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Abstract: Energy savings in electric rail transport are important in order to increase energy efficiency
and reduce its carbon footprint. This can be achieved by storing and using the energy generated
during regenerative braking. The system described in this paper consists of a supercapacitor energy
storage system (SC ESS), a bidirectional DC/DC converter, and an algorithm to control the energy
flow. The proper design of the algorithm is critical for maximizing energy savings and stabilizing
the power grid, and it affects the lifetime of the SC ESS. This paper presents an energy flow control
algorithm based on Pontryagin’s minimum principle that balances maximum energy savings with
maximum SC ESS lifetime. The algorithm also performs SC ESS recharging while the rail vehicle
stops on inclines to reduce the impact of its next acceleration on the power grid. To validate the
algorithm, offline simulations are performed using real tram speed measurements. The results are
then verified with a real-time laboratory emulation setup with HIL simulation. The tram and power
grid are emulated with LiFePO4 batteries, while the SC ESS is emulated with a supercapacitor. The
proposed algorithm controls a three-phase converter that enables energy exchange between the
batteries and the supercapacitor. The results show that the proposed algorithm is feasible in real time
and that it can be used under real operating conditions.

Keywords: regenerative braking; optimal control; supercapacitor storage system; inclination estimation;
HIL simulation; Pontryagin’s minimum principle

1. Introduction

The constant trend of rising energy prices and harmful impacts on the environment
have long put the focus on increasing energy efficiency in all electric energy consumers,
especially in the transport sector. Increasing energy efficiency is also supported by EU
directives such as the Energy Efficiency Directive on energy efficiency or the Commission
Regulation 2019/1781 on the minimum energy efficiency of electrical motors. In electric
rail transport, an increase in energy efficiency is also achieved by using energy through
regenerative braking [1,2]. Savings through the use of energy generated by regenerative
braking can be achieved in various ways [3] and is a globally studied problem [4]. By
optimizing the timetable, regenerative braking energy can be directly exchanged between
braking and accelerating vehicles on the same power grid; this type of energy exchange is
suitable for metro railways where there is no influence of car traffic on the timetable. In [5],
a greedy heuristic method is described for optimizing the stopping time of a rail vehicle at
stations in order to exchange as much energy as possible between vehicles. Energy savings
of 5.1% were achieved with this method. The paper in [6] describes the method to optimize
the consumption of the power grid substation by modifying the dwell time at the station
and the driving profile of the rail vehicle using Monte Carlo simulations, achieving energy
savings of up to 38.6%. The use of the genetic algorithm for optimizing the departure
time of rail vehicles described in the paper in [7] enables the use of an additional 4.1% of
regenerative braking energy without disrupting the timetable and without affecting the
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quality of passenger transport in the metro railway. A mixed-integer linear programming
method was used in [8] for timetable optimization, which uses regenerative braking energy
as the objective and the dwell time as the variable. The highest regenerative braking energy
utilization was increased by 12.8% and the highest energy-saving rate increased by 7.39%.

In situations where regenerative braking energy cannot be used simultaneously by
another vehicle on the power grid, it is preferable to store it in energy storage devices for
subsequent use than to lose it irretrievably to braking resistors. Energy storage systems
(ESSs) can be located outside the vehicle (stationary energy storage) or inside the vehicle
(mobile energy storage). Stationary energy storage systems are usually placed near the stops
of rail vehicles to minimize energy transmission losses. Since the dimensions and mass of
these storage systems are not critical, they can generally store a large amount of energy. In
the paper in [9], an algorithm is presented to determine the optimal position of a stationary
energy storage unit to achieve maximum energy savings and voltage stabilization of the
power supply system. While maintaining the existing timetable, the possibility of using
up to 35% of regenerative braking energy is demonstrated. The paper in [10] shows a
system with two types of energy storage devices that allow the exchange and storage of
energy between two high-speed trains powered by two different power sectors, together
with the compensation of unwanted distortions in the waveform of the three-phase power
supply network. The result is a reduction in THD of up to 92% and a reduction in negative
sequence current of almost 98%. Using the genetic algorithm in [11], the minimum of
the total energy losses in the network is sought together with the minimum of the energy
extracted from the feeder substations. It is shown that it is possible to use up to 93.3% of
the available regenerative braking energy. In [12], the possibility of using regenerative
braking energy is analyzed from the point of view of smart grids, in which stationary
storage devices together with photovoltaic systems represent additional energy sources. By
using mixed-integer optimization, energy savings in the range of 16% to 35% are achieved.
Ref. [13] considers a smart railway station integrated with commercial buildings as an
energy hub. Using a mixed-integer linear programming algorithm, the simulation results
show an operation cost reduction of up to 14.2%, as well as a reduction in carbon emissions
by up to 11.6% depending on the case studies. The paper in [14] considers a supercapacitor-
based ESS for high-speed railway that uses a master–slave control strategy for coordinating
multiple ESS controllers. This results in a reduction in energy consumption of the power
substation by 8.2% using the available regenerative braking energy. An alternative use of
regenerative braking energy is shown in [15], where the regenerative braking energy is
used as an energy source in electric vehicle parking lots, alongside a photovoltaic energy
source. The usage of regenerative braking energy significantly reduces the operational
costs of electric vehicle parking lots.

Mobile ESSs are located inside or on the vehicle and eliminate the problem of energy
transfer losses, but due to limited space in the vehicle, it is not always possible to install
a device with the required energy capacity. The advantage of this type of device is the
possibility of autonomous driving, provided the device is properly sized. The paper in [16]
examines the effects of installing a mobile energy storage device in a diesel–electric train
and shows the possibility of fuel savings of up to 20%. The paper in [17] presents the use of
a mobile energy storage device to reduce peak current values using a genetic algorithm,
resulting in a 63.49% reduction in peak current and 15.56% energy savings in substations.
In [18], it is claimed that by using dynamic programming and mobile energy storage, energy
savings of up to 18.23% were achieved depending on the selected weighting coefficients
of the objective function. In paper [19], optimization is used to develop an algorithm that
optimizes energy savings and preservation of the energy storage lifetime by minimizing the
number of charge and discharge cycles. In [20], the economic viability of installing energy
storage in a vehicle is also considered, along with energy savings ranging from 5.79% to
27.83%. It is shown that over a 10-year period, a profit of 73% on the initial investment can
be achieved.
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The ESSs used to store regenerative braking energy are usually batteries or superca-
pacitors (SC). Battery storage devices have higher energy density but lower power density
and generally a lower number of charge and discharge cycles than supercapacitors [21].
Supercapacitors are characterized by high power density and a large number of charge and
discharge cycles, but they have a lower energy density than batteries [22,23].

