratio of the mean free path (λ) of molecules to the characteristics length (dh) of the channel, and, reasonably, the flow regime of the Knudsen number varies from 0.001 to 0.1. In the slip flow regime, the solution of the momentum Navier–Stokes (N-S) equation needs to modify with slip conditions at the solid-liquid interface. Thompson and Troion [173] theoretically studied the degree of slip at the boundary. It depends on several interfacial parameters, including the strength of solid-liquid coupling, rarefaction, thermal roughness of the interface, etc. Two types of slip are analyzed for the Newtonian fluid flow: true slip and apparent slip. A true slip occurs for the actual slipping of the fluid molecules over the solid surface, whereas the apparent slip opposes the true slip. It refers to fluid sliding over a less viscous layer [178,179].



For non-Newtonian fluids, polymer dynamics explain the slip flow velocity, whereas, for Newtonian fluids, the shear-rate-dependent flow in channels [180] determines it experimentally. In the above cases, analyzing the flow in microchannels is very complex because the shear rate is a function of viscosity. A moving bulk fluid flow over the polymer grafted surface was critically analyzed in three slip regimes [178]—the bulk polymer was unchanged from the surface polymer in no-slip conditions with lower shear rates. At the critical shear rate, the detachment of the bound polymer begins from the scratched surface polymer, and consequently, a sliding between bulk and surface layers occurs. The slip reaches a peak upon complete dissociation until it becomes a constant. Then, the bulk flow effectively disconnects from the surface polymer layer.



Maxwell [181] first introduced the slip phenomena in gas molecules on a solid surface based on the kinematic theory of monoatomic gases: molecules, modeled as a rigid sphere, always strike and reflect from the solid surface and incessantly collide with each other. A hydrophobic surface absorbs and reflects entirely. For this surface, it assumes that the surface absorbs    σ v    of the molecules due to the unevenness of the wall and remits with a velocity relative to those in still gas at the thermal wall state. The remaining molecules    (  1 −  σ v   )    reflect from the wall. Therefore, the non-dimensional coefficient    σ v    is termed the tangential momentum accommodation coefficient. When    σ v    = 0, it indicates the tangential momentum of incident molecules equal to reflected molecules and momentum transmitted to the wall vanishes. This type of reflection is known as specular reflection. However, the gas molecules transmit all their tangential momentum to walls for    σ v    = 1. This type of reflection is termed diffuse refraction. The slip velocity can be expressed mathematically as:


   v  s l i p   =  v  g a s   −  v  w a l l   =   2 −  σ v     σ v    λ    (    ∂ v  /  ∂ n    )   w  +  3 4   μ  ρ  T  g a s        (    ∂ v  /  ∂ n    )   w   



(5)




where  λ  is a mean free path and      (    ∂ v  /  ∂ n    )   w    is a velocity gradient normal to the wall. Smoluchowski [182] experimentally verified the hypothesis that the first-order temperature jump    γ 1    relates to the mean free path   λ .   Like a slip velocity, the fraction    σ T    is the molecules reflected from the wall and the wall adjusts their mean thermal energy. Therefore, the molecules reflect from the walls due to the temperature difference between the fluid and adjacent to the wall. The other fraction of molecules    (  1 −  σ T   )    reflects with their incident thermal energy. The dimensionless    σ T    represents the thermal accommodation coefficient. From the energy balance at the wall, the temperature jump condition was as below:


   T g  −  T w  =  (    2 −  σ T     σ T     )       (    2 γ   λ + 1    )       (   λ  Pr    )         (    ∂ T   ∂ n    )   w   



(6)




where   Pr =   μ  c p   /   k T      is the Prandtl number.



Several researchers have engaged to develop the slip flow model by extending to the continuum model. Recognizing the Taylor series expansions, the boundary conditions were derived by Deissler [183] as given in Equations (7) and (8), and the boundary conditions recommended by Karniadakis et al. [184] are in Equations (9) and (10):


     v |    x = 0   =  (    2 −  σ v     σ v     )  λ   ∂ v   ∂ x   −  9 8   λ 2   (     ∂ 2  v   ∂  x 2    +  1 2     ∂ 2  v   ∂  y 2    +  1 2     ∂ 2  v   ∂  z 2     )  +  v c   



(7)
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     T |    x = 0   −  T w  =    (  2 −  σ T   )     σ T     (    2 γ   γ + 1    )   1  P r      [  λ   ∂ T   ∂ x   +    λ 2   2     ∂ 2  T   ∂  x 2     ]    x = 0    



(10)




where  γ  is the specific heat ratio. The value of momentum and thermal accommodation coefficients ranges from 0 to 1.



Interfacial boundary conditions are not only the fundamental importance but also the physical modeling of modern applications involving MEMS, biology systems, colloid chemistry, etc. The fluid slip has a vital role in reducing flow resistance in microchannels; it associates with increased permeability of the porous medium. Microscale pumps use in both drug delivery and microelectronic cooling with varying degrees of slip [185,186]. In gaseous flow, the slipping phenomenon is crucial for the hard-disk driver at the head-disk interface. The kinetic theory framework describes the gas-solid slip. The existence of thermal resistance at the boundary or the equivalent temperature discontinuity is for the interfacial transport of phonons. Sound typically travels at a velocity at an order of magnitude higher in solids compared to that in liquids. An abrupt change in molecular structures mismatches acoustic properties from one medium to another by the large impedance [187,188,189]. The effect of the temperature jump reflects the energy disruption. By molecular dynamic simulation, the amount of temperature jump depends on the surface roughness and wettability of the surface. Kapitza [190] first discovered the temperature jump at the solid-liquid interface for superfluid helium at a temperature of 2 K.



Gad-el-Hak [191] studied a range of slip flow defined in the rarefied regime. When the Knudsen number is 0.1, the Navier–Stokes (N-S) equation is still valid. They are related to the Maxwell and Smoluchowski boundary conditions, which deal with the hydrodynamic slip and the thermal jump at the wall surface. Taylor’s series expansion shows that velocity and temperature at the solid wall are directly proportional to their transverse gradients. When the Knudsen number increases to 0.1 or slightly above, a higher-order term of Taylor’s series expansion is necessary. Colin et al. [192] studied the second-order slip flow in rectangular microchannels. They have found that the first-order slip is not valid at a higher value of the Knudsen number. Thus, the difference between the predicted model and the experimental data becomes significant. An increasing rarefication effect decreases outlet pressure, which significantly influences the difference between the no-slip and first-order slip or second-order slip from the experimental data.



Colin [193] analytically investigated the steady gaseous flow in rectangular microducts, satisfying the second-order slip boundary conditions. The mass flow rate is lower for no-slip states. However, a square cross-section of a microduct shows a prominent effect of the second-order slip. An increasing aspect ratio of geometry significantly differs between the second-order and first-order slip models. The maximum deviation of 13% (difference between the second- and first-order slips) occurs in an aspect ratio with the 0.08 Knudsen number. Some works for the velocity distribution [194] and the temperature distribution [195,196] were analyzed for steady laminar flow with the first-order slipping case in ducts with an arbitrary aspect ratio and Knudsen number in the absence of electrokinetic effects.



At a relatively low pressure, the pressure drop along the channel is a fraction of the absolute pressure, especially for long ducts. However, for the constant temperature wall condition, a change in density along the duct occurs, and subsequently, the variation of momentum flux is due to the compressibility effect [197]. For the density difference, solving N-S equations is complicated. For ease of analysis, the isothermal wall and fully developed flow to determine the velocity and pressure drop in rarefied gas flow through rectangular and annular ducts with the first-order slip are considered.



Slip/Jump on Electrokinetic Flow


The physical aspects of the electrokinetic phenomenon for the velocity slip need to comprehend the design and operation of microfluidic flow in MEMS. Yang and Kowk [198] and Park and Kim [199] established the fully developed laminar electrokinetic oscillating flow subjected to an external electric field with Navier’s first-order slip condition. The results showed that actual and apparent zeta potentials differ by at least an order of magnitude for an electrolytic solution with the 1% slip. Later, Yang and Kwok [35,46] and Marcos et al. [200] introduced a time-dependent pressure-driven and electrokinetic first-order slippage flow in a rectangular-cross section by developing a 2D model, where the slippage and the pressure-driven characteristics counteract the effect of the EDL.



In the above context, the liquid slip occurs over the hydrophobic surface [201] for the significant zeta potential in electrolyte solutions. By combining electrokinetic and pressure-driven with the first-order Navier’s slip condition, the oscillating flow in rectangular [202,203,204,205,206,207] and circular [208,209,210] microchannels increased the flow efficiency. It was found that 10% slip length in a specific electrolyte solution enhances the flow rate by 20%. On the other hand, the voltage drop in an electrolyte solution reduces to 90%, having a 1% slip length and 99% for the 10% slip length.



Zhu et al. [211] analytically studied the thermal behavior with asymmetric heat fluxes in microchannels under the boundary conditions of the second-order slip velocity and temperature jump. Hooman et al. [212] determined a closed-form solution based on the perturbation technique for the hydro-dynamically and thermally fully developed flow through microchannels and micropipes. Their analysis employed the first-order velocity slip and the temperature jump to obtain the effect of viscous heating and variable thermal conductivity on thermal conditions. Hooman [213,214] investigated heat transfer and fluid flow analyses for hydro-dynamically and thermally fully developed rectangular microchannels. Their investigations focused on determining the effects of first-order slip and temperature jump on heat transfer rate. Ranjit et al. [215] analyzed the two-layer propulsion-driven flow in a varying microchannel with the first-order velocity slip and temperature jump at boundaries. They showed that viscous dissipation, Joule heating, and entropy generation strongly influence the velocity and temperature fields. Jiang et al. [216] experimentally analyzed a combined pressure-driven electroosmotic flow in T-shape microchannels.





6. Theory of Electro-Hydrodynamic (EHD) Flow


Electrohydrodynamic flow interacts with the charged particles in an electrolytic solution to enhance fluid flow rate. Such a fluid’s electrical conductivity varies from an excellent insulator to a highly conducting fluid. Electrohydrodynamic interactions occur in the metrology field where the charge distribution in the air is very significant (thunderstorm). In the case of surface physics, the charge distribution at the interface is substantial [217]. The electrohydrodynamic pump is more advantageous than the conventional pump because there is no moving part.



Some critical applications of electrohydrodynamics are polyelectrolytes [218] and DNA molecules and proteins [219]. These are examples of polyelectrolytes. Electrohydrodynamic spraying techniques [220] are other applications in which liquid menisci deforms under the electric field [221]. In EHD pumps, the pumping motive source is the Coulomb force, where the zeta potential produces the fluid [222]. The organic solution’s thermal conductivity is very low (ethanol, methanol, etc.). However, it is useful in medical and biological applications because it has high ionic aqueous solutions [223].



6.1. Effects of Electric Fields on Rectangular Microchannel Flow


The literature on microchannel flow has already reported many analytical and numerical studies of mixed electrokinetically pressure-driven flows and heat transfer behavior in Newtonian fluids through rectangular microchannels for combined effects of various factors with no-slip [30,38,40,44,81,84,103,106,224,225,226,227,228,229] and first-order slip [199,206,230,231] states.



