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Abstract: Hydraulic turbines have become indispensable for harnessing renewable energy sources,
particularly in-pipe hydraulic turbine technology, which leverages excess energy within pipeline
systems like drinking water distribution pipes to produce electrical power. Among these turbines,
the propeller-type axial turbine with circular blades stands out for its efficiency. However, there is
a notable lack of literature on fluid dynamics and structural behavior under various operational
conditions. This study introduces a comprehensive methodology to numerically investigate the
hydraulic and structural responses of turbines designed for in-pipe installation. The methodology
encompasses the design of circular blades, followed by parametric studies on fluid dynamics and
structural analysis. The circular blade’s performance was evaluated across different materials,
incorporating static, modal, and harmonic response analyses. Results showed that the circular blade
achieved a peak hydraulic efficiency of 75.5% at a flow rate of 10 l/s, generating 1.86 m of head
pressure drop and 138 W of mechanical power. Structurally, it demonstrated a safety factor exceeding
1 across the entire hydraulic range without encountering resonance or fatigue issues. This research
and its methodology significantly contribute to advancing the understanding of designing and
assessing the fluid dynamic behavior and structural integrity of circular blades in axial propeller-type
turbines for in-pipe installations, serving as a valuable resource for future studies in similar domains.

Keywords: propeller-type axial turbine; geometry design; computational fluid dynamics CFD;
fluid-structure interaction FSI; structural analysis; modal analysis; harmonic response

1. Introduction

In recent years, concerns about the environment, economy, and resource sustainability
have driven a growing focus on energy efficiency. This shift is significant in turbines,
essential for tapping into renewable energy sources. Efficient energy systems are vital for
lessening harm and improving the economic viability of power production. Hydraulic
turbines play a role in enhancing energy recovery and system efficiency. The effectiveness
of these turbines directly affects the expenses and eco-friendliness of power plants [1].
In energy production processes through turbines inside pipelines such as Savonius, Michell–
Banki, and spherical Darrieus turbines develop an efficiency of 40% [2–4]. In comparison,
PAT (Pump as Turbine) technology presents up to 70% efficiencies [5], and the propeller
type reaches up to 76% [6].

Maintaining pressure levels in water distribution systems is critical and often regulated
by industry standards [7,8]. Conventional pressure-regulating valves commonly waste
energy as heat, resulting in energy loss. However, integrating turbines into these systems
has shown promise in capturing and utilizing this excess materialized energy to enhance
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system efficiency. For instance, Hannachi et al. designed a new pressure control mechanism
that incorporates a Banki turbine with an integrated flap adjustment device, achieving
efficiencies of up to 76% in recovering energy from water networks [9]. Finally, the study of
Pasha et al. [10] showed that the greater the number of storage tanks, the more uniform the
pressure distribution across the piping system, which in turn allows excess potential energy
to be stored and then converted in the turbines into mechanical and electrical energy.

In terms of the in-pipe turbine’s optimal functionality, the fluid exerts a hydraulic
load on the blades due to its velocity. This force causes the blades to rotate, which is then
transferred to the shaft connected to a generator. As the shaft rotates, it spins the generator,
converting the mechanical energy into electrical energy. However, the mechanical drive
torque may induce abnormal stresses and deformations that provoke structural failure
of some turbine components [11]. These failures are often due to hydrodynamic, inertial,
centrifugal, and gravitational forces that produce significant vibrations and deformations
over the blades [12]. As a result, a deep analysis of the hydrodynamic and structural
performance of the turbine’s components becomes vital to improve the design and costs of
in-pipe hydraulic turbines [11].

In previous studies, it is possible to find fluid–structure analyses to determine the
blade failure probability and evaluate the blade stress [13–15]. Other approaches consider
the incidence of the materials with their respective roughness on the global performance of
the turbine [16–18]. For example, they found that the turbine weight is a crucial element
in the stress suffered by the machine shaft and how system leakage causes premature
equipment wear due to the erosion phenomenon [19]. Also, they stressed the importance
of refining these designs using Box Behnken Design and NSGA II algorithms to optimize
energy efficiency and how turbine structure and operation enhancements contribute to
improved efficiency curves and operational adaptability, which are essential for use and
long-term performance [1]. In addition to structural-based studies, dynamic analyses serve
to obtain higher reliability levels of the structural response of this type of turbomachinery.
Xia et al. [20] found that the fundamental vibrations modes of simplified cantilever blade
structures (i.e., no shaft) are primarily shaped by the vibrations of the blades, which
are organized into mode families. Each family’s characteristics strictly depend on the
number of blades, showing a clear pattern in frequency bands. The modal vibration of
the turbine’s shaft and blades tends to couple. This coupling can lead to abnormal shifts
in some modal families’ behaviors, scattering the natural frequencies and increasing the
likelihood of resonance. They also found that the bearing stiffness close to the runner and
the blade opening affects mode coupling and the frequency bandwidths. It was observed
that increased bearing stiffness results in narrower frequency bandwidths, suggesting a
potential approach to controlling vibrational characteristics. Likewise, An et al. [21] studied
the same scenario, and they found that the bearing stiffness predominantly manifested as
vibrations on the blades. These vibrations can be classified into mode families based on
the single-blade modes, which correspond to a series of frequency bands with very small
widths. They also found that understanding these modal characteristics can help predict
and mitigate resonance in turbine designs, thereby improving axial turbines’ operational
stability and efficiency to better simulate real-world performance challenges. Linet al. [22]
successfully validated the finite element model (FEM) used for predicting the dynamic
behavior and strength characteristics of turbine rotors under operational conditions. Their
work demonstrated that the mode shapes and natural frequencies derived from the FEM
correlate well with those obtained from experimental modal analysis (EMA), using the
Modal Assurance Criterion (MAC) for verification. Additionally, the study highlights
that the stress distribution across the rotor, caused by centrifugal and aerodynamic forces
during operation, can be accurately predicted using the FEM, thereby providing a reliable
method for assessing rotor durability and structural integrity in real-world conditions. This
type of study to estimate structural fatigue, the vibrational response to a realistic spectrum
of excitations, and the associated equivalent damping has achieved differences between
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numerical and experimental results of less than 10% [23], which suggests it is a reliable
methodology but needs exploration into more complex scenarios.