One of the characteristics of urban electric rail transport is frequent acceleration and
braking, which suggests the possibility of frequent storage and the use of regenerative
braking energy. For this type of vehicle and driving mode, SC storage devices have an
advantage over batteries.

In the works in [24,25], it is found that the supercapacitor lifetime depends on tem-
perature, in addition to voltage and current. Frequent charging and discharging of the
energy storage system increases energy savings, but at the same time, the temperature also
increases, which leads to a reduction in the lifetime of the ESS. It has been shown in the
works in [26,27] that temperature is one of the most important factors for supercapacitor
cell aging, and it has been demonstrated that supercapacitor lifetime decreases by half
when the operating temperature is increased by 10 ◦C. For the optimal use of regenerative
braking energy, it is necessary to find a compromise between maximum energy savings
and minimum operating temperature of the SC ESS, taking into account the investment
costs, i.e., the installed regenerative braking energy storage.

In order to increase the efficiency of the ESS, it is necessary to take into account
the inclination of the vehicle route, that is, the influence of gravity, which changes the
characteristics of the vehicle from the point of view of the current load on the power grid.
In [28], it is shown that long distances between stations, as well as height differences
between stations, lower the recuperation of regenerative braking energy. The negative
influence of gravity on the energy consumption of the vehicle can be reduced by using
appropriate algorithms to control the regenerative braking system [29].

The essential properties of the algorithms presented in this introduction, as well as
the effect of supercapacitor temperature on its lifetime, form the basis for the development
strategy of the algorithm described in this paper. The goal is to develop an algorithm that
increases energy savings while taking into account the inclination of the track, but also to
extend the life of the SC ESS by reducing its temperature. Extending the life of the SC ESS
will allow the SC units to be replaced less frequently in a tram, increasing the economic
incentive to install them. It is also possible to exert an additional stabilizing effect on the
voltage of the power grid by estimating the instantaneous inclination of the track, which is
especially useful in older power grids whose voltage varies significantly with higher loads.

The algorithm presented in this paper is based on Pontryagin’s minimum principle.
The algorithm optimizes the maximum saving of the energy extracted from the power
grid and the minimization of the final temperature of the SC ESS, taking into account the
inclination of the track. The result allows maximum energy savings while maintaining
the maximum specified lifetime of the SC ESS. Recharging the SC during uphill driving
and using this energy during the uphill drive reduces the current peaks of the power
grid, resulting in a lower load on the voltage of the power grid. The description of the
regenerative braking system model along with the inclination estimation method can be
found in Section 2, and Pontryagin’s minimum principle is presented in Section 3. In
Section 4, the results of the simulation in the MATLAB programming environment are
given, along with the results of the HIL simulation of the scaled model, while the conclusion
is in Section 5.

2. Regenerative Braking System and Algorithm Requirements
2.1. Regenerative Braking System Requirements

This paper considers the justification of the installation of SC ESS in the TMK 2200_K
tram (manufactured by Končar Elektroindustrija d.d. and TŽV Gredelj d.o.o. from Zagreb).
The tram on which the supercapacitor energy storage system for regenerative braking is
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installed has three drive stands, each with two 65 kW AC traction motors supplied from
the power grid by a DC overhead catenary line with a nominal voltage of 600 V.

The vehicle currently uses hybrid braking, i.e., regenerative and hydraulic braking.
With the existing regenerative braking system, the energy is fed back into the DC power
grid without the possibility of storing it in an ESS. In situations where the voltage of
the catenary rises above the maximum allowed value, the electrical energy is dissipated
at the braking resistors, since this energy cannot be taken over by other vehicles on the
same catenary. Sometimes a hydraulic brake is used to bring the vehicle to a stop. In the
following, only regenerative braking of vehicles with the possibility of storing energy in
the SC ESS is considered, since hydraulic braking is controlled by a different system.

The basic components of the proposed regenerative braking system of the vehicle
are the power grid, the vehicle, the ESS, the bidirectional DC–DC converter for energy
conversion between the ESS and the main drive converter of the vehicle, and the charging
and discharging algorithm of the SC [30]. The energy generated by regenerative braking
is stored in the SC ESS and used to start and accelerate the vehicle according to the
requirements of the control algorithm. In this way, the consumption of the tram vehicle
is reduced and short-term autonomous driving is enabled. During regenerative braking
of the vehicle under consideration, currents of up to 1200 A occur. Due to the subsequent
installation of the SC ESS in the limited available space of the vehicle body, the SC is not
optimally dimensioned for the currents that occur during acceleration and braking. The
available space allows a maximum SC capacity of 15.75 F and a voltage of 500 V.

2.2. Algorithm Requirements

There are three conflicting requirements for using the SC ESS to store and subsequently
use tram braking energy: (i) due to increasing energy savings, the goal is to store as much
braking energy as possible for subsequent use, i.e., to take as little energy as possible from
the power grid; (ii) in order to preserve the lifetime of the SC ESS, the aim is to use it in
such a way that it heats up as little as possible, i.e., that the temperature of the SC ESS is as
low as possible; and (iii) the aim is to recharge the SC ESS when standing at a station on an
uphill inclination in order to reduce as much as possible the impact on the voltage of the
power grid the next time the tram starts and accelerates.