The visco-elastic differential equations were derived using shear-thinning viscosity, normal stress, memory effects [232,233], saliva [234], fluids with simplified-Phan-Thien-Tanner (sPTT) [235,236], and nonlinear elastic-Peterlin (FENE-P) for microchannel flows. Analytical solutions were developed for microchannels’ combined electroosmotic and pressure-driven flow to determine velocity and temperature fields with no-slip [237,238,239,240,241,242,243,244,245,246,247,248] and first-order slip [249,250,251]. Their investigations have described the sPTT model with the linear kernel and FENE-P model-based kinetic theory. Mukherjee et al. [252] studied the electroosmosis phenomenon during fluid flow between two parallel plate microchannels having finite-size ions. They considered the Navier slip conditions at the channel wall by imposing an electric field. Bandopadhyay et al. [253] determined the velocity for time-periodic electroosmotically driven viscoelastic fluids for the modulated charge surface in microchannels. The time-dependent oscillating flow in rectangular microchannels in the presence of EDL was examined by Yang et al. [254] and Peralta et al. [255]. The dispersion coefficient described in the sPPT model of a passive solute in combined effects of hydrodynamic slip and non-uniform charge in a parallel plate microchannel was studied by Arcos et al. [256] and Hoshyargar et al. [257]. The fully developed flow in a polyelectrolyte layer grafted in a slit microchannel was deliberated by Sadeghi et al. [258] in the unsteady solute dispersion.



The augmentation in mixing in microdevices is not suitable for the low Reynolds number. In this case, the mixing velocity is relatively small; therefore, additional forces are required, such as an electrical and rotational actuation [45,259,260,261]. For the importance of a lab-on-a-CD (compact disk) type device in biological and medical systems, the system analysis is done based on the Coriolis force components rotating about an axis perpendicular to the axis in microchannels [262,263]. Velocity profiles for the transient electroosmotic flow of Maxwell fluid in rotating [264] and rectangular [265,266] microchannels were systematically investigated at the no-slip boundary condition. Several authors [267,268,269,270,271,272,273,274] studied analytical solutions for the transient electroosmotic flow in rotating microchannels. Siginer et al. [275] analyzed the velocity and temperature distributions in unsteady rotating rectangular microchannels using the second-order slip without electrokinetic phenomena. Shit et al. [276] examined the rotating electroosmotic Newtonian fluid in a gradually varying shape of a microchannel with a high zeta potential using the finite difference method. The rotating combined electroosmotic and pressure-driven flow of power-law fluids in two infinitely microparallel plates at a high zeta potential was developed by Yavari et al. [277] and Xie and Jian [278]. By applying the finite difference method, they computed the flow field’s velocity profile, which depends on the power-law behavior index, Coriolis force, and thermal physical parameters.



As most bio-fluids, such as blood, shampoo, foams, polymer melts, etc., are under electroosmotic actions, the accurate analysis of thermal characteristics of fluids is required to design lab-on-a-chip devices. Previous studies showed that the electroosmotic fully developed flow behaves similar to non-Newtonian power-law fluids [89,91,92,94,156,279,280,281,282,283,284,285]. A Poisson–Boltzmann equation [93,206] determines the velocity profile of fully developed flow in micro (or nano) channels predict electrokinetic effects. The available literature highlights the analysis connected with the thermal transport of mixed electroosmotic and pressure-driven fully developed flow between two parallel plate microchannels subject to constant heat flux and wall temperature with Joule heating and viscous dissipation effects [76,107,286]. Furthermore, Dey et al. [287] studied an extended steric impact along with mentioned conditions. Based on the high zeta potential, several researchers investigated the velocity and temperature distribution for the combined pressure and electroosmotically driven flow in microchannels [104,120,288,289,290,291]. Shojaeian and Koşar [292] presented the perturbation technique to determine the heat transfer for hydrodynamically fully developed and thermally fully developed power-law fluids for the flow in the parallel plate and circular microchannels under the constant heat flux and slip boundary conditions. Saravani and Kalteh [293] investigated the effect of the nanoparticle volume fraction and first-order velocity slip at the boundary to study the thermal characteristics of nanofluid flow in a microchannel. Gaikwad et al. [294,295] showed the combined effects of viscous dissipation and Joule heating, including slip effects on heat transfer with the principle of entropy generation in asymmetrically heated microchannels. Nayak et al. [123] examined the electroosmotic pressure-driven flow of non-Newtonian power-law fluids in a hydrophobic channel. They derived a closed-form solution for the flow velocity and heat transfer with Joule heating and radiation effects.



Many researchers [296,297] focused on the combined pressure-driven electroosmotic flow with axial conduction, viscous dissipation, and Joule heating effects. They determined heat transfer in two semi-infinite regions in the microchannel at a low Peclet number. The periodic flow [298] in microfluidic devices plays a vital role in EDL effects. Hoshyargar et al. [299] analyzed the osmotic flow of an electrolyte solution for a uniform charge surface in rectangular microchannels by applying the finite element method. Zhu et al. [300] evaluated power-law fluids’ velocity, friction factor, and volumetric flow rate through a periodic rectangular microchannel. Jimenez et al. [301] analyzed the two-dimensional electroosmotic flow of the Maxwell fluid with a high zeta potential in rectangular microchannels. They reported the oscillating behavior of the velocity profile. Later, Wang et al. [302] extended the work [301] for the first-order velocity slip at the solid-liquid interface for the rotating electroosmotic flow in a parallel plate microchannel. A combined steric and visco-electric effect on a hydrodynamic-electroosmotic flow in a microchannel under the high zeta potential was examined by Jimenez et al. [303]. Xing and Jiang [304] focused on steric and first-order slip effects in soft nanochannels for electroosmotic flow. Based on the lubrication theory, Ramos et al. [305] presented a perturbation analysis for the non-isothermal electroosmotic flow in rectangular microchannels to obtain the dependency of thermal parameters. Koushik and Chakraborty [306] and Jiang et al. [307] presented a start-up transient 2D flow of viscoelastic fluid by developing an Oldroyd-B model. However, the rotational flow [308] in rectangular microchannels was analyzed from an extended work [306]. Using the finite difference method, Liang et al. [309] explored the rotational electroosmotic flow of the Oldroyd-B fluid in microchannels with the first-order velocity slip.



The electroosmotic first-order slip flow of the fractional second-grade fluid in a parallel plate microchannel was investigated by Wang et al. [310] and Dey and Shit [311]. Huang and Yang [312] studied the electrokinetic streaming potential in squeezing liquid flow to evaluate the flow velocity and energy conversion efficiency. Matin [313] studied the electroviscous effects of the EDL at the solid-liquid interface on the fluid flow and heat transfer between two parallel plates in microchannels to portray the impact of the velocity slippage, viscous dissipation, and Joule heating. Sadeghi et al. [314] evaluated the Nusselt number for the thermally fully developed mixed electroosmotic pressure-driven flow in rectangular microchannels maintained at a constant wall heat flux or wall temperature in viscous dissipation and Joule heating conditions.



Zhao et al. [315] established the Buongiorno model of nanofluid flow and heat transfer between two parallel plates’ microchannels. The influence of Joule heating on heat transfer in a slowly varying microchannel having Navier slip was reported by Mondal and Shit [316]. This flow system with the no-slip situation was analyzed by Nadeem et al. [317]. Using the finite volume method, Bag and Bhattacharyya [318] studied the electroosmotic flow of non-Newtonian fluid. They found a significant effect on the rheological behavior of flow patterns. Chen and Jian [319] and Qi and Ng [320] deliberated the rotating electroosmotic flow in the microchannel in detail. They obtained analytical solutions for the electrokinetic energy conversion efficiency, streaming potential, and velocity in a microparallel channel, considering the rotational influence. The electroosmotic flow of power-law fluid in curved microchannels was investigated by Nekoubin [321]. He showed that at a high zeta potential, the reduction in flow behavior index increases the axial velocity and volume flow rate. Kamali et al. [322] investigated the effect of roughness on the 2D electroosmotic flow in a flat microchannel using the Lattice–Boltzmann method (LBM). Sadek and Pinho [323] studied the oscillating flow with small amplitude by adopting the multimode upper convected Maxwell (UCM) model of viscoelastic fluid in microchannels.




6.2. Effects of Electric Fields on Flow in Non-Rectangular Microchannels


Rice and Whitehead [324] scrutinized a fully developed electrokinetic flow for the Newtonian fluid in a narrow cylindrical capillary. Using the Bessel function of the first kind, they obtained the velocity and streaming potential with the Debye–Hückel linearization approach at a low zeta potential. Later, Levine et al. [325] extended the work of Rice and Whitehead [324] by a semi-analytical analysis with a high zeta potential. A transient electroosmotic flow in a cylindrical capillary was analyzed by Kang et al. [326], solving a complete Poisson–Boltzmann equation for anarbitrary zeta potential. After that, many researchers concentrated on the heat transfer characteristics in microtubes. Maynes and Webb [327] investigated the electroosmotically generated convective transport in a parallel plate and circular microtube subject to maintaining a constant heat flux and wall temperature. Najjaran et al. [328] investigated the induced charge electrokinetic phenomenon to intensify microchannels’ convective heat transfer and mixing process. Liechty et al. [329] examined the hydrodynamically and thermally fully developed electroosmotic-microtube flow for the high zeta potential at the wall. They reported that the wall zeta potential and Joule heating significantly affect the heat transfer. Some studies involved the fully developed electrokinetic analysis for the heat transfer in circular shape microchannels with constant heat flux and wall temperature at no-slip/jump boundary conditions [80,143,146,330,331]. These works analyzed the hydrodynamic-electrokinetic driven flow in an annulus to evaluate the electrical potential and velocity profile [85,332,333,334].



Most studies have addressed microchannels’ electrical double layer and fluid interaction under steady-state conditions. Some studies have concentrated on the time-dependent phenomenon without the electrical double layers in flow through microchannels. The time-dependent electrokinetic flow in microchannels by applying an electric field was reported with the no-slip [335,336,337] and first-order slip [210]. Zhao et al. [338] reviewed Oldroyd-B fluids in a straight pipe with a circular cross-section. The blood flow in a tapered microvessel was demonstrated by Prakash et al. [339], whereas Hsu et al. [340] engaged the steady-state analysis in elliptical microchannels. Deng et al. [341] concentrated on the two-layer mixed electroosmotic pressure-driven flow with power-law fluids in circular microchannels. A mathematical model for peristaltic pumping flow in a wavy microchannel with the first-order velocity slip and first-order temperature jump was developed by Prakash et al. [342]. Narla et al. [343] conducted the transient 2D flow analysis in wavy microchannels under low zeta potential. It is noteworthy that the electroosmosis phenomenon improves the fluid motion in microchannels.



