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Abstract: Considering the proliferation of power electronics applications and distributed energy
resources, modern power grids are facing a significant increase in harmonic currents circulation and
supply voltage deterioration, occasionally associated with small frequency variations. In such a
context, the understanding of power phenomena in circuits with linear and non-linear loads under
non-sinusoidal voltage conditions is nontrivial and still does not allow for an easy interpretation of
harmonic sources, harmonic power flow or the identification of the parameters of a proper equivalent
circuit. The main challenge is to develop modern theoretical approaches for load characterization,
modeling, and parameter estimation so that new techniques can be formulated to provide adequate
guiding for the analysis, compensation, revenue metering, accountability and other applications of
power systems. Thus, based on the Conservative Power Theory (CPT) and further decomposition
of its apparent power and power factor definitions, this paper proposes a novel methodology for
estimating equivalent parameters and for proposing proper equivalent circuits capable of represent-
ing/modeling the main characteristics of single-phase generic loads (black boxes) and the related
power phenomena in terms of passive dipoles (linear loads) or of harmonic voltage/current sources
and their intrinsic transimpedances/transadmittances (non-linear loads). Simulation and experimen-
tal results were depicted to support and validate the proposed approach, showing that it might be
a powerful modeling technique to represent generic loads in a modern power grid scenario, while
being used for complex applications such as reactive power compensation or accountability in circuits
with nonlinear loads and distorted voltages.

Keywords: equivalent circuits; harmonic distortion; load modeling; non-linear loads; power factor;
revenue metering

1. Introduction

Due to the proliferation of electronic power converters widely applied in industrial,
commercial, and residential installations, modern power grids are facing a significant
increase in the circulation of harmonic currents. Consequently, supply voltage deterioration
causes different problems for utilities and operation by end-users [1–6]. Such a scenario
could be even more complex in power grids with distributed energy resources [7–9] on
which the grid frequency can slightly vary, and the voltage distortions cannot always
be neglected [1,2] for the bidirectional power flow [9]. In this context, beyond adopting
more stringent standards, the main challenge is to develop advanced techniques for load
characterization, modeling, and parameter estimation so that novel approaches can be
formulated to provide adequate guidance for power system design, compensation, revenue
metering, accountability and other electrical engineering processes. For this reason, adapt-
ing or enhancing the concepts of modern power theories [10–13] to this new environment
is mandatory.
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For more than a century, AC circuit analysis has been based on complex algebra, such
as that proposed by Steinmetz [14], but the broader validity of these concepts have been chal-
lenged ever since [10,11,15]. In this sense, various methods have been developed to general-
ize classic active/reactive/apparent power concepts. Time-domain methods [11,12,16,17],
frequency-domain methods [13,18,19] and other proposals were formulated [10,20–23] and
some exciting comparative studies can be found in [24–29].

All these proposals have contributed greatly to our understanding of the modeling and
analysis of linear and non-linear circuits. However, the investigation of power phenomena
under non-sinusoidal voltage conditions is nontrivial, and it still does not allow for easy
interpretation of harmonic sources, harmonic power flow, or the identification of real
load parameters.

In this context, an important matter is verifying the behavior of non-linear loads
and determining whether they should be represented as “harmonic voltage sources” or
“harmonic current sources” [30,31], making possible their modeling and analysis for feature
extraction, the mitigation of power quality (PQ) problems [3,6,32–34] and the assignment
of responsibilities between utilities and end-users on the generation of disturbances and
energy flow [35–39]. As discussed in [6], household appliances containing motors and trans-
formers, such as refrigerators, freezers, washing machines, and air conditioning devices
may be characterized as harmonic current source (HCS) loads. These loads are character-
ized by a high reactive power demand and a current waveform distortion, which causes
the phase shift between the voltage and current and harmonics production. In contrast,
electronic devices containing a rectifier stage with capacitive output (DC) filter, which
leads to distorting the current and low power factor, may be characterized as harmonic
voltage source (HVS) loads. Some examples are battery chargers, TV sets, electronic ballasts,
microwaves, etc. These HCS and HVS loads can cause voltage distortion, which can lead
to reduced power quality, increased power demand, a lower power factor, and higher
energy bills, and can also cause voltage spikes, surges or notches due to their switching
behavior. Such voltage deterioration can damage sensitive equipment and cause equipment
malfunction [4,5,13,32].

To characterize different aspects of the load operation, the authors in [40] defined a
set of load performance indexes based on the Conservative Power Theory (CPT). These
indexes were based on CPT power decomposition and have a direct relation to the power
factor definition. Later, in [35], the authors proposed a load characterization and revenue-
metering approach using CPT decompositions and symmetrical components, focusing on
estimating the power accountable to the load, apart from the effects of line impedances and
the deterioration of the source voltage on the point of common coupling (PCC). However,
although the concept of power factor decomposition has been indirectly addressed in [40],
neither their physical representations from the load point of view nor the estimation of the
load parameters were presented, and no experimental verification was presented either.

With all this in mind and expanding the approaches presented in [35,40], this paper
aims at discussing the decomposition and physical meaning of the load power factor, which
allows not only for obtaining the load behavior but also the complete characterization of
the loads, with the estimation of their parameter as a function of the fundamental voltage
and/or current components. Hence, the proposed approach drives load modeling from
its general context, where the loads are considered as “black boxes,” and also enables the
analysis of harmonic power flow.

Moreover, while in [35,40] the revenue-metering problem was discussed by comparing
the actual load operation with a very basic load modeling approach to infer the power
terms accountable to the load, now the approach has been completely revised, extended
and enlightened. The power factor decomposition into load conformity factors not only
allows for a full understanding of the process of current distortion and reactive power
generation, but also provides a powerful tool for estimating the load parameters, i.e., an
Equivalent Circuit (EC) that reproduces, with maximum effectiveness, the operation of
actual load. This is the main requirement for an approach with proper accountability,
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splitting the power accountable to the load from the terms that should be ascribed to
supply non-idealities.

Thus, Section 2 presents the original CPT-based circuits for the discussion of load
characterization, as well as the development of new general equivalent circuits derived
from power factor decomposition, while the relationship among the power factor compo-
nents and the proposed methodology for estimating the load parameters is discussed in
Section 3. Then, based on simulation and laboratory tests obtained from several studies, the
harmonic power flow, load characterization and load parameter estimations are analyzed
and discussed in Section 4. Conclusions are presented in Section 5.