The recharging of the SC ESS according to requirement (iii) results from the charac-
teristics of the observed power grid. Namely, a single vehicle can drop the voltage of the
power grid by up to 50 V when starting and accelerating on an incline. The simultaneous
acceleration of several vehicles on the same power grid sector can easily cause an inter-
ruption in the operation of the substation if the voltage of the power grid is below 420 V.
There is another reason for refilling the SC ESS at the uphill station: the influence of gravity
reduces the regenerative braking current by up to 50%. Recharging is carried out with a
relatively low current, because the time for passenger exchange at the station is generally
long enough to significantly recharge the SC ESS.

3. Regenerative Braking System Model

The representation of the simulation model of the entire system in the MATLAB/Simulink
programming environment is in Figure 1. The development of the energy flow management
algorithm requires a developed mathematical model of the rail vehicle, a model of the
power grid, and a model of the ESS. The system model does not include a converter model
because its dynamics are negligible compared with the dynamics of the energy flows.

The input to the vehicle model is the vehicle speed v, and the output is the current
vehicle power p. The vehicle power is divided by the instantaneous value of the grid
voltage ul , and the result is the instantaneous vehicle current id, the value of which serves
as input to the energy flow management algorithm. The algorithm decides the direction of
the supercapacitor storage energy flow depending on the vehicle current id and the voltage
and temperature of the supercapacitors uSC and TSC. The output of the block representing
the algorithm is the reference current of the SC ESS ISC_ref. The sum of the SC current
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and the vehicle current is the grid current il , which is the input for the power grid model.
The input to the supercapacitor electrothermal model is the current ISC_ref, and its outputs
are the instantaneous supercapacitor voltage uSC and the instantaneous supercapacitor
temperature TSC.
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3.1. Tram and Track Inclination Model

The tram and power grid simulation models in Figure 2 can be used to estimate the
line inclination. The inclination is estimated by comparing the modeled tram current on a
flat part of the track and the measured instantaneous current. For this purpose, the equation
for the total traction force Fv is used:

Fv = ma + Av2 + Bv + C + mgsin α, (1)

where:
m—mass of the tram vehicle;
a—tram acceleration;
v—tram speed;
g—gravitational acceleration;
α—track inclination;
A, B, and C—coefficients from the Davis formula used to model the tram’s friction

forces [31].
Multiplying the total traction force Fv with the tram speed v results in the tram’s

mechanical power Pv which is equalled to the tram’s electrical power:

Fv·v = ul ·id . (2)

The only difference in mechanical power between driving on an inclined track com-
pared with driving on a straight track is the factor v·mg·sin α. Subtracting the straight track
mechanical power from the inclined track driving and equalizing the difference in electrical
power results in

v·mgsin α = ul ·∆id, (3)

where ∆id is the current difference that compensates the effect of the track inclination on
the tram electrical power. From (3), the sine of the track inclination is

sin α =
ul ·∆id
v·mg

. (4)

The difference between the simulated vehicle current obtained from the vehicle model
for a straight track and the measured vehicle current while driving can be used as a measure
of the inclination of the track.

It should be noted that measurement uncertainty and model error can lead to signifi-
cant deviations between the estimated inclination and the actual inclination while driving.
For example, a significant error may occur when the vehicle is starting or when the vehicle
is accelerating with excessive power, i.e., current. In this case, the result of the estimation
according to (4) would be an inclination, even if the vehicle is on a straight part of the track.
Therefore, inclination values are calculated when the vehicle has a sufficiently high driving
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speed. Simulation experiments show that good inclination estimation results are obtained
at speeds higher than 0.5 m/s. The simulation model created in MATLAB is shown in the
block diagram in Figure 2.
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The track inclination determined in the previously described way for a tram line with a
steep gradient (tram line in the city of Zagreb, No. 14) is shown in Figure 3. The same figure
also shows the elevation profile of the track for line No. 14, which was generated using the
Google Earth application. It can be seen that there are deviations due to the measurement
noise and the sensitivity of the estimation method, but also that the estimated inclination
value closely follows the elevation profile of the line on which the vehicle is running.
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Figure 3. Track elevation for line No. 14 determined using the Google Earth application (blue) and
the estimated inclination of the track for line No. 14 (orange).

The estimated inclination of the track is used during the implementation of the SC
recharge algorithm in zones of higher track inclination. From Figure 3, it can be seen
that a good agreement of the inclination estimate with the elevation is achieved at an
estimated inclination of more than 0.5◦ when the tram starts to run in a zone with a
significant inclination.

3.2. Power Grid Model

The power grid model consists of a series connection of an ideal DC voltage source
UG, the grid resistance Rl , and grid inductance Ll . The model input is the instantaneous
power grid current il , and the model output is the instantaneous power grid voltage ul :

ul = UG + il Rl + Ll
dil
dt

. (5)

The model does not take into account the influence of other vehicles in the power grid
and the distance of the observed vehicle from the power grid station, which would affect
the value of resistance and inductance of the catenary.
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3.3. Supercapacitor Electrothermal Model

The electrothermal model of the supercapacitor consists of an electrical and a thermal
model. The electrical model consists of a series connection of the capacitance CSC and the
resistance Resr. The capacitance CSC represents the total capacitance, and the resistance
Resr represents the total equivalent series resistance of all cells in the module. This model is
used to calculate the accumulated energy in the SC ESS, the value of the voltage, and the
power dissipation.

The thermal model consists of the thermal capacitance Cth, thermal resistance Rth,
ambient temperature Tamb, and current source Ploss, which represents the thermal losses
caused by the equivalent series resistance Resr. Using the analogy between electrical and
thermal quantities, the thermal resistance and capacitance are represented by electrical
resistances and capacitances, as in Figure 4.
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The electrothermal model input is the supercapacitor current iSC, and the outputs are
the supercapacitor voltage uSC and temperature TSC:

uSC = iSCResr +
1

CSC

∫
iSCdt, (6)

.
TSC =

1
Cth

(
Tamb − TSC

Rth
+ i2SCResr

)
. (7)

4. Supercapacitor Reference Current Calculation
4.1. Supercapcacitor Reference Current Calculation during Incline Stops

Continuous estimation of the track inclination allows implementation of an algorithm
to recharge the SC ESS when the tram stops at a station on an incline. Recharging in such
situations has the effect of reducing the load on the power grid the next time the tram
accelerates. As mentioned in Section 2, trams in the Zagreb railway can have acceleration
currents of up to 1200 A, so reducing this current is essential to avoid significant voltage
drops in the power grid.