Ren and Li [344] and Masilamani et al. [345] examined the electroosmotic flow at a high zeta potential in cylindrical microchannels. Chakraborty [346], Azari et al. [347], and Matías et al. [348] determined a closed-form solution of thermally fully developed flow in microtubes. They focused mainly on combined influences of electroosmotic flow, imposed pressure gradient, and Joule heating effects with no-slip conditions. In contrast, Azari et al. [349] paid attention to the Graetz problem in a circular microchannel. Chang et al. [350] investigated a perturbation technique for the electroosmotic microtubes with slightly corrugated walls. Monazami and Manzari [351] developed a finite element method-based analysis for the two-dimensional pressure-driven electroosmotic flow in a square microchannel. Electroviscous effects in the two sections with different zeta potentials on the pressure-driven flow through a microchannel were determined by Cetin et al. [352]. Using the finite difference method, Bharti et al. [353] studied electroviscous effects in a cylindrical microchannel with a non-uniform zeta potential in power-law fluids. Deng [354] attempted the analysis of the electroosmotic flow in power-law fluids at a high zeta potential in a cylindrical microchannel. This study shows that the flow behavior index, zeta potential, and electrokinetic width play a significant role in velocity and volumetric flow rate distributions.



Sun et al. [355] analyzed the combined electroosmotic and pressure-driven flow considering the finite Debye length through an insulated sharp straight microchannel under a direct current. Moghadam [356] developed a solution for AC electrokinetic flow in circular microchannels. The electroosmotic mixing flow in an optimized geometry was studied numerically by Basati et al. [357]. In a time-periodic electric field, they determined the flow velocity using the combined Green function and modified Bessel function of the first kind. Peralta et al. [358] deliberated the time-periodic electroosmotic flow through an annulus microchannel for the Maxwell fluid. Cho et al. [359] reviewed the electrokinetically driven flow in microchannels with wavy surfaces. In contrast, Guo and Qi [360] established an analytical method for electroosmotic fractional Jeffrey’s fluid flow in microchannels. Cho et al. [361] performed microchannels’ combined electroosmotic and pressure-driven flow characteristics. The results highlight that the flow characteristics depend on the flow behavior index of the non-Newtonian fluids, as described by the power-law model.



Ng and Zhou [362] observed the dispersion of a neutral non-reacting solute under the combined effect of hydrodynamic slip and non-uniform charge in a circular microchannel. An electroosmotic-oscillatory flow of power-law fluid in hydrophobic slit microchannels was demonstrated extensively by Banos et al. [363]. They determined the fluid rheology and mass transport with the first-order slip. Karabi and Moghadam [364] interpreted the effects of non-Newtonian electroosmotic flow in a semi-microtube under the influence of a constant wall heat flux. Peralta et al. [365] studied the asymmetric zeta potential for the electroosmotic-viscoelastic biofluid flow in parallel plate microchannels, where an electric field was applied to pulsatility for fluid motion. The Joule heating effect strongly influences the thermal behavior of electroosmotic flow in circular microannulus [366] and elliptical microchannels [367]. Srinivas [368] used the electroosmotic flow of a power-law fluid in an elliptical microchannel and compared the flow characteristics with that in the circular microchannel. Yavari et al. [366] showed that the heat transfer at constant heat flux depends on the ratio of annulus radii in the flow field. Using the Lattice-Boltzmann method (LBM), Kamali et al. [322] investigated a dynamic 2D model for the electroosmotic flow, taking an overlapped EDL. Zhao et al. [369] investigated a microtube’s electroosmotic nanofluid flow thermal transport characteristics. This study concluded that the first-order slip condition and nanoparticle volume fraction have a significant role in heat transfer augmentation. Due to the rapid development of electroosmotic flow in circular microchannels, many researchers have devoted a lot of effort to studying various non-Newtonian flow models, such as Erying fluid [370,371], binary fluid [372,373], and Bingham fluid [374,375,376] with/without slip boundary conditions. Rojas et al. [377] analyzed the electroosmotic-pulsatile fluid flow in circular microchannels with slippage at the wall surface.





7. Theory of Electro-Magneto-Hydrodynamic (EMHD) Flow


Magnetohydrodynamics (MHD) is one of the key areas, thus attracting many researchers. It is the study of flow for electrically conducting liquids in the presence of electric and magnetic fields [378]. Ritchie [379] studied liquid flow due to the magnetic field imposed in the transverse direction. In general, an electro-magnetohydrodynamic (EMHD) micropump works based on the Lorentz force exerted. The Lorentz force is a motive to pump a medium, aqueous solution in biological applications. The MHD micropump has remarkable advantages, such as flow control, flow pumping, thermal reactor, microcooler, fluid mixing, no moving part, low operation voltage, forward and reverse flow, chemical process, simple fabrication, etc. [50,52,380,381,382]. The MHD pump not only works for the flow control and pumping, but also induces the complex secondary fluid, producing chaotic convections and help of mixing [383,384] and string [51,385,386]. Applying electromagnetic force to the pump to control the flow is a super specialty of microfluidics, which deals with converting electromagnetic energy into mechanical energy [387,388].



The magnetohydrodynamic flow involves the interaction of free currents and magnetic fields in a fluid. Magnetohydrodynamics has many practicable applications in science and engineering, namely pumping of liquid metals, orientation and confinement of scorching ionized gases, electric power generation from ionized gases, fission reactions, and space propulsion resulting from the electromagnetic acceleration of ionized gases. The electric field has been employed in electrophoretic separation, portability, reduced power consumption, less waste material, electroosmotic pumping, and dielectrophoretic trapping [381,389,390]. Even a tiny scale improves the sensitivity as an example of a micro total analysis system (μTAS) which aims to contribute to multiple laboratory systems in one single-handed device [391]. Such a system could remodel chemical analysis in environmental monitoring, genomics, medical diagnostics, and drug delivery. Many microfluidic devices are often essential to propel fluids from one portion to another for controlling, separating, mixing, etc. [392]. Thus, the electrostatic force uses to flow around the microchannel uniformly. However, it may be challenging to have a high flow rate in the case of high electrical potential, and the solution becomes affected significantly due to generating heat.



The advantages of the external magnetic field in microfluidic channels are due to the absence of direct contact with the fluid. In biochemistry, biomolecules can be isolated from a sample using a small magnet; therefore, they are recovered by an external magnetic field. In this case, the magnetic force is never utilized by manipulated magnetic objects, such as magnetic particles, magnetically labeled cells, plugs of ferrofluids inside microchannels, etc.



Effects of Both Electric and Magnetic Fields


It has already been highlighted that a combined electro-magneto-hydrodynamic (EMHD) effect potentially develops an EDL to increment the flow rate in microchannels. Jang and Lee [52] experimentally studied that the flow rate enhances substantially using micropumps at a low magnitude magnetic field. Verardi et al. [385] investigated a rectangular microchannel for the two-dimensional magnetohydrodynamic flow to analyze using the finite element method (FEM). Electromagnetohydrodynamic transport characteristics on the hydrodynamically and thermally fully developed flow on heat transfer under a combined influence of force and pressure gradients in microchannels have been reported in the existing literature [393,394,395,396]. The Debye–Hückel approximation with the no-slip velocity and no-jump temperature boundary conditions has been employed at a constant wall temperature and heat flux conditions. Using the separation of variables, Zhao et al. [397,398,399] investigated the MHD flow of generalized Maxwell fluids in a rectangular micropump under the AC electric field. In another study, the finite-size ion (steric) affects the streaming potential and heat transfer on an electrokinetic flow with viscous dissipation, and Joule heating was discussed for power-law fluids [400,401] and Newtonian fluids [402] under the influence of superimposed magnetic fields.



Jian et al. [53] studied the effect of transient EMHD micropumps in two infinite parallel plates. The flow depends on the Lorentz force for the AC and DC EMHD pumps. Subsequently, Ganguly et al. [403] analyzed the thermally developing mixed electroosmotic transport and pressure-driven nanofluid flow with the viscous dissipation and Joule heating in a microchannel under the imposition of both the electric and magnetic fields. They estimated velocity, temperature, and Nusselt number in the presence of the volume fraction of dispersed nanoparticles and particle agglomerations with the no-slip speed and no-jump temperature boundary conditions. Under the combined influences of electric and magnetic fields in non-conducting Phan-Thein-Tanner (PTT) fluids, many investigations were involved in determining the distribution of velocity, temperature, and entropy generation [396,404]. The effect of fluid rheology on rotating electroosmotic flow was discussed for Jeffrey fluid by Liu and Jian [401]. The power-law fluid was studied by Patel et al. [405] in soft (Polyelectrolyte grafted) microchannels. Li et al. [406] analyzed Jeffrey fluid’s transient AC electroosmotic flow in a soft nanochannel. Hoshyargar et al. [407] determined the velocity and concentration profiles in fully developed electroosmotic flow in slit microchannels occurring dispersion effects. After that, Sun et al. [408], Yang et al. [57], Sarkar et al. [409], and Qi and Wu [410] presented the rotating electroosmotic and pressure-driven flow in rectangular microchannels. Their analyses adopted the Debye–Hückel approximation to estimate the velocity and temperature distributions at a constant wall temperature and wall heat flux in the electric and magnetic fields. Vargas et al. [411] combined electroosmotic-magnetohydrodynamic flow for the influence of hydrodynamic dispersion in a parallel plate microchannel. Their results showed that the varying zeta potential induced pressure gradient modifies the flow field in the channel.



Next, an attempt was made on the electro-magneto-hydrodynamic and electrokinetic effects in a micropump. Mirza et al. [412] theoretically studied a transient electro-magneto-hydrodynamic two-phase blood flow through a capillary vessel, existing the pressure gradient, joule heating effect with constant heat flux, and no-slip boundary condition. Their study ignored the impact of viscous dissipation, EDL, and imposed electric and magnetic fields, determining the thermal transport characteristics of fluid flow through cylindrical microchannels. Using the Debye–Hückel linearization at a low zeta potential, Xie et al. [413] determined the velocity, temperature distributions, and Nusselt number under the constant wall temperature, viscous dissipation, and Joule heating with the no-slip and no-jump boundary conditions. Later, Chen et al. [414] extended Xie et al.’s work [413] for the first-order velocity slip and no-jump temperature at the boundary. Zhao et al. [415] calculated the heat transfer for thermally fully developed nanofluid flow in porous microtubes at a constant heat flux. They accounted for a small wall potential to determine the velocity and temperature distributions by applying the electric and magnetic fields. They also showed that the Nusselt number and entropy generation closely relates to the Hartmann number, Brinkman number, and Joule heating parameter in the presence of an EDL thickness. Ali et al. [416] investigated the unsteady electroosmotic flow of Walters’-B fluid to analyze the heat and mass transfer in a magnetic field.



