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Abstract: Hydropower has grown to play an important role in power systems including increasing
clean and low-carbon energies, and the effect of electric loads should be basically evaluated for the
reliable operation of these systems. For the hydraulic–mechanical–electrical system of the hydropower
station, the state equation model for stability evaluation was derived with typical electric load models
and elastic models for pipe flow, and after experimental confirmation with a built single-unit setup
for a system, the effects of different electrical loads and pipe flow models on typical hydropower
systems stability were investigated in detail. The results indicate that for the built single-unit system
with different load characteristics, the numerical results were basically consistent with experimental
research, and the unit’s regulation performance for the dynamic load was superior to that of the
static load. Evident differences existed in the effects of different electric loads on the operational
stability, mainly depending on the pipe length and the corresponding models, and an optimum-order
elastic model of pipe flow was preferred to reveal the dynamic interactions between different systems.
Furthermore, for a typical two-unit system, the potential coupling resonance hydraulic–mechanical–
electrical system is pointed out with the preferred-order elastic model of pipe flow.

Keywords: hydropower; stability; elastic model; experimental research

1. Introduction

With the gradually growing energy demand, renewable and low-carbon energy
sources have become a considerable part of the global energy mix [1]. Among them, for
the utilization of water energy, many hydropower stations were successively constructed
and brought into service, including the power transmission projects from west to east in
China [2,3]. These hydropower stations are well suited to provide scheduling flexibility
and play an important role in the normal operation of the power system after the grid
connection [4–8]. Then, the stable operation of hydropower systems not only is beneficial
to improve its power supply quality but also ensures reliable service of the parallel power
system [9,10].

For the hydropower system, its normal operation and regulation is a dynamic process
in which the governor turbine hydraulic system and the parallel power system inevitably
have a dynamic interaction. During the generation condition of the hydropower system,
as a consumer for water energy utilization, because the power system includes different
electric loads, the effect of the power system on the operational stability of the governor
turbine hydraulic system in the hydropower stations basically depends on the electric
loads with different characteristics. Therefore, the assessment of different electric loads is
indispensable to analyze the operational stability of the hydropower system [11]. Typically,
two typical electric loads in power systems are often concerned, namely, the static load
with basically unchanged impedance [12] and the dynamic load with quick response to
frequency changes in dynamic studies [13]. Recently, the increasing complexity of new
generation units and water systems has caused the load instability to become a new problem
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in many countries [14–17], mainly because of the complex interactions of hydro-mechanical
power subsystems in the hydropower stations.

Hence, proper models of the electrical loads are the premise to understand their
dynamic behaviors in different systems, and their importance in power system stability
studies has been emphasized over the long term [18–20]. Relevant achievements have
been obtained by numerical analysis in recent years. It has enabled researchers to further
present the effect of load characteristic on the damping for low-frequency oscillation in the
power system [21]. Similarly, the influence of different loads on the damping analysis of the
power system was studied by numerical analysis [22]. In fact, the main motivation for the
implementation of these load models is that static load models cannot predict instability
in different subsystems. For instance, Nomikos analyzed the impact of a dynamic load,
that is, an induction motor, on a mechanical–electrical oscillation in the power system and
emphasized that the dynamic load had an evident impact on inter-area modes of power
systems [23]. Hiskens and Milanović also studied the impact of these load models on the
stability and analytical damping of the power system [24,25]. Their research shows that the
recovery time constant of the dynamic load has a major effect on the eigenvalue analysis of
the system.

Furthermore, alternative approaches are adopted based on the experimental setup
and laboratory measurements instead of numerical simulation of the electrical loads. To
investigate the dynamic stability of the governor turbine hydraulic system at a large
hydropower station, Yang et al. carried out experimental research with simulated units [26].
Zeng et al. performed a full-load rejection test to confirm the effect of the S-shaped property
on the water hammer calculation, which provided important experimental data to ensure
the stable operation of the pumped storage station [27]. In addition, based on the physical
model experiment, an analysis method considering the theoretical model was provided by
Yang et al. [28], and the sustained ultra-low-frequency oscillations and frequency instability
of hydropower units were revealed.

Worth noting is that the integration of pipe flow models and various electrical loads
in hydropower systems remains a relatively unexplored research field. The effect analysis
of load characteristics on operational stability has been preliminarily discussed in detail
before [29], but it is still insufficient to meet the present demand or provide a comprehensive
analysis of the influence mechanisms of different-order elastic models of pipe flow together
with various electrical loads on typical hydropower systems. Most importantly, the load-
influencing mechanism on the power system stability should be clarified in detail, in
the case of complex load characteristics after the integration of the hydraulic–mechanical
system with the power system. Therefore, further analysis with different load characteristics
is urgent to ensure the system’s stable operation in different operating boundaries. After the
mathematical model of the hydraulic–mechanical system is derived and organized, with
further introduction of load models with different characteristics, the simulation model
presented by state equations is derived to reveal the effects of different load characteristics
on the system’s stability. Then, a built experiment setup of the hydraulic–mechanical–
electrical system for a hydropower station [30] is also introduced for further confirmation
analysis with numerical analysis. Finally, the effects of elastic models with different orders
of pipe flow with different load characteristics on the system’s stability are investigated in
detail based on two case analyses.

