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Abstract: Increasing distributed generations (DGs) are integrated into the distribution network. The
risk of not satisfying operation constraints caused by the uncertainty of renewable energy output is
increasing. The energy storage (ES) could stabilize the fluctuation of renewable energy generation
output. Therefore, it can promote the consumption of renewable energy. A distributed photovoltaic
(PV) and ES optimal allocation method based on the security region is proposed. Firstly, a bi-level
optimal allocation model of PV and ES is established. The outer layer is a nonlinear optimization
model, taking the maximum power supply benefit as the objective function. The inner layer is a
day-ahead economic dispatching model. Then, a quick model solving method based on the steady-
state security region is proposed. An initial allocation scheme of PV and ES is determined with the
redundancy capacity. In addition, the linear hyperplane coefficient of the security region is used to
convert the nonlinear day-ahead economic dispatching model into a linear one. Finally, the proposed
method is used to analyze the improved IEEE 33-node system. It is found that a moderate curtailment
measure of distributed PV peak output and the allocation of energy storage have a significant effect
on the power supply benefit of the distribution system. The optimal quota capacity of DG exceeds
the sum of the maximum load and the branch capacity. In addition, the optimal allocation scheme is
closely related to the cost and technical parameters of distributed PV and ES. Dynamic allocation
schemes should be formulated for distribution network.

Keywords: distribution system planning; optimal allocation method; steady-state security region;
redundancy capacity; day-ahead economic dispatching; power supply benefit

1. Introduction

China is committed to adopting more effective policies and measures to reach the
peak emission of CO2 by 2030 and achieve carbon neutralization by 2060 [1]. However,
due to the output uncertainty of distributed generation (DG), the risk of node voltage
exceedance and branch power flow overload increases with the improvement of renewable
energy capacity. The safe and stable operation of the distribution network faces many
challenges [2,3].

The main factors restricting the consumption of renewable energy can be summarized
as insufficient flexibility resources of the system, including the available regulation capacity,
voltage stability, frequency stability, power grid transmission capacity, etc. Energy storage
(ES) allocation is an important measure used to cope with renewable energy output fluctua-
tion. “Renewable energy + ES” will be actively developed in the future to ensure the system
operation is stable while the permeability of renewable energy gradually increases [4,5].
The sequential characteristics of renewable energy and load should be fully considered
during the installation of distributed ES. As the cost of ES is still very high, it is urgent
to put forward an optimal allocation method based on power supply benefit to guide the
collaborative planning of DG and ES.
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Much research has been carried out in terms of renewable energy planning. The
objective functions of optimal allocation models are various. A photovoltaic (PV) and
ES systems optimal allocation model is established in ref. [6] to minimize the operating
cost of an isolated island microgrid. It is found that the installed capacity of ES is closely
related to the seasonal characteristics of PV output. A rolling optimization strategy is
adopted to minimize the comprehensive cost in ref. [7]. With the rolling optimization
strategy, multi-time scale optimization results could be achieved. The results show that
installing moderate ES can improve the power supply benefit of the system and reduce
the load loss. In order to cope with the technical, environmental, and economic effects, a
multi-objective optimization model is proposed in refs. [8,9] to obtain the optimal capacity
of ES for hybrid wind and PV system. A battery energy storage system can be used for a
standby power supply and provide various distributed auxiliary services. Active power
loss and equipment investment cost of the distribution system is taken as the objective
function in ref. [10] to obtain the allocation scheme of DG, battery energy storage systems
and switchable parallel capacitor banks. Considering the operation constraints of different
ES and DG, minimizing system cost and load loss rate, and maximizing the renewable
energy utilization rate are taken as the objective function for off grid systems in ref. [11].
The impact of the ES system on the power supply cost is analyzed under both off-grid
and on-grid conditions. However, the promotion effect of the PV peak output curtailment
measure on electricity consumption has not been analyzed in most existing research.

For a distribution network with DG integration, node voltage, and branch power flow,
constraints are necessary in an optimal allocation model [12,13]. Since these constraints are
nonlinear, the model is difficult to solve; two genetic algorithms, a basis genetic algorithm,
and a segmented genetic algorithm are used in ref. [14]. Segmented genetic algorithm can
provided a better solution, which is seen as an appropriate approach for solving real life
cases. The model to optimize energy storage and distribution network is made in ref. [15].
The hybrid improved the gravitational search algorithm, and dual-stage optimization
method is used to realize the coordinated planning of the power grid and energy storage.
It can reduce the investment cost by 0.248% comparatively. A comprehensive generation
and transmission expansion planning model is established in ref. [16], and the mixed
scheme of the Runge Kutta optimizer and optimizer based gradient index is used for
model solving. A combined method using the arithmetic optimization algorithm and
the sine cosine method is proposed to realize optimization in ref. [17]. The simulation
results indicate that the proposed method has advantages in determining the optimal
capacity of DG. A multi-objective interval decision and two-level optimization method
based on the D-S evidence theory and genetic algorithm is proposed to obtain optimal
allocation of DG in ref. [18]. The optimal sizes and locations of distributed generation for a
distribution system are taken as the objective function in ref. [19]. A new method using
Harmony Search algorithm is used to solve the model quickly. In addition, the data-driven
kernel extreme learning machine method [20], analytical target cascading method [21],
Archimedes optimization algorithm [22], manta ray foraging optimization algorithm [23],
and other algorithms have also been widely used to solve the optimal allocation model
of DG. However, many infeasible populations are often generated in the solving process
by various intelligent algorithms. Even if new population generation rules are modified,
the solution process easily falls into a local optimal solution. Furthermore, the power flow
calculation is required to be repeated, which will require too much time to be spent on the
calculation. Moreover, the ES system is with sequential characteristics, which makes the
optimization variable increase in geometric multiples.