Tso and Sundaravadivelu [417] analyzed the influence of the electromagnetic field on the surface tension-driven flow in a parallel plate microchannel. Their study considered the transverse electric field by interacting with an externally applied magnetic field, neglecting EDL effects. Duwairi and Abdullah [418] and Shit et al. [419] studied the two-dimensional velocity and temperature distributions of electro-magneto-hydrodynamic (EMHD) micropump. They addressed Joule heating effects without viscous dissipation, thermal radiation, and EDL effects with the applied electromagnetic field. Buren et al. [420] and Fengqin et al. [421] extended their works [418,419] to analyze a microchannel flow with slightly corrugated walls. Munshi and Chakraborty [422] analytically studied the energy conversion efficiency under an external magnetic field in a narrow fluidic channel. Das et al. [423] and Jian and Chang [424] investigated an EMHD micropump using the Lorentz force in the presence of a spatially nonuniform magnetic field to determine the velocity profile in narrow fluidic channels. Using the finite difference method, Moghaddam [425] investigated the transient MHD micropumps of a two-dimensional power-law fluid in rectangular microchannels without EDL effects. Jian [426] reported the transient MHD flow in a parallel plate microchannel with mixed electroosmotic and pressure-driven impact and took into account the influence of Joule heating and viscous dissipation. Shit et al. [427] and Ranjit and Shit [428] developed mathematical models for the peristaltic flow of a coupled stress fluid with electric and magnetic fields. Kiyasatfar and Pourmahmoud [429] studied the MHD non-Newtonian electroosmotic flow in a square microchannel using a numerical technique based on the finite difference method in the presence of viscous dissipation and Joule heating effects.



Liu et al. [430] and Mondal et al. [431] calculated the velocity and heat transfer of EMHD flow through a curved rectangular microchannel in the presence of the vertical electric field and radial magnetic field. They highlighted that the entropy generation rate strongly depends on the velocity and temperature distributions. Ranjit and Shit [432] and Ramesh et al. [433] carried out a mathematical model in coupled stress-fluid driven by the influence of pressure gradient, peristaltic pumping with electric and magnetic fields subjected to the first-order velocity slip and temperature jump boundary conditions. They observed that the electroosmotic flow in the entropy generation and Joule heating dramatically depends on the velocity and temperature distributions. The effect of Joule heating, dissipation of energy, the volume fraction of nanoparticles, entropy generation, and mixed convection in EMHD nanofluids through an asymmetric channel was discussed by Noreen et al. [434]. Ghosh [435] studied the pressure-driven electrokinetic flow interaction between electrical double layer and electromagnetic fields in confined non-linear Phan-Thein-Tanner (PTT) fluids. Wang et al. [436] proposed the unsteady transient EMHD flow in a fractional Oldroyd-B fluid under a microchannel’s electroosmotic and pressure gradient mix. They derived the velocity distribution by employing the Laplace and Fourier cosine transforms for the slip at the boundaries. Elmaboud [437] introduced the transient Caputo-Fabrizio time fractional of an electroosmotic generalized Burgers’ fluid flow through a microannulus. Using the finite Hankel and Fourier transform, Khan et al. [438] theoretically analyzed the flow dynamics of the generalized Burgers’ fluid in a cylindrical domain.



Turkyilmazoglu [439] studied the heat and mass transfer characteristics of magnetohydrodynamic flow for the velocity slip and thermal slip on a permeable stretching surface and observed the influence of viscous dissipation and Joule heating effects. Furthermore, Turkyilmazoglu [439] extended his work to multiple solutions for the viscoelastic fluid [440,441]. Chamka et al. [442] determined the heat transfer of MHD nanofluids in a rotating system between two surfaces subjected to thermal radiation and viscous dissipation. The MHD effects enhance the skin friction coefficient for a sheet with stretching was investigated by Turkyilmazoglu [443,444]. Using the Fourier transform, Turkyilmazoglu [445] analyzed the heat transfer in MHD flow in microchannels. He observed that the MHD significantly controls fluid motion and circulation rate. Sheikholeslami et al. [446] investigated the nanofluid flow with influences of the magnetic field between two pipes. The effect of the Hartmann number on the velocity and temperature profiles in a parallel plate microchannel was extensively discussed by Salehi et al. [447] and Hosseinzadeh et al. [448]. Sheikholeslami and Ganji [449] studied magnetohydrodynamics in a nanofluid flow between two parallel plate sheets. Their study took into account the viscous dissipation and Joule heating. The impact of the magnetic field on the nanofluid for buoyancy flow over an expending sheet was discussed by Dogonchi and Ganji [450]. They showed that the velocity and temperature reduce with an increase in thermal radiation. Mahapatra and Bandopadhyay [451] combined the electroosmotic and pressure-driven Oldroyd-B fluid in microchannels. They highlighted the velocity slip flow at a high zeta potential in the presence of thin EDL.





8. Enhancing Microchannel Mixing and Separation


Various experimental and theoretical pieces of research identified mixing processes in microfluidic systems. Most of them focused on enhancing mixing efficiency by passive or active methods. For passive mixing, complex channel geometries play a vital role in increasing the interaction between two fluids to achieve complete mixing with a short transport distance [452]. However, active mixing methods introduce external energy into the mixing process to enhance the mixing efficiency. Generally, an external force does not apply in passive micromixers, and mixing is achieved only in twisted flow geometry. In the case of the laminar flow, the mixing is due to molecular diffusion. One of the strategies to improve efficiency is to increase the interface of the two fluids and reduce the diffusion path between them [453]. Therefore, active methods have broad applications, such as droplet-based mixing [454], time-periodic mixing [455], multi-step mixing [456], etc. Due to their easy fabrication and integration, passive micromixers engage widely. Passive mixers are popular in chemical [457] and biological [458] microfluidics. Moreover, micromixer chips can mix samples with enzymes, and thereby, detect the concentration of excessive pesticide residues in food with less cost and high sensitivity [459]. Several methods have been beneficial for high production requirements, such as low-cost device fabrication, high mixing performance, and ease of operation [460]. In addition, studies have been on improving the mixing efficiency and controlling the fluid motion in the EOF. Active micromixers improve mixing by magnetically [392], mechanically [461], electrically [462], and acoustically swirling [463] fluid streams. Passive micromixers have two common types. One is lamination-based mixers [464] and the other types are chaotic advection-based mixers [465], 3D serpentine mixers [466], zigzag or waveform mixers [467], micromixers with patterned blocks [468], obstacles [469], staggered herringbones [470], etc. For lamination-based mixers, T-shaped and Y-shaped are the broadly investigated devices, in which their main inlet channels can be split into several sub-streams and then recombined to form the main stream [471,472].



The particle diffusion in microchannels was heavily affected by the wall roughness. Wang et al. [473] presented the effects of sidewall roughness on the mixing performance of zigzag microchannels increased by 1.208% compared to the smooth microchannel. The mixing performance of a passive-type microchannel with variously shaped obstacles, including rectangular, triangular, and cylindrical designs, was presented by Seo et al. [474]. Comparing the outcomes for various flow scenarios highlights concentration distributions demonstrated the maximum efficiency for the rectangular obstacle to be the most effective. Nazari et al. [475] proposed an induced charge electrokinetic-micromixer with conductive surfaces which can produce vortices. Different mixing chamber geometries were compared, such as square, triangular, rhomboid, and circular. They found that, among the other situations, the rhomboid mixing chamber exhibits the best mixing efficiency at 95%. According to Vasista et al. [476], mixing efficiency increases with the slip and zeta potential parameters in heterogeneous surfaces. The effect of the magnetic field on the flow, which can significantly improve the mixing efficiency, was studied by Dallakehnejad et al. [392]. The numerical results show that applying a magnetic field to a flow can increase mixing efficiency by 70% to 90%. In a trapezoidal micromixer, Alipanah et al. [477] explored non-Newtonian power law fluids. By increasing the applied electric field, they found that mixing efficiency for both Newtonian and shear-thinning fluid increases. In comparison, the mixing effectiveness in shear thickening fluid reduces with increasing the electric field. Other applications of microfluidic channels have been used for particle separation by applying a variety of approaches, including dielectrophoresis [478], elasto-inertial [479], and acoustic [480].



Recently, it has become widespread to employ microfluidic devices to separate infectious pathogens from body fluids, such as malformed cells, fungus, sepsis, etc. With complete effectiveness, the machine can separate magnetic particles (MPs) from human blood under various circumstances. The biological entities are identified using magnetic particles and separated by magnetophoresis technology. It is frequently used to direct [481], capture [482], accumulate [483], and disaggregate [484] particles by the motion of magnetic particles in a magnetic field. Das et al. [485] studied the efficient separation from the continuous flow using an external magnetic field in fluorescence-tagged magnetic microbeads driven by electroosmotic flow. Alipanah et al. [486] presented an on-demand microfluidic separator with an adjustable magnetic field to provide the required magnetic strength based on the particle size through electroosmotic flow. The separation of species in oscillating flows under the effect of an oscillatory pressure gradient was studied by Teodoro et al. [487]. Cao et al. [488] investigated the mass separation of Oldroyd-B fluid of the rotating electroosmotic flow of two-layer fluid in a parallel microchannel.



The pie chart shown in Figure 4 highlights extensive works done analytically in microchannels utilizing various analytical methods under the influence of an electric field. It may be observed that several researchers have developed either numerical methods or hybrid techniques (both analytical and numerical) to determine the velocity and temperature distributions in electrokinetic flow. On the other hand, fewer works identify the flow in microchannels with the electric and magnetic fields investigated analytically for the fully developed flow. Mainly, hybrid techniques have been employed for Newtonian and non-Newtonian fluids to estimate the mean temperature distribution.



This study provides an enormous overview of microchannels’ flow and heat transfer characteristics and their applications. Firstly, imposed pressure gradient, electric field, and magnetic field based on the Navier–Stokes and energy equations in different geometries of microchannels are discussed thoroughly. Secondly, we elaborate on the various analytical and numerical methods to determine the distributions of EDL potential, velocity and temperature, and Nusselt number, which affect the microfluid characteristics due to the viscous dissipation, Joule heating, and thermal radiation. Thirdly, no-slip and no-jump boundary conditions are taken in microchannels considering both the Newtonian and non-Newtonian fluids. Then, it is extended to the first-order velocity slip and a temperature jump on a hydrophobic surface. The above literature works observed that most researchers considered their work with no-slip conditions, neglecting the thermal radiation, viscous dissipation, and Joule heating parameters. However, they determined the Nusselt number using the finite difference method. The study related to the analytical works regarding the determination of the Nusselt number along with the radiation, viscous dissipation, and Joule heating parameter, with the second-order slip for both the velocity and temperature distributions in EMHD flow through rectangular microchannels being scattered and incomplete. The present review paper aims to determine the exact analytical solution of combined pressure-driven EMHD flow through a rectangular microchannel assuming the Debye–Hückel (DH) approximation. The thermal characteristics at a constant heat flux are studied with the second-order slip velocity and temperature jump boundary conditions. It found that the effect of radiation, viscous dissipation, and Joule heating parameters plays a prominent role in heat transfer. The velocity distribution, temperature distribution, and Nusselt number results in electro-magneto-hydrodynamic pressure-driven electroosmotic flow through a rectangular microchannel making a difference with the first-order slip, second-order slip, and no-slip conditions; and the first-order jump, second-order jump, and no-jump conditions are compared. Additionally, this review paper discusses how effectively separation and mixing can occur in microchannels.



