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Abstract: Given its versatility in drawing power from many sources in the natural world, piezoelectric
energy harvesting (PEH) has become increasingly popular. However, its energy harvesting capacities
could be enhanced further. Here, a mathematical model that accurately simulates the dynamic
behavior and energy harvested can facilitate further improvements in the performance of piezoelectric
devices. One of the goals of this study is to create a dependable reduced-order model of a multi-
purpose gyroscope. This model will make it possible to compute the harvested voltage and electrical
power in a semi-analytical manner. The harvested voltage is often modeled as an average value
across the whole electrode surface in piezoelectric devices. We propose a model which provides
practical insights toward optimizing the performance of the system by considering a spatially varying
electric field across the electrode surface length. Our framework allows investigation of the limits
of applicability of the modeling assumptions across a range of load resistances. The differential
quadrature method (DQM) provides the basis for the suggested numerical solution. The model is
also employed to examine energy harvesting under various resistance loads. The newly developed
spatially varying model is evaluated for open- and closed-circuit conditions and is proved to be
accurate for various values of load resistance that have not previously been considered. The results
show that using a spatially varying model is more versatile when modeling the performance of the
piezoelectric multifunctional energy harvester. The performance may be accurately captured by
the model for load resistances ranging between 103 Ω and 108 Ω. At optimum load resistance and
near 65 KHz, the maximum power output predicted by the spatially varying (SV) model is 1.3 mV,
1.5 mV for the open-circuit (OC) model, and 2.1 mV for the closed circuit (CE) model. At a high-load
resistance, the SV and OC models all predict the maximum power output to be 1.9 mV while the CE
model predicted the maximum voltage to be 3 mV.

Keywords: piezoelectricity; vibration energy harvesting; electromechanical modeling; gyroscopes

1. Introduction

Harvesting energy allows for the repurposing of otherwise lost resources [1]. To-
day, many cutting-edge electronics can be powered by using the collected energy that
would otherwise be lost [2,3]. Common energy harvesting methods rely on the concepts
of piezoelectricity, electromagnetics, triboelectricity, photovoltaics, thermoelectricity, and
electrostatics. Micro-/nano-scale processes find particular utility in piezoelectric, tribo-
electric, and electrostatic energy harvesting methods [4]. Certain materials referred to as
piezoelectric materials exhibit a sort of interaction between their mechanical and electri-
cal properties that is known as piezoelectricity. When subjected to a mechanical strain,
piezoelectric materials exhibit a basic phenomenon known to produce an electric charge.
Increased levels of stress almost always result in increased levels of potential or voltage.
In nature, several crystals have been observed to exhibit the piezoelectric effect, such as
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Rochelle salt, quartz, and topaz. However, the research suggests that piezoceramics, such
as PZT, are the materials that see the most widespread application [5–11].

The method of piezoelectric energy harvesting is extremely flexible since it may make
use of a wide variety of environmental factors for the production of power [12–19]. Tan et al.,
in a recent study, looked into the benefits of coupling piezoelectric galloping energy har-
vesting with the natural environment [20]. By utilizing vortex-induced vibrations [20–26]
and galloping, the harvesters generated more energy [21,27–31]. Furthermore, PEH have
been studied for their possible application in devices that harness energy from human
movements [32–37]. Technologies based on these principles have shown a lot of promise in
the areas of wireless and remote sensing and wearable health devices, all of which require
small, portable sources of power [23,24,38–41], space, military applications, and microelec-
tromechanical (MEMS) technologies [42–45]. Modeling multifunctional systems that are
also capable of harvesting energy has become of great recent interest to researchers [46].
For instance, by using a lattice sandwich beam, a nonlinear energy sink (NES), and a giant
magnetostrictive material (GMM), Zhang et al. [47] proposed a novel multifunctional lattice
sandwich structure. As demonstrated by their findings, this novel multifunctional lattice
sandwich construction was capable of producing the intended multifunctional effect of
vibration reduction and energy harvesting. Similarly, Brito-Pereira et al. [48] investigated a
magnetically activated system with sensing and energy harvesting capabilities. In addition
to sensing magnetic fields, the magnetoactive device also has the capabilities of harvesting
magnetic energy. A recent study by Cho et al. [49] presented a road-compatible piezoelec-
tric energy harvester (RPEH) that harnesses energy to power independent sensors and
car indicators. Tests of the RPEH module indicate its capability to monitor temperature,
strain, and leakage data in real time, and the produced energy is adequate to light LED
indicators. In addition, it was discovered that piezoelectric devices deliver high output
power with minimum vertical displacement, making them very efficient and robust for
practical highway energy-harvesting applications.