Some other studies focus on improving turbine blade performance through passive
morphing using advanced computational FSI analysis. For instance, Castorrini et al. [24]
employed sophisticated stabilization techniques to handle the turbulent flow dynamics,
which is crucial for in-pipe systems where flow conditions can significantly impact turbine
efficiency and blade stress. However, applying these findings to circular blade designs
in axial propeller turbines still needs to be explored, highlighting a research opportunity.
Previous studies [25] integrated fluid, thermal, and structural interaction modeling to
predict the life of turbine blades under extreme operational conditions. This comprehensive
approach is pertinent for designing in-pipe axial turbines with circular blades, where vary-
ing thermal and flow conditions can drastically affect lifespan and performance. However,
specific challenges related to the unique environment of in-pipe systems, such as confined
flows and the potential for increased turbulence, remain unexplored. Krishna et al. [26]
incorporated two-way fluid–structure simulations to study a marine propeller, where
two-way simulations allow for the prediction of the hydroelastic response of the propeller.
For this purpose, they used the Large Eddy Simulation (LES) turbulence model and the
Ffowcs Williams–Hawkings (FWH) acoustic model, which is used to evaluate the sound
pressure level generated by the propeller (SPL). The main difference is that the two-way
FSI can accommodate the maximum value of stress and strain developed during the initial
part of the transient solution, which is essential in propeller design.

In this work, we focused on the propeller-type turbine with circular blades because
it closely matches hydraulic efficiencies of around 76% without using passive elements
such as guide vanes [27,28]. Thus, this research aims to improve the design of in-pipe
turbines with circular blades to boost their durability and energy conversion efficiency by
combining cutting-edge numerical models. The study seeks to uncover knowledge about
how fluids interact with turbine blade structure, paving the way for greener and more
effective renewable energy solutions.

The novelty of this paper consists in offering to the scientific literature an easily
replicable and reproducible methodology for the fluid–structure analysis of propeller-type
turbines not only considering the static mechanical analysis but also dynamical, which
will facilitate the process for future research thanks to the computational tools developed
and offered in a free form, making it possible for this work to contribute to engineering
practices by pushing the limits of turbine technology and laying the groundwork for future
advancements in renewable energy applications by:

• Providing the scientific literature with a methodology to analyze the hydrodynamic
performance and structural (static, modal, and harmonic) behavior of an axial propeller-
type turbine with circular blades for in-pipe installation in water distribution systems.
Previous fluid–structure analyses reported in the scientific literature do not struc-
turally study this type of turbine with a constant thickness curved blade, especially
considering resonance and fatigue conditions for different materials which can be
scaled to other types of turbomachines.

• Offering the scientific community a couple of open-source computational tools to
perform the grid convergence study by applying the Grid Convergence Index method
(GCI) recommended by The American Society of Mechanical Engineers (ASME)
and provide the meridional coordinates of the circular blade to obtain its three-
dimensional model.

This paper is divided into five sections. Section 1 describes the state of the art around
the topic at hand, identifies the potential research opportunities, and states the main contri-
bution of this work. Section 2 contains the design of a turbine blade with constant curvature
and thickness known as a “circular blade”. Section 3 states the proposed methodology used
to carry out the one-way fluid–structure interaction (FSI) parametric simulations applied
to the circular blade. Section 4 reports the numerical model validation and compiles and
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analyzes the fluid dynamic and structural results. Finally, Section 5 concludes the findings
of the work and states the plausible future works associated with the present research.

2. Circular Blade 3D Model

This section presents the design process of a circular blade for an axial propeller-type
turbine. The goal is to obtain a three-dimensional blade model and its corresponding
control volume to perform the fluid dynamic and structural simulations. First, the design
parameters are selected based on previous studies (see Table 1) and a series of physical
and capacity restrictions from a hydraulic test bench. Moreover, we show the theoretical
design process of the circular blade and the assumptions made. Lastly, we report the
blade geometry generation methodology using a coordinate transformation process, which
results are fed into Ansys BladeGen.