There are many applications for an ES system in the distribution network. Considering
the capability to stabilize renewable power fluctuation, a two-layer nested distributed ES
planning model is made in ref. [24]. The ES system is used to improve the voltage quality
and an optimization allocation method of distributed energy system with multi-ES is
proposed in ref. [25]. It provides a solution for studying the system structure, operation
optimization and performance index under the scenario of a near zero energy community.
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In order to improve the electricity penetration of distributed generation for distribution
networks, a joint planning for distributed generations and energy storage is carried out
for an active distribution network by using a bi-level programming approach in ref. [26].
The proposed method can reduce the planning deviation caused by the uncertainty of
output, and significantly improve the voltage distribution and operation economy of the
distribution system. A novel distributed energy system combining solar energy utilization
with hybrid energy storage technology is introduced in ref. [27]. 12 nearly zero energy
community scenarios are set considering different community types and scales. It is
found that the co-optimization method improves the primary energy saving rate by 24.0%.
However, there are two key parameters for ES, i.e., maximum charging/discharging power
and rated electricity capacity. The discussion on how the two parameters impact the
allocation scheme of DG and ES is usually ignored.

Moreover, the processing method of load demand and renewable power uncertainty
will have an obvious effect on the allocation scheme. Optimal allocation theories and
methods based on deterministic models may lead to a relatively large error. At present, there
are four methods to deal with the uncertainty of renewable energy output: (1) Increasing
spinning reserve [28,29]. It is applicable to power systems with traditional high- thermal-
power units. For power systems with a high permeability of renewable energy, it is difficult
to scientifically determine the spinning reserve capacity; (2) The robust optimization
method [30,31]. It can transform the output uncertainty of DG into an uncertain solution
set. The research is usually carried out under the worst scenario, and the dispatching
scheme is often conservative; (3) The chance-constrained programming method [32,33].
It is difficult to obtain an analytical expression for large power systems and objectively
determine the confidence level; (4) The stochastic optimization method based on scenario
set [34,35]. Although the uncertainty of the DG output can be taken into account, a high
number of scenarios to be optimized will be generated because of the strong uncertainty
of distributed power generation output. The scene reduction method requires sacrificing
calculation accuracy. However, renewable power has seasonal characteristics, and time-
series operation simulation could better reflect the real consumption of DG.

Therefore, in order to cope with the fluctuation of increasing DG, ES is required to be
allocated and a moderate curtailment measure should also be considered. There are still
some deficiencies in the rapid formulation of renewable power consumption scheme and
the optimal allocation of DG and ES. In the paper, an optimal allocation method based on
security region method is proposed. The main contributions of the paper are as follows:

(1) A bi-level optimal allocation model of distributed PV and ES is established for a
distribution network. The outer layer is a nonlinear optimization model, and the inner
layer is a day-ahead economic dispatching model.

(2) Based on the steady-state security region method, initial allocation scheme of DG and
ES can be determined for the outer layer model and the inner layer model is converted
into a linear one.

(3) Based on the principle of equal curtailment ratio, the optimal allocation scheme of DG
and ES is formulated. Sensitivity analyses are conducted for several key parameters.

The remaining paper is organized as follows. Section 2 describes the bi-level optimal
allocation model for distributed PV and ES. Section 3 describes the fast-solving method
based on security region method. Section 4 provides the optimal allocation schemes of DG
and ES with the proposed method, and gives a detailed discussion of the results. Finally,
the conclusions are provided.

2. Bi-Level Optimal Allocation Model for Distributed PV and ES

For a distribution network with DG and ES, the load demand is firstly supplied by
the local power of DG and ES, and insufficient electricity is purchased from the higher
voltage power grid. When the active power of DG exceeds the load demand, surplus
power will be charged into the ES or sold to the higher voltage power grid. In daily
operation, the PV output should be consumed as much as possible. However, the PV
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output is obviously seasonal and intermittent. For DG and ES optimal allocation, the
annual renewable electricity penetration can be improved by moderate curtailment measure.
Schematic diagram of DG and ES optimization allocation is shown in Figure 1.

1 

 

 

 

 

Figure 1. Schematic diagram of DG and ES optimization allocation.

2.1. The Allocation Target of Distributed PV and ES

For a distribution network with N nodes, the installed capacity of distributed PV and ES
on the ith node in the distribution network is denoted as PPV

i and EES
i , respectively. The installed

capacity vector of the PV and ES system, denoted as P = [PPV
1 , EES

1 , PPV
2 , EES

2 , · · · , PPV
N , EES

N ], is
taken as the optimization variable. The investment cost of PV and ES is denoted as C1, and
the difference of power selling income and power purchasing cost between the distribution
network and higher voltage power grid is the benefit, denoted as C2. The allocation target
is to maximize the annual power supply benefit, C2-C1.