In contrast to the practice of using a constant electric field in modeling energy har-
vesting microgyroscopes, the primary objective of this research is placed on implementing
spatially varying electric fields instead. In this work, we introduce a novel model consid-
ering the variation of the electric field with the beam’s length to accurately calculate the
harvested electrical power across a wide range of load resistances. The extended Hamilton’s
principle is applied to derive the equations of motion and boundary conditions from the
kinetic and potential energies of the system and the Differential Quadrature Method (DQM)
is implemented to discretize these equations. The DQM is a relatively recent technique that
is gradually gaining popularity [42,50,51] as a separate methodology for solving problems
in the physical and engineering sciences [52–55]. Our approach is compared with three
other models to determine the limits of applicability and other factors, such as reducing
complexity and simulation time.

In this study, a piezoelectric patch is incorporated into a MEMS gyroscope such that it
may perform two functions at the same time: collecting energy through the piezoelectric
effect and monitoring changes in angular velocity. This paper is constructed as follows:
Section 1 delineates four separate state-of-the-art models for gyroscopes with energy
harvesting capabilities. In Section 2, the reduced-order model that describes the physics of
the system is formulated. Finally, Section 3 compares the four models against each other
for different parameters, such as load resistance, AC voltage, and base rotation.

2. Modeling of Energy Harvesting Microgyroscope

A schematic representation of the cantilever beam-type energy-harvesting gyroscope
system that is under study is presented in Figure 1. To activate the beam, DC and AC
voltages are implemented to actuated the beam in the driving direction. A piezoelectric
patch is positioned on the sensing side of the nanocrystalline silicon beam. When the
gyroscope’s base rotates, the resulting Coriolis force causes the beam to vibrate in the
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sensing direction. Measuring the voltage created by the piezoelectric layer allows one to
compute the angular velocity of the gyroscope system.
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2.1. Microgyroscope Energy Harvesting: Governing Equations of Motion

Layers of silicon and piezoelectric material make up the cantilever beam’s construction.
The whole beam’s sensing surface is covered with a bonded piezoceramic patch with
dimensions Lp, bp and hp while the beams length, width, and thickness are denoted as L,
bs, hs. Following the work of Lajimi et al. [43,44], the total kinetic energy is expressed as:
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The parameter associated with v is the deflection in the sensing direction, w denotes
the deflection in the driving direction, and parameters vL and wL represent the sensing and
driving deflections at x = L, respectively. The spatial and time derivatives are denoted

by primes, ( )′, and with dots,
.
( ), respectively. Moreover, m (Equation (2)) stands for the

beam’s mass divided by its length and is written as:

m = ρpbphp + ρsbshs (2)

Following [56,57], the potential energies for the beam and the electrostatic force (Equa-
tion (3a,b)) can be expressed as:

U =
1
2

∫ L

0

∫
As

σs
11ε11dAsdx +

∫ L

0

∫
As

σ
p
11ε11dApdx−

L∫
0

∫
Ap

E3D3dApdx

 (3a)

δUe = −
εAw(VDC + vAC(t))

2

2

(
1

(dw − wL)
2 +

0.65
bm(dw − wL)

)
δwL (3b)

In this context, the cross-sectional area of the piezoelectric patch and the silicon beam
are referred to by their respective abbreviations, As and Ap. The strain, ε11, and stresses,
σs

11 and σ
p
11, in the silicon and piezoelectric layers are connected as follows (Equation (4))

when the linear constitutive equations of piezoelectricity are used [58]:

σs
11 = Esε11 and σ

p
11 = Epε11 − e31E3 (4)
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Here, the modulus of elasticity of the silicon and piezoelectric layers, ES and Ep, are
depicted by their respective variable names. It is possible to define the electric field, denoted
by E3, in terms of the electric potential difference:

E3(x, t) = −V(x, t)
bp

(5)

where V(x, t) is the voltage across the resistive load. The expression for the electric dis-
placement, D3, can then be formulated as follows [1]:

D3 = e31ε11+ ∈s
33 E3 (6)

where e31 is the piezoelectric stress coefficient and ∈s
33 denotes the dielectric permittivity at

a constant axial strain. Due to the asymmetric geometrical and material properties of the
gyroscope, it is necessary to determine the position of the neutral axis, y. In relation to the
location of the neutral axis, denoted by y, the locations of the beam and the piezoelectric
layers, as illustrated in Figure 2, are determined as follows:

yo = −y y1 = bs − y ; y2 =
(
bp + bs

)
− y (7)

y =

(
bp + bs

)
Ep bp

2
(
Epbp + Esbs

) + 1
2

bs (8)

The boundaries associated with the width of the beam and piezoelectric layer are
denoted by yo, y1, and y2.
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We may write the potential energy of the system using Equations (5)–(7), which is:

U = 1
2

∫ L
0

[
EIvv′′ 2

]
dx + 1

2

L∫
0

[
EIww′′ 2

]
dx−

L∫
0

(y2+y1)
2 hpe31V(x, t)v′′ dx

− 1
2

L∫
0

∈s
33hp
bp

V2(x, t)dx
(9)

where the mechanical stiffnesses, EIv and EIw, are given by:

EIv =
y3

1 − y3
0

3
hsEs +

y3
2 − y3

1
3

hpEp (10)