2. Load Modeling and Characterization under Generic Supply Conditions
2.1. Fundamental Definitions and CPT-Based Equivalent Circuits

The modeling of a generic load involves analyzing its behavior under generic voltage
waveforms and the CPT, presented in [12,35], which provides a particularly good approach.
Thus, the basic CPT definitions are subsequently recalled and considered as references for
reactive energy and orthogonal current decompositions in single-phase circuits.

The reactive energy Wr at a given port was defined as:

Wr =
1
T

T∫
0

v̂.idt, (1)

Here i is the current and v̂ is the unbiased voltage integral (see Appendix A).
Hence, based on the reactive energy definition, a generic (linear/non-linear) load can be

modeled by the equivalent circuits of Figure 1 [35], according to one of the following possibilities:

• If Wr is positive (+), the load can be modeled by a parallel arrangement of an equiv-
alent conductance (Ge), an equivalent inductor (Le) and a harmonic current source
(je) representing the harmonics produced by the energy conversion in the load side
(Figure 1a).

• If Wr is negative (−), the load can be modeled by a series arrangement of an equiv-
alent resistance (Re), an equivalent capacitor (Ce), and a harmonic voltage source
(ue) representing the harmonics produced by the energy conversion in the load side
(Figure 1b).
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Thus, for a generic load modeled by the equivalent circuit shown in Figure 1a, the
current is given by:

i = Gev +
1
Le

v̂ + je ≡ ia + ir + iv, (2)

where:

• ia = Gev = P
V2 v is the active current, such that P is the active power, V is the voltage

RMS value and Ge is the equivalent conductance [Ω−1]. Therefore, Ge is the inverse of
equivalent resistance Re [Ω].
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• ir = 1
Le

v̂ = Wr
V̂2 v̂ is the reactive current, V̂ is the RMS value of v̂ and Le is the equivalent

inductance [H].
• iv = je = i− ia − ir is the void current and represents the remaining current that does

not transfer active power nor reactive energy.

On the other hand, for a load modeled by the equivalent circuit shown in Figure 1b,
the voltage is given by:

v = Rei +
1

Ce
î + ue ≡ va + vr + vv, (3)

where va = Rei is active voltage, vr =
1

Ce
î = V2

|−Wr| î is reactive voltage, Ce is the equivalent

capacitance [F], vv = ue = v− va − vr is the void voltage and î is the unbiased current
integral (see Appendix A). Notice that the circuits in Figure 1 are more general than those
proposed in [30,31], where the concepts of load voltage source type and current source type
have been introduced for non-linear loads.

Considering that decomposition in (2) and (3) is orthogonal, the RMS values of voltage
and current terms can be associated as:

I =
√

I2
a + I2

r + I2
v , (4a)

V =
√

V2
a + V2

r + V2
v , (4b)

Other relevant information to characterize load operating conditions at a given port
are the apparent power and power factor:

A = V
√

I2
a + I2

r + I2
v ≡

√
P2 + Q2 + D2, (5)

λ =
P
A

=
P√

P2 + Q2 + D2
, (6)

where the power terms can be defined as:

P = VIa ≡ GeV2 activepower (7a)

Q = VIr ≡Wr
V→̂
V

reactivepower (7b)

D = VIv void (distortion) power (7c)

Moreover, owing to the reactive energy nature (inductive or capacitive) and the voltage
distortion, the reactive power Q can be expressed as:

Q = VIrsign(Wr) ≡ ω(1 + σv)Wr, (8)

where ω is the angular line frequency and σv is the voltage distortion factor (Appendix A).
Notice that the reactive power is proportional to reactive energy, but it also depends on
line frequency and voltage distortion.

Moreover, such power and power factor definitions provide a good understanding of
relevant physical phenomena, such as power consumption, energy storage and harmonic
power flow. For this reason, additional power factor decomposition is applied in the
following sections with the purpose of collecting meaningful information for load modeling
through equivalent dipoles.

2.2. Enhancements of Equivalent Circuits for Load Modeling

Although the parameter estimation and equivalent circuits from the last section repre-
sent a solid approach for several applications [3,12,32–35,40], the authors were seeking for
an alternative way of demonstrating the effects of voltage distortions and load nonlineari-
ties on the equivalent circuit parameters. Thus, making use of the equivalent inductance,
Le, it is possible to show that reactive power can be expressed by:

Q = ω(1 + σv)Wr ≡
1

ωLe(1 + σv)
V2 =

BeL
1 + σv

V2, (9)
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such that BeL = 1
ωLe

is the generalized inductive equivalent susceptance [S].
The void (distortion) power can also be expressed by:

D = VIv ≡ YeiV2, (10)

such that Yei =
Iv
V is the equivalent transadmittance measured in [S], which represents

the scattering harmonic current stemming from the interaction of the supplying voltage
harmonics with the load transadmittance (i.e., currents accounted due to the different values
of equivalent admittance at different harmonics) and generated harmonics (i.e., current
harmonics that do not exist in the voltage spectrum).

From (6), (7), (9) and (10), we can therefore express the power factor as:

λ =
Ia√

I2
a + I2

r + I2
v
≡ Ge√

G2
e +

(
BeL

1+σv

)2
+ Y2

ei

, (11)

which can be calculated for any circuit independently of waveform distortion and is affected
not only by energy storage or non-linear dipoles, but also by voltage distortions. Thus, the
previous definitions establish a consistent basis for analyzing and interpreting the power
phenomena with linear and non-linear loads under generic supply conditions.