(1) Investment cost of the system

C1 includes the investment cost and operation and maintenance cost of PV and ES
equipment. The equipment investment cost is calculated by equal annual value method in
the paper. The equal annual value coefficient is calculated as follows.

c =
r(1 + r)y

(1 + r)y − 1
(1)

where r denotes the bank discount rate, and it is a constant. y denotes the operating life of
the used equipment in the system. The operation and maintenance cost can be considered
by a fixed proportion of the equipment investment cost. C1 can be calculated as follows.

C1 = (cES + com_ES)Cun_ESPES + (cPV + com_PV)Cun_PVPPV (2)

where CES and CPV denote equal annual value coefficients of ES and PV equipment invest-
ment costs, respectively, which can be calculated by Formula (1). com_ES and com_PV denote
the operation and maintenance ratio of ES and PV equipment, respectively. Cun_ES and
Cun_PV denote the capacity investment cost per kWh of ES and per kW of PV, respectively.
During the optimal allocation of DG, reactive power is balanced locally, and only the effect
of active power is considered.
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(2) Benefit from power selling and purchasing

The distribution system is connected to the higher voltage power grid through a
transformer. C2 can be calculated by the following formula.

C2 =
T

∑
t=1

psell,t ∗ Pline
sell,t −

T

∑
t=1

pbuy,t ∗ Pline
buy,t (3)

where psell,t and pbuy,t denotes the real-time price of selling electricity to a higher voltage
power grid and purchasing electricity from higher voltage power grid, respectively. Pline

sell,t
and Pline

buy,t denote the power sold to the higher voltage power grid and purchased from the
higher voltage power grid, respectively.

The outer layer model is to determine the optimal integrated capacity and location of
the distributed PV and ES according to the power supply benefit. The allocation target can
be expressed as follows.

max
P

C = max
P

C2

(
Pline

buy,t, Pline
sell,t

)
− C1(P) (4)

where maximizing the consumption of renewable energy electricity, C2 is the minimum.
Therefore, the power supply cost and the electricity penetration rate of renewable energy
are both considered. The electricity penetration rate of renewable energy can be calculated
by the following formula.

RDG =
EDG

Eload
(5)

where EDG and Eload denote the electricity generated by renewable energy and electricity
consumed by the users in the optimization period.

In order to achieve an accurate value of C2, it is necessary to determine the sequential
purchasing and selling power scheme of the tie line. Therefore, the day-ahead economic
dispatching model should be established.

2.2. Day-Ahead Economic Dispatching Model

In order to calculate the actual output of DG on the premise of meeting operation
constraints, it is necessary to carry out sequential simulation based on the day-ahead
economic dispatching as follows.

(1) Objective function

Maximizing the power supply benefit is regarded as the economic dispatching target
during the optimization period T.

maxF = max
T

∑
t=1

psell,t ∗ Pline
sell,t −

T

∑
t=1

pbuy,t ∗ Pline
buy,t −

N

∑
i=1

T

∑
t=1

sES ∗ PDis
i,t (6)

where sES denotes the cost of discharging 1 kWh electricity of ES equipment. PDis
i,t denotes

the ES discharging power on the ith node at tth time.

(2) Operation constraints

Power balance constraint is required to be satisfied.

PL
i,t − Pren,2

i,t − PDis
i,t + PCha

i,t = Ui,t ∑
j∈Hi

Uj,t(Gij cos θij,t + Bij sin θij,t) (7)

where PL
i,t denotes the active power of the ith node at tth time. Pren,2

i,t denotes the actual
output of renewable energy on the ith node at tth time. PCha

i,t denotes the charging power
of the ES of the ith node at tth time. Ui,t denotes the voltage amplitude of the ith node at
tth time. θij,t denotes the difference of phase between the ith node and the jth node at tth
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time. Gij denotes the conductance between the ith node and the jth node. Bij denotes the
susceptance between the ith node and the jth node. Hi denotes a node set connected to the
ith node.

There are the upper and lower limit constraints on node voltage amplitude in the dis-
tribution network. In order to ensure the stable operation, there are upper limit constraints
on the branch power flow.

Ui,min ≤ Ui,t ≤ Ui,max ∀i ∈ [1, N], t ∈ [1, T] (8)∣∣Pij,t
∣∣≤ Pij,max ∀i, j ∈ [1, N], t ∈ [1, T] (9)

where Ui,min and Ui,max denote the lower limit and upper limit on the node voltage ampli-
tude, respectively. Pij,t and Pij,max denote the real-time power and the rated capacity of the
line between the ith node and jth node, respectively.

Limited by the transmission capacity of the tie-line, there is an upper limit for the
interactive power on the tie line. {

Pline
sell,t ≤ Pmax

line

Pline
buy,t ≤ Pmax

line
(10)

where Pmax
line denotes the upper limit of transmission capacity for the tie-line.

In order to reduce the dispatching pressure of the higher voltage power grid, it is
required that the power of the tie line cannot change too much from the tth time to the t
+ 1th time. The climbing rate constraint for the transmission power of the tie line is given
below. {

−Pmax
cli_line ≤ Pline

buy,t − Pline
buy,t−1 ≤ Pmax

cli_line

−Pmax
cli_line ≤ Pline

sell,t − Pline
sell,t−1 ≤ Pmax

cli_line

∀t ∈ [2, T] (11)

where Pmax
cli_line denotes the upper limit of the climbing rate.