Microfluidics has become a more attractive research area nowadays. The microchannel has gained popularity in the last decade to increase heat transfer. Various applications include textile fabrics [489], rechargeable batteries [490], small-scale cooling [491], military hardware [492], microdosing system [493], cancer therapy [494,495], etc. Miniaturization has many advantages, such as fast response, accurate results, affordability of mobile monitoring, compassionate analysis, etc. Therefore, the present study has some merits in performing novel research to improve real-world system analyses.




9. Mathematical Modeling and Governing Equations


9.1. Physical Formulation


The present physical problem is to combine pressure-driven electroosmotic flow under the effect of electric and magnetic fields in rectangular microchannels. The flow takes place in the microchannel between the two parallel plates at a constant channel height. Figure 5 shows a schematic geometry of a microchannel. The width of the channel  W  and length  L  is separated by a distance   2 a  . The  x  and  y  axes are perpendicular and parallel to the channel wall, respectively. For very small aspect ratio, i.e.,   W ≫ ≫ 2 a    , and assuming the length L is much larger than both height   2 a   and width  W , i.e.,   L ≫ ≫ 2 a    , and   L ≫ ≫ W    , one can then ignore the end effects and treat the microchannel as infinite parallel plates. The mathematical analysis is present only on the upper half   0 ≤ y ≤ a   of the channel because of its symmetry about the y-axis. The microchannel fills with the incompressible electrolyte solution of the dielectric constant    ( ε )   . The plates charge uniformly with the zeta potential. The channel is subjected to constant heat flux    q w    and constant wall temperature    T w   . The pressure gradient in the axial direction    P y  = −   d p  /  d y     is applied in the flow field. There is electric field    (   E y   )    acting along the y axis, whereas the electric field    (   E z   )    acts along the z-direction (lateral direction) of the flow. The magnetic field    (   B x   )    acts in the transverse direction (positive x-direction).




9.2. Determination of Electrical Double Layer Potential


Some important assumptions are taken to present a mathematical analysis to establish the steps required for the theoretical estimation:




	
Streamline, incompressible, and developed flow.



	
Constant thermo-physical properties.



	
The channel walls satisfy a constant heat flux.



	
The symmetric condition    (   ω +  =  ω −  = ω  )    with respect to the center axis for the geometry rectangular microchannel.



	
Low zeta potential value for the applicability of the Debye–Hückel linearization approximation.



	
The charge of the EDL follows the Boltzmann distribution.








According to Gouy [62] and Chapman [63], the electrical double layer potential distribution    ( ψ )    with a non-variable permittivity can be expressed as a function of a uniform charge density    (   ρ e   )    and is governed by the Poisson equation as:


   ∇ 2  ψ = −    ρ e   /   (  ε    ε 0   )     



(11)




where  ε  is the permittivity of the medium,    ε 0    is the permittivity of free space, and    ρ e    is the density of net charge per unit volume. One can express    ρ e    as:


   ρ e  = e  (   ω +   n +  −  ω −   n −   )   



(12)




where  e  represents the ionic-charge density of electrons,    ω ±    represents the valency, and    n ±    is the ionic number density of positively and negatively charged species, respectively.  ω  is the symmetric electrolyte having an equal amount of charge valency, where both coions and counter ions have the same charged value. The ionic species are considered to be point charges. The ionic number densities obey the Boltzmann distribution as given by Hunter [66] in the following:


   n ±  =  n 0  exp  (     ω ∓  e   ψ    k B  T    )     



(13)




where    n 0    denotes the bulk ionic concentration,    k B    represents the Boltzmann constant, and  T  is the temperature in absolute scale. Substituting Equation (13) into Equation (12) gives:


   ρ e  = − 2  n 0  z e sinh  (    e   ω ψ  /   k B  T    )   



(14)







Combining Equations (11) and (14) yields:


   ∇ 2  ψ =  (    2  n 0  e   ω  /  ε    ε 0     )  sinh  (    e   ω   ψ  /   k B  T    )   



(15)







Equation (15) is highly non-linear. However, the zeta potential (electrical potential at the wall) is generally very low in comparison to the thermal potential. In this situation,   sinh  (    e ω ψ  /   k B  T    )  ≈  (    e ω ψ  /   k B  T    )    results in Equation (15), converted into a linear equation. This approximation is called Debye–Hückel linearization approximation. The mathematical expression      (    2  n 0   e 2   ω 2   /  ε  ε 0   k B  T    )      − 1  / 2      is known as Debye length    (   λ D   )    and    (    a    /   λ D     )    is the ratio of half-length channel height to Debye length. Equation (15) is in dimensionless form as:


     d 2   ψ  ¯    /  d  X 2    −  (     K 2   /  ζ ¯    )      sinh  (   ψ  ¯      ζ ¯   )  = 0  



(16)







The dimensionless parameters used to express Equation (16) in a dimensionless form are as follows:


    ζ ¯  =   e   ω ζ  /   k b   T  a v       ;   X =  x / a    ;    ψ  ¯   =  ψ / ζ    ;   K = R ×   a       ;   and   R =  1 /   λ D      



(17)







Using the Debye–Hückel linearization approximation, Equation (16) changes into:


     d 2   ψ  ¯    /  d  X 2    −  K 2   ψ  ¯   = 0  



(18)







For the microchannel flow, the boundary wall maintains a constant zeta potential, the effect of it gradually reduces from the wall to the fluid, and it is a minimum at the center of the channel. Therefore, the mathematical expressions of the boundary conditions for the zeta potential are:


   at   X = 1   ,    ψ  ¯   =  ζ ¯    



(19)




and


   at X = 0   ,     d  ψ  ¯    /  d X   = 0   



(20)







Applying the boundary conditions (Equations (19) and (20)), the dimensionless EDL potential distribution is:


   ψ  ¯   =  ξ ¯      cosh  (  K X  )   /  cosh  ( K )     



(21)







Therefore, the local volumetric net charge density is used to evaluate, using Equations (11), (14), and (21) as:


   ρ e  = −  (     K 2  ε  ε 0     ξ ¯   /   a 2     )      cosh  (  K X  )   /  cosh  ( K )     



(22)








9.3. Velocity Profile in Microchannel Flow


In the flow field, the governing continuity and Navier–Stokes’ equations are in vector notations, respectively, as:


  div    U  = 0  



(23)




and


  ρ  (   U  ⋅ ∇    U   )  = − ∇ P + μ      ∇ 2     U  +  F   



(24)




where    U   (  =   i ^     u +   j ^       v +   k  ^      w  )    is the induced velocity vector and µ is the fluid viscosity. The net body force acting on the fluid element is due to the electric field and magnetic field applied and it is called Lorentz force. The electromagnetic body force can be defined as:


   F  =  ρ e     E  +  J  ×  B   



(25)




where    E  =   j ^      E y  +   k  ^       E z    is the applied electric field and   J   is the current density vector, which can be expressed from the Ohm’s law as:


   J  = σ  (   E  +  U  ×  B   )   



(26)




where   σ     is the electrical conductivity of the fluid and    B  =   i ^      B x   , which is the magnetic field acting in the  x -direction. The momentum balance in the electromagnetic hydrodynamic flow field in the y-direction simplifies to:


  −   d P  /  d y   + μ    d 2  v  /  d  x 2    +  ρ e   E y  + σ  E z   B x  − σ v  B    x   2  = 0  



(27)




where  v  is a  y -component flow velocity. To solve Equation (27), the boundary condition considers the second-order slip [179,325] written in a dimensionless form as:


   at X = 1   ,   V = −  α 1    d V  /  d X   +  α 2     d 2  V  /  d  X 2      



(28)




where   V =  v /   v  H S      ,    v  H S     is a reference electro-osmotic velocity known as the Helmholtz–Smoluchowski velocity. Due to the symmetric velocity with respect to the axis of the channel, the boundary condition for the velocity at the axis is satisfied as:


   at X = 0   ,     d V  /  d X   = 0   



(29)







Now, Equation (27) is in dimensionless form by combining Equation (11) as:


     d 2  V  /  d  X 2    − H  a 2  V + S H a + Ω +  K 2      cosh  (  K X  )   /  cosh  ( K )    = 0  



(30)




where   H a = a  B x     σ / μ      is the Hartmann number,   Ω =    (   P y   a 2   )   /   (  μ  v  H S    )      is a dimensionless pressure gradient, and   S =    (   E z  a  a   )   /   (   v  H S    μ   )      is a non-dimensional parameter representing the strength of the transversed electric field.



The closed-form solution for the non-dimensional velocity distribution is obtained by solving Equation (30) with the help of boundary conditions in Equations (28) and (29) as:


  V =  A 1  +  A 4  cosh  (  H a X  )  −  A 3  cosh  (  K X  )     



(31)




where:


    A 1  =    (  S H a + Ω  )   /  H  a 2      ;    A 2  =    K 2   /   (   K 2  − H  a 2   )      ;    A 3  =    A 2   /  cosh  ( K )    ;     A 4  =    A 2  −  A 1  + K  A 3   α 1  sinh  ( K )  −  K 2   α 2   A 2    cosh  (  H a  )  +  α 1  H a sinh  (  H a  )  −  α 2  H  a 2  cosh  (  H a  )      



(32)








9.4. Temperature Profile


This study is to delineate the thermal transport behavior in the electro-magneto-hydrodynamic environment for the Newtonian fluid in microchannels. For this, the energy equation for the temperature response is [57,164,325]:


  ρ  c p  v   ∂ T   ∂ y   =  k T   (     ∂ 2  T   ∂  x 2    +    ∂ 2  T   ∂  y 2     )  −   ∂  q r    ∂ x   + μ    (    ∂ v   ∂ x    )   2  +  S J   



(33)




where    c p    is the specific heat at constant pressure, T is the local temperature, and    S J    is the heat generation rate per unit volume due to the Joule heating. The thermal boundary condition at the wall in dimensionless forms is with the second-order jump [173] as follows:


   at   X = 1   ,   θ = −  γ 1    d θ  /  d X   +  γ 2     d 2  θ  /  d  X 2        



(34)




where the non-dimensional temperature θ is defined as   θ =    k T   (  T −  T w   )   /   q w  a     for the thermally fully developed flow and    T w    is the wall temperature of the channel. Due to the symmetric variation of the temperature distribution with respect to the X-coordinate, the temperature boundary condition at the center is:


   at   X = 0   ,     d θ  /  d X   = 0   



(35)







As the flow becomes thermally fully developed:


    ∂ T  /  ∂ y   =   d T  /  d y   =   d  T M   /  d y   = C  



(36)







The above condition gives      ∂ 2  T  /  ∂  y 2    = 0  . The average flow velocity of the channel is    v  a v   =  1 a     ∫ 0 a   v d x     . The non-dimensional average velocity,    V  a v   =    v  a v    /   v  H S       is obtained from Equation (31):