EIw =
y1 − y0

12
h3

s Es +
y2 − y1

12
h3

pEp (11)

The relationship between the voltage produced and the extracted charge is as follows:

V(x, t) = R
δQ(x, t)

δt
(12)
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Work carried out that is not considered conservative may be broken down into two
categories: the work that is conducted by the power that is given to the electrical circuit,
and work that is conducted by the viscous damping force. The expression for the non-
conservative work term is as follows:

δWnc = −
∫ L

0
V(x, t)δQ(x, t)dx−

∫ L

0
c

.
vδvdx (13)

An Euler–Bernoulli beam is designated to represent the reaction of the energy harvester.
In order to calculate the equations of motion and the boundary conditions that correspond
to them, the extended Hamilton’s principle is utilized:∫ t2

t1

(δT − δU − δUe + δWnc)dt = 0 (14)

Given below are the governing equations of motion and boundary conditions, which
from here on out will be referred to as the spatially varied model (SV):

EIvviv −m vΩ2 − jvΩ2v′′ − 2m Ω
.

w + m
..
v− jv

..
v′′ + cv

.
v + θV ′′ (x, t) = 0 (15)

EIwwiv −m wΩ2 − jw Ω2w′′ + 2m Ω
.
v + m

..
w− jw

..
w′′ + cw

.
w = 0 (16)

− e31hp
y2 + y1

2
.
v′′ −

ε33hp
.

V(x, t)
bp

− V(x, t)
LR

= 0 (17)

The accompanying boundaries are:

v(0, t) = w(0, t) = 0 ; v′(0, t) = w′(0, t) = 0; V(0, t) = 0 (18)

v′′ (L, t) = w′′ (L, t) = 0; V(L, t) = 0 (19)

EIvv′′′ (L, t) + MΩ2v(L, t) + 2MΩ
.

w(L, t)−M
..
v(L, t)− jvΩ2v′(L, t)− jv

..
v′(L, t) = 0 (20)

EIww′′′ (L, t) + MΩ2w(L, t)− 2MΩ
.
v(L, t)−M

..
w(L, t)− jwΩ2w′(L, t)− jw

..
w′(L, t) =

− εAw(VDC+vAC(t))
2

2

(
1

(dw−w(L,t))2 + χ 0.65
bm(dw−w(L,t))

)
(21)

where any subscripts with v and w denote parameter quantities in the sensing or driving
directions, respectively. A gap of width dw separates the electrode from the beam. Aw and
ε denotes the electrode area and electrical permittivity, respectively. The parameter M,
denoted the tip mass, and width, denoted by the value bm, are both characteristics of the
tip mass. The mass moment of inertia in the driving direction is denoted by jw, while the
mass moment of inertia in the sensing direction is denoted by jv, while the angular rotation
is denoted by Ω. The expressions jw and jv are as follows:

jw =
ρ(y1 − y0)h3

12
+

ρp(y2 − y1)h3
p

12
and jv =

ρ
(
y3

1 − y3
0
)
h

3
+

ρp
(
y3

2 − y3
1
)
hp

3
(22)

The actuation voltage, vAC(t) = VAC sin(ωet) is the component of the electrical force
that is responsible for the beam actuation, and the excitation frequency is denoted by ωe.
By incorporating the following parameters below, the equations of motion and boundary
conditions may be transformed into a dimensionless form.

x̂ = x
L ; v̂ = v

dw
; ŵ = w

dw
; τ =

√
Dv

mL4 ; Ω̂ = Ω
τ ; Jw = jw

m L2 ; Jv = jv
m L2 ; t̂ = τt ; Mr =

M
m L

Dwr =
Dw
Dv

; x = x̂
L ; V̂ = V

Vn
; Vn = θg

LCp ; θ = −e31hp
y2+y1

2 γ = θ2L
CpDv

; Cp =
ε33hp L

bP

(23)
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Theˆrepresents dimensionless values. In the remaining equations, theˆ is removed
to simplify the notation. The following are the dimensionless equations of motion and
boundary conditions for the SV model:

viv −Ω2v− JvΩ2v′′ − 2Ω
.

w +
..
v− Jv

..
v′′ + µv

.
v + γV ′′ (x, t) = 0 (24)

Dwrwiv −Ω2w− JwΩ2w′′ + 2Ω
.
v +

..
w− Jw

..
w′′ + µw

.
w = 0 (25)

.
v′′ (x, t)−

.
V(x, t)− V(x, t)

RτCp
= 0 (26)

Then, the dimensionless boundary conditions are expressed as:

v(0, t) = w(0, t) = 0; v′(0, t) = w′(0, t) = 0; V(0, t) = 0 (27)

v′′ (1, t) = w′′ (1, t) = 0; V(1, t) = 0 (28)

v′′′ (1, t) + MrΩ2v(1, t)− JvΩ2v′(1, t) + 2MrΩ
.

w(1, t)−Mr
..
v(1, t)− Jv

..
v′(1, t) = 0 (29)

Dwrw′′′ (1, t) + MrΩ2w(1, t)− JwΩ2w′(1, t)− 2MrΩ
.
v(1, t)−Mr

..
w(1, t)− Jw

..
w′(1, t) =

− ε0 Aw L3(VDC+vAC(t))
2

2Dvdv

(
1

d2
w(1−w(1,t))2 + χ 0.65

dwbm(1−w(1,t))

)
(30)

The boundary conditions for the four models, Equations (27)–(30), remain the same so
that they are not repeated in the mathematical equations of the remaining model sections.
Only the differences between the models will be highlighted in the equations of motion.