Table 1. Axial propeller-type turbine design parameters used in different studies.

Ref. Year Q (l/s) H (m) ηt (%) N (rpm) Pmech (W) Dt (mm) Dh/Dt z

[29] 1996 72 2 72 1560 1000 149 0.403 4
[30] 2009 32 4.31 74.7 1500 1000 131 0.643 4
[31] 2009 75 1.75 75 1000 962.8 200 0.3 5
[32] 2011 75.50 1.75 65 900 850 200 0.42 6
[33] 2012 25 2 78 1500 255 130 0.55 4
[34] 2013 4 0.12 100 300 108 100 0.5 5
[35] 2013 11.2 × 103 3.5 80 200 249.2 400 0.3 4
[27] 2016 7.80 1.5 65.9 2460 75.5 68.1 0.443 4
[36] 2018 4.82 1.3 60 2300 37 58 0.5 4
[37] 2019 250 2 80 450 3000 380 0.4 4
[38] 2019 11.40 2 60 1500 134 88 0.68 6
[39] 2019 1800 3.1 71 760 39 × 103 566 0.32 3
[40] 2021 4.44 0.37 70 1000 10 84 0.69 7
[41] 2021 1.2 5 90 - 5.2 600 0.35 5
[42] 2021 10.66 × 103 3.5 50 250 - 1680 0.402 4
[43,44] 2022 3000 3 55 150 10 × 103 400 0.3 4

2.1. Design Parameters Selection

Table 1 presents a compilation of the parameters used by different authors for design-
ing axial propeller-type turbine blades. The turbine design’s initial parameters are the flow
rate Q, the available head pressure H, the assumed hydraulic efficiency ηt, the angular
velocity N, the mechanical power Pmech, the outer diameter Dt, the ratio between the inner
and outer diameters Dh/Dt, and the number of blades z. According to this information,
we identified that the propeller-type turbines have a wide application margin concerning
the working conditions they can operate at due to the wide range of the values’ varia-
tion. Therefore, the design parameters could range for each design parameter as follows:
(1.2 ≤ Q ≤ 332.5) l/s, (0.12 ≤ H ≤ 16.1) m, (50 ≤ ηt ≤ 100)%, (150 ≤ N ≤ 2460) rpm,
(5.2 ≤ Pmech ≤ 49 × 106) W, (58 ≤ Dt ≤ 6200) mm, (0.3 ≤ Dh/Dt ≤ 0.69), (3 ≤ z ≤ 7).

Table 2 reports the design parameters used to generate the circular blade proposed in
this work. The table specifies the turbine and piping sizing parameters and the assumed
hydraulic design parameters. First, we determined the pipe’s internal diameter based
on a commercial 3-inch PVC pipe with Schedule 40. A blade clearance of tc = 0.1 mm
was assumed to maximize the turbine efficiency, as demonstrated by the research of
Tran et al. [45]. Once tc was defined, we determined the turbine’s outer diameter. The tur-
bine’s outer diameter Dt was considered a constraint parameter because we plan to man-
ufacture and install a prototype of this turbine within a 3-inch pipe. This pipe is part
of the hydraulic test bench of the Simulation, Modeling, and Prototyping Laboratory of
the Advanced Computing and Digital Design research line at the Instituto Tecnológico
Metropolitano ITM, Medellín, Colombia. Following, the ratio between the inner and outer
diameter of the turbine Dh/Dt = 0.6 was assumed, with which we obtained the turbine’s
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inner diameter Dh. Additionally, we decided to implement a blade thickness t = 1.7 mm
according to the suggestion of [6]. The blade number z = 5 was defined according to the
results of our previous research [46]. Finally, the hydraulic parameters were determined
based on the test bench nominal capacity available in the laboratory.

Table 2. Circular blade design parameters.

Design Parameter Magnitude Unit Description

Turbine and pipe sizing parameters

Dpipe 75.3 mm Pipe inner diameter (3′′, Schedule 40)
tc 0.1 mm Blade clearance
Dt 75.1 mm Tip turbine diameter (outer)
Dh/Dt 0.6 - Turbine hub-to-tip ratio
Dh 45.06 mm Hub turbine diameter (inner)
t 1.7 mm Blade thickness
z 5 - Blade number

Hydraulic parameters

Q 15 l/s Flow rate
H 3 m Available head pressure
ηt 65 % Assumed turbine efficiency
N 3600 rpm Turbine angular velocity

2.2. Theoretical Design

The theoretical design methodology was based on the study of Ramos et al. [34].
The methodology assumes a free vortex flow behavior at the blade’s trailing edge. It
implies that the product of the circumferential velocity and the radius of the turbine is
constant (rVc = k). It also assumes that the radial velocity component is zero (Vr = 0)
and that the axial velocity Va is constant throughout its transit through the turbine [47]
(p. 218, Section 6.3). The assumption of vortex free flow satisfies the widely used radial
equilibrium theory for designing turbines and compressors for incompressible fluids. This
theory states that centrifugal forces balance the pressure forces on a fluid particle [47]
(p. 215, Section 6.2).