Therefore, (11) shows that the load model presented in Figure 1 can be reconsidered
using the generic equivalent dipoles of Figure 2, where a generic load can be modeled by
a current components-based circuit (Figure 2a), in case of inductive behavior; or by a voltage
components-based circuit (Figure 2b), in case of capacitive behavior. The series connection of
Figure 2b (dual to the parallel circuit shown in Figure 2a) can be achieved by using (4b),
the active power P, reactive power Q and void (distortion) power D:

P = IVa ≡ Re I2, (12a)

Q = IVr ≡
1

BeC(1 + σi)
I2, (12b)

D = IVv ≡ Zev I2, (12c)

where BeC = ωCe is the generalized capacitive equivalent susceptance [S], σi is the current
distortion factor (Appendix A) and Zev = Vv

I is the equivalent transimpedance measured
in [Ω], which represents the energy conversion from supplying voltage harmonics to other
uncommon voltage harmonics.
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Notice that the improved equivalent circuits of Figure 2 make it possible to under-
stand and evaluate the impact of supplying voltage distortions on the equivalent circuit
parameters. Moreover, load nonlinearities are modeled as current/voltage source linked
to the voltage supply with a magnitude depending on a proper transadmittance (Yei) or
transimpedance (Zev) parameter.
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2.3. Power Factor Decomposition in Terms of Equivalent Circuit Parameters

To characterize the different aspects of a generic load operation on the power factor,
novel performance indexes were proposed in [40]. However, they were not investigated in
detail after being proposed. Consequently, based on the above definitions, these conformity
(performance) indexes are reformulated herein by using the proposed equivalent parame-
ters (dipoles) and well-known PQ indices such as THDI = ∑∞

h=2 Ih/I1 (subscripts “h” and
“1” indicate harmonic order and the fundamental component) and the displacement factor
(cos φ). As a result, the conformity factors can be calculated regardless of the current and
voltage waveforms.

• Reactivity factor (λQ): knowing that the reactive current is related to the phase dis-
placement between voltage and current in the various frequencies, similarly to the
traditional cos φ applied to sinusoidal signals (voltage and current). This conformity
factor can be used to generalize the displacement effect for non-sinusoidal voltage and
current conditions:

λQ =
Ir√

I2
a + I2

r
≡

BeL
1+σv√

Ge
2 +

(
BeL

1+σv

)2
, (13)

It should be noted that, irrespective of the frequency variation and voltage distortion,
λQ indicates the phase displacement between voltages and currents caused by energy
storage elements (inductors and capacitors) or by non-linear dipoles. Notice that λQ
vanishes only if the reactive current is reduced to zero (ir = 0).

In case of inductive loads, the capacitance required for total compensation, results in:

Ce =
Wr

V2 = − 1
Le

V̂2

V2 =
−BeL

ω(1 + σv)
2 ⇒ BeC =

−BeL

(1 + σv)
2 , (14)

• Non-linearity (distortion) factor (λD): as the void current contains all the harmonic
components that do not generate active or reactive energy, this factor can be used to
calculate the distortion index, as follows:

λD =
Iv√

I2
a + I2

r + I2
v
≡ Yei√

G2
e +

(
BeL

1+σv

)2
+ Y2

ei

, (15)

Again, λD vanishes only if the void current is reduced to zero (iv = 0).

• Lastly, from (11), (13) and (15), it can be demonstrated that the load power factor (λ)
can be expressed as:

λ =
Ge√

G2
e +

(
BeL

1+σv

)2
+ Y2

ei

≡
√(

1− λ2
Q

)(
1− λ2

D
)

(16)

From (16) it is possible to correlate and quantitatively evaluate the effect of each dipole
from the load equivalent circuit to the power factor. Furthermore, (16) also shows that the
power factor is unitary only if the load is purely resistive, regardless of the input voltage.

Thus, the previous definitions give a physical sense to the power factor and each
conformity factor, current and power terms, providing a simple technique to describe a
generic load (black box) by estimating the equivalent parameters as in Figure 2, which
might be influenced by voltage distortions in weak grids or microgrids. Indeed, these
systems may experience an increased voltage harmonic content [1–3]. Therefore, the PCC
voltages cannot give enough information to identify the real parameters estimation of
the “black box” (generic load) under distortion voltage conditions. A proper metering
approach should be capable of depurating the effects of supply nonideality, ensuring that
the loads are modeled only by their own parameters. Thus, the goal of the following load
characterization approach is to identify the real load parameters.
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3. Proposed Approach for Estimation of Load Parameters

The central idea of this novel approach is to extract an equivalent load model from
the load conformity factors defined in the previous section, which represents a “black box”
(generic) load. Thus, it is necessary to discriminate the influence of source and load effects
on the generation of the unwanted terms of the current/power. In fact, voltage harmonics
can be generated by either non-linear loads or distorted supply voltages. Therefore, assum-
ing that the supply voltage should be sinusoidal, the conformity factors defined in (13), (15)
and (16) result in (17), (19) and (20).

λQ =
1

ωL1√
G2

1 +
[

1
ωL1

]2
=

BL1√
G2

1 + B2
L1

∼= sin φ (17)

In addition, the capacitor (at fundamental frequency) needed for a total reactive
compensation result:

ωC1 = − 1
ωL1

⇒ ωC1 = BC1 = −BL1 (18)

In the case of λD, it may still be associated with the traditional current THD, by:

λD =
Y`i√

G2
1 + B1

2 + Y2
`i

≡ THDI√
1 + THD2

I

(19)

where, Y`i =
Ih`
V1

is the load transadmittance [S], which represents the harmonic currents,
generated by non-linear loads and Ih` is the rms value of the harmonic current generated
by the load.

Finally, the power factor results:

λ =
G1√

G2
1 + B1

2 + Y2
`i

≡ cos φ

√√√√( 1
1 + THD2

I

)
(20)

Therefore, from (20), the parameters of the black box (generic load) can be characterized
by a parallel arrangement of dipoles as shown in Figure 3a, which represents an inductive
behavior with positive reactive energy (Wr1 > 0). If the generic load feature presents
capacitive behavior, reactive energy becomes negative (Wr1 < 0) and the parallel connection
can be replaced by the series connection of Figure 3b.
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Observe that, unlike the equivalent circuits shown in Figures 1 and 2, Figure 3 rep-
resents the real parameter of the load, so that approach provides a more suitable charac-
terization for the generic load, where the parallel circuit is composed of a fundamental
equivalent conductance (G1), a fundamental equivalent susceptance (B1), and a harmonic
current source (ih`). In contrast, the series circuit is composed of a fundamental equivalent
resistance (R1), a fundamental equivalent capacitor (C1), and a harmonic voltage source
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( vh`). In this case, voltage and current source (vh` and ih`) indicate the harmonics coming
from load energy conversion (harmonics generated by the load).