The rest of this paper is organized as follows. In Section 2, the mathematical models of
static and dynamic loads are established in the form of state equations, together with the
derived mathematical models of the governor turbine hydraulic system. In Section 3, the
experimental-based stability study and confirmation of the numerical model are carried out
through the experimental setup of hydro-mechanical power systems. In Section 4, based on
a single-unit system and a two-unit system, the sensitivity analysis of the model order of
pipe flow together with different load characteristics was conducted, followed by further
numerical analysis. Finally, the conclusions are presented in Section 5.
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2. Mathematical Models

For the hydropower station paralleled in the power system, its dynamic characteristics
were mainly concerned with the hydraulic pipelines, the turbine generator, the governor,
the exciter, and the electric loads. Therefore, in order to clarify the inherent dynamic
interaction of the governor turbine hydraulic system and the power system and accurately
reveal the effect of different pipe flow models and different electrical loads on the system’s
operational stability, their mathematical models should be accurately established with the
inter-variables.

2.1. Hydraulic System

For a simple hydropower system with a water diversion pipe and a hydraulic unit at
the downstream end, different linear models, including rigid models and elastic models, can
be deduced for the pipe flow provided in [31]. Then, as a single-unit system is considered,
the state equations for state variables at the pipe’s outlet section are

dTi
dt = qi

dqi
dt = − f Q0

DA qi − (iπa)2

l2 Ti −
2gAH0(−1)i

l ξ

dq
dt = − f Q0

DA q + 1
Q0

n
∑

i=1

(iπa)2(−1)i

l2 Ti − H0
Q0

(2n+1)gA
l ξ

, (1)

where qi and Ti are the ith-order oscillatory flow rate and introduced conversion variable;
l is the pipe length; f, D, A, and a are the pipe’s friction coefficient, diameter, sectional
area, and wave speed, respectively; H0 and Q0 are the initial pressure and flow rate at the
pipe’s end section of pressurized pipe; q and ξ are unit’s relative variation of flow rate and
operating head; and n is the model order.

Here, based on the linearization of the turbine’s flow equations at a given opera-
tion condition [32], the unit’s relative variation of operating head in Equation (1) can be
described by

ξ = C1q + C2 ϕ + C3µ, (2)

where ϕ and µ are unit’s relative variation of rotational speed and wicket opening, and
Ci (i = 1, 2, 3) are parameters obtained from the model hill charts of the hydraulic turbine
according to a given operating condition.

By the introduction of Equation (2), Equation (1) can be rewritten as follows:


dTi
dt = qi

dqi
dt = − f Q0

DA qi − (iπa)2

l2 Ti −
2gAH0(−1)iC1

l q− 2gAH0(−1)iC2
l ϕ− 2gAH0(−1)iC3

l µ

dq
dt = 1

Q0

n
∑

i=1

(iπa)2(−1)i

l2 Ti −
(

f Q0
DA + H0

Q0

(2n+1)gAC1
l

)
q− H0

Q0

(2n+1)gAC2
l ϕ− H0

Q0

(2n+1)gAC3
l µ

(3)

Equation (3) is a typical state equation group mainly involving a different-order elastic
model of pipe flow, which provides the dynamic interaction between the hydraulic system
and the mechanical system with some inter-variables.

Similarly, for different hydropower systems, the elastic model can also be derived with
state variables at the outlet section for the long water diversion pipelines connected to an
upstream surge tank or bifurcation or with state variables at the inlet section for the tail
pipelines introduced from a downstream surge tank or bifurcation.

2.2. Turbine Generator

For the turbine generator unit, as a typical salient pole generator, the commonly used
stability computation model is the five order equations recommended by IEEE [33], which
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can exactly simulate its transient characteristics and dynamic responses and conveniently
introduce the interaction of hydraulic–mechanical system. Its basic equations include

dE′q
dt

=
1

T′d0

[
E f d − E′q −

(
xd − x′d

)
id

]
, (4)

dE′′q
dt

=

(
1

T′′d0
− 1

T′d0

)
E′q −

1
T′′d0

E′′q −
(

xd − x′d
T′d0

+
xd
′ − x′′d
T′′d0

)
id +

1
T′d0

E f d, (5)

dE′′d
dt

=
1

T′′q0

[
−E′′d +

(
xq − x′′q

)
iq

]
, (6)

dω

dt
=

1
M

[Pm − Pe], (7)

dδ

dt
= ωω0, (8)

where Td0
′, Td0

′′, and Tq0
′′ are all time constants corresponding to the d-axis and the q-axis;

M is the unit’s inertia time constant; ω and δ are the rotor’s angular speed and power
angle; Eq

′, Eq
′′, and Efd are the q-axis transient potential and sub-transient potential and

excitation potential respectively; Ed
′′ is the d-axis sub-transient potential; xd, xd

′, xd
′′, and

xq, xq
′′ are all known parameters corresponding to the d-axis and q-axis; id and iq are

the d-axis and q-axis current; Vd and Vq are d-axis and q-axis voltage, Vq = E′′q − x′′d id,
Vd = E′′d + x′′q iq; Vt is the terminal voltage, V2

t = V2
q +V2

d ; and Pm and Pe are the mechanical
and electromagnetic power.

For the hydraulic turbine at a certain operating condition, based on the linearized equa-
tion of the unit’s output [32] and further introduction of Equation (2), the relative power
variation corresponding to the mechanical power Pm in Equation (7) can be obtained as

pm = C4q + C5 ϕ + C6µ, (9)

where Pm is the relative power variation, and Ci (i = 4, 5, 6) are parameters obtained from
the model hill charts of the hydraulic turbine according to a given operating condition.
Similarly, the relative power variation corresponding to the electromagnetic power Pe in
Equation (7) can be derived according to electric loads with different characteristics.