The algorithm recharges the SC ESS with a current of 100 A as long as the SC ESS can
be recharged if the condition that the tram is on an ascent with an estimated inclination
of more than 0.5◦ is fulfilled. An inclination greater than 0.5◦ is considered a significant
incline. The empirical value for the recharging current of 100 A was chosen for two reasons:

1. Given that the tram stopped by regenerative braking, it is assumed that the SC ESS
already has a significant amount of energy stored; so, no excessive recharging current
is required.

2. The use of excessive recharging current indirectly affects the voltage of the power
grid, which negatively affects other trams running on the same grid sector. A current
of 100 A causes a voltage drop in the power grid sector of fewer than 5 V, which is
less than 15% of the average current load on the power grid sector from operating a
tram on the observed power grid sector. By choosing such a recharging current, it is
possible to recharge a larger number of vehicles at the same time without significantly
stressing the power grid.
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4.2. Supercapacitor Reference Current Calculation during Acceleration and Braking

Pontryagin’s principle of minimum is used to calculate the (optimal) reference current
of the SC ESS from the point of view of maximum energy saving and minimum operating
temperature of the SC ESS [32]. The reason for using Pontryagin’s principle is that in the
general case, the optimal waveform of the control variables can be calculated, especially
when constraints are imposed on the value of the state variables or the control variable. An
additional advantage is that the system parameters can be changed so that the subsequent
calculation of the optimal waveform of the control variable takes the parameter changes
into account. The sudden appearance of nonmodeled features, as well as the model
configuration, make the calculated optimal solution suboptimal. Moreover, when applying
this principle in complex systems, it is often not possible to obtain an analytical solution,
and for this reason, the principle is sometimes not suitable for online use. For this reason,
the model of the regenerative braking system is simplified in this paper to facilitate the
calculation of the optimal current. The power grid is modeled as an ideal power source
that, together with the SC ESS, meets the vehicle’s power requirements at all times. The
resistance values Resr in high-voltage supercapacitors are relatively small, and for simplicity,
their influence on the supercapacitor voltage is ignored in the derivation of Pontryagin’s
minimum principle, but their influence on the temperature of the supercapacitor is taken
into account, as shown in Figure 5.
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The power grid–tram–SC ESS system is described by the following equations:

id = il + iSC, (8)

uSC(t) = −iSCResr −
1

CSC

∫ tb

0
iSCdt ≈ − 1

CSC

∫ tb

0
iSCdt, (9)

.
uSC(t) ≈ −

1
CSC

iSC + uSC0, (10)

.
TSC(t) =

1
Cth

(
Tamb − TSC

Rth
+ i2SCResr

)
, (11)

where uSC0 is the supercapacitor voltage at time t = 0.
The previously stated conflicting requirements (maximum savings and minimum

operating temperature) can be combined within the criterion function J(iSC):

J(iSC ) = KTTSC(tb) +
∫ tb

0
(id − iSC)

2dt. (12)

where TSC (tb) is the final temperature of the supercapacitor at the end of the optimization
problem at time t = tb, i.e., the tram acceleration process, and KT is the penalty coefficient
of the final temperature criterion. The choice of the coefficient KT can influence the desired
ratio of the influence of the criteria, the final temperature of the supercapacitor, and the
minimum grid current; a smaller value of the criterion reduces the grid current, which
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increases the use of the supercapacitor and thus its temperature, while a larger value of KT
has the opposite effect.

The system’s Hamiltonian is described with the following equation:

H(TSC, usc, isc, λ1, λ2, t) = (id − iSC)
2 + λ1

.
TSC + λ2

.
uSC, (13)

where λ1(t) and λ2(t) are the Lagrange multipliers of the Hamiltonian. The Lagrange
multipliers are calculated by satisfying the following conditions:

.
λ1 = − ∂H

∂TSC
=

1
CthRth

λ1, (14)

.
λ2 = − ∂H

∂uSC
= 0, (15)

λ1(tb) =
∂(K TTSC(tb))

∂TSC
+ qo

1 = KT + qo
1, (16)

λ2(tb) =
∂(K TTSC(tb))

∂usc
+ qo

2 = qo
2. (17)

Calculating the vector λ(t) =
[

λ1(t)
λ2(t)

]
is performed by solving the differential equa-

tions in (14).
The solution for λ2(t) is trivial:

λ2(t) = λ2(tb) = qo
2. (18)

For λ1(t), variable separation gives the result:

λ1(t) = C1e
1

Cth Rth
t
. (19)

The vector qo =
[
qo

1 qo
2
]T is the normal cone C∗ of the tangent cone C(S, xo(tb)) from

the set S at point xo(tb), where xo(tb) =
[
To

SC(tb) uo
SC(tb)

]T . The normal cone can be
simply defined as the complement to the tangent cone, i.e., the set of vectors that form an
angle of 90◦ or more with the set:

S = domain(TSC)× domain(uSC) = [0,+∞]× [uSC_min, uSC_max], in xo(tb) (20)

In the case that the tangent cone is equal to Rn, the normal cone is an empty set. In the
case that xo(tb) is on the edge of the set S, then the normal cone consists of vectors that look
in the negative direction from the set S, that is, C∗ =

[
qo

1 = 0 qo
2
]T , where qo

1 = 0 because
the limits TSC = 0 or TSC = +∞ are never achieved, while qo

2 < 0 when the supercapacitor
is discharged to uSC_min, and qo

2 > 0 when the supercapacitor is charged to uSC_max.
The optimal control variable io

sc(t) must satisfy the following conditions for every t in
order to fulfill Pontryagin’s minimum principle:

