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Abstract: There is no denying fact that nanoparticles of carbon nanotubes are employed to improve
the performance of thermal stability in comparison with traditional nanoparticles, this is because
nanoparticles of carbon nanotubes possess outstanding material properties. In this manuscript, a
mathematical model of mixed convective flow based on carbon nanotubes suspended in ethylene
glycol has been developed and derived by means of Fourier Sine transform. In order to analyze the
thermophysical properties of nanofluid, the temperature and velocity profiles have been investigated
through fractional derivative and integral transforms. The comparative analysis of single and multi-
walled carbon nanotubes has been presented for the sake of enhancement of heat transfer. It is worth
mentioning that embedded rheological parameters have shown the sensitivity for the enhancement
of heat transfer with and without fractional techniques through graphical illustration.

Keywords: nanoparticles of carbon nanotubes; integral transforms; rate of heat transfer; high sensi-
tivity of rheological parameters

1. Introduction

The carbon nanotubes have become high-strength and lightweight materials due to
their consideration as the structural material, the strongest material and stiffest material in a
broad range of research fields. In fact, carbon nanotubes can come in a variety of impressive
electrical as well as thermal properties, sizes, hollow cylinders of graphene, and shapes
through which one can control the temperature of the deposition processes [1–5]. In this
connection, Halelfadl et al. [6] investigated the experimental rheology of carbon nanotubes
in water-based nanofluids stabilized by a surfactant for a large aspect-ratio. Here, the
viscosity of both nanofluid and base-fluid (deionized-water) were affected by temperature
distribution. Additionally, the relative viscosity perceived to be dependent on temperature
at high shear rate by Maron-Pierce equation. The thermal and physical properties of carbon
nanotubes’ nanofluids with water as a base fluid stabilized by Halelfadi et al. [7]. It was
observed that temperature failed to be function of density as well as relative density while
increase in particle volume fraction resulted affective thermal conductivity and relative
viscosity. Kandasamy et al. [8] studied the impact of chemical reaction on convective flow of
single wall carbon-nanotubes (SWCNTs) water-based nanofluid with alumina and copper
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over a horizontal plate under slip condition. They solved the coupled nonlinear governing
equations numerically. The results represented that the thickness of diffusion boundary
layer for Cu-water is stronger than Alumina-water single wall carbon-nanotubes nanofluid
with increasing chemical reaction. Mustafa and Junaid [9] solved the magnetohydrody-
namics (MHD) Casson nanofluid flow embedded by non-linear stretching sheet by using
RK-fourth and fifth order numerical method with shooting technique. They analyzed that
temperature as well as volume fraction of nanoparticle decrease thermal efficiencies. The
single and multi-walled carbon nanotubes have been inspected by Kashif and Ilyas [10]
for thermal performance by invoking non-singular and non-local kernels from modern
fractional derivatives. This study emphasized the magnetized and non-magnetized be-
havior of single and multi-walled carbon nanotubes. Kandasamy et al. [11] investigated
the heat transfer flow of magnetized single wall CNTs-water and Cu-water nanofluids
under the influence of solar radiation past a porous wedge-sheet. Here, the influence of
magnetic parameter, radiation parameter and thermal stratification is inspected on velocity
and temperature distributions. The thermal effects of SWCNTs-water with Cu-water have
been compared graphically and referred new aspects. Khan et al. [12] explored the critical
study for convection flow of water-based carbon-nanotube nanofluid in vertical channel
via modern non-singular and non-local fractional derivative based on kernel. The fraction-
alized governing equation have been solved by new type of mathematical techniques so
called Zakian’s algorithm for Laplace inversion. The final solution is compared with two
existing numerical methods via Laplace inversion for the sake of good agreement with
existing numerical techniques.