   V  a v   =  A 1  +  A 5  sinh  (  H a  )  −  A 6  sinh ( K )  



(37)




where:


    A 5  =    A 4   /  H a       and    A 6  =    A 3   / K    



(38)







The viscous energy dissipation is obtained with the following expression:


  β =    ∫ 0 1      (    d V  /  d X    )   2  d X     



(39)







Equation (39) is integrated using Equation (31):


  β =  F 1  sinh  (  2 H a  )  +  F 2  sinh  (  2 K  )  −  F 3  −  F 4  sinh  (  H a  )  cosh  ( K )  +  F 5  sinh  ( K )  cosh  (  H a  )   



(40)




where:


    F 1  =    A 7 2   /  4 H a     ;    F 2  =    A 8 2   /  4 K     ;    F 3  =  (     A 7 2   / 2  +    A 8 2   / 2   )    ;    F 4  =   2  A 7   A 8  K  /   (   K 2  − H  a 2   )    ;       F 5  =   2  A 7   A 8  H a  /   (   K 2  − H  a 2   )      ;    A 7  = H a  A 4    ;    A 8  = K  A 3    



(41)







The energy balance on the elemental control volume with the length of the channel (dy) is:


    d  T M   /  d y   =    [   q w   (  1 + N r  )  +  S J  a +  (    μ  v  H S  2   / a   )     ∫ 0 1      (    d V  /  d X    )   2  d X     ]   /   (  ρ  c p   v  a v   a  )     



(42)




where   N r =   16  T 3 3   σ ∗   /  3  k ∗   k T      is a dimensionless thermal radiation parameter [162,357]. The non-dimensional energy equation can be written from Equations (33), (36), (37), and (40) in the following form:


     d 2  θ   d  X 2    =  V   V  a v      [  1 +    g 1     (  1 + N r  )    +   B r β    (  1 + N r  )     ]  −    g 1     (  1 + N r  )    −   B r    (  1 + N r  )       (    d V   d X    )   2   



(43)




where    g 1    is the non-dimensional Joule heating parameter,      (   S J  a  )   /   q w       , which represents the ratio of the Joule heating to the applied wall heat flux, and Br is the Brinkman number; it represents the ratio of Joule heating to the applied wall heat flux.



Equation (43) has been solved to determine the dimensionless temperature by applying the boundary conditions (Equations (34) and (35)):


   θ =  H 1   X 2  +  H 2  cosh  (  H a X  )  −  H 3  cosh  (  K X  )  −  H 4  cosh  (  2 H a X  )  −  H 5  cosh  (  2 K X  )     +  H 6  sinh  (  H a X  )  sinh  (  K X  )  −  H 7  cosh  (  H a X  )  cosh  (  K X  )  +  H 8  sinh  (  H a X  )  sinh  (  K X  )  +  C 1    



(44)




where:


       C 1  = −  γ 1   (   A  10   +  A  11   sinh  (  H a  )  −  A  12   sinh  ( K )  −  A  13   sinh  (  2 H a  )    −  A  14   sinh  (  2 K  )  +  A  15   sinh  (  H a  )  cosh  ( K )          −  A  16   cosh  (  H a  )  sinh  ( K )   )  +  γ 2   (   A  10   +  A  17   cosh  (  H a  )  −  A  18   cosh  ( K )  −  A  19   cosh  (  2 H a  )    −  A  20   cosh  (  2 K  )          +  A  21   sinh  (  H a  )  sinh  ( K )   )  −  H 1  −  H 2  cosh  (  H a  )  +  H 3  cosh  ( K )  +  H 4  cosh  (  2 H a  )  +  H 5  cosh  (  2 K  )        −  H 6  sinh  (  H a  )  sinh  ( K )  +  H 7  cosh  (  H a  )  cosh  ( K )  −  H 8  sinh  (  H a  )  sinh  ( K )       



(45)






           A 9  =   1 +    g 1    1 + N r   +   B r β   1 + N r      V  a v         ;      A  10   =  (   A 1   A 9  −    g 1    1 + N r   +    F 3  B r   1 + N r    )    ;    A  11   =    A 9   A 4    H a     ;    A  12   =    A 3   A 9   K  ;        A  13   =   B r  A 5 2    4 H a  (  1 + N r  )      ;    A  14   =    A 6 2  B r   4 K  (  1 + N r  )      ;    A  15   =   2  A 5   A 6  K B r    (   K 2  − H  a 2   )   (  1 + N r  )      ;    A  16   =   2  A 5   A 6  H a B r    (   K 2  − H  a 2   )   (  1 + N r  )    ;        A  17   =  A  11   H a   ;    A  18   =  A  12   K   ;    A  19   = 2 H a  A  13     ;    A  20   = 2 K  A  14     ;    A  21   = K  A  15     ;    A  22   = H a  A  15     ;    A  23   = K  A  16   ;          A  24   = H a  A  16     ;    H 1  =    A 1   A 9   2  −    g 1    2  (  1 + N r  )    +    F 3  B r   2  (  1 + N r  )    ;        H 1  =    A 1   A 9   2  −    g 1    2  (  1 + N r  )    +    F 3  B r   2  (  1 + N r  )      ;    H 2  =    A 9   A 4    H  a 2      ;    H 3  =    A 3   A 9     K 2      ;            H 5  =   B r  A 6 2    8  K 2   (  1 + N r  )      ;    H 6  =   2  A 5   A 6   K 2  B r      (   K 2  − H  a 2   )   2   (  1 + N r  )      ;    H 7  =   4  A 5   A 6  K B r H a      (   K 2  − H  a 2   )   2   (  1 + N r  )      ;    H 8  =   2  A 5   A 6  H  a 2  B r      (   K 2  − H  a 2   )   2   (  1 + N r  )         



(46)







To calculate the average temperature in the flow field, it needs the following integration with the help of Equations (31) and (44):



The dimensionless bulk-mean temperature is obtained from the following mathematical expression:


      ∫ 0 1   V θ    d X =    A 1   H 1   3  +    A 1   H 2    H a   sinh  (  H a  )  −    A 1   H 3   K  sinh  ( K )  −    A 1   H 4    2 H a   sinh  (  2 H a  )  −    A 1   H 5    2 K   sinh  (  2 K  )     +  (   A 1   H 6  +  A 1   H 8   )   [   K   (   K 2  − H  a 2   )    sinh  (  H a  )  cosh  ( K )  −   H a    (   K 2  − H  a 2   )    cosh  (  H a  )  sinh  ( K )   ]     −  (   A 1   H 7  +  A 4   H 3  +  A 3   H 2   )   [   K   (   K 2  − H  a 2   )    cosh  (  H a  )  sinh  ( K )  −   H a    (   K 2  − H  a 2   )    sinh  (  H a  )  cosh  ( K )   ]     +  A 1   C 1  +  A 4   H 1   [    sinh  (  H a  )    H a   −  2  H  a 2    cosh  (  H a  )  +  2  H  a 3    sinh  (  H a  )   ]  +    A 4   H 2   2   [  1 +   sinh  (  2 H a  )    2 H a    ]     −  A 4   H 4   [   2  3 H a   cosh  (  H a  )  sinh  (  2 H a  )  −  1  3 H a   sinh  (  H a  )  cosh  (  2 H a  )   ]     −  (   A 4   H 5  −    A 3   H 7   2   )   [    2 K    (  4  K 2  − H  a 2   )    cosh  (  H a  )  sinh  (  2 K  )  −   H a    (  4  K 2  − H  a 2   )    sinh  (  H a  )  cosh  (  2 K  )   ]     +  (     A 4   H 6   2  +    A 4   H 8   2   )   [   K   (   K 2  − 4 H  a 2   )    sinh  (  2 H a  )  cosh  ( K )  −   2 H a    (   K 2  − 4 H  a 2   )    cosh  (  2 H a  )  sinh  ( K )   ]       −  (     A 4   H 7   2  −  A 3   H 4   )   [    2 H a    (  4 H  a 2  −  K 2   )    cosh  ( K )  sinh  (  2 H a  )  −  K   (  4 H  a 2  −  K 2   )    sinh  ( K )  cosh  (  2 H a  )   ]       −    A 4   H 7    2 K   sinh  ( K )  +    A 4   C 1    H a   sinh  (  H a  )  −  A 3   H 1   [    sinh  ( K )   K  −  2   K 2    cosh  ( K )  +  2   K 3    sinh  ( K )   ]     +    A 3   H 3   2   [  1 +   sinh  (  2 K  )    2 K    ]  +  A 3   H 5   [   2  3 K   cosh  ( K )  sinh  (  2 K  )  −  1  3 K   sinh  ( K )  cosh  (  2 K  )   ]     −  (     A 3   H 6   2  +    A 3   H 8   2   )   [    H a    (  H  a 2  − 4  K 2   )    sinh  (  2 K  )  cosh  (  H a  )  −   2 K    (  H  a 2  − 4  K 2   )    cosh  (  2 K  )  sinh  (  H a  )   ]     +    A 3   H 7    2 H a   sinh  (  H a  )  −    A 3   C 1   K  sinh  ( K )    



(47)






   θ m  =      ∫ 0 1   V θ d X     /     ∫ 0 1   V d X       



(48)







The Nusselt number (Nu) based on the hydraulic mean diameter is:


  N u =   h  d h   /   k T    = −  4 /   θ m     



(49)




where h is the convective heat transfer coefficient. Here, it highlights the analytical expression of the Nusselt number established by considering the second-order slip and second-order jump, which are not yet available in the existing literature. Therefore, the closed-form analysis presented has significant merit. The results have been newly generated in the present study, and the results are discussed in the following sections.





10. Results and Discussion


This study deals with a compressive literature survey for fluid flow in microchannels. It also develops a closed-form analytical solution of EMHD rectangular microchannels combined with the pressure-driven electroosmotic flow. The present analysis helps to determine the non-dimensional velocity, temperature, and Nusselt number by taking second-order velocity slip and temperature jump boundary conditions along with the effects of viscous dissipation, Joule heating, and thermal radiation parameters. The non-dimensional physical parameters are in the physically permissible range based on the practicable design aspects. Therefore, the normalized different physical parameters are in connection with the externally applied magnetic field, transverse electric field, electrokinetic width, viscous dissipation, and other parameters. In this work, the magnitude of Hartmann number (Ha) varies from 0.01 to 0.1 for the permissible EMHD micropumps (10 for the maximum permissible range),   a ∼ 100 μ m    ,   σ ∼ 10   S/m, the range of externally imposed magnetic field (   B x   ) is 1 to 100 T, S varies from 0 to 10 (100 for the maximum permissible limit),    v  H S   ∼ 100   μ m / s    ,   μ ∼   10   − 3     Pa-s,   O  (   E z   )  ∼ 1     V/m,   O  ( S )  ∼ 10    , Brinkman number (Br) is 0–0.01, K = 10,   Ω = 1  , and   N r = 0 − 2  , which are taken from the published literature with physical acceptability [58,125,393].