2.3. Electric Load in Power System

The electric loads mainly include the static load, dynamic load, and integrated load.
Because the integrated load has the dynamic characteristics combined with the static load
and dynamic load, and in most cases, it is difficult to introduce an exact simulation model
with defined transient parameters, for their effect analysis on the system’s operational
stability, the static load and dynamic load model is typically emphasized. Further, the
induction motor is the commonly used dynamic load in a power system, and its dynamic
characteristics are basically represented by the transient of the induction motor.

Static Load. The description form for the static load model can be rewritten by simplification.

Pl = Pl0

ap

(
E′′q
E′′q0

)2

+ bp

(
E′′q
E′′q0

)
+ cp

, (10)

where coefficients ap, bp, and cp meet ap + bp + cp = 1; Pl and Pl0 are the transient and
rated active power, respectively; and Eq0

′′ is the q-axis initial sub-transient potential. The
specified characteristics of the static load can be described by different combinations of ap,
bp, and cp.
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Then, with the introduction of the static load model and by the Newton–Raphson
linearization, the relative power variation corresponding to electromagnetic power Pe in
Equation (7) can also be derived and reorganized as below [29]:

pe = kee′′q + ksθ, (11)

where eq
′′ is the q-axis relative sub-transient potential an θ is the generator’s rotor angle.

The derived coefficients are defined as below:

ke =
Vt

x′′d
sin θ0 +

Pl0

E′′q0
(2ap + bp), ks =

E′′q0Vt

x′′d
cos θ0 +

V2
t (x′′d − x′′q )

x′′d x′′q
cos(2θ0).

With the substitution of the mechanical power Pm, Equation (9), and the electromag-
netic power Pe, Equation (11), and further linearization, the unit’s motion Equation (7) is
rewritten into

dϕ

dt
=

1
Ta

(
C4q + C5 ϕ + C6µ− kee′′q − ksθ

)
, (12)

where Ta is inertia time constant of the turbine generator.
Dynamic Load. In order to clearly reveal the effect of the dynamic load on the system’s

operational stability with a simplified simulation model, considering an induction motor
with absolutely symmetrical d- and q-axes, after ignoring its transient process and defining
positive inflow of current, the obtained state equations for the dynamic load are as follows:

dE′qe

dt
= − 1

T′
E′qe +

1
T′

(x− x′)ide (13)

dE′de
dt

= − 1
T′

E′de −
1
T′

(x− x′)iqe (14)

ds
dt

=
1

2M′
(Tm − Te), (15)

where T′ is the time constant; Eqe
′ and Ede

′ are the transient potentials of the q- and d-
axes, respectively; x and x′ are the reactance and transient reactance; ide and iqe are the
q- and d-axis currents; s is the slip of the motor; M′ is the inertia time constant; Te is the
electromagnetic torque; and Tm is the mechanical torque. Then, based on the voltage
equations, the electromagnetic power formula, and the interface models for the generator
and the electric load, the relative power variation corresponding to electromagnetic power
Pe can also be derived for the dynamic load [12].

2.4. Stability Analysis Based on State Equations

Therefore, for a simple hydropower system with a water diversion pipe and a hy-
draulic unit at the downstream end, by further introduction of the mathematical models
for the exciter and speed governor provided in [33,34], the whole state equations group
can be organized to directly describe the dynamic characteristic of the governor turbine
hydraulic system and power system, and the corresponding matrix form is

dX
dt

= AX + BU, (16)

where A is the coefficient matrix, X is the state vector, B is the input matrix, and U is the
disturbance vector.

For this single-unit system, the derived state vector X with the static load in
Equation (16) is

X = [T1, q1, · · · , Tn, qn, q, ϕ, y, µ, xI , xD, ua, u f , e f d, e′q, e′′q , e′′d , θ]
T , (17)
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where y, xI, and xD are the governor’s state variables; ua and uf are the output voltage and
exciting feedback voltage of the voltage regulator; efd is relative the exciting potential for
the exciter; eq

′ is the q-axis relative transient potential; and ed
′′ is the d-axis relative sub-

transient potential.
Similarly, for this single-unit system, the derived state vector with the dynamic load

in Equation (16) is

X = [T1, q1, · · · , Tn, qn, q, ϕ, y, µ, xI , xD, ua, u f , e f d, e′q, e′′q , e′′d , e′qe, e′de, s, θ12, θ1]
T , (18)

where eqe
′ and ede

′ are the q- and d-axis relative transient potentials; θ12 meets θ1-θ2; and θ1
and θ2 are the generator’s and the induction motor’s rotor angles respectively.

In particular, if the dynamic characteristics of the generator, exciter, and electrical load
are not considered, the simplified state vector in Equation (16), which is commonly used in
stability analysis on the governor turbine hydraulic system, is

X = [T1, q1, · · · , Tn, qn, q, ϕ, y, µ, xI , xD]
T , (19)

With the obtained state vectors for different considerations, the corresponding linear
state equations can be built to describe the dynamic characteristics of the hydropower
system, and then the system’s operational stability with dynamic responses will be investi-
gated under small disturbance. If different electric loads are involved with the state vectors
presented in Equations (17) and (18), with further eigenvalue and sensitivity analysis, the
influence of different-order elastic models of pipe flow and different load characteristics on
the system’s operational stability can be revealed.