In this continuity, the recent studies for the thermal performance can be traced out
here with thermal study with fractional derivatives [13–17], thermal study with Laplace
and Fourier sine transforms [18–20], thermal study with classical approaches [21–23] and
thermal study with analytical and numerical techniques [24–36]. Motivated by the above
discussion on the thermal assumptions, a mathematical model of mixed convective flow
based on carbon nanotubes suspended in ethylene glycol has been developed and derived
by means of Fourier Sine transform. In order to analyze the thermophysical properties of
nanofluid, the temperature and velocity profiles have been investigated through fractional
derivative and integral transforms. The comparative analysis of single and multi-walled
carbon nanotubes has been presented for the sake of enhancement of heat transfer. It is
worth mentioning that embedded rheological parameters have shown the higher sensitivity
for the enhancement of heat transfer with and without fractional techniques through
graphical illustration. This manuscript is organized as follows as: in Section 2, setting
of the problem via fractional modeling based on carbon nanotubes of single and multi-
wall is discussed; In Section 3, the non-singular kernel-based technique is utilized to
solve the dynamic equations of mixed convection flow of nanofluid functionalized by
carbon nanotubes; In Section 4, the results with parametric discussion and conclusion
are presented.

2. Setting of the Problem via Fractional Modeling Based on Carbon Nanotubes

Although different types of carbon nanotubes (CNTs) for instance zigzag carbon
nanotubes, armchair carbon nanotubes, and chiral carbon nanotubes are employed for
various applications yet single and multi-walled carbon nanotubes have been used for
decades in battery, fuel cells and electrochemical applications. Under the assumption
of isothermal temperature and porosity, mixed convection flow of nanofluid based on
ethylene glycol over an inclined vertical plate is subjected to carbon nanotubes of single
and multi-wall. Due to very small Reynolds number, electrically conducting nanofluid can
induce magnetic field due to polarization. At the initial stage, the system is in the static
position, because t ≤ 0. If t = 0+, the inclined plate produces oscillations on the basis of
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U0H(t) cos(ωt). Due to this fact, the ambient temperature of the plate T∞ rises to T∞ as
sketched in Figure 1. The Casson fluid model is developed for enhanced heat transfer as [28]:(

ρn f
∂
∂t +

µn f ϕ

k

(
1 + 1

β0

)
+ σn f B2

0 sin γ
)

u(y, t) = µn f

(
1 + 1

β0

)
∂2u(y,t)

∂y2

+(ρβT)n f g cos δ(T(y, t)− T∞),
(
ρCp

)
n f

∂T(y,t)
∂t = kn f

∂2T(y,t)
∂y2

(1)

Energies 2021, 14, x FOR PEER REVIEW 3 of 12 
 

 

𝑈𝐻(𝑡)𝑐𝑜𝑠(𝜔𝑡). Due to this fact, the ambient temperature of the plate 𝑇ஶ rises to 𝑇ஶ as 
sketched in Figure 1. The Casson fluid model is developed for enhanced heat transfer as 
[28]: ൬𝜌 𝜕𝜕𝑡 + 𝜇𝜑 𝑘 ൬1 + 1𝛽൰ + 𝜎𝐵ଶ sin 𝛾൰ 𝑢(𝑦, 𝑡) = 𝜇 ൬1 + 1𝛽൰ 𝜕ଶ𝑢(𝑦, 𝑡)𝜕𝑦ଶ+(𝜌𝛽்) 𝑔 cos 𝛿 (𝑇(𝑦, 𝑡) − 𝑇ஶ),    ൫𝜌𝐶൯ 𝜕𝑇(𝑦, 𝑡)𝜕𝑡 = 𝑘 𝜕ଶ𝑇(𝑦, 𝑡)𝜕𝑦ଶ            (1)