In order to validate the present analysis, Figure 6a is depicted the velocity distribution determined by the present study and the published work [393] with the different magnitudes of Hartman number    (  H a  )   , ignoring the electric field and no-slip boundary conditions    (   α 1  = 0 ,  α 2  = 0  )   . The exact matching of results indicates the correctness of the velocity distribution predicted by the present study. It highlights from this figure that an increase in Hartman number declines the electroosmotic flow velocity.



The finite difference method employs to determine the non-dimensional velocity, non-dimensional temperature, and Nusselt number to establish the correctness of the present analytical analysis with the slip boundary conditions. Equations (30) and (43) are discretized with second-order accuracy. The Gauss–Seidel iterative method was used for the solution with the second-order velocity slip and the second-order temperature jump boundary condition. Figure 6b depicts the temperature distribution evaluated by the present analysis and the numerical method based on the finite-difference approach for the pure electroosmotic flow. Here, pressure gradient, transverse electric field, thermal radiation, and viscous dissipation    (  Ω = 0 , S = 0 , N r = 0 , B r = 0  )    have been considered in no-jump boundary conditions, with a small magnetic field    (  H a = 0.01  )    employed to maintain the generality of the analysis. The results determined by Sadeghi and Saidi [76] are also plotted in the same figure for the comparative information. A good agreement of results among the different prediction methods shows the authentication of the present analytical results in rectangular microchannels. Therefore, using a reasonable range of the non-dimensional flow parameters, the results of the present study, including velocity, temperature, and Nusselt number with the influence of the electric and magnetic fields for the second-order slip conditions, are discussed in the forthcoming sections.



The influence of electric and magnetic fields on velocity distribution is depicted in Figure 7 with the no-slip, first-order slip, and second-order slip boundary conditions. It can be noted that the transverse electric field (S) applied by a small value of Hartman number (Ha) causes the influence of the flow velocity for the interaction of body forces (i.e., Lorentz forces). With a small value of Ha, the fluid velocity appears to a maximum at the axis of the channel. However, the velocity increases with an increase in Hartman number, as shown in Figure 7a for the second-order slip boundary condition. The flow aiding component and the flow opposing component significantly increase the velocity by increasing the Hartmann number. From the physical aspect, the flow aiding component and the flow opposing character can be defined as the order of magnitude in which   σ  E z   B x    acts as a driving pressure gradient and   σ v  B x 2    is a retarding axial pressure gradient, as described in Equation (27). Now, in the presence of a transverse electric field (S = 10), the flow aiding component plays a significant role in the flow system. It shows in Figure 7a. The flow adding component is larger than the flow opposing component owing to the revised influence of electromagnetic body forces, so the velocity of the flow confinement usually increases. Nevertheless, this is to the fact that, due to the stagnation of the uniform inlet velocity at the wall of the microchannel for the continuum flow    (  K n < 0.001  )   , no-slip velocity is valid, and first- and second-order slip parameters    α 1    and    α 2    are zero. Figure 7b is plotted for a comparison of different slip boundary conditions to realize the influence of the electric field (S) on the transport phenomenon under different values of Ha for the first-order slip (   α 1  = 0.12   and    α 2  = 0  ) and the second-order slip (   α 1  = 0.12   and    α 2  = 0.0048  ). Now, in the existence of an electric field (S), the Hartman number (Ha) increases the electroosmotic velocity in microchannels. It reveals that the Knudsen number    (  K n  )    is the key factor for the slip condition and a high value of Kn has always a tendency with the slipping situation. Generally, a slip-flow occurs for the Knudsen number varying in a range of   0.001 ≤ K n ≤ 0.1  . Obviously, an increasing Knudsen number always amplifies the slip flow. Therefore, it is natural that an increasing mean free path of molecules causes to decrease in the collision that happens between them because molecules travel a longer distance without colliding with each other at a fixed characteristic length. However, in the presence of the wall, a few molecules colloid with it and travel a longer distance until momentum reduces due to collision. At the solid-fluid interface, absorption of fluid molecules on the solid surface occurs, and as a result, the wall slip affects velocity gradients adjacent to the wall. It can be mentioned that such a phenomenon raises the advection transport of moving ions in the EDL. Hence, in the presence of first-order velocity slip, the bulk fluid flow increases due to increased velocity at the confined wall, as depicted in Figure 7b. For the slip condition, more fluid comes near the wall, and this aspect can be understood in Figure 3a. The second-order slip condition is to partially transmit and pull the wall due to the slip condition of the fluid in the slip flow regime for the Knudsen number (Kn) in the range of   0.01 ≤ K n ≤ 0.1  . Furthermore, a comparison of velocity distributions for the magnetic field (Ha = 1) with the influence of the transverse electric field shown in Figure 7b depicts that for   K n = 0.08  , the second-order slip gives an intermediate velocity between that of the no-slip and first-order slip. However, the second-order slip model has opposite effects compared to the first-order slip velocity. Therefore, the opposite sign of the second-order slip causes a decrease in the velocity.



Figure 8 delineates the velocity distribution of an electro-magneto-hydrodynamic flow as a function of the transverse electric field (S) in the presence of Hartmann number (Ha). This study focuses on the effect of the transverse electric field (S) on the velocity distribution for different slip boundary conditions. It is noticeable that the velocity increases significantly with the transverse electric field, as shown in Figure 8a for the second-order slip. However, a slight indentation for the velocity distribution for S = 0 is found at the middle section of the rectangular microchannel. The reason explains that in the absence of a transverse electric field (S = 0), the flow-adding force vanishes, and the opposing force is only the dominating in the magnetic field to decrease the trend of velocity distributions in the flow field. Rarefaction and mass flow rate are the main parameters affected by changing the velocity distribution of the microchannel. In the case of the no-slip condition, rarefaction is zero, and the velocity distribution is depicted in Figure 8b. It is evident that the slip boundary condition increases the fluid flow velocity compared to the no-slip case. This nature occurs due to the influence of the surface and molecular interactions adjacent to the solid surface called the Knudsen layer. Therefore, an increase in the value of the Knudsen number (rarefaction) amplifies fluid mass flow rate through microchannels. A straightforward comparison of the velocity pattern in microchannels under the possible boundary conditions is displayed in Figure 8b.



Figure 9 depicts the temperature distribution in a microchannel along the x-direction for different values of Ha. Figure 9a plots for the second-order jump. A lower value of Ha uses to draw these figures in the absence of a transverse electric field. The nonexistence of the electric field nullifies the flow aiding component; therefore, the flow-opposing component is only present. Thus, the flow velocity in this design condition is moderately dependent upon the Hartmann number. The reduction in flow velocity is due to an increase in the magnitude of Ha, which influences the increase in fluid temperature. The advective transport thermal energy also reduces the speed of the fluid in channels. For these reasons, the numerator and denominator parts in the non-dimensional temperature reduce separately. However, the reduction in denominator becomes more compared to the numerator at a lower value of Ha, and the magnitude of the dimensionless temperature amplifies at a higher Ha. The same trend is noticed for the no-jump, the first order, and the second-order jump. Moreover, variation of the temperature distribution in channels for the jump condition at the boundary slightly increments compared to that for the no jump. This difference is due to more thermal energy transferred to the fluid in the case of the jump situation. Figure 9b compares the temperature distribution for the different jump conditions at a constant Ha.



Figure 10a depicts the variation of the non-dimensional temperature distribution in the transverse direction for different values of Ha for Ha > 1, whereas Figure 10b plots a comparison of the temperature distribution due to the other possible boundary conditions adopted to obtain the actual impact of the thermal energy carried out. For maintaining a constant heat flux at the boundary, the advective transport of thermal energy is the crucial parameter to change the local temperature of fluid significantly. An increase in Ha promotes the heat transfer by the fluid. For this reason, the non-dimensional temperature decreases with the Hartmann number. Nevertheless, in the presence of the transverse electric field (S = 10), the flow-aiding force and opposing force take part in a significant role in the flow field. For smaller values of the Hartmann number (  H a  ~0.05–1), the flow velocity increases near the center as compared to near the wall. Therefore, the reduction of thermal energy’s advective transport increases the fluid’s local fluid temperature under the constant wall heat flux condition.



Here, it can be highlighted that the temperature profiles are in the plane of symmetry shown in Figure 8, Figure 9 and Figure 10, and the set of temperature profiles are for the Knudsen number (Kn) = 0.08. However, the no-jump boundary condition is taken under the no-slip velocity boundary conditions. The temperature jump exists due to the presence of the Knudsen number stated above. On the other hand, the temperature difference occurs between the wall and fluid for weak thermal communication. Weak thermal communication causes due to a low number of collisions between molecules and walls and molecules themselves. Therefore, a strong temperature gradient creates near the wall. A large temperature gradient occurs for the heat transfer near wall surfaces for the first-order and second-order jump (see Figure 2b). For this reason, the temperature difference increases for the temperature jump at the boundary shown in Figure 8, Figure 9 and Figure 10. We can also conclude that an increase in the value of the Hartmann number enhances the jump temperature.



The non-dimensional temperature distribution with the effect of the magnitude of thermal radiation (Nr) parameters is shown in Figure 11. One may note that thermal radiation is an important parameter that plays a vital role in temperature patterns. In the presence of Joule heating and viscous dissipation, the non-dimensional temperature decreases with an increase in the value of thermal radiation. From a physical point of view, it can be concluded that amplifying the local temperature of the fluid occurs due to radiation, as it acts as an energy source in the fluid.



Nusselt number function of Ha for different values of K with transverse electric field is depicted in Figure 12. The trend of these curves for Nu initially declines with Ha, reaches a minimum value at a particular Ha, and after that, it rises with Ha, as displayed in Figure 12. Therefore, there is a critical Hartmann number (Hac) at which Nu becomes a minimum. In other words, Nusselt number distributions with Ha have two distinct regimes based on the critical Ha. At a constant K, the Nusselt number decreases in the first region, whereas this trend reverses in the second region. The effect of K always provides a high value of Nu. Nu has also been determined numerically, and these results have been plotted in Figure 12. A comparison of analytical and numerical results shows that they are of comparable magnitude. Therefore, the present analytical results agree well with the numerical results. The different jump-boundary conditions show that the no-jump incident involves a high value of Nu, and it has, thus, the ability to transfer heat more.




11. Conclusions


The microchannel has gained popularity in the last decade to increase heat transfer. Various applications include small-scale cooling, military hardware, microdosing system, cancer therapy, real environment analysis, etc. Miniaturization has many advantages, such as fast response, accurate results, affordability of mobile monitoring, highly sensitive analysis, etc. The existing literature finds that several analytical and numerical studies are available in electrokinetically fully developed flow in microchannels at a constant heat flux with the no-slip and no-jump boundary conditions. However, numerical analysis was used to determine Nu. Electroosmotic flow in microchannels in consideration of with and without effects of zeta potential was studied by several authors. In the case of experimental works, few studies were available based on the pressure drop, friction factor, and mass flow rate across the channels. Some other works were associated with the effect of the velocity slip at the hydrophobic surface to control the velocity and to determine the region where the velocity and shear stress are comparatively low. Nevertheless, this study presents a new analysis to understand the process of calculating heat transfer for flow through microchannels in electrokinetic actions. The temperature jump condition in microchannels is included for the generalized condition to determine the temperature distribution. For critical applications of microchannels in electromagnetic radiation, radiation fields are imposed. This review paper also focuses on EMHD flow in rectangular microchannels, using second-order velocity slip and temperature jump along with the viscous dissipation, Joule heating, and thermal radiation parameters. It shows that the Hartmann number greatly influences the velocity and temperature distributions both in the presence and absence of a transverse electric field.