Considering the equivalent circuits of Figure 3 and assuming that the measuring equip-
ment (i.e., PQ monitor, electronic meter, smart inverter, etc.) at the load terminals is capable
of decomposing the fundamental (v1, i1) and harmonic (vh, ih) components of the voltages
and currents, the parameters of the equivalent circuit for the characterization of a generic
load are calculated to suit the circuit performance at the fundamental frequency, thus:

• Fundamental conductance [S]:

G1 =
P1

V2
1
=

1
R1

(21)

• Fundamental inductive susceptance [S]:

1
L1

=
Wr1

V̂2
1

=
ω2Q1

ωV2
1
⇒ 1

ωL1
= BL1 =

Q1

V2
1

(22)

Since G1 and L1 are supplied by a fundamental voltage ( v1), they must absorb exactly
the fundamental load current (i1). Thus:

i1 = G1v1 +
1
L 1

v̂1 (23)

• Harmonic current source [A]:

ih` = i` − G1(v1 + vh)−
1
L 1

(v̂1 + v̂h) (24a)

ih` = i` − i1 − G1vh −
1
L 1

v̂h = ih − G1vh −
1
L 1

v̂h (24b)

where, i` is the current accountable to the load.
The same idea can be applied to the series circuit.

• Fundamental resistance [Ω]:

R1 =
P1

I2
1
=

1
G1

(25)

• Fundamental capacitive susceptance [F]:

C1 = −
Î2
1

Wr1
= −

ωI2
1

ω2Q1
⇒ ωC1 =

I2
1

Q1
= BC1 (26)

• Harmonic voltage source [V]:

vh` = v1 − R1i` −
î`
C1

= vh − R1ih −
îh
C1

(27)

Clearly, one can see that both current and voltage sources are due to the harmonic
components in the current and voltage waveforms, as well as their harmonic portions
of unbiased integrals. Thus, with the identified parameters, it is possible to describe
the equivalent circuit that characterizes a generic load. Moreover, the equivalent circuits
(Figure 3) could be especially useful or necessary to different applications, such as PQ
assessment and mitigation, disturbing load identification, harmonic propagation studies,
revenue metering and accountability. Moreover, these quantities can be evaluated directly
in the time domain and can be measured by simple instrumentation.

4. Simulation and Experimental Validation

The main intention in choosing the study cases was to demonstrate how the pro-
posed modeling approach can estimate equivalent circuit parameters, capable of repre-
senting/modeling linear and/or non-linear loads, by means of passive dipoles or volt-
age/current harmonic sources (active dipoles). Thus, very simple circuits (practical or not)
were selected for the computer simulations, which are powerful enough in terms of power
phenomena interpretation and estimation of the equivalent circuit. For the experimental
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validation, two simple, practical loads were chosen, for which the operating conditions
were sufficient for validating the modeling approach in terms of the CPT power-based
equivalent parameters and their direct association and interpretation in terms of the power
factor decomposition.

Therefore, considering a set of generic linear and non-linear loads under sinusoidal
and non-sinusoidal voltage conditions, several studies were carried out to illustrate the pro-
posed power factor decomposition and its connection to the estimation of load parameters
under a steady-state regime, as described and discussed in the following sections.

4.1. Simulation Results

The circuits shown in Figure 4 were carefully chosen to point out how very simple cir-
cuits/loads can be tricked in terms of the power phenomena interpretation and equivalent
circuit modeling. For example, the circuits in Figure 4a,b represent two non-linear loads
without energy storage elements (black box), but in the first one the current waveform
lags with regard to the voltage signal, while in the second case, the voltage and current
waveforms are in phase.
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All the required algorithms and equations were digitally implemented in C++ lan-
guage, assuming a sampling frequency of 12 kHz (200 samples per 60 Hz period), and the
circuits were simulated using PSIM software.

Example #1: Figure 4a shows a resistive load (R = 2Ω) with a Triac (firing angle
α = 120o), which is supplied with v = 127

√
2sin(ω1t) V and ω1 = 377 rad/s. The Triac-

controlled circuit is considered an ideal device triggered by the “gating block” component
from PSIM (triggering pulse model). Figure 5 shows the voltage, the current, and the
resulting waveforms of the load-current terms and the corresponding equivalent circuit
(EC) parameters estimation. Note that the current at PCC is decomposed into the active
current ia (in phase with the voltage), which holds for the energy consumption; the void
current iv, occurs due to the nonlinearity introduced by the Triac and the reactive current
ir (shifted by 90◦ with respect to the voltage), a characteristic that is not obvious because
the load has no energy storage. Conventionally, reactive power/energy is associated with
the presence of energy storage elements, with the intrinsic behavior of lead or lag in the
current with respect to the voltage.

From the top of Figure 5, it is possible to notice that the fundamental component of
the load current (i1) lags the voltage waveform (v). Therefore, the reactive current occurs
only because current i1 and the voltage are phase-shifted, but not because of energy storage.
Consequently, although a non-linear load might not have energy storage devices, it can
produce reactive power/energy absorption associated with the non-linear behavior of the
current waveform. Then, the simple asymmetry of the current waveform regarding the
fundamental voltage peak is enough to characterize the phase shift of the fundamental
current waveform. Thus, the reactive power/energy associated with the non-linear load
is “inductive” when the current is delayed in comparison to the voltage reference or
“capacitive” when the current is advanced regarding to that same reference.
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Therefore, a resistive load controlled by Triac (Figure 4a) can be represented by a
parallel EC in Figure 3a containing a conductance G1, a susceptance B1 and a load transad-
mittance Yh` (or a source of harmonic current ih`). Thus, the load behaves as a “harmonic
current source” type. The values of the EC dipoles which characterize the load are shown
at the bottom of Figure 5. Since the voltage is sinusoidal, these values are identical to the
equivalent values of the circuit in Figure 2, i.e., Ge = G1, Be = B1 and je = ih` (Ye = Yh`).