Figure 1 presents the velocity triangles used to define the mathematical expressions
for angles β1 and β2 that define the blade geometry of a propeller-type axial turbine [47].
The diagram shows the top-down fluid direction from the leading edge in the direction
of the trailing edge and the right-to-left rotation of the blade. Additionally, the vectors
composing the velocity triangles located at the leading and trailing edge are represented
by a velocity vector as follows: V⃗t is the tangential velocity of the blade (present in both
triangles), V⃗a is the axial velocity of the fluid, V⃗c is the circumferential velocity at the trailing
edge, V⃗1,rel and V⃗2,rel are the relative velocities of the leading and trailing edge, respectively;
V⃗1,abs and V⃗2,abs are the absolute velocities of the leading and trailing edge, respectively.
Finally, angles β1 and β2 relate the angular position of the tangential velocities V⃗t and
relative velocities V⃗1,rel and V⃗2,rel at the leading and trailing edges, respectively.

Before defining the blade angles, the following equations present the velocity magnitude
definitions. Equation (1) defines the axial velocity |V⃗a| derived from the continuity principle.

|V⃗a| =
Q
A

=
Q

π
(
r2

t − r2
h
) (1)

where Q is the flow rate (m3/s), A the annular area through which the fluid transits the
turbine, and rt, rh (m) are the turbine’s tip and hub radii, respectively.

The magnitude of tangential velocity |V⃗t| is defined as the following product defined
by Equation (2):

|V⃗t| = ωr (2)

where ω (rad/s) is the angular velocity and r (m) the turbine’s radius.
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Figure 1. Circular blade velocity triangle.

The circumferential velocity |V⃗c| is defined from the free vortex relation as shown by
Equation (3).

|V⃗c| =
k
r

(3)

Although k is not known at the beginning of a turbine design, it can be redefined in
terms of known design parameters using the following definitions for mechanical power
(Equations (4) and (5)) and the torque (Equation (6)) [30]:

Pmech = NT
(

2π

60

)
(4)

Pmech = ṁgHηt (5)

T = kṁ (6)

where T (Nm) is the torque and ṁ the mass flow rate (kg/s).
In that regard, from Equation (4) through (6), the new definition for k is achieved as

shown by Equation (7).

k =
gHηt

N

(
60
2π

)
(7)

Then, substituting Equation (7) into (3) we could obtain the circumferential velocity as
a function of known parameters defined by Equation (8).

|V⃗c| =
gHηt

rN

(
60
2π

)
(8)

Once the velocity vectors are known, the blade angles β1 and β2 can be determined
with Equations (9) and (10), respectively.

β1 = tan−1

(
|V⃗a|
|V⃗t|

)
(9)

β2 = tan−1

(
|V⃗a|

|V⃗c|+ |V⃗t|

)
(10)
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Additional parameters are used to quantify the hydraulic performance of the tur-
bine. The first one is the head pressure drop generated by the turbine. This is defined
Equation (11) and its units are meters of water column (mwc).

∆H =
Ptot,1 − Ptot,2

ρg
(11)

where Ptot,1 and Ptot,2 are the total pressures (Pa) of two different reference points. Point 1
corresponds to the fluid inlet to the turbine and point 2 to the outlet. In the denominator is
the specific gravity of the working fluid γ = ρg, where ρ is the fluid’s density (kg/m3).

Next, Equation (12) defines the Ansys CFX solver’s mechanical torque TCFX computed
during the CFD simulations.

TCFX =

(∫
S
[⃗r × ( ¯̄τ · n̂)]dS

)
· â (12)

where S represents the rotational surfaces (the turbine blades), r⃗ is the position vector, ¯̄τ
is the total stress tensor (pressure and viscous stresses), n̂ is the unit vector normal to the
rotational surface, and â is the unit vector parallel to the rotational axis [48].

The hydraulic power PH is the energy contained by the fluid in motion, which is
transformed by the turbine into mechanical energy. This is defined by Equation (13).

PH = Q∆Hρg = ṁ∆Hg (13)

where the hydraulic power can be rewritten in terms of the mass flow because ṁ = Qρ (kg/s).
The turbine hydraulic efficiency ηt is the ratio of output power to input power. For a

turbine, the output power is Pmech and the input power is PH. Thus, using Equations (4) and (13),
the efficiency of a hydraulic turbine can be computed as shown in Equation (14).

ηt =
Pmech
PH

=
NT

Q∆Hρg

(
2π

60

)
(14)

An important parameter to define a turbine’s hydrodynamic performance is the
pressure coefficient CP. It represents the ratio between the pressure difference and the
dynamic pressure. CP is defined by Equation (15).

CP =
Pstatic − P∞

1
2

ρ∞V2
∞

(15)

where Pstatic is the static pressure on the blade surface and P∞, ρ∞, and V∞ are the far-field
pressure, density, and velocity, respectively.