3. Experimental Research on System Stability
3.1. Experimental Setup

Considering the detailed layout of a given simple hydropower system, a small-scale
experimental setup focusing on operating stability of the hydro-mechanical–electrical sys-
tem was designed and established [30]. This equipment mainly consisted of an upstream
reservoir, a pressure conduit, turbine generator, a tail tube, a governor, an exciter, a simpli-
fied electrical system, and so on, shown in Figure 1, and a short open channel was used
to induce water flow from unit’s draft tube to the tail water. The total length of the water
diversion conduit was 18.0 m with a 22.5 cm diameter, and the other experimental equip-
ment parameters are shown in Appendix A. An electromagnetic flowmeter was set close to
the inlet of the unit’s spiral case for the measurement of the unit’s operating flow rate.
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Figure 1. Longitudinal section of the simulated hydro-mechanical system.

The simulated hydropower system can be completely monitored under stable opera-
tion, normal starting and stopping, emergency load rejection, and small disturbances. The
pressure sensors are preset at the corresponding sections to collect the real-time data of the
simulated hydraulic system. With the equipped speed governor, exciter, and synchroniza-
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tion system, the simulated hydropower system can be synchronized and paralleled into the
external power system or be put into isolated operation with different electric loads.

3.2. Electric Load Design

Considering to the research achievements on electric loads’ models in recent years [25],
by comparing with the static load and dynamic load, there is still a bottleneck on how to
ascertain the integrated loads and their parameters in the stability analysis.

Therefore, in order to clearly reveal the influence of the electric loads with different
characteristics on the system’s stability, the static load and dynamic load were preferred
instead of the integrated loads to realize the system’s stability evaluation. As an additional
and indispensable part for the simulated hydropower system, the physical models were
designed and established for the static load (electric resistance) and the dynamic load,
which is a water pumping system with a three-phase induction motor [30] shown in
Figure 2.

Energies 2023, 16, x FOR PEER REVIEW  7  of  17 
 

 

 

Figure 1. Longitudinal section of the simulated hydro‐mechanical system. 

The simulated hydropower system can be completely monitored under stable oper‐

ation, normal starting and stopping, emergency  load rejection, and small disturbances. 

The pressure sensors are preset at the corresponding sections to collect the real‐time data 

of the simulated hydraulic system. With the equipped speed governor, exciter, and syn‐

chronization system, the simulated hydropower system can be synchronized and paral‐

leled into the external power system or be put into isolated operation with different elec‐

tric loads. 

3.2. Electric Load Design 

Considering to the research achievements on electric loads’ models in recent years 

[25], by comparing with the static load and dynamic load, there is still a bottleneck on how 

to ascertain the integrated loads and their parameters in the stability analysis. 

Therefore, in order to clearly reveal the influence of the electric loads with different 

characteristics on the system’s stability, the static load and dynamic load were preferred 

instead of the integrated loads to realize the system’s stability evaluation. As an additional 

and indispensable part for the simulated hydropower system, the physical models were 

designed and established  for  the static  load  (electric resistance) and  the dynamic  load, 

which is a water pumping system with a three‐phase induction motor [30] shown in Fig‐

ure 2. 

 

Figure 2. Longitudinal plan of the pumping system. 

3.3. Computational Verification Based on the Simulated System 

Based on the simulated hydropower system in Figure 1 running with rated head Hr 

= 3.2 m, rated flow rate Qr = 0.045 m3/s, and rated rotational speed nr = 600 rpm and then 

serving for different loads in Figure 2 paralleled into the external power system, consid‐

ering electrical loads with different characteristics under grid‐connected operation or iso‐

lated operation, the effect of power system and different load characteristics on system’s 

operational  stability was experimentally  studied. Then,  for  the  simulated hydropower 

system,  further  numerical  simulation  was  investigated  on  the  system’s  operational 

Figure 2. Longitudinal plan of the pumping system.

3.3. Computational Verification Based on the Simulated System

Based on the simulated hydropower system in Figure 1 running with rated head
Hr = 3.2 m, rated flow rate Qr = 0.045 m3/s, and rated rotational speed nr = 600 rpm and
then serving for different loads in Figure 2 paralleled into the external power system,
considering electrical loads with different characteristics under grid-connected operation or
isolated operation, the effect of power system and different load characteristics on system’s
operational stability was experimentally studied. Then, for the simulated hydropower
system, further numerical simulation was investigated on the system’s operational stability,
and verification analysis for the numerical simulation was also conducted by comparative
analysis with the experimental results [29].