From above, we conclude that it is necessary to re-evaluate the concept that reactive
power/energy is eminently an oscillatory phenomenon between an energy storage ele-
ment (inductors or capacitors) and the grid. Thus, as in Figure 4a, the inductive reactive
power/energy represents the portion of fundamental energy that is demanded to satisfy
the conditions of non-linearity. Namely, this “reactive power/energy” can be compensated
by a shunt capacitor—other nonintuitive information. So, from (18) and the estimated
value of B1 (see the bottom part of Figure 5), such a capacitor at the fundamental frequency
is equal to 312.73 µF.

Figure 5 (bottom) shows the values of the EC dipoles, while Table 1 summarizes the
reactive energy and corresponding load power terms at PCC before and after compensation.
Notice that the estimated value of B1 becomes zero after turning ON the capacitor, and
as a result, the reactive power/energy is entirely compensated. Moreover, from the grid
point of view, the capacitor does not affect the active power P and distortion power D,
since the conductance G1 and the load transadmittance Yh` (harmonic current of the load
ih`) remain unchanged, corroborating the fact that the power/current terms are orthogonal.
Therefore, the intervention of the capacitor reduces the apparent power and improves the
power factor from 0.4359 to 0.518.

Table 1. Example #1—Power Terms and Reactive Energy at PCC.

A [VA] P [W] Q [var] D [VA] Wr [J]

3514.991 1532.054 1899.209 2530.015 5.0437 Without C
2957.425 1531.978 0.000 2529.704 0.0000 With C

In conclusion, the reactive energy not only relates to the energy exchange between
the source and the energy storage elements [12,35], but it has a broader meaning: that
is, regardless of what promotes it (either electromagnetic fields present in inductors and
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electric fields in capacitors or electronic switching), the reactive power/energy is associated
with the voltage and current lead/lag at each frequency.

Example #2: Figure 4b shows a non-linear load on which the voltage and current
waveforms are in phase. The equivalent circuit represented by Ra = 0.2 Ω, Ea = 127 V
is fed by a single-phase ideal full-wave rectifier. The non-linear load is supplied with a
sinusoidal voltage (identical to Example #1), through a purely resistive line impedance
Rs = 0.4 Ω.

Figure 6 shows the waveforms of the voltage, current, load-current terms, and the
results of the EC parameters estimation. Note that, differently from example #1, the
fundamental current i1 is in phase with the voltage v. Hence, the reactive energy/power
results in zero. This statement can be confirmed by the zero reactive (ir) current at the
center of Figure 6. One can observe that due to the nonlinearity of the load, the component
iv is not negligible. Furthermore, iv (distortion current) flows through the line impedance,
and as a result, the voltage at PCC is distorted (see Figure 6, top). In fact, the THDI is
60.43%, which leads to THDV = 10.27%.
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Since the load does not represent any circulation of reactive energy, it can be character-
ized by an EC contend with only a fundamental conductance G1 and a harmonic current
source ih` (or a load transadmittance Yh`). According to this notion, the circuit of Figure 4b
behaves as a harmonic current source (parallel association as in Figure 3a). The estimated
parameters of the EC are shown at the bottom of Figure 6.

Another important concern of load characterization is identifying which portions of
apparent power can be used for revenue metering. Usually, the integral of the active power
(P) for a certain period is used (kWh). However, it is known that this quantity includes a
portion of harmonic active power, leading to the question of whether this portion should
or should not be included in the energy bill.

Table 2 shows power terms, reactive energy, and load conformity factors at PCC. Observe
that the fundamental active power is greater than the total active power (P1 > P). In this
regard, it is interesting to analyze the active power components in the frequency domain:

P = P1 +
∞

∑
h=2

Ph = P1 + PH (28)

where PH is the harmonic active power. Thus, from Table 2 and (28), PH results:
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PH = P− P1 = VH IH = 23.489− 25.045 ∼= −1.556kW

while the fundamental active power P1 is positive, the harmonic active power PH is negative.
The negative value means that the harmonic active power (i.e., generated by the load)
returns from the load to the grid, and this energy is dissipated over the line impedance
(PH = −RS I2

H), increasing the losses. Since the voltage source is sinusoidal, PH is supplied
to the load through the fundamental component, and therefore, P1 is greater than P. In fact,
harmonic currents generated in the load cause the flow of PH . Therefore, it can be said that
P1 supplies the useful power P of the load and the losses associated with the harmonics PH
(load with frequency converter characteristics).

Table 2. Example #2—Power Terms and Conformity factors at PCC.

A [VA] P [W] Q [var] D [VA] Wr [J] P1 [W]

2941.180 2348.981 0.000 1771.018 0.000 2504.537

λ λQ λD
0.799 0.000 0.602

From the above analysis, it is clear that P1 is the power required for the load to work
properly; as a result, for billing purposes, the customer (load) must be charged for the
energy associated with this power, i.e.,:

kWh =

month∫
0

P1dt (29)

In effect, (29) provides not only the information of the energy delivered to the non-
linear load but also the additional energy dissipated in the distribution system originated
from the load itself. Such an accountability method was suggested by the authors of this
paper in [33].

Finally, to evaluate qualitatively the effects of the harmonics on the active power, using
PH and P1, a new index can be defined as:

λP =
PH
P1

= λ
A
P1
− 1 (30)

which refers to a nonconformity factor of the active power and shows how much-undesired
power generating harmful effects is contained on the active power. Factor λP is due to the
distortion voltage and it vanishes only if the voltage at the PCC is sinusoidal, leading to
P1 = P. Consequently, 10.27% of THDV originated from the load causes 6.21% additional
line losses (λP = −0.0621).

Example #3: Figure 4c shows a RL load representing an induction motor per-phase
equivalent circuit in steady-state (3 kW, cosφ = 0.8, R = 3.441 Ω and L = 6.845 mH), supplied
from a source of non-sinusoidal voltage and Rs = 0.4 Ω. The supply voltage is as in
Example #1, added by 10% of the 3rd and 5th harmonics.

Figure 7 shows the waveforms of the voltage, current, load-current terms, and results
of the EC parameters estimation. It is observed that, besides the active (ia) and reactive (ir)
current, there is also the void (iv) current caused by the nonlinearity between the waveforms
of the voltage (source) and current (inductive load). In fact, the THDV (15.86 %) imposed
by the source promoted 6.71% of THDI .