The maximum output of DG is determined by natural resources, such as wind energy
and solar radiation intensity. When electricity curtailment measure is taken, there is
following constraint.

Pren,2
i,t ≤ Pren,1

i,t ∀i ∈ [1, N], t ∈ [1, T] (12)

where Pren,1
i,t denotes the maximum output of renewable energy, which is obtained from the

meteorological forecast data, the output characteristics of the wind, and PV equipment.
During the dispatching period T, the remaining electricity of ES at the beginning and

end remains unchanged. The constraint between the remaining electricity and the charging
and discharging power for ES is shown as follows.{

Ei,1 = Ei,T

Ei,t = Ei,t−1 − PDis
i,t + PCha

i,t
∀i ∈ [1, N], t ∈ [2, T] (13)

where Ei,t denotes the ES remaining electricity on the ith node at tth time. There are upper
limit and lower limit constraints for ES remaining electricity.

k1 ∗ Emax
i ≤ Ei,t ≤ k2 ∗ Emax

i ∀i ∈ [1, N], t ∈ [1, T] (14)

where k1 and k2 denote the minimum and the maximum ES states of charge, respectively.
The maximum charging or discharging power of ES equipment is as follows.{

0 ≤ PDis
i,t ≤ λ ∗ Emax

i

0 ≤ PCha
i,t ≤ λ ∗ Emax

i
(15)

where λ is constant coefficient related to the selected ES.
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Charging and discharging is not allowed at the same time and there is the following
constraint.

PDis
i,t ∗ PCha

i,t = 0 (16)

Similarly, purchasing and selling power between the distribution network and higher
voltage power grid is not allowed at the same time.

Pline
buy,t ∗ Pline

sell,t = 0 (17)

The day-ahead economic dispatching model is nonlinear because of the constraints
of node voltage and branch power flow. Usually, heuristic algorithms are used to solve
the model and a repeated power flow calculation is required. Moreover, the sequential
characteristic of ES equipment increases the difficulty of model solving.

3. Fast Solving Method Based on the Security Region

The operation constraints of the distribution network can be denoted by steady-state
security region method in the form of linear hyperplane [36,37], such as the upper and
lower limits of the node voltage amplitude, and the branch power flow. For a given network
topology and root node voltage, the security region of the distribution network is uniquely
determined and does not change with the node injected power. The constraint can be
expressed using the following formula.

ΩSSSR ,


xβ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

N
∑

i=1
(αMj,iPi + βMj,iQi) ≤ 1

N
∑

i=1
(αmj,iPi + βmj,iQi) ≤ 1

−1 ≤
N
∑

i=1
(αIj,iPi + βIj,iQi) ≤ 1

Pm
i ≤ Pi ≤ PM

i
Qm

i ≤ Qi ≤ QM
i


(18)

where xβ denotes the vector of the nodal injection power. Pi and Qi denote the active
and reactive power of the ith node, respectively. Pm

i and PM
i denote the minimum and

maximum active power of the ith node, respectively. Qm
i and QM

i denote the minimum
and maximum reactive power of the ith node, respectively. αMj,i, βMj,i, αmj,i, βmj,i, αIj,i
and βIj,i are all constant coefficients. The detailed calculation process refers to ref. [36,37].
The nonlinear constraints (8) and (9) can be equivalently denoted by the linear constraint
Formula (18). In addition, the nonlinear constraint conditions (16) and (17) can be converted
into the following formula. 

0 ≤ PDis
i,t ≤ Mβ1

0 ≤ PCha
i,t ≤ Mβ2

β1 + β2 ≤ 1
(19)


0 ≤ Pline

buy,t ≤ Mα1

0 ≤ Pline
sell,t ≤ Mα2

α1 + α2 ≤ 1
(20)

where M is a huge positive number, α1 and α2 are the 0–1 indicating variables that denote
the status of power purchasing and selling, respectively, and β1 and β2 are the 0–1 in-
dicating variables and denote the charging and discharging state of the ES, respectively.
So far, the day-ahead economic dispatching model of the active distribution network
can be transformed into a linear programming model, which can be quickly solved by
commercial software such as CPLEX. The purchasing and selling power schemes can be
obtained quickly.

The dimension of vector P is large. To speed up the solving process, it is necessary to
formulate a better initial solution with some heuristic information. Assuming there is no
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renewable power curtailment, the maximum installed DG capacity on each node can be
calculated by the security region hyperplane expression.

Taking the upper voltage amplitude constraint as an example, the maximum DG
installed capacity on the ith node that ensures the 1st node does not exceed the upper
voltage limit can be calculated by the following formula.

∆P1,M
i =


1 −

N
∑

i=1
(αM1,i Pi+βM1,iQi)

αM1,i
i f αM1,i > 0

+∞ i f αM1,i < 0

(21)

For the same reason, to ensure all the N nodes do not exceed both the upper and
lower voltage limits, 2N maximum installed capacity values of the ith node can be ob-
tained, i.e., ∆Pi,M

1 ,∆Pi,m
1 ,∆Pi,M

2 ,∆Pi,m
2 , . . . ,∆Pi,M

N ,∆Pi,m
N . Therefore, the maximum DG in-

stalled capacity of the ith node considering the voltage amplitude constraint should select
the minimum value.