2.3. Design Methodology

The circular blade geometry design considered the recommendations in Ramos et al. [34].
This methodology uses Cartesian coordinates in a two-dimensional plane for the geometric
construction of the blade, see Figure 2. Figure 2a shows a front view in the xz-plane of
a turbine schematic. The inner circumference with radius rh called “hub” represents the
physical location where the blades meet the turbine body. The outer circumference with
radius rt called “tip” represents the final physical extension of the blade. The annular area
A located between the casing and the blade tip also called the area swept by the turbine is
the area through which the fluid flows through the turbine. Additionally, the location of
the design points (P1, P2, P3, P4, P5) along the radial coordinate r of one of the blades can
also be observed. The wrap angle θ defines the blade span and the horizontal length L.

Moreover, the design points are defined based on the blade geometrical parameters
shown in Figure 2b through a two-dimensional reference frame in the xy-plane. The blade
can be seen in red, which has a geometry based on the arcs defined by the design points
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shown in Figure 2a. The geometrical parameters of the arc are as follows: x1 represents the
blade’s leading edge (fluid inlet), x2 represents the trailing edge of the blade (fluid outlet),
and L is the horizontal distance between x1 and x2. The angles β1 and β2 are the blade’s
leading and trailing angles. The coordinates xc and yc are the center of the arc. The length
rc is the radius of the arc representing the distance from the center of the arc located at
(xc, yc) to the blade. Finally, Ca is the blade axial chord measured from the x-axis to the
trailing edge vertically. This length is paramount for turbine design because it defines the
blade pitch as it meets the turbine casing at radius rh.

(a) (b)
Figure 2. Circular blade design’s schematic visualization. (a) Turbine’s frontal view where the design
points are located at the radial coordinate r. (b) Geometric parameters defining the circular blade
geometry. Modified from [34].

Now, the circular blade’s characteristic equations can be defined as follows. Firstly,
the blade profile geometry could be obtained for five design points ranging from P1 to P5.
The P values are calculated using Equation (16).

rstep =
rt − rh

4
P1 = rh

P2 = rh + rstep

Pn = Pn−1 + rstep

...

P5 = rt

(16)

where Pn are the different design points to generate the blade profile along the radial
coordinate r. rh, rt are the hub and tip radii. rstep is the increment distance to obtain
the next design point. However, we chose to perform the blade design for three points
(P1, P3, P5) because it is sufficient to generate the blade profile while keeping a simple
design process.

The length L relates the design point Pn and the wrap angle θ, as shown by Equation (17).
Then, it is possible to determine the x1 and x2 using Equation (18).

L = 2Pn sin
(

θ

2

)
(17)

x1 = −L/2

x2 = L/2
(18)
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The radius rc defining the distance from the arc’s center to the blade is a function of
the length L and the blade angles β1 and β2, as shown by Equation (19). Then, the arc’s
center coordinates xc and yc can be computed with Equations (20) and (21).

rc =
L

sin(90 − β1)

tan(90 − β1)
− sin(β2)

(19)

xc =
L
2
+ rc sin(β2) (20)

yc = rc sin(90 − β1) (21)

The blade’s axial chord length Ca is defined in Equation (22). Figure 2b shows geomet-
rically where Ca is located.

Ca = rc cos(β2)− yc (22)

We obtained the circular blade geometrical parameters using the design parameters
reported in Table 2. The free-vortex constant was k = 0.0507 m2/s (see Equation (7)) and a
wrap angle θ = 72◦. The wrap angle was obtained by computing 360◦/5, so the turbine
blades could cover the annular area completely. Table 3 reports the circular geometric
parameters obtained by using Equations (1)–(22) for design points P1, P3, and P5.

Table 3. Circular blade geometric parameters for a free vortex constant k = 0.0507 m2/s and a wrap
angle θ = 72◦.

Design
Point

Circular Blade Geometric Parameters

r
(mm)

β1
(◦)

β2
(◦)

L
(mm)

x1
(mm)

x2
(mm)

rc
(mm)

xc
(mm)

yc
(mm)

Ca
(mm)

P1 (rh) 22.59 31.72 26.06 26.56 −13.28 13.28 307.34 148.29 261.44 14.65
P3 (rmid) 30.12 24.87 21.98 35.41 −17.70 17.70 765.68 304.27 694.69 15.34
P5 (rt) 37.65 20.34 18.71 44.26 −22.13 22.13 1644.34 549.55 1541.76 15.70

The Cartesian coordinates xi and yi that describe the blade geometry curves are
defined in Equations (23) and (24). These equations are based on the definition of a non-
centered circumference.

xi = x2 +
np

nq
(x1 − x2), with (40 ≤ np ≤ 0) ∧ nq = 40 (23)

yi = yc −
√

r2
c − (xi − xc)2 (24)

where xc, yc, rc are the arc’s coordinate position and radius, respectively. The subscript “i”
represents an nth point of the x, y coordinates parametrization. Moreover, the parameters
np and nq are used to parametrize the blade curves at the nth points.