H(To
SC, uo

SC, io
SC, λo

1, λo
2, t) ≤ H(To

SC, uo
SC, iSC, λo

1, λo
2, t), (21)

(io
d − io

SC)
2 + λo

1

.
T

o
SC + λo

2
.
uo

SC ≤ (io
d − iSC)

2 + λo
1

.
T

o
SC + λo

2
.
uo

SC. (22)

By writing out and subtracting the same factors from both sides, it follows that

−2io
dio

SC + io
SC

2 + λo
1

Resr

Cth
io
SC

2 −
λo

2
CSC

io
SC ≤ −2io

diSC + iSC
2 + λo

1
Resr

Cth
iSC

2 −
λo

2
CSC

iSC, (23)
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io
SC

2
(

λo
1

Resr

Cth
+ 1
)
+ io

SC

(
−λo

2
1

CSC
− 2io

d

)
≤ iSC

2
(

λo
1

Resr

Cth
+ 1
)
+ iSC

(
−λo

2
1

CSC
− 2io

d

)
. (24)

It can be noticed that the result is equivalent to a parabola of the following form:

γio
SC

2 + δio
SC, (25)

whose minimum is trivially given by the following equation:

io
SC_min = − δ

2γ
=

qo
2

1
Csc

+ 2id

2
(

1 + λo
1

Resr
Cth

) , (26)

when the following conditions are met: γ > 0, δ < 0, so that the parabola points upward
and iSC_min is a positive value. Moreover, the value of iSC_min must be within the interval
[−iSC_max,+iSC_max]. Therefore, the waveform of the optimal supercapacitor current has
the following shape:

io
SC(t) =


qo

2
1

CSC
+2id

2
(

1+λo
1

Resr
Cth

) , if
∣∣io

SC(t)
∣∣ ≤ |iSC_max|,

iSC_max·sgn(id), else.

(27)

A more detailed description of Pontryagin’s minimum principle is given in Appendix A.

5. Simulation Experiments

In order to check the validity of the developed algorithm from the previous section, an
offline simulation experiment was conducted using MATLAB/Simulink and an experiment
on a laboratory set-up for the emulation of SC ESS, power grids, and trams in real time
(HIL simulation experiment).

5.1. Offline Simulation Experiment

The model used for the offline simulation experiment in MATLAB/Simulink is based
on the mathematical models of the supercapacitor, the power grid, and tram from Section 3,
as well as the control algorithm for charging and discharging the supercapacitor developed
in Section 4.

The simulation includes a trip on line No. 14 of the Zagreb tram network. Line No. 14
was chosen because it has elevation differences, and more precisely, a significant rise/fall
on a part of the line. The representation of the simulation model in Simulink can be found
in Figure 6, while the tram speed profile used in the simulation, shown in Figure 7, was
obtained from a part of the measurement of a two-day tram ride on line No. 14.
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Parameters A, B, and C from Equation (1), as well as Rl , Ll , and UG from Equation (5),
were obtained by the optimization procedure described in the paper in [33]. Parameters
Resr, CSC, Rth, and Cth in Equations (6) and (7) are obtained from the Maxwell 125 V Module
BMOD0165 P125 C01 supercapacitor module catalog data.

The selection of parameters C1, q0
2, KT , and KSC was carried out in the following way:

Empirically, the value tb = 10 s was selected as the acceleration time of the tram. After this
time, the current of the tram typically reached values of 800 A. By equalizing both criteria
within the function J(isc), the following is obtained:

KTT(tb) =
∫ 10

0
(id − isc)

2dt , (28)

which results in KT = 2887. Using this result in the following equation,

λ1(tb) = KT = C1e
1

Cth Rth
tb , (29)

the result C1 = 2864 is obtained.
The value of qo

2 is calculated from the numerator of the optimum current of the SC
ESS, io

SC:

qo
2

1
Csc

+ 2id = 0, (30)

where qo
2 is the minimum current of the vehicle id for which the optimal current isc will be

equal to zero, i.e., the algorithm will determine the optimal SC current that has the same
sign as the current of vehicle id. By choosing id = 30 A, the result qo

2 = 2·30·63 = 3780
is obtained. The choice of id = 30 A is based on the fact that the SC ESS is not used in
situations where the acceleration of the vehicle, i.e., the vehicle current, is very low, so as
not to use the SC ESS unnecessarily.

Following the work in [30], the temperature dependence of the maximum charging
current of the SC ESS is introduced. In this work, the exponential dependence of the
maximum charging current on the supercapacitor temperature is used according to the
following formula:

isc_max = 240 e
65−Tsc

KSC . (31)

The above formula is used to set a maximum charging current of 400 A at an SC
temperature of 25 ◦C and a current of 240 A at a temperature of 65 ◦C. This is the maximum
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operating temperature specified in the catalog at a current of 240 A. The scaling coefficient
KSC is selected according to the following equation to set the specified values:

400 = 240 e
65−25◦C

KSC = 240 e
40

KSC , (32)

ln
400
240

=
40

KSC
, (33)

KSC =
40

ln 400
240

= 77.999. (34)

Table 1 shows the values of every parameter used in the simulation.

Table 1. Simulation model parameters.