2.1.1. Open-Circuit (OC) Modeling

It is possible to lessen the complexity of the SV model by lowering the number
of coupling terms that exist between the energy harvesting circuit and the mechanical
structure of the beam. It is possible to establish what is known as an open-circuit model
(OC) by making the assumption that the load resistance, R, is indefinitely large. Reducing
Equation (26) to:

v′′ (x, t) = V(x, t) (31)

The following equations of motion are obtained by substituting Equation (31) into
Equation (24), and the governing equations can be expressed as:

(γ + 1)viv −Ω2v− JvΩ2v′′ − 2Ω
.

w +
..
v− Jv

..
v′′ + µv

.
v = 0 (32)

Dwrwiv −Ω2w− JwΩ2w′′ + 2Ω
.
v +

..
w− Jw

..
w′′ + µw

.
w = 0 (33)

This model includes the voltage effects on the structural components of the system
through a backward coupling term in the stiffness parameter in the sensing equation; γ.
The OC model can only be considered reliable for extremely high levels of load resistance.

2.1.2. Constant (Average) Electric Field Open Circuit (CE-γ)

The power generated by PEH devices is estimated in the published works by utilizing
an average voltage value throughout the full beam length [59–61]. It is assumed that the
harvester voltage only varies with time, V(t). For this model, called the CE-γ model, the
Gauss law Equation (26) is reduced to an ODE Equation (34) and some load resistance effects
beyond those exhibited in the open-circuit model, are captured in the voltage calculation.
Equation (34), which describes the open-circuit configuration coupling in the sensing
direction, helps the CE-γ model achieve a higher degree of precision for significantly
greater levels of load resistance. The governing equations that result from applying this
modeling method are as follows:

.
v′(1 , t)−

.
V(t)− V(t)

RτCp
= 0 (34)
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(γ + 1)viv −Ω2v− JvΩ2v′′ − 2Ω
.

w +
..
v− Jv

..
v′′ + µv

.
v = 0 (35)

Dwrwiv −Ω2w− JwΩ2w′′ + 2Ω
.
v +

..
w− Jw

..
w′′ + µw

.
w = 0 (36)

2.1.3. Constant (Average) Electric Field (CE)

After deleting the coupling element from the sensing equation of motion, one may
arrive at the following formulation for a short-circuit configuration of the average electric
field model:

.
v′(1 , t)−

.
V(1, t)− V(t)

RτCp
= 0 (37)

viv −Ω2v− JvΩ2v′′ − 2Ω
.

w +
..
v− Jv

..
v′′ + µv

.
v = 0 (38)

Dwrwiv −Ω2w− JwΩ2w′′ + 2Ω
.
v +

..
w− Jw

..
w′′ + µw

.
w = 0 (39)

This model, referred to hereafter as CE, only holds true for relatively low load re-
sistances. Table 1 summarizes the four models and the assumptions upon which they
are based.

Table 1. Summary of models.

Model Voltage
Representation Voltage Coupling Voltage Coupling in

Sensing E.O.M

SV Spatially varying
electric field Resistance dependent

Backward coupling
(resistance-dependent

voltage term)

OC Spatially varying
electric field

Open circuit
(R = ∞)

Backward coupling
(open-circuit voltage)

CE-γ Constant (average)
electric field

Open circuit
(R = ∞)

Backward coupling
(open-circuit voltage)

CE Constant (average)
electric field

Short circuit
(R = 0) None

2.2. Static and Eigenvalue Problem Analyses of the Multifunctional Microgyroscope

The static pull-in is a phenomenon that occurs when the structural restoring force
cannot withstand the electrostatic force causing the gyroscopic beam to collapse onto
the driving electrode. It is extremely important to identify the DC voltages at which
pull-in occurs, so the proper operation of the gyroscope is ensured. The static behavior
of the decoupled system is vitally important to the overall design and operation of the
microgyroscope. Eliminating all time-dependent variables from the driving equation of
motion allows us to derive the static deflection in the driving direction. The equation with
the reductions may be written as:

wiv
s (x) = 0 (40)

with the accompanying stipulations:

ws(0) = 0; w′s(0) = 0 (41)

w′′s (1) = 0 (42)

w′′′s (1) = −
ε0 AwL3V2

DC
2Dvdw

(
1

d2
w(1− ws)