Equation (1) is momentum and energy equations respectively, such equations have 
been derived by invoking Fourier law of heat conduction, Darcy’s law and Boussinesq 
approximation. The Equation (1) is subjected to the following initial and boundary con-
ditions with bounded domain 𝑦 ≥ 0 and 𝑡 > 0 as written in Equation (2):  𝑢(𝑦, 0) = 0, 𝑢(0, 𝑡) = 𝑈 cos 𝜔𝑡 , 𝑢(𝑦, 0) →  ∞        𝑇(𝑦, 0) = 𝑇ஶ, 𝑇(0, 𝑡) = 𝑇௪, 𝑇(𝑦, 0) →  ∞                    (2)

The functional parameters and thermophysical properties of nanofluid are described 
in Appendix A (Equations (A1)–(A6)). Employing Appendix A Equation (A7) in Equa-
tions (1) and (2), the governing equations of Casson fluid without fractional derivative is 
developed for enhanced heat transfer as:  ቆ 𝜕𝜕𝑡 + 𝔅ଶ𝑀 𝑠𝑖𝑛𝛾𝔅 + 𝔅ଷ 𝔅𝐾 − 𝔅ଵ𝔅𝛽 𝜕ଶ𝜕𝑦ଶቇ 𝑢(𝑦, 𝑡) = 𝔅ସ𝔅 𝐺𝑟𝜃(𝑦, 𝑡) 𝑐𝑜𝑠𝛿,       (3)

ቆ 𝜕𝜕𝑡 − 𝔅𝑃𝑟 𝔅ହ 𝜕ଶ𝜕𝑦ଶቇ 𝜃(𝑦, 𝑡) = 0           (4)

While, imposed conditions are: 𝑢(𝑦, 0) = 0, 𝑢(0, 𝑡) = cos 𝜔𝑡 , 𝑢(𝑦, ∞) = 0        𝑇(𝑦, 0) = 0, 𝑇(0, 𝑡) = 1, 𝑇(𝑦, ∞) = 0                    (5)

 
Figure 1. Schematic view of the physical setup. 

Equations (3) and (4) are the non-fractional governing equation. In order to transform 
non-fractional governing equation into fractionalized governing equation, the Atangana-
Baleanu time-fractional differential operator [29,30] is invoked on Equations (3) and (4), 
we arrive at:  ቆ 𝔇୲ୟ୬ୟ୬ୟିୟ୪ୣୟ୬୳ ௧𝓆 + 𝔅ଶ𝑀 𝑠𝑖𝑛𝛾𝔅 + 𝔅ଷ 𝔅𝐾 − 𝔅ଵ𝔅𝛽 𝜕ଶ𝜕𝑦ଶቇ 𝑢(𝑦, 𝑡) = 𝔅ସ𝔅 𝐺𝑟𝜃(𝑦, 𝑡) 𝑐𝑜𝑠𝛿,    (6)

Figure 1. Schematic view of the physical setup.

Equation (1) is momentum and energy equations respectively, such equations have
been derived by invoking Fourier law of heat conduction, Darcy’s law and Boussinesq ap-
proximation. The Equation (1) is subjected to the following initial and boundary conditions
with bounded domain y ≥ 0 and t > 0 as written in Equation (2):

u(y, 0) = 0, u(0, t) = U0 cos ωt, u(y, 0)→ ∞
T(y, 0) = T∞, T(0, t) = Tw, T(y, 0)→ ∞

(2)

The functional parameters and thermophysical properties of nanofluid are described in
Appendix A (Equations (A1)–(A6)). Employing Appendix A Equation (A7) in Equations (1) and (2),
the governing equations of Casson fluid without fractional derivative is developed for
enhanced heat transfer as:(
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While, imposed conditions are:

u(y, 0) = 0, u(0, t) = cos ωt, u(y, ∞) = 0
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Equations (3) and (4) are the non-fractional governing equation. In order to transform
non-fractional governing equation into fractionalized governing equation, the Atangana-
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arrive at:(