Parameter Value Parameter Value

A 17.965 Rth 0.04 ◦C/W
B 34.536 Cth 33,000 J/◦C
C 7827.249 Tamb 25 ◦C

UG 600 V usc0 500 V
Rl 0.0387 Ω C1 2864
Ll 0.0023 H qo

2 3780
Resr 0.018 Ω KT 2887
Csc 63 F KSC 77.999

5.1.1. Offline Simulation Experiment Results

In the following, the results of the system simulation with the implemented new
algorithm (NA) using MATLAB/Simulink are presented. For comparison, the results of
the simulation with a simple algorithm (SA) are also presented, which fills the SC ESS
with current up to the maximum allowed and up to full every time the SC ESS is full and
empties the SC ESS at each start of the tram with the current required by the tram to empty
the SC ESS. The current reference value for this simple algorithm (SA) is

iSC_ref =

{
id, if |i d|≤ |iSC_max|,

iSC_max·sgn(id), if |i d|> |iSC_max|.
(35)

Figures 8–10 show the characteristic quantities of the system during a tram ride. The
arrows indicate the time intervals during which the SC ESS was recharged with constant
current from the power grid while at the stop.
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Figure 8 shows the power grid voltage waveform depending on which algorithm is
used. Voltage values above 600 V indicate moments during which the tram is braking and
regenerative braking energy is flowing to the power grid. Consequently, voltage values
below 600 V indicate moments of tram acceleration during which energy flows from the
power grid to the tram. It can be seen that the use of the NA algorithm noticeably reduces
the voltage drop of the power grid, especially during the ascent, compared with the SA
algorithm, meaning that the SC ESS is more frequently used. Analysis of the voltage
waveform during ascent acceleration shows that the value of the average voltage during
acceleration is 5.5 V lower using NA compared with SA. The reason for this is the additional
energy from the SC ESS, which was stored while the tram was at the stop, which is shown
with red arrows in Figure 8b. This justifies recharging the SC ESS during a stop at the tram
stop in order to reduce the impact of the next acceleration on the power grid voltage.

The SC ESS current waveform is shown in Figure 9. Negative current values indicate
that the SC ESS is charging, while positive values indicate discharging, which follows the
energy flow from Figure 5. In Figure 9a, it can be seen that the amounts of the peak currents
of the SC ESS during the incline drive are higher when the NA algorithm is used compared
with the SA algorithm. The reason for this is that when the NA algorithm is used, the
SC ESS can be loaded with higher current values, which depend on the temperature of
the supercapacitor at that given moment. The energy available from the SC ESS is also
increased when using the NA algorithm, due to the SC ESS recharging that occurs at incline
stops. Figure 9b shows the difference made by recharging the SC ESS during incline stops,
indicated by red arrows on the figure. It can be seen that the SC current with the SA
algorithm is zero due to a lack of available energy from the SC ESS, while the recharging
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from the NA algorithm allows for further SC ESS usage, reducing the impact of the tram
acceleration on the power grid voltage.

Figure 10 shows the waveform of the temperature of the SC ESS. It can be seen that
using the NA algorithm results in a generally lower temperature while driving on the part
of the track without an incline and after the beginning of the incline. Recharging the SC
ESS during stops on the incline increases its temperature, while on SA the supercapacitor is
not recharged, and therefore its temperature is lower during the incline drive. The final
and average values of SC ESS temperature and the amount of total stored energy from
regenerative braking are given in Table 2 for the SA and NA algorithms. The table includes
data for different values of the coefficient KT for the NA algorithm to see its effect on the
total stored braking energy and the temperature of the SC ESS, as well as on the operating
life of the SC ESS. The effect of temperature on lifetime was performed following the work
in [30], and the percentage reduction in the lifetime of the SC ESS compared with the
lifetime of the SC ESS at 25 ◦C is given.

Table 2. Temperature values and total stored braking energy.

Total Stored
Braking Energy

Max/Average
Temperature

SC Lifetime
Reduction

SA algorithm 2.984·105 J 39.5 ◦C/32.2 ◦C 40%
NA algorithm 2.686·105 J 37.6 ◦C/31.77 ◦C 37.5%

NA algorithm (KT·10) 1.821·105 J 35.36 ◦C/30.15 ◦C 30%
NA algorithm

(KT/10) 2.822·105 J 38.18 ◦C/32.03 ◦C 38.5%

From Table 2, it can be seen that the application of the NA algorithm results in lower
energy savings compared with the application of the SA algorithm but in an increase in
the lifetime of the supercapacitor due to the lower temperature. By changing the value of
the coefficient KT , its influence on the operation of the algorithm becomes clear: a larger
value decreases the total stored braking energy but extends the life of the SC ESS due to the
lower temperature, while its increase increases the total stored braking energy but generally
increases the temperature of the SC ESS.

5.2. HIL Simulation Experiment

In order to experimentally verify the feasibility of the algorithm in real time, a HIL
laboratory setup was created to emulate the tram–power grid–supercapacitor system,
shown in Figure 11. This allowed the validity of the algorithm to be verified in real time
without the need for testing in the tram, resulting in financial savings.
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The mathematical models of the tram, power grid, and control system previously
developed in MATLAB/Simulink are implemented in the computer system of the Typhoon
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HIL402 real-time simulation software, shown in Figure 12. The calculated quantities are
physically implemented using the Danfoss FC302 converter, shown in Figure 11, such that
each branch of the converter (bidirectional DC/DC converter) emulates a component of
the system along with the associated inductor and energy storage element. The power
converter branches connected to the LiFePO4 batteries (36 V, 12 Ah) emulate the power grid
and the tram vehicle. The power converter branch connected to the supercapacitor Maxwell
BMOD0083 P048 B01 (48 V, 83 F) represents a bidirectional DC/DC power converter and
supercapacitor energy storage. The values calculated in the Typhoon HIL simulator become
the reference values based on which the switches in the branches of the Danfoss FC302
converter are controlled. Measuring the currents and voltages in the branches enables their
control in real time.
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For the purposes of the experiment, the voltage, current, and power of the real system
were scaled to values corresponding to the capabilities of the LiFePO4 batteries and invert-
ers. Due to the maximum charging current of the batteries being 4 A, the maximum currents
in the converter branches were scaled from 1000 A to 4 A. Due to the oversized capacity
of the batteries and supercapacitors used in the experiment, the dynamics of the voltage
waveforms are too slow for effective regulation; so, in this HIL experiment, management is
based only on the calculated system currents. The supercapacitor, tram, and power grid
voltages are set as internal reference values for the purposes of the algorithm. The actual
setup is shown in Figure 13.
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HIL Simulation Experiment Results

The experiment was conducted based on the speed profile presented in Section 5.1. In
the laboratory model, the currents of the supercapacitor and the vehicle were measured
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in real time, and the denormalized results were compared with the results of the offline
simulation from Section 5.1.1. on different sections of the line (Figure 14).