2.3.1. Coordinates Transformation

Ansys BladeGen was employed to create the 3D model of the circular blade. The
strength of BladeGen resides in its capability to produce three-dimensional turbomachine
blade models based on two-dimensional meridional coordinates. However, the designer
must be familiar with these coordinates because they are distinct from Cartesian coordi-
nates. This process involves converting from two-dimensional coordinates to cylindrical
ones, then to three-dimensional coordinates, and ultimately acquiring the necessary merid-
ional coordinates.
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The process begins by transforming the two-dimensional (x, y) Cartesian coordinates
defined in Equations (23) and (24) into cylindrical coordinates (rcy, θcy, zcy). This transfor-
mation is performed using Equations (25)–(27).

rcy = rn with rn = rh ∨ rmed ∨ rt (25)

θcy =
xi
rn

(26)

zcy = yi (27)

where rcy is the radial cylindrical coordinate equivalent to the hub, medium, or tip radii
rh, rmed, rt, respectively. The medium turbine radius can be determined as rmed = (rh + rt)/2.
The angular coordinate θcy is computed from the definition of the length of an arc, where
xi is the horizontal Cartesian coordinate of the blade, see Equation (23). Lastly, zcy is
the longitudinal cylindrical coordinate, where yi corresponds to the vertical Cartesian
coordinate of the blade, see Equation (24).

Once the cylindrical coordinates are obtained, they are transformed into 3D coordinates
(x3D, y3D, z3D) using Equations (28)–(30).

x3D = rcy cos(θcy) (28)

y3D = rcy sin(θcy) (29)

z3D = zcy (30)

where rcy, θcy, zcy are the radial, angular, and longitudinal cylindrical coordinates, respectively.
Finally, the three-dimensional coordinates are transformed into the meridional co-

ordinate system (m′, θm). The meridional coordinates correspond to a curved reference
system used by Ansys BladeGen to generate blade geometries for various turbomachines.
Chen et al. [49] have given in their study a good explanation of the meridional coordinate
system using a Francis turbine as an example. In this manner, Equations (31)–(34) are used
to obtain the meridional coordinates.

r2
i = x2

3Di
+ y2

3Di
(31)

zi = z3Di (32)

m′
i = m′

i−1 +

√
∆z2

3Di
+ ∆r2

3Di

r3Di

(33)

θmi = tan−1
(

x3Di

y3Di

)
− tan−1

(
x3D0

y3D0

)
(34)

where the subscript i represents the i-th node located on the “spatial relative streamline (SSL)”,
see [49]. (x3Di , y3Di , z3Di ) denotes the three-dimensional coordinates on the i-th node in
the Cartesian system. (m′

i, θmi ) represents the i-th node in the meridional (curved) system.
(x3D0 , y3D0) are the origin coordinates of the meridional system, which are assumed to be
zero, i.e., x3D0 , y3D0 = 0. ∆z3Di = z3Di − z3Di−1 and ∆r3Di = r3Di − r3Di−1 are the axial and
radial intervals of the adjacent nodes, respectively.

Lastly, a polynomial regression is applied to the meridional coordinates (m′, θm) to
determine the θm values at the position of m′ = (0, 0.25, 0.5, 0.75, 1). We checked if the
coefficient of determination R2 > 0.95. If not, the grade of the polynomial regression should
be increased. We found suitable results for a fourth-degree polynomial.

Figure 3 shows graphically the circular blade’s coordinates transformation process.
The two-dimensional, three-dimensional, and meridional coordinates are shown in
Figures 3a–c, respectively. For each coordinate system, the circular blade design points
were generated at P1, P3, and P5, which correspond, respectively, to the turbine’s hub rh,
medium rmed, and tip rt radii. Specifically for the meridional coordinates seen in Figure 3c,
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we made sure that the final values of θm at m′ = 1 corresponded to θm = 72◦ because it was
a design restriction imposed by the wrap angle θ = 72◦.

� � � � � � � � � � � � � � � � 0 4 8 1 2 1 6 2 0 2 4

� � �
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0  
 
 

(a) (b)
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8 0

 
 
 

(c)

Figure 3. Circular blade’s coordinate transformation process for design points P1 (rh), P3 (rmed),
P5 (rt). (a) Two-dimensional projection. (b) Three-dimensional projection. (c) Meridional coordinates.

2.3.2. BladeGen Geometry Generation

This subsection presents the circular blade’s 3D model using Ansys BladeGen. Figure 4
shows different design modules encountered within BladeGen. Figure 4A presents the
three-dimensional turbine model, which indicates the fluid inlet and outlet, the blades’
location, and the front bulb’s simplification. We validate this simplification in the results
section. In Figure 4B, module (a) corresponds to the meridional view that defines the
turbine’s control volume and the blade boundaries from the leading edge to the trailing
edge. We describe the meridional view in detail in Figure 5. In module (b), the blade-to-
blade view, also called the cascade configuration, is observed. In this view are present two
blade profiles with their curvature and thickness. Next, module (c) is of utmost significance
in obtaining the blade geometry because the meridional coordinates (m′, θm) obtained in
the coordinate transformation process described above are inputted in this section. The x
and y-axes corresponding to the coordinates m′ and θm can be visualized , where θm(m′)
is represented in blue color. Additionally, the function of the angle β (in green), which
corresponds to the blade inclination measured from the axial direction of the flow, can be
observed. To clarify section (c), only the coordinates m′ and θm are modified because the
angle β is automatically calculated according to the aforementioned meridional coordinates.
For the last module (d), the blade thickness (in red) is defined with a constant value of
1.7 mm according to previous studies [6,34].
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(A) (B)

Figure 4. (A) Three-dimensional model of the turbine. (B) BladeGen design modules.