Atangana-BaleanuD

8.13 Alphabetical symbols, \mathalpha

usv M X S C A D B P S T E Macro

u+1d4d7 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 \mbfscrH

u+1d4d8 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 \mbfscrI

u+1d4d9 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 \mbfscrJ

u+1d4da 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 \mbfscrK

u+1d4db 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 \mbfscrL

u+1d4dc 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 \mbfscrM

u+1d4dd 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 \mbfscrN

u+1d4de 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 \mbfscrO

u+1d4df 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 \mbfscrP

u+1d4e0 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 \mbfscrQ

u+1d4e1 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 \mbfscrR

u+1d4e2 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 \mbfscrS

u+1d4e3 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 \mbfscrT

u+1d4e4 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 \mbfscrU

u+1d4e5 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 \mbfscrV

u+1d4e6 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 \mbfscrW

u+1d4e7 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 \mbfscrX

u+1d4e8 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 \mbfscrY

u+1d4e9 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 \mbfscrZ

Bold script, Latin, lowercase

usv M X S C A D B P S T E Macro

u+1d4ea 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 \mbfscra

u+1d4eb 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 \mbfscrb

u+1d4ec 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 \mbfscrc

u+1d4ed 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 \mbfscrd

u+1d4ee 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 \mbfscre

u+1d4ef 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 \mbfscrf

u+1d4f0 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 \mbfscrg

u+1d4f1 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 \mbfscrh

u+1d4f2 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 \mbfscri

u+1d4f3 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 \mbfscrj

u+1d4f4 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 \mbfscrk

u+1d4f5 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 \mbfscrl

u+1d4f6 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 \mbfscrm

u+1d4f7 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 \mbfscrn

u+1d4f8 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 \mbfscro

u+1d4f9 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 \mbfscrp

u+1d4fa 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 \mbfscrq

u+1d4fb 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 \mbfscrr

u+1d4fc 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 \mbfscrs

u+1d4fd 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 \mbfscrt

u+1d4fe 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 \mbfscru

u+1d4ff 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 \mbfscrv

ch08-unicode.tex: (#40) hvoss

191

t +
B2M sin γ

B0
+

B3

B0K
− B1

B0β

∂2

∂y2

)
u(y, t) =

B4

B0
Grθ(y, t) cos δ, (6)