2 + χ
0.65

dwbm(1− ws)

)
(43)

The general solution for ws is:

ws(x) = A + Bx + Cx2 + Dx3 (44)
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It is then possible to quantitatively derive the values of A, B, C, and D by making use
of the boundary conditions. Operating near resonance is recommended to amplify the
microbeam motion in the sense direction [38] and to achieve a larger output signal. The
work carried out by Ghommem et al. [38] is used as a reference for the purpose of deter-
mining the inherent frequencies of the system and defining the eigenvalue problem. The
microbeam’s deflection may be calculated by adding the static and dynamic components
together:

v(x, t) = vs(x) +
(

φv(x)eiωt + cc
)

(45)

w(x, t) = ws(x) +
(

φw(x)eiωt + cc
)

(46)

where φv(x) and φw(x) are the mode shapes of the microbeam in the sense and drive
directions, respectively. ω denotes the natural frequencies while cc is short for the complex
conjugate of the preceding term. The spatial functions φv(x) and φw(x) have the following
form:

φv(x) =
8

∑
i=1

(φv,i)esix (47)

φw(x) =
8

∑
i=1

(φw,i)esix (48)

The gyroscope’s vibrational equations and boundary conditions are obtained by
inserting Equations (47) and (48) into Equations (24)–(30) and extending the electrostatic
force term using the Taylor series expansion to produce its linear expression:[

s4N1 + s2N2 − N3

]{φv,i
φw.i

}
(49)

where

N1 =

[
1 0
0 Dwr

]
(50)

N2 =

[
Jvω2 − JvΩ2 0

0 Jwω2 − JwΩ2

]
(51)

N3 =

[
ω2 + Ω2 2iωΩ
−2iωΩ ω2 + Ω2

]
(52)

φv,i(0) = φw,i(0) = 0; φv,i
′(0) = φw,i

′(0) = 0; V(0) = 0 (53)

φv,i
′′ (1) = φw,i

′′ (1) = 0; V(1) = 0 (54)

φ
′′′
v,i(1) + MrΩ2φv,i(1)− JvΩ2φ′v,i(1) + 2MrΩ

.
φw,i(1)−Mr

..
φv,i(1)− Jv

..
φv,i
′
(1) = 0 (55)

Dwrφ
′′′
w,i(1) + MrΩ2φw,i(1)− Jw Ω2φ′w,i(1)− 2MrΩ

.
φv,i(1)−Mr

..
φw,i(1)− Jw

..
φw,i

′
(1) =

− ε0 Aw L3(VDC+vAC(t))
2

2Dvdv

(
1

d2
w(1−ws(1))

2 + χ 0.65
dwbm(1−ws(1))

)
φw,i(1)

(56)

It is possible to compile the boundary conditions into an 8 × 8 matrix, the elements of
which are solely determined by the beam’s natural frequency. When the determinant of the
resulting matrix is set to zero, the corresponding natural frequencies may be calculated.
Figure 3 shows the initial natural frequency of the EHMG for increasing the DC voltages.
Note the “sense mode γ” curve represents the sensing natural frequency when coupled
with the backward coupling term in the stiffness parameter.
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2.3. Differential Quadrature Method (DQM)

The differential quadrature approach has been shown to provide extremely accurate
results with little computing cost [42]. Potentially replacing established approaches to the
numerical solution, such as the finite difference and finite element methods, the method
shows promise. [42,50,51]. The energy harvester is modeled as a collection of nonlinear
PDE’s, all of which are unsolvable from an analytical perspective. Therefore, the DQM is
employed for spatial discretization of the governing equations. For further details on the
DQM methodology, refer to [57].

As shown in a previous study, an accurate solution can be achieved when the number
of DQM grid points is set equal to 8 [57]. The evolution of the voltage over time is depicted
in Figure 4a, which includes time histories for all models. The voltage across the beam is
plotted in Figure 4b. For the CE and CE-γ models, the voltage is shown to be a constant
value across the beam while the voltage for the SV and OC models varies with respect to x.
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3. Model Comparison and Results

The critical microbeam and piezoelectric parameters are enumerated in Table 2, which
offers a condensed overview of their values.
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Table 2. Microbeam and piezoelectric parameters [56,57,62].