Figure 5 shows the meridional view coordinates used in the validation study to
define the control volume, also called the flow passage. In BladeGen, the meridional
view coordinates are Z, R, where Z is the axial coordinate (horizontal direction), and R
is the radial coordinate (vertical direction). The domain of Z, R is (−∞ < Z < +∞) and
(0 ≤ R < +∞), respectively. The meridional profile of the blade is bounded by the leading
and trailing edge lines defined by Ca, see Equation (22). In the meridional view, this
distance is defined in the Z coordinate for each design radius ri. For this type of blade, Ca
increases from radius rh to rt. It should be clarified that the blade is designed up to the
turbine’s outer radius rt and not up to rpipe. The horizontal line located at rpipe represents
the pipe wall and rh the turbine’s hub wall. Additionally, to ensure a developed flow,
the inlet was located at a distance of one turbine diameter Dt measured from the vertical
R coordinate and the fluid’s outlet at 3Dt. These lengths were based on the experimental
setup of the reference study to perform the numerical validation [34].

Figure 5. BladeGen’s meridional view of the circular blade’s control volume (flow passage).

3. Fluid–Structure Interaction (FSI) Simulations

This section describes the general methodology to carry out the fluid–structure para-
metric simulations. Then, we present the control volume discretization, the CFD boundary
conditions, and the parametric fluid dynamic simulations. Lastly, we show the methodol-
ogy to perform the static and dynamic structural parametric simulations.

3.1. Proposed Methodology

Figure 6 shows the methodology we proposed to perform the one-way fluid–structure
interaction (FSI) simulations to investigate the circular blade. The methodology was divided
into four main phases: the first consisted of the discretization of the control volumes and the
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mesh study (quantification of the mesh uncertainty). The second phase corresponded to the
CFD fluid dynamic parametric simulations. In the third phase, static structural parametric
simulations were developed. Finally, the fourth phase included the dynamic structural
simulations corresponding to the modal analysis and harmonic response. The following is
a general description of each phase of the methodology.

In the first phase, the mesh for the circular blade’s control volume was generated in
the meshing module Ansys TurboGrid. In TurboGrid, the blade clearance tc = 0.1 mm was
created according to the design parameters, see Table 2. The blade clearance is essential to
model the losses generated by tip leakage vortices to avoid overestimating the hydraulic
efficiency of the turbine. Then, the meshes were transferred to Ansys CFX, where a working
condition was simulated to obtain the results of torque T and pressure drop ∆H. With these
results, we performed the mesh study by applying the Grid Convergence Index (GCI)
method [50]. The results of the mesh study are the convergence indexes for the fine and
medium meshes GCI21

f ine and GCI32
medium, respectively. We checked if one of them was below

5% to select the mesh. If not, the mesh was refined again.
The second phase corresponds to the final parametric CFD fluid dynamic simulations

in CFX. The fluid dynamic and turbulence model governing equations are presented in
Appendix A. On the one hand, the variable input parameters are the flow rate Q of the
working fluid (water at ambient temperature) and the turbine angular velocity N. The flow
rate varies over a range of (4 ≤ Q ≤ 26) l/s with steps of 2 l/s. This range corresponds to
the capacity of the hydraulic test bench available in our laboratory. Following, N varies
in two ranges: the first corresponds to (0 ≤ N ≤ 100) rpm with steps of 25 rpm and the
second is (100 < N ≤ 2000) rpm with steps of 250 rpm. On the other hand, the output
parameters are the total inlet and outlet pressures Ptot,in and Ptot,out, respectively, and the
turbine torque T.

In the third phase, static structural parametric simulations were carried out. The static
structural governing equations are presented in Appendix B.1. The pressure contour on the
wall of the circular blade was imported from CFX into the Ansys static structural module.
The output parameters of the static structural simulations were the maximum von Mises
stress σv,max and average σv, the maximum total deformation Umax and average U, and the
minimum safety factor Fs,min. During the static structural simulations, the aluminum
6061 material was assigned to the circular blade. The next step was to identify the corre-
sponding fluid dynamic working conditions for flow rate and angular velocity, renamed
as Q′ and N′, respectively, which generated the results of σv,max, Umax, Fs,min, and the
maximum turbine hydraulic efficiency ηt,max. This was done to configure additional static
structural parametric simulations, which had two additional materials as bronze and
ABS-like resin.