Energies 2022, 15, 1200 4 of 12

(
Atangana-BaleanuD

8.13 Alphabetical symbols, \mathalpha

usv M X S C A D B P S T E Macro

u+1d4d7 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 𝓗 \mbfscrH

u+1d4d8 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 𝓘 \mbfscrI

u+1d4d9 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 𝓙 \mbfscrJ

u+1d4da 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 𝓚 \mbfscrK

u+1d4db 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 𝓛 \mbfscrL

u+1d4dc 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 𝓜 \mbfscrM

u+1d4dd 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 𝓝 \mbfscrN

u+1d4de 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 𝓞 \mbfscrO

u+1d4df 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 𝓟 \mbfscrP

u+1d4e0 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 𝓠 \mbfscrQ

u+1d4e1 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 𝓡 \mbfscrR

u+1d4e2 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 𝓢 \mbfscrS

u+1d4e3 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 𝓣 \mbfscrT

u+1d4e4 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 𝓤 \mbfscrU

u+1d4e5 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 𝓥 \mbfscrV

u+1d4e6 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 𝓦 \mbfscrW

u+1d4e7 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 𝓧 \mbfscrX

u+1d4e8 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 𝓨 \mbfscrY

u+1d4e9 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 𝓩 \mbfscrZ

Bold script, Latin, lowercase

usv M X S C A D B P S T E Macro

u+1d4ea 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 𝓪 \mbfscra

u+1d4eb 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 𝓫 \mbfscrb

u+1d4ec 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 𝓬 \mbfscrc

u+1d4ed 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 𝓭 \mbfscrd

u+1d4ee 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 𝓮 \mbfscre

u+1d4ef 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 𝓯 \mbfscrf

u+1d4f0 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 𝓰 \mbfscrg

u+1d4f1 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 𝓱 \mbfscrh

u+1d4f2 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 𝓲 \mbfscri

u+1d4f3 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 𝓳 \mbfscrj

u+1d4f4 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 𝓴 \mbfscrk

u+1d4f5 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 𝓵 \mbfscrl

u+1d4f6 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 𝓶 \mbfscrm

u+1d4f7 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 𝓷 \mbfscrn

u+1d4f8 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 𝓸 \mbfscro

u+1d4f9 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 𝓹 \mbfscrp

u+1d4fa 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 𝓺 \mbfscrq

u+1d4fb 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 𝓻 \mbfscrr

u+1d4fc 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 𝓼 \mbfscrs

u+1d4fd 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 𝓽 \mbfscrt

u+1d4fe 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 𝓾 \mbfscru

u+1d4ff 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 𝓿 \mbfscrv

ch08-unicode.tex: (#40) hvoss

191

t −
B6

Pr B5

∂2

∂y2

)
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t is known as Atangana-Baleanu time-fractional differential
operator, that is defined as [31–33]:
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)−1dt. (8)

Additionally, Equations (6) and (7) are the fractional governing equation in terms of
the Atangana-Baleanu time-fractional differential operator as defined in Equation (8), such
equations can be solved by the following system flow chart of the problem as shown in
Figure 2:
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3. Solutions via Non-Singular Kernel

In the current research, the non-singular kernel-based technique is utilized to solve
the dynamic equations of mixed convection flow of nanofluid functionalized by carbon
nanotubes. This technique transforms the integer order of differentials to non-integer
order of differentials. By considering this non-singular kernel-based technique, two vital
investigations are sought out for the sake of thermal estimations namely energy equation
and momentum equation. Whilst, integral transforms namely Laplace and Fourier sine
transforms have been invoked on the governing Equations (6) and (7) of Casson fluid with
fractional derivative as the mathematical application defined as:

L{ f (t)} =
∫ ∞

0
e−kt f (t)dt = F(k) , Fs{ f (t)} =

√
2
π

∫ ∞

0
sin(kt) f (t)dt = Fs(k). (9)

L
{
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f (s), Fs{ f ′′ (y, t)} = −ξ2 Fs(ξ, t) + ξ

√
2
π

f (ξ, 0). (10)

3.1. Use of Non-Singular Kernel for Energy Equations

The description of linear time invariant system of differential equations of nanoflu-
ids/fluids usually depend upon the utilization of integral transforms. In this context,
governing equation of energy for Casson fluid with fractional derivative is tackled via
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Integral transform. Applying Laplace and Fourier Sine transforms on Equation (9) and (10)
and Equation (7), and we have:

θs(ξ, s) =

√
2
π{

s
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λ,B8 = λ Pr B5 +
B6ξ2 and B9 = B6ξ2B7, we arrive at:

θs(ξ, s) =

 2
π

ξs
− 2

π

s
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By taking functional parameters B10 = B9+ξ2B6B7
B8+ξ2B6

and B11 = B9
B8

, Equation (12) is
invoked via inverse Fourier sine transform, the resultant expression is

θ(y, s) =
1
s
−
(

2
π
·B8 + ξ2B9

B8ξ

) ∞∫
0

sin(yξ)

 s
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dξ, (13)

inverting Equation (13) by Laplace transform with special functions from Appendix A
(Equations (A8)–(A10)), the optimal solution of governing equation of energy for Casson
fluid with fractional derivative based on non-singular kernel is investigated as:

θ(y, t) = 1−
(

2
π
·B8 + ξ2B9

B8ξ

) ∞∫
0

sin(yξ)

t∫
0

{
(1− Eα(−B11τα))

B11(t− τ)α+1Γ(−α)
+B10Eα,α(−B11τα)

}
dτdξ. (14)

Equation (14) is an optimal and fractionalized solution of temperature analysis. The
verification can also be obtained by y = 0 and t = 0 in Equation (14) to have the imposed
conditions as defined in Equation (5).