Parameters Values Parameters Values

Beam length, L 400 µm Piezoelectric layer thickness, hp 2.8783 µm

Beam thickness, hs 2.8783 µm Piezoelectric layer width, bp 1 µm

Beam width, bs 2.5081 µm Piezoelectric density, ρp 5440 kg/m3

Driving electrode gap, dw 2 µm Piezoelectric Young’s modulus, Ep 30.336 GPa

Driving capacitor area, Aw 192 µm2 Vacuum electric permittivity, ε0 8.85× 10−12 F/m

Tip mass width, bm 20 µm Piezoelectric permittivity, ε33 12.653× 10−9 F/m

Piezoelectric layer length, L 400 µm

A comparison study is carried out for a variety of load resistance values in order to as-
certain the applicability limitations that are associated with the various models. Frequency
response curves shown in Figures 5–7 depict the displacements and voltage harvested
using each modeling technique. We assume 1 V DC and 0.1 V AC, respectively. As can be
seen in Figure 5, the magnitude of the load resistance does not have a substantial impact
on the driving displacement for any of the models that have been taken into consideration.
This is because of the electrostatic forcing in the driving direction and the fact that there is
no direct coupling between the driving and voltage equations of motion.
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However, we observe a slight difference in the driving response near the sensing
frequency. The sensing displacement and voltage deviate greatly based on the chosen
modeling technique. Figure 6 illustrates the frequency response of the sensing displacement
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for each of the four models at a variety of load resistance levels. This response is shown
for each of the four models in the figure. Figure 6a shows the sensing displacement curves
for a low value of the load resistance, R = 103 Ω. It is observed that for a near short-circuit
scenario, the SV and the CE models mutually converge. In contrast, the OC and CE-γ
models agree with each other, but they do not match the SV and CE models. The coupled
frequency is responsible for the amplitude gap that exists between the resonance peaks in
the sensing response. As can be observed in the frequency response graphs of both the
sensing displacement and the produced voltage, which are shown in Figures 6 and 7, the
electrical load resistance has a significant impact on the coupled frequency in the sensing
direction. The assumptions shown in Table 1 for each model lead to the coupled frequency
differences.
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Figure 7a shows that the output voltage is significantly overestimated by the OC
model for a near short-circuit situation, as open-circuit conditions are assumed. When the
load resistance is increased to R = 105 Ω, the SV, CE, and CE-γ models feature increases in
amplitude because they are approaching optimum load resistance for harvested energy,
which can be seen in Figure 7c. Notably, the CE model closely matches the SV model near
the driving resonance frequency but falls short near the sensing frequency because of the
missing coupling terms in the sensing equation. The most significant difference may be
seen between the models when using the load resistance that is considered to be optimal.
Here, the CE-γ model closely matches the SV model near the driving resonance frequency
but also falls short near the sensing frequency because of the missing coupling terms in the
sensing equation. The SV model is dependent on load resistance; hence, it is the only model
that can be considered as valid when close to the optimum load resistance. Furthermore,
considering a high-load resistance value, 108 Ω, the agreement between SV, OC, and CE-γ
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models is high. This is due to the fact that, at a high-load resistance, the SV and CE-γ
models should be mathematically equivalent to the OC model.

Energies 2023, 16, x FOR PEER REVIEW 12 of 22 
 

 

  
(c) (d) 

Figure 6. Sensing displacement variations as a function of the excitation frequency: (a)  𝑅 = 10ଷ Ω, 
(b) 𝑅 = 10ହ Ω , (c) 𝑅 = ଵఠ  Ω , and (d) 𝑅 = 10଼ Ω  when 𝑉 = 1𝑉 , 𝑉 = 0.1 V, Ω = 80 ௗ௦ , 𝜇 =0.01. 

  
(a) (b) 

  
(c) (d) 

Figure 7. Voltage output variations as a function of the excitation frequency: (a)  𝑅 = 10ଷ Ω, (b) 𝑅 =10ହ Ω, (c) 𝑅 = ଵఠ  Ω, and (d) 𝑅 = 10଼ Ω when 𝑉 = 1𝑉, 𝑉 = 0.1 V, Ω = 80 ௗ௦ , 𝜇 = 0.01. 

Similarly, the frequency response functions in Figures 8–10 consider constant 1V DC 
and 0.5 V AC, respectively. Figures 8–10 depict the same trend as the lower actuation 
voltage case. Clearly, from the plotted curves, increasing the AC voltage allows for in-
creased driving and sensing amplitudes. On the other hand, varying the AC voltage does 
not have a significant influence on the bandwidth; however, an excessive AC voltage can 
cause dynamic pull-in, which should be avoided. Increasing the AC voltage does not 
greatly affect the limits of applicability for each model. Using a higher AC voltage does, 
however, cause dynamic pull-in in the system, which can be seen as discontinuity in the 

Figure 7. Voltage output variations as a function of the excitation frequency: (a) R = 103 Ω, (b)
R = 105 Ω, (c) R = 1

Cpωn
Ω, and (d) R = 108 Ω when VDC = 1 V, VAC = 0.1 V, Ω = 80 rad

s , µ = 0.01.

Similarly, the frequency response functions in Figures 8–10 consider constant 1V
DC and 0.5 V AC, respectively. Figures 8–10 depict the same trend as the lower actuation
voltage case. Clearly, from the plotted curves, increasing the AC voltage allows for increased
driving and sensing amplitudes. On the other hand, varying the AC voltage does not have
a significant influence on the bandwidth; however, an excessive AC voltage can cause
dynamic pull-in, which should be avoided. Increasing the AC voltage does not greatly
affect the limits of applicability for each model. Using a higher AC voltage does, however,
cause dynamic pull-in in the system, which can be seen as discontinuity in the driving,
sensing, and voltage-harvested plots. There is no pronounced driving peak in the voltage
because of the nonlinear softening.