In the absence of a transverse electric field, the speed progressively increases with an increasing Hartmann number at a low range. Conversely, the temperature increases with an increasing Hartmann number up to value 1; it is in reversed trend at higher values of Hartmann number. The temperature also increases with an increasing Hartmann number in the presence of an electric field at its low value. Another aspect highlighted in this study is to have the effect of the rarefication in a rectangular microchannel with second-order slip and jump boundary conditions. Velocity and temperature distributions for this case differ with the first-order slip and no-slip conditions and the first-order jump and no-jump conditions, respectively. Under transverse electric fields, the Nusselt number varies with the Hartmann number with increasing values of K. We can conclude that up to the critical value of the Hartmann number, the Nusselt number is inversely proportional to the Hartmann number beyond the critical value, and thus, the trend alters.



Finally, it can be noted that this study is devoted to determining the best approach used from all the previously performed research works in microchannels. The whole reason to carry out this work is to prepare one single article in which all existing works are available, and the highlighted mathematical steps are helpful to formulate the analysis of the microchannel heat transfer and fluid flow. In addition, the current analytical study on electro-magneto-hydrodynamic electroosmotic flow in microchannels provides a novel mathematical analysis and unique trend of results. In a nutshell, existing methods and development and future works can be understood from the present paper without the assistance of any other published works in the open literature.




12. Scope for Future Works


Future research on electrokinetic fully developed flow related to microchannels to establish new methods can analyze heat transfer characteristics in different electromagnetic devices.




	
Electrical double layer potential in the general form should be considered in a future study. The Poisson–Boltzmann equation can predict the actual effects on the EDL potential at a high or low zeta potential.



	
An analytical model in general form for microchannels can analyze the rotating non-Newtonian fluid, using slip and jump boundary conditions in the 2D EDL potential.



	
In the non-Newtonian fluid EMHD flow in microchannels, velocity, temperature, and Nusselt number can be determined by the analytical model developed using second-order slip and jump boundary conditions.



	
A closed-form mathematical model of transient EMHD flow in non-Newtonian power-law fluids can be established by considering viscous energy dissipation, Joule heating, and thermal radiation.
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Nomenclature




	
  a  

	
half-channel height (m)




	
  B  

	
magnetic field (Tesla)




	
   B r   

	
Brinkman number,      (  μ  v  H S  2   )   /   (   q W  a  )     




	
    c p    

	
heat capacity at constant pressure per unit mass    (  J     kg    − 1     K   − 1     )   




	
    d h    

	
hydraulic mean diameter of the channel (m)




	
   D a   

	
Darcy factor,        (     R ∗   /   ϕ N     )     2 /   (  1 + N  )       /   d h 2     




	
  e  

	
electron charge (C)




	
    E →    

	
externally applied electric field per unit length (Vm−1)




	
    F →    

	
volumetric electromagnetic body force (Nm−3)




	
    g 1    

	
non-dimensional Joule heating parameter,      (   S J  a  )   /   q w     




	
   H a   

	
dimensionless magnetic field (Hartmann number),   a  B x     σ / μ     




	
  h  

	
convection energy transport coefficient    (    Wm    − 2     K   − 1     )   




	
I

	
current flow (mA)




	
  k  

	
coefficient of conduction    (    Wm    − 1     K   − 1     )   




	
  K  

	
dimensionless Debye–Hückel parameter,    a /   λ d     




	
   K n   

	
Knudsen number,    λ /   d h     




	
   k ∗   

	
Rosseland absorption coefficient (m−1)




	
L

	
channel length (m)




	
  n  

	
ionic species concentration (m−3)




	
    n 0    

	
bulk ionic concentration (m−3)




	
  N  

	
flow behavior index




	
   N r   

	
thermal radiation parameter,      (  16  T 3 3   σ ∗   )   /     (  3  k ∗   k T   )     




	
   N u   

	
Nusselt number based on hydraulic diameter,     h  d h   / k   




	
   P e   

	
Peclet number,     v  d h   / α   




	
   Pr   

	
Prandtl number,     μ  c p   / k   




	
    q r    

	
radiative heat transfer per unit area (Wm−2)




	
    q w    

	
heat flux at the wall imposed externally (Wm−2)




	
  R  

	
reciprocal of Debye length,    1 /   λ d         (   m   − 1     )   




	
    R ∗    

	
permeability for porous medium of power law fluids    (   m   N + 1     )   




	
    S J    

	
Joule heating included as a volumetric heat generation rate (Wm−3)




	
  T  

	
temperature (K)




	
    T m    

	
bulk average temperature (K)




	
    U →    

	
velocity vector (ms−1)




	
  v  

	
speed along the y direction (ms−1)




	
  V  

	
dimensionless speed along the y direction,    v /   v  H S      




	
    v  H S     

	
Helmholtz–Smoluchowski (reference) speed (ms−1)




	
x

	
transversed coordinate (m)




	
  X  

	
dimensionless transverse coordinate,    x / a   




	
Greek symbols




	
  α  

	
thermal diffusivity    (   m 2   s   − 1     )   




	
    α 1    

	
non-dimensional first-order velocity slip,     K n  (  2 −  σ v   )   /   σ v     




	
    α 2    

	
non-dimensional second-order velocity slip,     K  n 2   (  2 −  σ v   )   /   (  2  σ v   )     




	
    γ 1    

	
non-dimensional first-order temperature jump,    (    2 −  σ T     σ T     )   (    2 γ   γ + 1    )    K n   Pr    




	
    γ 2    

	
non-dimensional second-order temperature jump,    1 2   (    2 −  σ T     σ T     )   (    2 γ   γ + 1    )    K  n 2    Pr    




	
  ξ  

	
wall zeta potential (V)




	
  ε  

	
medium permittivity (CV−1m−1)




	
    ε 0    

	
free space permittivity (CV−1m−1)




	
  θ  

	
non-dimensional temperature,      k T   (  T −  T w   )   /   (   q w  a  )     




	
    θ m    

	
dimensionless bulk mean temperature, expressed in Equation (48)




	
  ρ  

	
density of liquid (kgm−3)




	
    ρ e    

	
local volumetric net charge density (Cm−3)




	
  λ  

	
Debye length dimension (m)




	
  μ  

	
dynamic viscosity (kgm−1s−1)




	
  ψ  

	
electrical double layer (EDL) potential (V)




	
   ψ  ¯    

	
dimensionless EDL,    ψ / ζ   




	
  Ω  

	
dimensionless relative strength of pressure driven and electroosmotic actuation,      (   P y   a 2   )   /   (  μ  v  H S    )     




	
  σ  

	
electrical conductivity    (   Ω m   )   




	
   σ ∗   

	
radiation heat transport (Stefan-Boltzmann) constant (Wm−2K−4)




	
    σ T    

	
thermal accommodation coefficient    (  0 ≤  σ T  ≤ 1  )   




	
    σ v    

	
momentum accommodation coefficient    (  0 ≤  σ v  ≤ 1  )   




	
  ω  

	
valance number of ions in the electrolyte, see Equation (14)




	
Subscripts




	
   a v   

	
average




	
c

	
creep




	
g

	
gas




	
w

	
wall




	
x

	
transverse coordinate




	
y

	
axial direction (along y axis)




	
z

	
transverse direction (along z axis)
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Figure 1. Effects of variation of electric field on electric current and electroosmotic velocity. (a) I vs. Electric field Ez [109] (b) VHS as a function of electric field (EZ) at 15 s [111]. 
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Figure 2. Average Nusselt number as a function of Br and N. (a) Nu vs. (z/dh) (1/Pe) [153] (b) Nu vs. Da [139]. 
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Figure 3. Slip and jump boundary conditions. (a) Velocity-slip boundary condition. (b) Temperature-jump boundary condition. 
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Figure 4. Different analyses employed in percentage to analyze electrokinetic flow in microchannels based on the existing literature. (a) Rectangular channel with electric field applied; (b) Non-rectangular channel with electric field applied; (c) Both electric and magnetic fields applied. 
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Figure 5. Schematic diagram of a rectangular microchannel showing EDL with coordinate system taken to establish the present study. 
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Figure 6. Validation of the present analysis for velocity and temperature distributions in microchannels. (a) Velocity distribution determined by present analysis and published work [393]; (b) Temperature distribution determined by present analytical and numerical analyses and published work [76]. 
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Figure 7. Effects of slip-conditions on flow-velocity in microchannels for   K = 10  ,   S = 10  , and   Ω = 1  . (a) Second-order slip; (b) Comparison of no-slip, first-order, and second-order slips. 
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Figure 8. Influences of on velocity distributions in microchannels for   K = 10  ,   H a = 1  , and   Ω = 1  . (a) Second-order slip; (b) Comparison of no-slip, first-order, and second-order slips at S = 10. 
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Figure 9. Effects of Hartmann number on temperature distributions in microchannel flow at   K = 10  ,   S = 0  ,   B r = 0.01  ,    g 1  = 1  ,   Ω = 1  ,   N r = 1  ,    α 1  = 0.12  , and    α 2  = 0.0048  . (a) Second-order jump; (b) Comparison of no-jump, first-order jump, and second-order jump at Ha = 1.0. 
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Figure 10. The temperature distribution in microchannels as a function of Hartmann number at   K = 10  ,   S = 0  ,   B r = 0.01  ,    g 1  = 1  ,   Ω = 1  ,   N r = 1  ,    α 1  = 0.12  , and    α 2  = 0.0048  . (a) Second-order jump; (b) Comparison of no-jump, first-order jump, and second-order jump at Ha = 8.0. 
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Figure 11. Relationship between the Hartmann number and temperature distribution in microchannel flow at   K = 10  ,   S = 10  ,   B r = 0.01  ,   H a = 1.0  ,    g 1  = 1  ,   Ω = 1  ,    α 1  = 0.12  , and    α 2  = 0.0048  . (a) Second-order jump; (b) Comparison of no-jump, first-order jump, and second-order jump at Nr = 0.75. 
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Figure 12. Effects of the applied magnetic field on Nusselt number    (  N u  )    for variation with varying electrokinetic width (K) for   B r = 0.01     S = 3     Ω = 1  ,    g 1  = 1  ,   N r = 0  ,    α 1  = 0.12  , and    α 2  = 0.0048  . (a)    γ 1  = 0  ,    γ 2  = 0   and (b)    γ 1  = 0.131455  ,    γ 2  = 0  . (a) No jump boundary condition; (b) First-order jump. 
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