3.2. Use of Non-Singular Kernel for Momentum Equations

Applying Laplace and Fourier Sine transforms on Equation (9) on Equation (7), we get

us(ξ, s) =

B4
B0

Grθs(ξ, t)· cos δ + ξ
√

2
π

B1
B0

 s
(

s
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Equation (15) is solved by letting variables defined as B12 = B0Kβλ +B2MK sin γ +
B3β+ ξ2B1,B13 = B2M sin γB7Kβ+B3βB7 + ξ2B1KB7,B14 = B13 + ξ2B1B7K/B12 +
ξ2B1K and B15 = B13/B12. Equation (15) is invoked via inverse Fourier sine transform,
the resultant expression is

u(y, s) = s
s2+ω2 +

2
π

(
B4B6KβGr

B8B12

) ∞∫
0

sin(yξ) cos δ

(
s
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)

dξ,

(16)

Inverting Equation (16) by Laplace transform with special functions; see Appendix A
(Equations (A8)–(A10)), the optimal solution of governing equation of momentum for
Casson fluid with fractional derivative based on non-singular kernel is investigated as:
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))
dτdξ.

(17)

Equation (17) is an optimal and fractionalized solution of velocity profile. The verifica-
tion can also be obtained by putting y = 0 and t = 0 in Equation (17) to have the imposed
conditions as defined in Equation (5).

4. Results with Parametric Discussion and Conclusions

Due to high conductivity and high aspect ratio of nanotubes, fractionalized Casson
fluid is developed for enhanced heat transfer based on suspension of ethylene glycol. The
thermophysical properties of nanofluid for the temperature and velocity profiles have
been investigated for giving the comparative analysis of single and multi-walled carbon
nanotubes. The rheological parameters have been measured for the higher sensitivity,
crystallinity, and functionalization of single and multi-walled carbon nanotubes to enhance
heat transfer rate. In this regard, temperature distribution with ripple visualization verses
non-ripple visualization for 2-D graphs subject to varying Pr have been observed in Figure 3.
It is perceived from the simulation code for testing the different Prandtl numbers Pr in which
the momentum diffusivity dominates the behavior in both cases. Here, Pr > 1, so the typical
response from ethylene glycol indicates that the heat conduction is more significant in
comparison with convection, so thermal diffusivity is dominant. Temperature distribution
with ripple visualizations for 3-D graphs showing spatial and time domain is sketched in
Figure 4. A ripple visualization of Figure 4 is presented for the dependency of temperature
distribution with respect to spatial and time domain. The influence of single and multi-
walled carbon nanotubes on the temperature distribution is studied through comparison of
single and multi-walled carbon nanotubes in Figure 5 for fractional differential parameter.
It is observed that the functionalization of single and multi-walled carbon nanotubes
is quite similar and identical when increase in fractional differential parameter occur.
While, the dispersion and wettability of carbon nanotubes are noticed at smaller fractional
differential parameter. The role of single and multi-walled carbon nanotubes for volume
fraction on temperature distribution is sketched in Figure 6. The finding of the single and
multi-walled carbon nanotubes for volume fraction has happened for physical aspect of
nanofluid and the investigation of this innovative physical aspect has uninterruptedly
been utilized for heat transfer of mechanical application. In short, enhancing trends for
temperature is perceived with the increase in volume fraction. Physically, enhancing trends
of temperature is due to increase of the addition of solid carbon nanotubes. To further
corroborate the formation of single and multi-walled carbon nanotubes, the comparative
analysis for temperature and velocity profiles for single and multi-walled carbon nanotubes
is presented in Figure 7. Here, the single walled carbon nanotubes verse multi-walled
carbon nanotubes in temperature distribution and velocity field have been inspected for
checking the better performance. It is observed from Figure 7 that defectiveness of the
multi-walled carbon nanotubes results the lowering profiles of temperature distribution and
velocity field. The possible fractional and non-fractional mathematical models for velocity
field are proposed to explain the formation of single and multi-walled carbon nanotubes
through their comparison. Here four types of fractional and non-fractional mathematical
models for velocity field have been discussed in Figure 8, namely (i) fractional velocity
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field with single walled carbon nanotubes, (ii) non-fractional velocity field with single
walled carbon nanotubes, (iii) fractional velocity field with multi walled carbon nanotubes,
and (iv) non-fractional velocity field with multi walled carbon nanotubes. It is observed
from Figure 8 that fractional velocity field with single walled carbon nanotubes has larger
velocity in comparison with other fractional and non-fractional mathematical models for
velocity field. In light of above discussion, current study has investigated that fractional
velocity field with single walled carbon nanotubes demonstrates the robustness of this new
analysis. Additionally, this analysis can also be identical for temperature distribution.
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5. Conclusions