For the simulated hydropower system in Figures 1 and 2, under grid-connected opera-
tion or isolated operation with the static load or dynamic load, according to its relatively
short pipe length, the rigid model was preferred to simulate the dynamic characteristics
of pipe flow [31] instead of the elastic model, derived from Equation (3). Based on the
derived state equations for the hydropower system with a state vector (17) for the static
load and a state vector (18) for the dynamic load, respectively, with eigenvalue analysis
and load disturbance computation, the effects of different load characteristics on the sys-
tem’s stability and regulation performance could be numerically analyzed, including a
comparative analysis with experimental results. For the simulated hydropower system, in
order to be basically consistent with the experimental boundaries, for the static load, only
resistance with ap = 1 and bp = 0 was concerned for the numerical computation, so based
on the eigenvalue computation and further correlation analysis, the computed oscillation
mode strongly related with the low-frequency oscillation was −0.0761 ± j2.041 for the
static load (resistance), and it was −0.2492 ± j0.724 for the dynamic load. By a comparative
analysis on the attenuation factor (real part of low-frequency oscillation mode) for different
loads, it was revealed that the unit serving for a water pumping system (dynamic load)
was more stable.
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Considering the unit under grid interconnection operation and isolated operation and
then with −10% step load disturbance, time histories of the unit’s relative speed variation
considering the dynamic load for further comparative analysis with the experimental
results are provided in Figure 3.
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From the dynamic characteristics of the unit’s rotational frequency in Figure 3 un-
der −10% step load disturbance considering grid-connected operation, it was obviously
confirmed that the power system was beneficial to the unit’s stable operation. Because
the simulated unit’s capacity had a very small proportion of the external power system,
the electric load with different characteristics had a negligible influence on the system’s
stability. As far as isolated operation was concerned, Figure 3 shows the similar oscillation
trend and approximately equal peak values for numerical simulation and experimental
research, and there was also some difference in the oscillation period and the attenuation
trend, which was basically originated from the calibration error of the dynamic load’s
technical parameters, such as the time constant, besides the experimental error.

Similarly, under a −10% step load disturbance, considering the unit under isolated
operation, time histories of the unit’s relative speed variation considering the static load for
further comparative analysis with the experimental results are shown in Figure 4.

Energies 2023, 16, x FOR PEER REVIEW  9  of  17 
 

 

 

Figure 4. Time histories of unit’s relative speed variation considering static load. 

From Figures 3 and 4 and  further unit  regulation performance analysis,  it can be 

drawn that, with setting parameters, under load disturbance, the unit serving for different 

loads under isolated operation was stable. For the unit serving for a water pumping sys‐

tem (dynamic load), the system’s stability and regulation performance were better than 

those of resistance (static load), including an obviously shorter regulating time, less oscil‐

lation, and a  larger attenuation degree, which was 84.8% greater than that of the static 

load, 24.8%, well in agreement with the above experimental results. 

Furthermore, Figures 3 and 4 also clarify that the numerical computed curves were 

basically identical to the experimental results, which confirms that the established math‐

ematical models can accurately reveal the system’s dynamic characteristics and the effects 

of different loads on the hydropower system stability performance. 

4. Numerical Analysis 

4.1. Case Description for a Simple Hydropower System 

Considering that the unit’s speed was an important inter‐variable for the governor 

turbine hydraulic system and the power system, for further numerical simulation analy‐

sis,  it was preferable to  investigate  the effect of different electric  loads on  the dynamic 

characteristics of the unit’s speed in detail. 

Figure 5 shows a simple hydropower system with a pressurized pipe 250 m in length 

and 5.0 m in diameter, and the unit’s rotational inertia is 11,000 t∙m2 with rated speed of 

150.0 rpm. It was running with an operating head of 73.0 m and a flow rate of 116.0 m3/s. 

 

Figure 5. Sketch of a single‐pipe and single‐unit system. 

4.2. Further Numerical Analysis with Different Loads 

For the hydropower system shown in Figure 5, the first‐order elastic model derived 

from Equation (3) was introduced to simulate the water flow in the diversion pipe accord‐

ing to its relatively short length. In order to reveal the effects of the dynamic characteristics 

of the generator, the exciter, and the electrical load on system’s stability, first, based on 

the state vector, Equation (19), without the consideration of their effects, the stable region 

is shown in Figure 6a with the governor parameters, including the dashpot time constant 

Td and the temporary speed drop bt. In Figure 6a, a critical combination of the governor 

parameters  (Td,  bt)  is  also  provided  for  further  comparative  analysis,  and  then  its 

Figure 4. Time histories of unit’s relative speed variation considering static load.

From Figures 3 and 4 and further unit regulation performance analysis, it can be
drawn that, with setting parameters, under load disturbance, the unit serving for different
loads under isolated operation was stable. For the unit serving for a water pumping system
(dynamic load), the system’s stability and regulation performance were better than those
of resistance (static load), including an obviously shorter regulating time, less oscillation,
and a larger attenuation degree, which was 84.8% greater than that of the static load, 24.8%,
well in agreement with the above experimental results.

Furthermore, Figures 3 and 4 also clarify that the numerical computed curves were
basically identical to the experimental results, which confirms that the established mathe-
matical models can accurately reveal the system’s dynamic characteristics and the effects of
different loads on the hydropower system stability performance.
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4. Numerical Analysis
4.1. Case Description for a Simple Hydropower System

Considering that the unit’s speed was an important inter-variable for the governor
turbine hydraulic system and the power system, for further numerical simulation anal-
ysis, it was preferable to investigate the effect of different electric loads on the dynamic
characteristics of the unit’s speed in detail.