To obtain the most out of a certain energy harvester design at a given excitation
frequency, the optimal value for the electrical load resistance, R, must be found. We further
seek the optimal R values of the multifunctional piezoelectric energy harvester, as well as
how these values affect the overall performance of the system. Figure 11 illustrates the
driving and sensing displacements of the system, as well as the impacts of R on the voltage
and power outputs of all four models that are the subject of this investigation. The direct
and alternating current voltages are set equal to 1 V and 0.1 V, respectively. We match
the driving mode’s inherent frequency to the excitation frequency at VDC = 0 V (ωe =
65 kHz). To validate the models for different load resistances, they are compared with the
SV model. For different load resistances, if that model matches up well with the SV model,
it can be considered accurate for that load resistance value. In Figure 11a, we can see that
the driving displacements of the OC, CE, and CE-γ models are only slightly affected by
the electrical load resistance. Only the resistance-dependent model, abbreviated as SV, is
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considered to be valid when the load resistance is somewhat close to the optimal load
resistance. Observing Figure 11b, the CE model is only valid for short-circuit conditions
up to a load resistance of R ≤ 104 Ω, while the OC and CE-γ models are only valid for
open-circuit conditions or load resistances of R > 108 Ω. This agreement between the OC
and CE-γ models with the SV model is due to the shunt-damping effects captured in the
sensing equation of motion, as shown in Equations (24) and (26). Figure 11d displays that
the SV model predicts a slightly lower optimum load resistance than that computed with
the CE models. The OC model does not take the load resistance into account and therefore
has no optimum value. The SV and CE models once again agree very well for short-circuit
conditions but diverge right about when they reach the optimum load resistance value. On
the other hand, for a short-circuit value, the CE-γ diverges but becomes more accurate for
load resistances exceeding the optimum load resistance. Similarly, the OC model converges
with the SV model as the load resistance is increased.
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s , µ = 0.01.

We proceed with our investigation of the load resistance of multifunctional piezoelec-
tric energy harvesters by tuning the excitation frequency so that it is in resonance with
the open-circuit sensing frequency (ωe = 65,750 Hz), as seen in Figure 12. The same trend
that was observed in Figure 11 can be seen. However, there are some distinct differences.
One distinction is that the voltage, power density, and sensing displacement for the SV,
OC, and CE-γ models are slightly increased. Figure 12a shows another example where
the driving displacement for all four models is like that in Figure 11a. Having said that,
it should be emphasized that the CE model is still considered viable over a wider range
of load resistances. Similarly, the same is true for the OC and CE-γ models. Figure 12b
emphasizes that the sensing displacement for the SV model increases as the load resistance
increases, in contrast to what is observed in Figure 11b. This occurs because the resonance
frequency of the coupled system for lower load resistances is lower than the open-circuit
frequency. Therefore, the OC and CE-γ models overestimate the sensing displacement
and voltage for lower load resistances. Furthermore, when using the sensing frequency
as the excitation frequency, a load resistance higher than R = 108 Ω is needed for the OC
model to converge with the SV model. Figure 12d shows that nearly the same optimum
load resistance value (around 106 Ω) is obtained for the SV and OC models, while the CE
and CE- γ models slightly underestimate the optimum load resistance.
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s , µ = 0.01.

The CE-γ model is inaccurate until the load resistance is greater than 106 Ω. However,
the CE-γ model converges with the SV model at slightly lower values of R than the OC
model. This shows the advantage of including additional load resistance-dependent terms
in the voltage formulation (Equation (34)). It is noticed that the CE model was unaffected by
the sensing displacement, voltage, and power density when using the sensing frequency as
the excitation frequency. For high-load resistance, the CE model approximation of voltage
and power is less accurate because the excitation frequency is higher than the system’s
resonance frequency in short circuit.

A properly working gyroscope should be capable of accurate determination of the
angular velocity of an object. To accomplish this, it is critical to evaluate the gyroscope’s
ability to detect changes in the system’s base rotation. To investigate this further, the effects
of the rotational velocity (at optimum load resistance) on the output voltage as well as
the displacements of the driving and sensing modes are explored using the four different
models. Using an excitation frequency near the driving resonance frequency, Figure 13
shows graphs of the shifts in driving and sensing positions, as well as the generated voltage
responses of the multifunctional gyroscope when the base rotation rate, Ω, is varied. Low
DC (1 V) and AC (0.1 V) voltages are selected for the numerical investigation to avoid
dynamic pull-in behavior. The driving displacements shown in Figure 13a indicate that
for any range of base rotation, Ω, the SV, OC, and CE-γ models are in good agreement,
while the CE model only agrees with the other models when the base rotation is less than
100 rad/s. By inspecting the sensing displacements and voltage harvested as shown in
Figure 13b,c, the models vary significantly depending on the base rotation value. Table 3
shows the voltage relative error between the OC, CE, and CE-γ models with respect to
the SV model for different base rotation values. At low base rotation, the models agree
well with one another. However, as the rotation is increased, we observe the appearance
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of notable differences between all four models. The OC and CE models remain relatively
close to one another until the base rotation gets larger than 200 rad

s . It is noticed that the
CE-γ model has the least relative error for all values of base rotations investigated, while
the CE model has the most relative error.
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Table 3. Relative voltage error between SV and other models for different base rotations values.