An application of Fourier Sine transforms to carbon nanotubes suspended in ethylene
glycol for the enhancement of heat transfer has been introduced in this work. We empha-
sized the generalized Mittage-Leffler kernel function is able to depict effective behaviors
that has defined the complex nature of carbon nanotubes suspended in ethylene glycol
for the enhancement of heat transfer. For the sake of simplicity, we encompassed the
following outputs:

• The simulation for testing the different Prandtl numbers Pr dominates the behavior in
both cases for the momentum diffusivity.

• A ripple visualization of temperature distribution presented the dependency of tem-
perature distribution with respect to spatial and time domain.

• The comparison of single and multi-walled carbon nanotubes via fractional differential
parameter observed the quite similar and identical dispersion and wettability of
carbon nanotubes.

• The volume fraction on temperature distribution has enhancing trends for temperature.
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• The comparative analysis for temperature and velocity profiles for single and multi-
walled carbon nanotubes in which defectiveness of the multi-walled carbon nanotubes
results the lowering profiles of temperature distribution and velocity field.

• Fractional velocity field with single walled carbon nanotubes has larger velocity in
comparison with other fractional and non-fractional velocity field models.
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Appendix A

Density : ρn f = (1−∅)ρ f +∅ρs, (A1)

Dynamic viscosity : µn f =
µ f

(1−∅)2.5 , (A2)

Electric conductivity : σn f =

1 +
3
(

σs
σf
− 1
)
∅(

σs
σf

+ 2
)
−
(

σs
σf
− 1
)
∅

σf , (A3)

Thermal expansion : (ρβT)n f = (1−∅)(ρβT) f +∅(ρβT)s, (A4)

Heat Capacitance :
(
ρCp

)
n f = (1−∅)

(
ρCp

)
f +∅

(
ρCp

)
s,

Thermal Conductivity : σn f =


(1−∅)+2∅ ks

ks−k f
ln

ks − k f

2k f

(1−∅)+2∅ ks
ks−k f

ln
ks + k f

2k f

k f ,
(A5)
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Letting Parameters:

β =
β0

1 + β0
, M =

v f σf B2
0

ρ f U2
0

, K =
kU2

0
v f ϕ

, Pr =
(

µCp

k

)
f
,

Gr =
g(vβT)(Tw − T∞)

U3
0

, B0 =
(

1−∅n f

)
+B

ρs
ρ f

,

B1 =
1

1−∅ , B2 =
σhn f

σf
,B3 = (1−∅) +∅

(ρβT)s
(ρβT) f

,

B4 = (1−∅) +∅
(
ρCp

)
s(

ρCp
)

f
, B5 =

kn f

k f
,

(A6)

Dimensionless variables : u∗ =
u

U0
, y∗ =

U0

ν f
, t∗ =

U2
0

ν f
t , θ =

T − T∞

Tπ − T∞
, (A7)

[
1

(x + a)

]
=

∞

∑
k=0

(−x)k

ak+1 , (A8)
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