Energies 2023, 16, 7346 16 of 21 
 

 

power grid voltages are set as internal reference values for the purposes of the algorithm. 
The actual setup is shown in Figure 13. 

 
Figure 13. Laboratory setup for HIL simulation experiment: 1—autotransformer, 2—Danfoss FC302 
converter, 3—Typhoon HIL402, 4, 5—LiFePO4 batteries, 6—Maxwell BMOD0083 P048 B01 super-
capacitor, 7—fluke multimeter. 

HIL Simulation Experiment Results 
The experiment was conducted based on the speed profile presented in Section 5.1. 

In the laboratory model, the currents of the supercapacitor and the vehicle were measured 
in real time, and the denormalized results were compared with the results of the offline 
simulation from Section 5.1.1. on different sections of the line (Figure 14). 

  
(a) 

  
(b) 

Energies 2023, 16, 7346 17 of 21 
 

 

  
(c) 

Figure 14. Denormalized currents of the supercapacitor from the HIL simulation experiment com-
pared with the results of the offline simulation for tram driving: (a) on a flat part of the track, (b) 
ascent of the track, (c) descent of the track. 

These experimental results demonstrate the feasibility of the regenerative braking 
energy storage system of a rail vehicle using an SC ESS with the proposed energy flow 
management algorithm. This provided the basis for the production of a system prototype 
with operating currents and voltages to be used in a rail vehicle. Moreover, the HIL sim-
ulation shows that the calculation of the optimal SC current based on Pontryagin’s mini-
mum principle as a function of the conditions to which the tram is subjected is also possi-
ble in real time; so, high computing power is not required to implement the algorithm. 

6. Conclusions 
This paper describes and tests the algorithm for energy flow control in the regenera-

tive braking system of a tram with a mobile SC ESS, which takes into account the inclina-
tion of the track and calculates the current of the SC ESS, optimizing the energy saving 
and the operating temperature of the SC ESS. The developed algorithm takes into account 
the inclination of the track so that it recharges the SC ESS while it is on an incline to com-
pensate for a lower amount of regenerative braking current due to gravity and to reduce 
the increased impact of the vehicle on the power grid during its next acceleration. The 
inclination of the track was estimated by comparing the modeled vehicle current on the 
straight portion of the track with the measured vehicle current. Based on Pontryagin’s 
minimum principle, a waveform of the reference current of the SC ESS was developed that 
minimizes the required current of the power grid and the operating temperature of the 
SC ESS. In this way, it is possible to save maximum energy and reduce the impact of the 
tram on the power grid, while also extending the life of the SC ESS to the maximum. The 
algorithm was tested by offline simulations using a model in the MATLAB/Simulink pro-
gramming environment. Real-time experimental validation was performed using a Ty-
phoon HIL device in an emulation laboratory setup. During a trip on line No. 14 of the 
Zagreb tram network, energy savings of 2.686 ∙ 10ହ J were achieved. Compared with the 
simple algorithm for charging and discharging the SC ESS (store energy until the SC ESS 
is full at each brake application and extract energy from the SC ESS at each acceleration), 
a 10% lower energy savings was achieved, as well as a 5% lower maximum supercapacitor 
temperature, resulting in a 6.25% increase in the lifetime of the SC ESS. Recharging the SC 
ESS at stations during incline reduces the impact on the power grid voltage during accel-
eration by an average of 5.5 V per vehicle with an SC ESS installed, reducing the possibility 
of power grid interruption due to excessive load on the power grid. 

The presented algorithm presents a unique perspective into combining energy sav-
ings, ESS life extension, and reduction in power grid voltage impact during incline driving 
within an optimal control algorithm. The ability to always have an optimal SC ESS current 

Figure 14. Denormalized currents of the supercapacitor from the HIL simulation experiment com-
pared with the results of the offline simulation for tram driving: (a) on a flat part of the track, (b) ascent
of the track, (c) descent of the track.

These experimental results demonstrate the feasibility of the regenerative braking
energy storage system of a rail vehicle using an SC ESS with the proposed energy flow
management algorithm. This provided the basis for the production of a system prototype
with operating currents and voltages to be used in a rail vehicle. Moreover, the HIL
simulation shows that the calculation of the optimal SC current based on Pontryagin’s
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minimum principle as a function of the conditions to which the tram is subjected is also
possible in real time; so, high computing power is not required to implement the algorithm.

6. Conclusions

This paper describes and tests the algorithm for energy flow control in the regenerative
braking system of a tram with a mobile SC ESS, which takes into account the inclination
of the track and calculates the current of the SC ESS, optimizing the energy saving and
the operating temperature of the SC ESS. The developed algorithm takes into account
the inclination of the track so that it recharges the SC ESS while it is on an incline to
compensate for a lower amount of regenerative braking current due to gravity and to
reduce the increased impact of the vehicle on the power grid during its next acceleration.
The inclination of the track was estimated by comparing the modeled vehicle current on
the straight portion of the track with the measured vehicle current. Based on Pontryagin’s
minimum principle, a waveform of the reference current of the SC ESS was developed
that minimizes the required current of the power grid and the operating temperature of
the SC ESS. In this way, it is possible to save maximum energy and reduce the impact of
the tram on the power grid, while also extending the life of the SC ESS to the maximum.
The algorithm was tested by offline simulations using a model in the MATLAB/Simulink
programming environment. Real-time experimental validation was performed using a
Typhoon HIL device in an emulation laboratory setup. During a trip on line No. 14 of the
Zagreb tram network, energy savings of 2.686·105 J were achieved. Compared with the
simple algorithm for charging and discharging the SC ESS (store energy until the SC ESS is
full at each brake application and extract energy from the SC ESS at each acceleration), a
10% lower energy savings was achieved, as well as a 5% lower maximum supercapacitor
temperature, resulting in a 6.25% increase in the lifetime of the SC ESS. Recharging the
SC ESS at stations during incline reduces the impact on the power grid voltage during
acceleration by an average of 5.5 V per vehicle with an SC ESS installed, reducing the
possibility of power grid interruption due to excessive load on the power grid.