Ω
(

rad
s

)
OC (V) CE (V) CE-γ (V)

15 0.2880 0.2104 0.0854

30 0.2797 0.2112 0.0925

60 0.2712 0.2148 0.0996

90 0.2663 0.2242 0.1038

150 0.2540 0.2540 0.1087

200 0.2547 0.2996 0.1120

250 0.2516 0.3911 0.1145

300 0.2646 0.5764 0.1052

The only valid model at optimal load resistance is the SV model when the system
experiences high rotational rates. According to Figure 13, the displacement continues to
increase as Ω raises. It can be interpreted that high base rotations are equal to more power.
However, when subjected to such high values of base rotation, system fatigue will most
likely be reached sooner.

Lastly, a time comparison analysis is performed to determine the difference in numeri-
cal expense between the models at different load resistance values. The simulations are run
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for one excitation frequency near the driving resonance frequency. We assume 1V DC and
0.1 V AC as well as a damping value of µ = 0.01. The computer used to run the simulations
has a clock rate of 1.90 GHz, 16 GB RAM, and a total of 4 cores. Table 4 shows the results of
the tests mentioned above. The results indicate that for a low load resistance R = 103 Ω,
the fastest model is the OC model requiring only 325 s. However, as stated before, the
OC model is not valid under short-circuit conditions. It is worth noting that when load
resistance increases, simulation time decreases. For a high-load resistance R = 108 Ω, the
difference in simulation time between the models is the smallest. According to the test
results, the OC model is preferably the fastest (but only for open-circuit conditions). It is
advisable for any other load resistance to using the SV model, especially near the optimum
load resistance (105 Ω < R < 107 Ω). Hybridization between models would be the next
step to improve the model even further. Developing one global model that systematically
uses the most efficient framework depending on the system load resistance is a topic that
must be further investigated.

Table 4. Time variations between models.

Load
Resistance Model Time

(s)
Load

Resistance Model Time
(s)

R = 103

SV 1653

R = 1
Cpωn

Ω

SV 405

OC 325 OC 325

CE-γ 1586 CE-γ 345

CE 1569 CE 380

R = 105 Ω

SV 415

R = 108 Ω

SV 330

OC 325 OC 325

CE-γ 341 CE-γ 343

CE 393 CE 368

4. Conclusions

Four different methods to model the coupling mechanisms for an energy harvesting
microgyroscope system were examined. The simulation results show a comparison between
all four models, but the objective is to prove the limits of applicability of each model. A
comparison study was conducted to establish the scope of validity for each model. It was
discovered that each of the models has an select range of application that is related to
the electric load resistance. However, the SV model, which is load resistance dependent,
may be used for any load resistance. Only this model was determined to be valid in
the vicinity of the optimal load resistance. For energy harvesting purposes, this model
is beneficial because it can be trusted at optimum load resistance values. The electrical
circuitry needs to be constructed with the optimal load resistance in order to output the
highest feasible amount of power, which is important when considering energy harvesting.
Only for extremely high-load resistance levels are the OC and CE-γ models considered
viable. However, the CE-γ model is the preferred choice for this scenario because it captures
some load resistance effects in the voltage equation that are missing in the OC model. Lastly,
the CE model is reliable in situations when there is a short circuit, that is, when the load
resistance is low. At low load resistances, the use of the SV model is advisable because the
difference in simulation time between the CE and SV models is insignificant. Future efforts
could employ a hybrid model that combines two or more of these models for use near their
applicable load resistance ranges, thus allowing for faster simulation run times. Having
accurate mathematical models is the next stage in creating superior energy collecting
technologies. When creating new prototypes, this model may be used as a reliable reference
point. The model has great promise for directing future experimental observations.

It should be mentioned that as possible future work, techniques such as distribution
system reconfiguration can be implemented as one of the most efficient and effective
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strategies [63–65] in order to reduce power losses. To this extent, a possible future scope of
this work may include the development of a hybrid type model that can change between
open- and closed-circuit conditions based on the predetermined load forecasting. It may
be possible in a future work to explore the viability of changing models based on the
configuration of the electrical circuit. For example, if the circuit was switched to an open-
circuit configuration, the OC model may be used. If the switch was closed and a more
optimum load resistance is applied the circuit, the SV model should be used for the voltage
calculations.
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