As expected, the load estimated parameters shown at the bottom of Figure 7 indicate
that the circuit of Figure 4c behaves as a harmonic current source (Wr > 0). So, the
EC is composed by a parallel association of G1, B1 and, current source ih` (or a load
transadmittance Yh`) as Figure 3a. Furthermore, the equivalent estimated values, i.e.,
G1 ‖ B1 = Ye1 = 1

Ze1
⇒ Ze1 = 3.440 + j2.582 Ω, with φ = 36.883

◦
are close to the induction

motor equivalent circuit parameters. Therefore, such estimated values of the EC represent
a good estimation of the load parameters.
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The revenue metering is also analyzed, and Table 3 shows the results of power terms,
reactive energy, and corresponding load conformity factors at PCC.

Table 3. Example #3—Power Terms and Conformity factors at PCC.

A [VA] P [W] Q [var] D [VA] Wr [J] P1 [W]

2856.440 2262.096 1715.995 312.298 4.481 2251.391
λ λQ λD λP

0.7919 0.6044 0.1093 0.005

From (28) and Table 3, the power PH results:

PH = P− P1 = 2262.096− 2251.391 = 10.705W

Unlike example #2 (non-linear load), the harmonic active power is positive, indicating
that the harmonic active power (generated by the source) is absorbed by the load, then P1
results lower than P. Thus, it can be said that the useful work produced by P1 is lower than
the total active power supplied P, due to the harmonic active power in the feeder which is
positive (PH = RS I2

H).
Since the voltage source supplies PH to the load, the consumer (load) should be

charged only for the energy associated with the power needed for its operation (useful
power), namely, the fundamental active energy (29). Indeed, only fundamental active power
transfers useful power to the induction motor, P1 = P − PH . Moreover, the harmonics
generated by the source are absorbed by the magnetic field of the inductor, modifying the
amplitude and phase of the harmonic components imposed by the source and generating a
distortion power (D = 312.298 VA), which increases the losses in the line.

Following this approach, the active power P can be re-evaluated by considering the
sign of harmonic active power PH , which is due to the distortion caused by the load and
source, thus:

P =
1
T

T∫
0

vidt = P1 ±
∞

∑
h=2

Ph = P1 ± PH (31)

Observe now that PH can be positive or negative, indicating that the harmonic active
power flow is from the source to the load (+), or from the load to the source (−). It is worth
noting that (31) gives a proper evaluation of the active power in the assumption that the
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load behaves either as a harmonic current generator or not. Hence, the total active power P
could be smaller or larger than the fundamental active power P1 measured at PCC.

In addition, from (30) and (31), λP is greater than zero (+) when the harmonic active
power flow is originated by the power supply or smaller than zero (−) when the harmonic
active power is caused by the load. Consequently, λP can be taken as an index to indicate
the direction of the harmonic active power flow. So, according to (30), λP results are slightly
higher than zero (0.005), suggesting that the harmonic flow comes from the source to the
load; then the additional line losses caused by the voltage source are 0.5%.

Example #4: Figure 4d shows the resistive-capacitive (R = 1Ω and C = 1989.2 µF)
load, which is considered under two supply conditions, sinusoidal as in Example #1, and
non-sinusoidal, as in Example #3. The line impedance Rs is considered as 1.8 mΩ, and in
the case of sinusoidal voltage, three different operating frequencies were considered: 60, 55
and, 63 Hz.

Case I: Table 4 shows power terms, reactive energy, and load conformity factors at PCC.
As expected for sinusoidal voltage conditions, only active (P) and reactive (Q) power are
demanded from the source. The capacitive nature of the load is evidenced by the negative
values of Wr and Q. Otherwise, according to (8), the reactive power under sinusoidal
voltage conditions results in Q = ωWr. This is confirmed by the results shown in Table 4
(Case I). It is worth noticing that the apparent power A and the reactive power Q are
influenced by the line frequency variation. In contrast, the active power P and reactive
energy Wr remain constant, i.e.,

A60 6= A55 6= A63 and Q60 6= Q55 6= Q63

W60
r = W55

r = W63
r = −29.873 J

P60 = P55 = P63 = 15.017 kW

Table 4. Example #4—Power Terms and Conformity factors at PCC.

Case I Case II

f1 [Hz] 60 55 63 60
A [VA] 18,771.043 18,223.401 19,114.199 20,180.949
P [W] 15,017.343 15,017.343 15,017.343 15,314.472

Q [var] −11,261.948 −10,323.359 −11,825.059 −11,589.153
D [VA] 0 0 0 6199.129
Wr [J] −29.873 −29.873 −29.873 −30.464
P1 [W] 15,017.398 15,017.398 15,017.398 15,017.398
PH [W] 0 0 0 297.074

λ 0.8000 0.8144 0.7856 0.7589
λQ 0.6000 0.5802 0.6187 0.6034
λD 0 0 0 0.3072
λP 0 0 0 0.0198

Thus, while active power P and reactive energy Wr are conservative, reactive power
Q and apparent power A are not conservative.

Case II: Under non-sinusoidal supply voltage, similarly to inductive load (Example #3)
the resistive-capacitive load not only demands reactive power Q but also distortion D power
from the source. In effect, the harmonics generated by the source are absorbed by the electric
field of the capacitor modifying the amplitude and phase of the harmonic components
imposed by the source generating a not negligible distortion power (D = 6199.129 VA)
which increases the losses in the line. In this case, the THDV (14.07%) imposed by the
source promotes 36.53% of THDI .

The data relating to the case of non-sinusoidal condition are given in Table 4, and
Figure 8 shows that voltage distortion produces a high current (i) distortion, a slightly
reactive current (ir) distortion, and a significant void current (iv).
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Unlike Case I, note that the product of the angular frequency by the reactive energy
is different from the reactive power (ωWr 6= Q). In fact, reactive power Q depends on
the voltage distortion and angular line frequency as shown in (8). Besides, it is worth
mentioning that both active (P) and reactive (Q) powers include the contributions from
harmonic components, as shown in Table 4.

Similar to Example #3, the revenue metering can be analyzed based on the values
of Table 4. Note that the harmonic active power flow in a load with a capacitive nature
also results positively, i.e., PH = 15.3145− 15.0174 ∼= 0.2971 kW, indicating that PH is
absorbed by the load. Then the active power is larger than the fundamental active power
( P = P1 + PH ⇒ P > P1). In this way, the customer (load) consumption should be also
charged according to (29), i.e., again the fundamental active energy. In addition, it is
observed that λP is positive (0.0198), suggesting that the harmonic active power flow is
generated by the power supply. In this case, 14.07% of THDV causes 1.98% of additional
losses in the line.