Figure 5 shows a simple hydropower system with a pressurized pipe 250 m in length
and 5.0 m in diameter, and the unit’s rotational inertia is 11,000 t·m2 with rated speed of
150.0 rpm. It was running with an operating head of 73.0 m and a flow rate of 116.0 m3/s.
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4.2. Further Numerical Analysis with Different Loads

For the hydropower system shown in Figure 5, the first-order elastic model derived
from Equation (3) was introduced to simulate the water flow in the diversion pipe according
to its relatively short length. In order to reveal the effects of the dynamic characteristics of
the generator, the exciter, and the electrical load on system’s stability, first, based on the state
vector, Equation (19), without the consideration of their effects, the stable region is shown
in Figure 6a with the governor parameters, including the dashpot time constant Td and the
temporary speed drop bt. In Figure 6a, a critical combination of the governor parameters
(Td, bt) is also provided for further comparative analysis, and then its corresponding
computational curve of the relative speed variation under a −10% step load disturbance is
yielded in Figure 6b.
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Figure 6 illustrates that if the effect of the dynamic characteristic of the generator,
excitor, and electrical loads on the system’s stability was not considered, the Td-bt plane
was divided into a stable region and an unstable region with a critical curve; if the combi-
nation of the governor’s parameters (Td, bt) was just located along the critical curve, the
system’s dynamic variables, mainly including relative speed variation, tended to equal-
amplitude oscillation.

Furthermore, the effect analysis of the load characteristics on low-frequency oscillation
was conducted based on the dynamic characteristics of the unit’s speed considering the
static load or the dynamic load. Table 1 provides various groups of ap and bp values to
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describe different computational cases considering the static load in addition to the dynamic
load and the computed corresponding low-frequency oscillation modes. In Table 1, based
on the sensitivity analysis of the governor’s parameters, the effects of governor parameters
on the low-frequency oscillation mode is also analyzed, including the obtained critical
combination of the governor parameters (Td, bt) in Figure 6.

Table 1. Low-frequency oscillation mode of different load characteristics.

Load Model ap bp 2 ap + bp
Low-Frequency Oscillation Mode

Td = 5.0 s, bt = 0.50 Td = 5.0 s, bt = 0.32

Static load

Constant resistance 1.0 0.0 2.0 −0.4316 ± j12.94 −0.4017 ± j12.94
Constant current 0.0 1.0 1.0 −0.4005 ± j13.02 −0.3723 ± j13.01
Constant output 0.0 0.0 0.0 −0.3697 ± j13.09 −0.3431 ± j13.08

0.6 0.2 1.4 −0.4129 ± j12.99 −0.3840 ± j12.98
Dynamic load −0.5599 ± j12.50 −0.5198 ± j12.54

It can be drawn from Table 1 that if the first-order elastic model of the pipe flow was
introduced, the absolute value of the attenuation factor considering the dynamic load was
obviously greater than that considering the static load. The absolute value of the attenuation
factor increased, and the system’s stability became better as the value of 2 ap + bp for the
static load was larger; considering the decreasing of bt with the same Td, the absolute value
of the attenuation factor was slightly reduced, and its stability became a bit worse.

As the hydropower station was running and serving for the dynamic load or the
static load (constant resistance), respectively, then by introducing a −10% step disturbance
from the governor side, the time histories of the relative speed variations under isolated
operation are shown in Figure 7 with Td = 5.0 s and bt = 0.50. Meanwhile, Figure 8 shows
the time histories of the relative speed variation under a −10% step load disturbance with
Td = 5.0 s and bt = 0.32 for further comparative analysis.
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From Figures 7 and 8, the dynamic process of the hydraulic–mechanical system was
significantly different considering the influence of the static load or the dynamic load.
At the same time, considering the dynamic load, the system’s operational stability was
better with the faster speed fluctuation attenuation and relatively short regulation time as
compared with the static load, which was consistent with the results in Table 1. From further
comprehensive analysis with Figures 7 and 8, there were obviously different behaviors for
different disturbances from the governor side or the load disturbance, including different
oscillation processed and attenuation rates. By comparative analysis with Figures 7 and 8,
with the same combination of the governor’s parameters (Td, bt), that is, Td = 5.0 s and
bt = 0.32, the system was stable with better regulation performance considering the effects
of the dynamic characteristics of the generator, exciter, and electrical loads, while it was
in a critical state with equal-amplitude oscillation without their effects; therefore, it was
concluded that the dynamic characteristics of the generator, exciter, and electrical loads
could improve the system’s stability and regulation performance.

4.3. Effect of Pipe Flow Models on Low-Frequency Oscillation with Different Loads

In the above numerical analysis, the first-order elastic model for pipe flow was in-
troduced to evaluate the effect of load characteristics on low-frequency oscillation and
further the system’s stability. Furthermore, for the simple unit system shown in Figure 5,
considering the detailed hydraulic characteristics of the pipe flow illustrated by different-
order elastic models, that is, the stiff model, the first-order model, the second-order model,
and the third-order model, which can be derived from Equation (1) with n = 0, 1, 2, and 3,
respectively, the eigenvalue computation and the analysis of further dynamic characteristics
was carried out to reveal the effects of different models of pipe flow on low-frequency
oscillation and the system’s stability, together with the effect analysis of different load
characteristics. The corresponding modes for low-frequency oscillation with different-order
elastic models for pipe flow and different load characteristics are provided in Table 2, and
considering the static load, under a −10% step load disturbance, the dynamic curves of the
relative speed variation are shown in Figure 9.

Table 2. Low-frequency oscillation modes of different-order elastic models for pipe flow.