∆PV
i = min

{
∆P1,M

i , ∆P1,m
i , ∆P2,M

i , ∆P2,m
i , · · · , ∆PN,M

i , ∆PN,m
i

}
(22)

Similarly, considering the branch flow constraints of all branches, the maximum DG
installed capacity of the ith node, denoted as ∆PI

i , can be obtained after. Therefore, the
maximum installed capacity of the ith node, denoted as ∆Pi, should be calculated by the
following formula.

∆Pi = min
{

∆PV
i , ∆PI

i

}
(23)

Then, the maximum DG installed capacity set {∆P1, ∆P2, · · · , ∆Pi, · · · , ∆PN} can be
achieved. If only one node is selected as the DG integration point, as long as the installed
capacity is less than ∆Pi, the renewable power could be consumed completely. When
several nodes are selected as DG integration points, the total quota capacity should be
allocated among them according to the evaluated ∆Pi. Taking into account feasibility and
other factors, M integration points could be selected by the priority of ∆Pi from large to
small. For a selected DG integration node numbered by x, the DG installed capacity in the
initial scheme can be denoted as follows.

∆Px =
∆Px ∗ Pcap

max
M
∑

i=1
∆Pi

(24)

Since the fluctuation of PV output can be smoothed by ES, the ∆Pi achieved above
could be improved furtherly. Day-ahead pre-dispatching model is established with the
objective function of minimizing the peak valley difference in every day as follows.

min

(
T
∑

t=1
(Pren,2

i,t − 1
T

T
∑

t=1
Pren,2

i,t )
2
)

s.t.{(13− 16)

(25)

With the help of ES, the maximum active power output of DG and ES in every day,
denoted as Pren,M

i,day , could be obtained.

Pren,M
i,day = max

{
Pren,2

i,t + PDis
i,t − PCha

i,t

}
∀t ∈ [1, T] (26)

Furthermore, the annual maximum active power output of DG, denoted as Pren,M
i ,

could be obtained.
Pren,M

i = max
{

Pren,M
i,day

}
∀day ∈ [1, 365] (27)
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Increase the value of ∆Pi gradually until Pren,M
i is equal to ∆Pi. At this moment,

the integrated capacity of distributed PV is recorded as ∆P′i . Replace the value of ∆Pi in
Formula (24) with the updated ∆P′i , the initial allocation scheme could be achieved.

It should be noted that the curtailment measure of the DG peak output is considered in
the paper. Therefore, the final planning scheme of the DG is different from the Formula (24).
According to the principle of marginal effect, when all renewable power integration nodes
have the same curtailment ratio, the DG output can be best consumed, and the optimal
allocation scheme could be achieved.

4. Case Study
4.1. Evaluation Parameters

DG optimal allocation is optimized for the improved IEEE 33-node distribution net-
work system [38]. The topology is shown in Figure 2. The distribution network can be
seen as a uniform network and the maximum transmitted capacity of each branch is 4 MW,
bigger than the total load of the system. The root node voltage is kept at 1.0 p.u., and the
upper limit and lower limit of node voltage are 1.05 p.u. and 0.95 p.u., respectively. During
the operation simulation, the typical daily load curve [39] and PV output curve [40,41] are
shown in Figure A1 of the Appendix A. The electricity price of a city in northern China
is used as the price of purchasing electricity from higher voltage power grid [42]. As the
electricity generated by distributed PV must be delivered by the distribution network, the
price of selling electricity to higher voltage power grid is slightly lower than the purchasing
price and they are given in Figure 3.

1 

 

 

 

 

Figure 2. The structure of improved IEEE 33-node system.
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Figure 3. Time of use price information.

4.2. Effect Analysis of Steady-State Security Region
4.2.1. Initial Allocation Scheme Formulation

According to the calculation method of the distributed PV initial allocation scheme in
Section 3, the maximum installed capacity of DG with and without ES on each node can be
calculated according to the redundancy information of the system. The maximum installed
capacity of DG corresponding to each node is evaluated with the node injection power of
the first hour. When the allocation proportion of ES, the maximum charging or discharging
power, is 20% of the installed capacity of distributed PV and the discharge duration of ES
is set to be 1 h, 2 h, 3 h, and 4 h, respectively, the maximum installed capacity evaluation
results are shown in Figure 4. It can be seen that the installed capacity of distributed power
generation has a positive correlation to the distance between the node and the higher
voltage power grid. It is obvious that the promotion effect gradually declines with the
increase of ES capacity. Taking the first node as an example, the increased proportion of
DG capacity is 26.38%, 33.74%, 41.10%, and 44.79% to the DG maximum installed capacity
without ES.

Figure 4. Maximum installed capacity of each node with and without ES.

Combined with other constraints, only the 11th, 19th, 24th, and 29th nodes are selected
as the integration locations of distributed PV in the paper later. When the allocation
proportion of ES is 20% and the discharge duration is 4 h, the maximum capacities of
DG are 1.18 MW, 4.00 MW, 3.42 MW, and 1.49 MW, respectively. The capacity proportion
coefficient of each node can be obtained: 0.117, 0.396, 0.339, and 0.148.