Finally, estimated parameters of the load are shown at the bottom of Figure 8. As
expected, the proposed approach indicates that the circuit of Figure 4d behaves as a
harmonic voltage source (Wr < 0). Correspondingly, the EC is composed of a series
association of G1, B1 and voltage source eh` (or a load transimpedance Zh`) as in Figure 3b.
Furthermore, the equivalent estimated values, i.e., Ye1 = G1 + jB1, are close to the resistive-
capacitive load parameter, i.e., R ‖ XC = 0.64− j0.4799 Ω. Therefore, estimated values of
the EC represent a good estimation of the load parameters.

4.2. Experimental Results

To experimentally validate the estimation of the proposed load parameters, a digital
oscilloscope (analog bandwidth of 100 MHz; maximum sample rate of 2.5 GS/s; input
sensitivity range of 1 mV/div; vertical resolution of 11 bits; DC gain accuracy ±1.5%), with
compensated hall effect current probes (frequency range DC to 100 kHz) and high voltage-
active differential probes (bandwidth of 50 MHz and attenuation 50×/500×) was used
for measuring a set of two residential loads. Then, considering a dataset corresponding
to 6 cycles of fundamental frequency, the EC estimated parameters were calculated with
Matlab software.

Example #5—Compact fluorescent lamp: Considering the approach of Section 3,
Figure 9 shows the results of the load parameter estimation and the corresponding voltage
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v and current i at PCC. Note a slight voltage distortion (2%) and very high current distortion
(DHT I = 143.52%), which can also be confirmed by the small difference between the active
power P and its fundamental component P1, a high distortion power D and a low power
factor in Table 5.
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Table 5. Example #5: compact fluorescent lamp—Power Terms and Conformity factors at PCC.

A [VA] P [W] Q [var] D [VA] Wr [J] P1 [W]

24.1172 13.4568 −3.3965 19.7246 −0.0090 13.4617

λ λQ λD λP

0.5580 0.2447 0.8179 −0.0004

When the nature of the load is considered, it can be foreseen that the approach will
work properly, as confirmed by the results in Table 5 and in Figure 9b, showing a negative
reactive energy/power and the estimated parameters of the load (R1, C1 and eh`). Therefore,
the fluorescent lamp can be modeled by an HVS as in Figure 3b, where the series EC is con-
stituted by R1 (1.0465 kΩ), C1 (9.98 µF) and a harmonics voltage source eh` (see Figure 9b),
representing the harmonics generated by the fluorescent lamp (non-linear load). Moreover,
based on the nonconformity factor of the active power (λP), one can observe that the har-
monic active power flow in a load with the HVS characteristic is negative, suggesting that
the harmonic active power flow is generated by the load. Therefore, as the fundamental ac-
tive power results are slightly larger than active power (P1 > P) from the revenue-metering
point of view, the load consumption should be charged by the fundamental component, i.e.,
according to (29). In addition, as the THDV is low (2%), the distortion factor (λD) is equiv-
alent to the THDI i.e., λD = 0.8179 ∼= 1.4352√

1+1.43522 = 0.8205. Thus, although the compact
fluorescent lamp has a high displacement factor ( λQ = 0.2447 ∼= sin φ⇒ cos φ = 0.9696),
due to the HVS characteristic (capacitive behavior), the power factor results are very low
(λ = 0.558) and a high distortion factor (82%) is observed.
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Example #6—Fan operating at full speed: Figure 10 shows the voltage ( v) and current
( i) waveforms and the resulting estimated load parameters. In this case, the THD of the
voltage and current waveforms is 3.3% and 24.79%, respectively. As expected, due to the
inductive nature of the load, the reactive energy/power results are positive (see Table 6).
Thus, the fan behaves like an HCS (as in Figure 3a), and its EC can be represented by
a parallel configuration of a R1 (100.18 Ω), a L1 (986.245 mH), and a harmonic current
source jh`, representing the harmonics generated by the fan. Similar to the previous
example, the revenue metering and power quality issues can be analyzed based on the
values of Table 5. Unlike the HVS load type in a load with HCS characteristics, the
active power is slightly larger than the fundamental active power (P > P1), indicating
that the harmonic active power is absorbed by the load (λP is positive), then the load
consumption should be also charged by the fundamental component, i.e., according to
(29). In addition, due to the HCS characteristics (inductive behavior), the distortion factor
results are low (24 %) when compared to the load type HVS (capacitive behavior), i.e.,
λD = 0.2382 ∼= 0.2479√

1+0.24792 = 0.2406. Thus, the displacement factor and power factor results
are relatively high, i.e., λQ = 0.2594 ∼= sin φ⇒ cos φ = 0.9658 and λ = 0.938.
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load parameters.

Table 6. Example #6 fan at Full Speed—Power Terms and Conformity Factors.

A [VA] P [W] Q [var] D [VA] Wr [J] P1 [W]

159.956 150.035 40.301 38.105 0.1069 149.491

λ λQ λD λP

0.9380 0.2594 0.2382 0.0036

It is important to point out that the obtained results can be influenced by measure-
ment errors and uncertainties, as in any other power theory measure-based modeling
approach; however, different strategies can be applied for minimizing such influences [41],
as demonstrated in some previous experimental investigations [42–44].
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5. Conclusions

This paper proposes a new theoretical background for the analysis of single-phase
electrical systems operating under non-ideal conditions. The paper particularly stresses
the practical conditions related to weak grids, such as in microgrids where the above-
mentioned non-idealities become more relevant and circuits can also operate in islanded
mode, and where considerable voltage distortions and frequency variations may occur.

The proposed approach was based on the Conservative Power Theory and results
in a powerful technique for estimating equivalent circuit (EC) parameters capable of
representing linear or non-linear (generic) loads under sinusoidal or distorted voltage
conditions by means of passive dipoles or voltage/current harmonic sources (active dipoles)
and intrinsic transimpedance or transadmittance.