Flow Model Static Load Dynamic Load

Stiff model (zeroth-order) −0.5411 ± j12.80 −0.5036 ± j12.31
First-order elastic model −0.4316 ± j12.94 −0.5599 ± j12.50

Second-order elastic model −0.4278 ± j12.95 −0.5695 ± j12.50
Third-order elastic model −0.4264 ± j12.95 −0.5735 ± j12.49
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From Table 2 and Figure 9, it can be seen that for the static load, with the increasing
of the model order for the pipe flow, the absolute value of the attenuation factor of the
low-frequency oscillation mode gradually reduced and then tended to be a constant, which
was illustrated by the different attenuation ratios for the relative speed variation. Compared
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with the static load (constant resistance), for dynamic loads, with the increasing of the model
order for the pipe flow, the absolute value of the attenuation factor of the low-frequency
oscillation mode gradually increased and then tended to be a constant. Therefore, for
both the static load and the dynamic load, instead of a higher-order elastic model, an
optimum-order elastic model, a three-order elastic model, of the pipe flow was preferred to
exactly evaluate the effects of different load characteristics on the low-frequency oscillation
mode and the system’s regulation performance.

4.4. Sensitivity Analysis of Pipe Length on Low-Frequency Oscillation with Different Loads

Based on the effect analysis of the pipe flow models on low-frequency oscillation with
different loads, it was also necessary to conduct further sensitivity analyses of the pipe
length on low-frequency oscillation. For the simple unit system in Figure 5, considering the
reasonable change of the pipe length from 150 to 400 m, further sensitivity analysis was
implemented focusing on the effect of the pipe length on low-frequency oscillation and
further the system’s stability, along with different models of the pipe flow and different
load characteristics. Based on detailed eigenvalue computation with different pipe lengths,
the corresponding modes for low-frequency oscillation with different-order elastic models
for the pipe flow and the static load (constant resistance) are provided in Table 3, and the
changing trends for the real part of the low-frequency oscillation mode of different pipe
lengths with the dynamic load are shown in Figure 10.

Table 3. Low-frequency oscillation mode of different pipe length with static load.

Flow Model 150 m Pipe 250 m Pipe 400 m Pipe

Stiff model (zeroth-order) −0.5347 ± j12.80 −0.5411 ± j12.80 −0.5447 ± j12.80
First-order elastic model −0.5537 ± j12.79 −0.4316 ± j12.94 −0.5258 ± j12.80

Second-order elastic model −0.5571 ± j12.80 −0.4278 ± j12.95 −0.5483 ± j12.79
Third-order elastic model −0.5585 ± j12.80 −0.4264 ± j12.95 −0.5539 ± j12.79
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It can be analyzed from Table 3 and Figure 10 that for both the static load and the
dynamic load, if the stiff model of the pipe flow was introduced, the absolute value of the
real part of the low-frequency oscillation mode slightly increased with the increasing pipe
length. With the increasing model order for the pipe flow, considering different pipe lengths,
the absolute value of the real part of the low-frequency oscillation mode followed a different
variation tendency, and then all tended to be a constant. Therefore, in order to completely
evaluate the effects of different load characteristics on the low-frequency oscillation mode,
an optimum-order elastic model of the pipe flow was preferred according to different pipe
lengths, and in this case, the first- to second-order elastic model would exactly reveal the
effects of the pipe flow characteristics on the system’s regulation performance.
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4.5. Discussion on Stability for Two-Unit System with Different Static Loads

In recent years, many hydropower stations have been successively constructed, paral-
leled into different power systems, and served for local power supply, which has strongly
advanced the clean, low-carbon energy utilization and development in the world. Besides
the simple unit hydropower systems, some typical and relatively complex hydropower
systems play an important role in these hydropower systems, including the two-unit sys-
tem sharing a common water diversion pipeline or tail tunnel with the necessary surge
chambers. Therefore, Figure 11 shows a two-unit system sharing a downstream surge
chamber and tail tunnel, with a water level in the reservoir of 150 m, a tail water level of
29.0 m, a sectional area of downstream surge tank of 233.4 m2, a unit output of 122.6 MW, a
unit rotational inertia of 8900 t·m2, and a rated speed of 230.8 rpm. For the pipe parameters,
the water diversion pipes were 466.3 m and 450.3 m in length with 5.7 m in diameter, the
tail branches were 101.1 m and 111.1 m in length with 6.2 m in diameter, and the tail tunnel
was 945.9 m in length and 8.8 m in diameter.
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Considering two units in Figure 11 serving for the static load and by introducing
different-order models for the tail tunnel flow and stiff models for the branch pipes, a de-
tailed eigenvalue computation and analysis of further dynamic characteristics was carried
out to discuss the effects of different models of pipe flow on low-frequency oscillation and
the system’s stability, together with the effect analysis of different load characteristics. The
corresponding modes for low-frequency oscillation and hydraulic oscillation with third-
order elastic models for tail tunnel flow and different load characteristics are provided in
Table 4. Based on constant resistance, considering a −10% step load disturbance with a
1# unit, the dynamic curves of the relative state variables are shown in Figure 12, including
the unit’s relative speed variation, the relative water level variation in the surge tank, and
the oscillating flow rates in the tail tunnel.

Table 4. Oscillation mode analysis with third-order elastic models for tail tunnel flow.