The presented algorithm presents a unique perspective into combining energy savings,
ESS life extension, and reduction in power grid voltage impact during incline driving
within an optimal control algorithm. The ability to always have an optimal SC ESS current
waveform is an advantage, but the optimality is susceptible to unmodeled uncertainties
and measurement errors. The other disadvantage is the sensitivity of the incline estimation,
which can cause SC ESS recharges at stops that are not on the incline and consequently
negatively impact the power grid voltage. An additional feature of the proposed algorithm
is the possibility to choose the emphasis of the algorithm’s effect on energy savings or
on the temperature of the SC ESS by choosing the desired KT coefficient. The developed
algorithm and the performed simulation experiments form the basis for the regenerative
braking system which will be tested under real conditions and on a real tram vehicle. A
possible future research direction is to develop a more robust inclination estimation method
and increase the utilization of the installed SC as a pseudowayside ESS in moments when
the SC is not used, as well as develope a coordination algorithm that will take into account
a whole fleet of trams equipped with SCs.

Author Contributions: Conceptualization, I.Ž., V.Š. and Ž.B.; methodology, I.Ž. and Ž.B.; software,
I.Ž.; validation, I.Ž., V.Š., Ž.B. and B.N.; investigation, I.Ž.; resources, V.Š. and Ž.B.; data curation,
I.Ž.; writing—original draft preparation, I.Ž.; writing—review and editing, V.Š., Ž.B. and B.N.;
visualization, I.Ž.; supervision, V.Š., Ž.B. and B.N.; project administration, V.Š. and Ž.B.; funding
acquisition, V.Š. and Ž.B. All authors have read and agreed to the published version of the manuscript.

Funding: All the costs of publishing of this paper are cofinanced by the “KONTRAC GP170DC_SK”
project cofunded under the Competitiveness and Cohesion Operational Program from the European
Regional Development Fund.

Data Availability Statement: Data sharing is not applicable to this article. Original data was obtained
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Nomenclature
The used nomenclature is listed by order of appearance, as follows:

ESS Energy storage system CSC SC capacitance
SC Supercapacitor Resr SC equivalent series resistance
HIL Hardware In the Loop Cth Thermal capacitance
v Tram speed Rth Thermal resistance
p Tram power Tamb Ambient temperature
ul Grid voltage Ploss SC heat loss
id Tram current J(·) Criterion function
uSC SC voltage KT Temperature criterion scaling coefficient
TSC SC temperature H Hamiltonian
ISC_ref SC reference current (·)o Optimal value
il Grid current λ Lagrange multiplier
Fv Total traction force qo Normal cone vector
m Tram mass C1 Differential equation coefficient
a Tram acceleration C, C∗ Tangent cone, normal cone
g Gravitational constant S Set
α Track inclination io

SC Optimal SC current
A, B, C Davis formula coefficient γ, δ Parabola coefficients
∆id Tram current difference iSC_min, iSC_max Nominal minimum, maximum SC current
UG DC voltage source value KSC SC current scaling coefficient
Rl Grid resistance NA New algorithm
Ll Grid inductance SA Simple algorithm

Appendix A Optimal Control Using Pontryagin’s Minimum Principle [32]

Pontryagin’s minimum (or maximum) principle is used to obtain an optimal control
input for a dynamical system in order to bring it from an initial state to a final state in the
presence of state and/or input constraints.

The problem of finding the optimal control according to Pontryagin is given as follows:
Find a piecewise continuous control function u : [ta, tb]→ Ω ⊆ Rm such that the state

variables x ∈ Rn are brought from an initial state x(ta) to a final state x(tb):

x(ta) = xa,

.
x(t) = f (x(t), u(t), t), for all t ∈ [ta, tb]

x(tb) ∈ S,

Such that the constraints are satisfied and the cost functional

J(u) = K(x(tb), tb) +
∫ tb

ta
L(x(t), u(t), t)dt,

is minimized.
The final time tb can be fixed or free, i.e., it can be optimized so that the above

statements are fulfilled. Furthermore, ta, xa ∈ Rn, S ⊆ Rn are specified, and Ω ⊆ Rm is a
time-invariant set.
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The Hamiltonian function H is an ancillary function which combines the cost func-
tional J(u) and the state equations, analogue to a Lagrangian, except that the Lagrange
multipliers are functions of time. The Hamiltonian is defined as follows:

H(x(t), u(t), λ(t), λ0, t) = λ0L(x(t), u(t), t) + λT(t) f (x(t), u(t), t)

If the control uo : [ta, tb] is optimal, then there exists a nontrivial Lagrange multiplier
vector λ(t) [

λ0
0

λ0(tb)

]
6= 0 ∈ Rn+1 with λo

0 =

{
1 in the regular case,
0 in the singular case,

such that the following conditions are satisfied:

.
xo
(t) = ∇λH|o = f (xo(t), uo(t), t),

xo(ta) = xa,

.
λ

o
(t) = −∇x H|o = −λo

0∇xL(xo(t), uo(t), t)−
[

∂ f
∂x

(xo(t), uo(t), t)
]T

λo(t),

λo(tb) = λo
0∇xK(xo(tb), tb) + qo with qo ∈ T∗(S, xo(tb))

1

where T∗(S, xo(tb)) is the normal cone of the tangent cone T(S, xo(tb)) of S at xo(tb).
The following condition must also be satisfied in order to prove that the control

function uo is truly the optimal control function compared with any other control function u.
For all t ∈ [ta, tb], the Hamiltonian H

(
xo(t), u , λo(t), λo

0, t
)

has a global minimum
with respect to u ∈ Ω in u = uo(t):

H(xo(t), uo(t), λo(t), λo
0, t) ≤ H(xo(t), u, λo(t), λo

0, t)

for all u ∈ Ω and all t ∈ [ta, tb].
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