4.2.2. Day-Ahead Economic Dispatching Scheme Formulation

When the quota capacity is 30 MW, the distributed PV capacity of each node can be
divided into 3.51 MW, 11.89 MW, 10.16 MW, and 4.44 MW by the above capacity proportion
coefficient. If the electricity generated by PV is consumed completely, the node voltage
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will exceed the upper limit as shown in Figure 5a. In order to ensure the safe operation
of the distribution network, some peak output of PV equipment should be curtailed. The
linear day-ahead economic dispatching method in the paper is used to formulate the
optimal dispatching scheme of each node. After day-ahead dispatching, the node voltage
distribution is shown in Figure 5b. The actual output of the distributed PV at each node is
shown in Figure 6a, and the curtailment ratio of PV electricity is 13.42%, 17.07%, 31.21%,
and 10.08%, respectively. As the operation margin of each node is different and electricity
curtailment is allowed, the consumption of PV electricity on each node is different. The
dispatching curve of the ES on each node is shown in Figure 6b. It can be found that when
the output of PV is large, the output will be curtailed due to the operating constraints. The
ES is not fully charged during the period of 0:00–7:00, which reserve some ES capacity to
be charged during the period of large PV output. The consumption of PV electricity can
be improved.

Figure 5. Node voltage distribution diagram without and with PV electricity curtailment. (a) Node
voltage distribution diagram without PV electricity curtailment; (b) node voltage distribution diagram
considering PV electricity curtailment.

4.3. Analysis of the Optimal Allocation Scheme of Distributed PV and ES
4.3.1. PV Allocation Scheme with Equal Curtailment Ratio

According to the distributed PV initial planning scheme in Section 4.2, the sequential
operation simulation based on the day-ahead economic dispatching is carried out. The
PV electricity curtailment ratios of each node and the overall system can be calculated.
According to the optimal allocation process in Section 3, the distributed PV integrated
capacity on each node is gradually adjusted with the PV electricity curtailment ratios of the
overall system. The simulation results when Pcap

max is 24.0 MW can be obtained are shown in
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Table 1. Under the principle of equal PV electricity curtailment ratio, the distributed PV
installed capacity on each node is 3.29 MW, 9.72 MW, 6.58 MW, and 4.42 MW. At this time,
the PV electricity curtailment ratio of the system is 3.29%.

Figure 6. Dispatching scheme of PV and ES system at each node; (a) actual output curve of PV;
(b) dispatching scheme of ES.

Table 1. Curtailment ratio of PV power under different ratios.

The Number of Evaluations First Second Third Fourth Fifth Sixth Seventh

Whole system Curtailment ratio/% 5.51 5.49 4.4 3.54 3.39 3.3 3.29

The 11th node
Proportion coefficient 0.117 0.152 0.146 0.141 0.138 0.137 0.137

Curtailment ratio/% 0.19 7.25 5.75 4.47 3.69 3.39 3.35

The 19th node
Proportion coefficient 0.396 0.323 0.327 0.38 0.394 0.403 0.405

Curtailment ratio/% 2.91 0 0.2 1.53 2.33 2.98 3.12

The 24th node
Proportion coefficient 0.339 0.314 0.304 0.288 0.281 0.275 0.274

Curtailment ratio/% 12.76 8.57 7.23 5.2 4.39 3.66 3.49

The 29th node
Proportion coefficient 0.148 0.209 0.201 0,190 0.187 0.185 0.184

Curtailment ratio/% 0 8.04 6.38 4.38 3.91 3.38 3.34

The allocation criterion is important. If the equal capacity installation principle is
applied, the installed capacity of distributed PV on each node will be 6 MW. The evaluation
results are shown in Table 2. It is not difficult to find that equal capacity installation
principle will lead to an increase in the PV curtailment ratio, and the power supply benefit
of the system will decrease by 6.63%.

Table 2. Result comparison of different allocation principles.

PV Electricity
Penetration/%

Curtailment
Ratio/%

Power Supply
Benefit/Yuan

Equal PV electricity curtailment ratio 158.10 3.29 8,918,746

Equal capacity installation 145.15 11.21 8,363,915

When Pcap
max increases from 20 MW to 30 MW, the optimal allocation schemes can be

obtained as shown in Table 3. According to the optimal allocation schemes, the capacity
proportion coefficients for all Pcap

max values are almost the same. Moreover, they are very
close to the initial allocation scheme determined by Formula (24) proposed in the paper,
as shown in Figure 7. This suggests that the method proposed is robust for formulating
allocation schemes of DG in distribution network, and can save a lot of calculation time.
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Table 3. Allocation schemes under different quota capacities.

Pcap
max/MW

The 11th
Node/MW

The 19th
Node/MW

The 24th
Node/MW

The 29th
Node/MW

20 2.71 8.09 5.54 3.65
24 3.29 9.72 6.58 4.42
25 3.38 10.11 6.93 4.57
26 3.52 10.51 7.21 4.75
28 3.79 11.32 7.76 5.12
30 4.06 12.13 8.31 5.48

Figure 7. Capacity proportion comparison between initial and final allocation schemes: (a) initial DG
capacity proportion; (b) final DG capacity proportion.