Oscillation Modes Static Load (Constant Output) Static Load (Constant Resistance)

Low-frequency oscillation
−0.9480 ± j6.834 −0.9569 ± j6.838
−0.8839 ± j6.693 −1.1060 ± j5.471

Hydraulic oscillation
−0.005636 ± j3.322 −0.005365 ± j3.322
−0.005635 ± j6.643 −0.005632 ± j6.643
−0.005627 ± j9.964 −0.005637 ± j9.964

Water level oscillation −0.008115 ± j0.5201 −0.008112 ± j0.5202
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From Table 4 and Figure 12, it can be concluded that for the two-unit system sharing a
downstream surge tank and tail tunnel, if the third-order elastic model for the tail tunnel
flow was introduced, the system’s oscillation modes mainly included two low-frequency
oscillations modes strongly related with the two units, three hydraulic oscillation modes
illustrating the dynamic characteristics of three oscillating flow rates, and one water level
oscillation mode directly representing the downstream surge tank’s surge characteristics.
The two low-frequency oscillation modes were not changed with the different model
orders for the tail tunnel flow, mainly because of the reflection of the downstream surge
tank, which was obviously different from that of the simple unit system. By comparative
analysis, one of the low-frequency oscillation modes was basically consistent with one of
the hydraulic oscillation modes, which may have resulted in coupling resonance in this
hydropower system, which should be exactly evaluated with the premise of considering a
reasonable model order for the tail tunnel flow.

Under a −10% load disturbance on a 1# unit, the detailed computation shows that
the relative speed variation of the 1# unit decayed accompanied by obvious oscillation,
while that of the 2# unit had less oscillation. The water level in the downstream surge
tank also tended to a steady state gradually. Especially in Figure 12c, three oscillating flow
rates qi (i = 1, 2, and 3) showed an attenuated oscillation close to the water level oscillation
period in the surge tank, combined with a high-frequency oscillation with an oscillation
period decided by the ith-order hydraulic oscillation.

Further, considering static loads with different characteristics, from constant output
to constant resistance, the absolute value of the real part of the low-frequency oscillation
mode increased, and the relative speed variation decayed faster, while there was less effect
on the hydraulic oscillation mode and the water level oscillation.

Therefore, similar to the single-unit system, for the typical two-unit system, the differ-
ent characteristics of the electric loads also had obvious effects on the system’s operational
stability, especially low-frequency oscillation, while the higher-order elastic model of the tail
tunnel flow had no effect on low-frequency oscillation but revealed the potential coupling
resonance between the hydraulic system and the power system.
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5. Conclusions

After introducing the elastic model with a reasonable order for the pipe flow and the
linear models of the hydro-mechanical–electrical system of the hydropower stations, the
analytical model considering the electric loads with different characteristics was compre-
hensively derived with state equations. Further, based on the numerical simulation model
confirmed by an experimental setup of a single-unit hydropower system, the effects of load
characteristics and pipe flow models on the operational stability were investigated in detail,
and the following can be concluded.

For a given single-unit hydropower system running with different electrical loads,
if a first-order elastic model of the pipe flow is introduced, the system’s stability and the
regulation performance of the unit running with the dynamic load under isolated operation
was superior to that of the unit running with different static loads. Based on the stable
region and sensitivity analysis of the governor’s parameters, it was confirmed that the
dynamic characteristics of the generator, excitor, and electrical loads could improve the
system’s stability and regulation performance.

Based on the influence analysis of different load characteristics on the single-unit
hydropower system, it was pointed out that a relatively higher-order elastic model could
exactly represent the dynamic characteristics of the pipe flow, while an optimum-order
elastic model of the pipe flow according to different pipe lengths was preferred to evaluate
the effects of different load characteristics on the low-frequency oscillation mode and the
system’s regulation performance.

For a typical two-unit system, the load characteristics also had obvious effects on
low-frequency oscillation, the low-frequency oscillation modes were not changed with
the different model orders for the tail tunnel flow mainly because of the reflection of
the downstream surge tank compared with the single-unit system, and considering the
preferred-order model of the pipe flow, the possible coupling resonance between the
hydraulic system and the power system could be exactly evaluated.
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Appendix A Data of Experimental Setup

Table A1. Main parameters of the generator and exciter in Figure 1.

Rated Speed
nr/(r/min)

Rated Output
Pr/KW

Rated Voltage
Ur/V

Rated Current
ir/A

Rated Frequency
fr/Hz

Power Factor
Cos ϕ

Rotary Inertia
GD2/(t·m2)

600 1.0 400 1.8 50 0.8 0.0056

Exciting Voltage
uf/V

Reactance
xd (d-Axis)

Transient
Reactance xd

′
Sub-Transient
Reactance xd

′′
Reactance
xq (q-Axis)

Transient
Reactance xq

′
Sub-Transient
Reactance xq

′′

21 1.0222 0.2505 0.1336 0.6074 0.6074 0.1306

Transient Open-Circuit Time Constant
Td0

′/s (d-Axis)
Sub-Transient Open-Circuit Time Constant

Td0
′′/s (d-Axis)

Sub-Transient Open-Circuit Time Constant
Tq0

′′/s (q-Axis)

1.5~9.0 0.01~0.05 0.01~0.09
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Table A2. Basic parameters of the turbine in Figure 1.

Rated Head
Hr/m

Rated Flow
Qr/(m3/ s)

Rated Speed
nr/(r/min)

Diameter
D1/cm

Designed Output
Psr/KW

Runaway Speed
nf/(r/min)

Design Efficiency
η/%

3.2 0.045 600 20 cm 1.15 1120 78.2
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