Among other discussed possibilities, such as power factor compensation, the proposed
method allows approaching another aspect of great relevance in power systems with
deteriorated voltages, the accountability problem. The identification of supply and load
responsibility regarding reactive and harmonic currents is, in fact, a problem of primary
importance for a proper revision of revenue metering methods in modern (micro) grids.

To validate the proposed method, computer simulations and experimental tests were
performed, assuming different circuits and supply conditions. The simulation results
demonstrate that the estimated parameters for the equivalent circuit practically match
the values from simulations, while the nonlinearities are modeled by estimated harmonic
current or voltage sources. Moreover, the simulations also provide important information
about the origins of reactive and void power/current terms in different operating circuits
and conditions, and their respective effect on power factor calculation and compensation, as
well as about the analysis of harmonic power flow and its impact in revenue metering. The
results show that a proper method for charging consumers should be based on measuring
the PCC energy absorbed at the fundamental frequency. In this way, the non-linear loads
would pay for both the power drained and for the harmonic losses imposed into the grid.
In the case of linear loads (except pure resistive load), consumers would be paying just by
the useful drained power. Therefore, the total active power (P = P1 + PH) represents useful
power only in case of pure resistive load. In any other linear load, useful power is related
to the fundamental active power (P1).

In contrast, experimental results reveal that the proposed method can estimate passive
and active parameters for modeling the real loads as equivalent circuits, which properly
represent the power phenomena of generic single-phase nonlinear loads in real operating
conditions. Apart from providing information for discussing responsibility assessment for
revenue metering or power quality analyses, such equivalent parameters might also be
useful for more complex studies and computer simulations, such as the development of
digital twins for smart grid applications.

Consequently, the estimation of load parameters and revenue metering approaches
have been described and validated as a method of both theoretical and practical interest.
Likewise, the proposed approaches can be easily implemented in digital platforms, setting
the basis for possible retrofits or new technologies for energy and power quality meters,
power electronics-based power conditioners, energy management systems, and other
applications. In future works, the authors intend to extend the proposed methodology to
scenarios with distributed energy sources and three-phase circuits.
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Acronyms and Notation

AC Alternating Current
CPT Conservative Power Theory
DC Direct Current
EC Equivalent Circuits
HCS Harmonic Current Source
HVS Harmonic Voltage Source
PCC Point of Common Coupling
PQ Power Quality
RMS Root Mean Square
THDI Current Total Harmonic Distortion
THDV Voltage Total Harmonic Distortion
ehl Voltage Source
f1 Fundamental Frequency
h Harmonic Order
î Unbiased Current Integral
i1 Fundamental Current
ia Active Current
îh Unbiased Harmonic Current Integral
ih Harmonic Current
ihl Harmonic Current Source
il Current Accountable to the Load
ir Reactive Current
iv Void Current
je Harmonic Current Source
ue Harmonic Voltage Source
v̂ Unbiased Voltage Integral
v1 Fundamental Voltage
va Active Voltage
v̂h Unbiased Harmonic Voltage Integral
vh Harmonic Voltage
vhl Harmonic Voltage Source
vr Reactive Voltage
vv Void Voltage
λ Power Factor
λD Non-linearity Factor
λQ Reactivity Factor
λP Nonconformity Factor of the Active Power
ω Angular Line Frequency
σi Current Distortion Factor
σv Voltage Distortion Factor
A Apparent Power
B1 Fundamental Equivalent Susceptance
BC1 Fundamental Capacitive Susceptance
BeC Capacitive Equivalent Susceptance
BeL Inductive Equivalent Susceptance
BL1 Fundamental Inductive Susceptance
C1 Capacitor at Fundamental Frequency
Ce Equivalent Capacitance
D Distortion Power
G1 Fundamental Equivalent Conductance
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Ge Equivalent Conductance
I RMS Value of Current
Ia RMS Value of ia
Ihl RMS Value of the Harmonic Current Generated by the Load
Ir RMS Value of ir
Iv RMS Value of iv
L1 Fundamental Inductance
Le Equivalent Inductance
P Active Power
P1 Fundamental Active Power
Ph Harmonic Active Power
Q Reactive Power
Q1 Fundamental Reactive Power
R1 Fundamental Resistance
Re Equivalent Resistance
Rs Resistive Line Impedance
V RMS Value of the Voltage
V̂ RMS Value of v̂
V1 RMS Value of v1
Va RMS Value of va
Vr RMS Value of vr
Vv RMS Value of vv
Wr Reactive Energy
Wr1 Reactive Energy at Fundamental Frequency
Ye Equivalent Admittance
Ye1 Fundamental Equivalent Admittance
Yei Equivalent Transadmittance
Yli Load Transadmittance
Zev Equivalent Transimpedance
Zhl Load Transimpedance

Appendix A

The CPT authors define the unbiased time integral [9]:

x̂ = x∫ − x∫ =

t∫
0

x(τ)dτ − 1
T

T∫
0

 t∫
0

x(τ)dτ

dt. (A1)

where x can represent the voltage, v, or the current, i and x∫ is the integral of x and x∫ is
the average value of x∫ . So, the RMS value of x̂ can be written as:

X̂ =

√
∞

∑
h=1

X̂2
h =

√√√√ ∞

∑
h=1

X2
h

ω2h2 , (A2)

where ω is the fundamental angular frequency and h indicates the harmonic order.
Using the definition of total harmonic distortion (THD), it is possible to define the

relation between the RMS values of x and x̂, such as:

X
X̂

= ω

√
1 + THD2

x

1 + THD2
x̂

, (A3)

where THDx = ∑∞
h=2 Xh/X1 is the total harmonic distortion of x and THDx̂ = ∑∞

h=2 X̂h/X̂1
is the weighted total harmonic distortion of x (voltage or current).

Therefore, we can define the voltage or current distortion factor to be:

σx =

√
1 + THD2

x

1 + THD2
x̂
− 1. (A4)
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Finally, from (A3) and (A4) we have:

X
X̂

= ω(1 + σv). (A5)

Since THD2
x ≥ THD2

x̂, the distortion factor is always greater than or equal to zero
(σx ≥ 0). Moreover, if σx = 0, the effective voltage or current values and their unbiased
time integral can be associated by the angular frequency (X = ωX̂).
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