Based on the allocation results in Table 3, the optimal installed capacity of distributed
PV can be obtained according to the power supply benefit. The current investment cost
of PV system is about 4,000,000 yuan/MW~6,000,000 yuan/MW in China. The cost
range of PV system in the paper is 2,000,000 yuan/MW~8,000,000 yuan/MW, of which
8,000,000 yuan/MW denotes the PV system in some regions with high installation diffi-
culty, high labor cost, and complex operation and maintenance. The investment cost of
PV system will be decreased by 5% every year in ref. [2]. We have adopted the value of
2,000,000 yuan/MW to analyze the PV development trend in the future. Along with the
decrease of PV equipment cost, dynamic optimal allocation is carried out. The optimal
planning results are shown in Table 4 by fitting the power supply benefit curves with
a quadratic function. It is not difficult to find that the optimal allocation capacity of a
distribution network is not constant.

Table 4. Optimal planning results of distributed PV.

Investment Cost of PV
(Yuan/MW)

Optimal Installed Capacity
(MW) Power Supply Benefit (Yuan)

8,000,000 27.4 7,338,476
6,000,000 30.1 13,201,881
4,000,000 32.8 19,614,340
2,000,000 35.5 26,573,804

4.3.2. Optimal Allocation Scheme of ES

When the quota capacity is 26 MW and the discharging duration is kept as 4 h, an
increase in the allocation proportion of ES and the evaluation results in Table 5 can be
achieved. With the increase of ES, the curtailment ratio of PV power decreases greatly and
the PV electricity penetration increases gradually. However, there is an inflection point of
power supply benefit along with the increase in allocation proportion. Quadratic function
is used to fit the power supply benefit curves as shown in Figure 8. When the investment
cost of ES decreases from 1.0 yuan/Wh to 0.2 yuan/Wh, the optimal allocation proportion
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of ES is 31.79%, 35.38%, 38.96%, 42.54%, and 46.12%, respectively. The results suggest that
the allocation of ES should be dynamically determined.

Figure 8. Power supply benefit curve under different ES investment costs.

When the value of Pcap
max and the allocation proportion of ES change at the same time, a

three-dimensional allocation results can be achieved as shown in Figure 9a by interpolation
fitting for the obtained power supply benefits. Here, the discharge duration of ES is until 4 h.
When the installed capacity of PV and ES is relatively small, the power supply benefit of
the distribution network increases gradually. With the continuous increase of the installed
capacity of PV and ES, there is a global optimal solution. The quota capacity of PV with the
highest power supply benefit is 30 MW, and the optimal capacity of ES is 48 MWh. If the
installed capacity of PV and ES continues to increase, the ES will be redundant with low
utilization. Therefore, it is necessary to optimize the PV and ES allocation scheme under
the guidance of power supply benefit.

Figure 9. Power supply benefit when discharge duration of ES is 4 h, 3 h, 2 h, and 1 h: (a) benefit
when discharge duration is 4 h; (b) benefit when discharge duration is 3 h; (c) benefit when discharge
duration is 2 h; (d) benefit when discharge duration is 1 h.

Furtherly, when discharge duration of ES is 3 h, 2 h, and 1 h, the sequential simulation
is carried out. The three-dimensional evaluation results are shown in Figure 9b–d. The
optimal quota capacity of PV in the distribution network is 30 MW, 28 MW, and 28 MW,
respectively. The optimal allocation capacity of ES is 45 MWh, 28 MWh, and 14 MWh,
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respectively. Obviously, when the discharge durations of ES are different, the optimal
allocation schemes of PV and ES are also different.

Table 5. Power supply benefit under different ratios of ES power.

Allocation
Proportion of ES/%

PV electricity
Penetration/%

PV Electricity
Curtailment Ratio/%

Power Supply
Benefit (Yuan)

20 199.43 6.16 11,404,753
30 207.30 2.46 13,055,808
40 211.46 0.5 13,453,462
50 212.53 0 12,795,417

5. Discussion

A bi-level optimal allocation model is established to formulate the allocation scheme
of distributed PV and ES in distribution network. The nonlinear optimal model could
be solved by intelligent algorithms, e.g., genetic algorithm [14] and particle swarm algo-
rithm [19]. However, numerous samples have to be generated during the solving process
of intelligent algorithm and repeated power flow calculations have to be carried out accord-
ingly. The steady-state security region algorithm is introduced into the optimal allocation
of distributed PV and ES in the paper. Initial allocation scheme, which is very close to the
last solution, can be achieved skillfully and the nonlinear day-ahead dispatching model
can be converted into a linear one. The optimal allocation model can be solved quickly.

The time-series simulation method is adopted to formulate allocation method of
distributed PV and ES. Compared to robust optimization [30] or chance-constrained op-
timization [32], the fluctuation of renewable power output and load demand in different
time scales can be considered expediently. Therefore, the allocation scheme is closer to
the truth. Moderate curtailment measures have been considered, and sensitivity analyses
of key parameters affecting allocation scheme have been conducted. The results suggest
that dynamic allocation of distributed PV and ES is necessary. The 33-node system is
used in the case study of the paper, but the proposed method is universal for all radial
distribution networks.

Increasing DG is integrated into distribution network. Besides ES and moderate
curtailment, the flexibility of distribution network topology will be considered in the future.
For example, soft switch can realize flexible regulation of power flow and the penetration
rate of distributed renewable power can be further improved. In addition, distribution
network forms are becoming more and more abundant, and new forms of power grids,
such as DC distribution networks, offshore micro grids, and AC/DC hybrid power grids,
are gradually emerging. For example, flexible DC equipment can significantly improve the
power flow distribution of the distribution network. In the next step, all flexible resources
from source-network-load-storage will be taken into account for DG allocation in various
forms of distribution network.

6. Conclusions

A distributed PV and ES optimal allocation method based on the steady-state security
region is proposed in the paper. A bi-level optimal allocation model of DG and ES has
been established considering curtailment measures, and a quick model-solving method
is proposed. By the linear hyperplane coefficient of security region in power injection
space, initial allocation scheme of distributed PV and ES could be determined with the
redundancy information of the system and the day-ahead economic dispatching model is
transformed into a linear model. Therefore, the optimal allocation model can be solved by
the proposed method quickly.

The improved IEEE 33-node system is analyzed using the proposed method. The
distributed PV capacity could be integrated into each node is greatly different. The max-
imum PV capacities of the 11th, 19th, 24th, and 29th nodes, selected as the integration
locations, are 1.18 MW, 4.00 MW, 3.42 MW, and 1.49 MW, respectively, when the allocation
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proportion of ES is 20% and the discharge duration is 4 h. By conducting time series
operation simulations, the optimal quota capacity of PV can be determined according to
the power supply income of the distribution network. When the PV cost decreases from
8,000,000 yuan/MW to 2,000,000 yuan/MW, the optimal PV quota capacity gradually
increases from 27.4 MW to 35.5 MW. The cost and technical parameters of ES equipment
will affect the optimal PV quota capacity. When the investment cost of ES decreases from
1.0 yuan/Wh to 0.2 yuan/Wh, and the discharging duration is set as 4 h, the optimal
allocation proportion of ES is from 31.79% to 46.12%. When discharge duration of ES is 4 h,
3 h, 2 h, and 1 h, the optimal quota capacity of PV is 30 MW, 30 MW, 28 MW, and 28 MW
respectively. According to the evaluation results, it is found that:

(1) With ES and PV peak output curtailment measure, the permeability of renewable en-
ergy and the power supply benefit in the distribution network can be improved greatly.

(2) The cost and technical parameters of distributed PV and ES is closely related to the
optimal allocation scheme. Dynamic allocation schemes should be formulated for the
distribution network.

(3) Under reasonable allocation scheme, the optimal quota capacity of DG exceeds the
sum of the maximum load and the branch capacity. In addition, the annual renewable
power generation exceeds the total load demand of the distribution network.
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Nomenclature

Bij the susceptance between the ith node and the jth node
C1 the investment cost of PV and ES
C2 the difference of power selling income and power purchasing cost
CES equal annual value coefficients of ES
CPV equal annual value coefficients of PV
com_ ES the operation and maintenance ratio of ES equipment
com_ PV the operation and maintenance ratio of PV equipment
Ei,t the ES remaining electricity on the ith node at tth time
EES

i the installed capacity of distributed ES
Gij the conductance between the ith node and the jth node
Hi the node set connected with the ith node
k1, k2 the minimum and the maximum ES states of charge
PPV

i the installed capacity of distributed PV
PDis

i,t the ES discharging power on the ith node at tth time
PL

i,t the active power of the ith node at tth time
Pren,2

i,t the actual output of renewable energy on the ith node at tth time
PCha

i,t the charging power of the ES of the ith node at tth time
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Pij,t the line real-time power between the ith node and jth node
Pij,max the line rated capacity between the ith node and jth node
Pmax

line the upper limit of transmission capacity for tie-line
Pmax

cli_line the upper limit of climbing rate
Pren,1

i,t the maximum output of renewable energy
Pi the active power of the ith node
Pm

i the minimum active power of the ith node
PM

i the maximum active power of the ith node
Qi the reactive power of the ith node
Qm

i the minimum reactive power of the ith node
QM

i the maximum reactive power of the ith node
r the bank discount rate
sES the cost of discharging 1 kWh electricity of ES equipment
Ui,t the voltage amplitude of the ith node at tth time
Ui,min the lower limits of the node voltage amplitude
Ui,max the upper limits of the node voltage amplitude
xβ the vector of the nodal injection power
y the operating life of the equipment
αMj,i, βMj,i, αmj,i, the constant coefficients of steady-state security region
βmj,i, αIj,i, βIj,i

α1, α2
the 0–1 indicating viables and denote the status of power
purchasing and selling

β1, β2
the 0–1 indicating variables and denote the charging and
discharging state of the ES

∆Pi the maximum DG installed capacity without ES
∆P′i the maximum DG installed capacity with ES
θij,t the phase difference between the ith node and the jth node at tth time
λ constant coefficient related to the selected ES

Appendix A

Figure A1. Cont.
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Figure A1. The time series curve of load demand and PV output on the 15th day of each month:
(a) daily time series load demand curve; (b) daily time series PV output curve.
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