Lastly, the fourth phase corresponds to dynamic structural simulations that include
modal and harmonic response analyses, whose governing equations are presented in
Appendixes B.2 and B.3, respectively. For the modal analysis, we varied the blade material
using aluminum, bronze, and ABS-like resin for the fluid dynamic conditions that generate
ηt,max. Then, we determined the variation of mode natural frequencies a function of turbine
rotational speed in a range of (0 ≤ N ≤ 2000) rpm with steps of 500 rpm. In this way,
we evaluated the relationship between natural frequencies and the rotational speed of the
structure, and the result is the so-called “Campbell diagram”. To achieve this, the parameter
determining the number of calculated modes is the ratio of effective mass to total mass
(Me f /MT). We checked if Me f /MT > 0.8, as recommended by Ansys [51], to decide on
the amount of mode shapes to be calculated. The output parameters are the modes shapes
and their natural frequencies with and without mechanical loads, the Campbell diagram,
and the stress and deformation contours. For the harmonic response analysis, the mechani-
cal loads of the maximum hydrodynamic pressure on the blade surface determined in the
corresponding static structural analysis were applied as boundary conditions, along with a
force corresponding to the weight of the blade. In this manner, these sinusoidal-varying
mechanical loads were simulated harmonically to evaluate fatigue effects on the structure
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for the hydrodynamic conditions (Q′, N′) that generate ηt,max. The output parameters
are the frequency response of total deformation U and the normal stress σ in the x, y, z
directions, as well as the von Mises stress and total deformation contours corresponding to
the identified maximum frequency peaks in the frequency responses of the structure.

Figure 6. Proposed methodology for the one-way fluid–structure interaction (FSI) parametric simulations.
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3.2. CFD Parametric Simulations

This subsection covers the first and second phases presented in Figure 6 related to
the mesh discretization/mesh study and the final fluid dynamic parametric simulations.
The first and second phases are presented in Sections 3.2.1 and 3.2.2, respectively.

3.2.1. Spatial Discretization

Figure 7 shows the mesh refinement of the circular blade. Figure 7a–c show the fine N1,
medium N2, and coarse N3 meshes, respectively. The number of cells for each mesh size is
given. Additionally, only the area of the control volume passage in meridional coordinates
is shown, so it is visualized in two-dimensional form. Thus, it is possible to appreciate
the refinement details of the meshes around the blade where, in general, the refinement
is more important. From the three meshes, it can be seen that the change in refinement
near the blade walls is not easily identifiable. However, the refinement of this zone, which
corresponds to the inflation layers, correspond, respectively, to the fine, medium, and
coarse meshes to a distance of the first cell of (5.6 × 10−3, 21.8 × 10−3, 39.4 × 10−3) mm.

(a) N1 = 1, 498, 488 cells. (b) N2 = 515, 906 cells. (c) N3 = 101, 726 cells.

Figure 7. Circular blade’s mesh refinement. (a) Fine N1, (b) medium N2, (c) and coarse N3 meshes.

Once we generated the different mesh refinement levels, we applied the Grid Conver-
gence Index (GCI) method whose equations can be found in [50]. Table 4 shows the results
of the GCI study. The total number of cells for each mesh is reported. The refinement
factors r21 and r32 satisfy the ASME recommendation concerning their lower limiting value,
i.e., r21, r32 > 1.3. Since r21 ̸= r32, the apparent value p was calculated using a fixed-point
iteration with an initial value p = 1. As for the response variables ϕi of the fluid dynamic
solution, the pressure head ∆H, and the turbine torque T were selected. The selection
of these parameters is because they are the main ones to determine the hydrodynamic
performance of this type of turbomachine. For the numerical values obtained from the
GCI study, a monotonic convergence was achieved because the ratio of the differences of
the response variables is positive (ε32/ε21 > 0), and in turn, the apparent order also is
(p > 0). Concerning the theoretical order of the solution, which is related to the apparent
order of the numerical solution p, it corresponded to the second-order (High-resolution)
advection scheme used by CFX, i.e., p = 2. In general, apparent order p values for T
and ∆H were close to the theoretical order of the fluid dynamic solution. The above is an
indicator of the correct convergence of the meshes. However, the differences between the
theoretical and numerical orders could be attributed to some shortcomings in the mesh
quality, mesh refining, non-linearity of the solution, and turbulence modeling [52]. Despite
this, these apparent orders do not invalidate the GCI methodology and are still acceptable
for demonstrating mesh convergence. The approximate relative errors

(
e21

a , e32
a
)

and the
extrapolated relative errors

(
e21

ext, e32
ext
)

were reported. These results indicate there are high
relative errors greater than 13% for the coarse mesh. However, for the fine mesh, they are
less than 3.2%. The extrapolated values

(
ϕ21

ext, ϕ32
ext
)
, also called the Richardson extrapolation

values, correspond to the asymptotic solution when the representative mesh size tends
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to zero (h → 0), i.e., an infinitely refined mesh. Finally, the mesh convergence index GCI
corresponding to the medium mesh (GCI21

f ine) was less than 3.15% for both T and ∆H.

In contrast, the GCI for the coarse mesh (GCI32
medium) exceeds 5%, which is considered high

for proper convergence for the coarse mesh. Since a Mesh Convergence Index of less than
5% is considered within an acceptable threshold [53], the mesh selected was the medium
mesh (N2) based on the GCI21

f ine result.

Table 4. Mesh study results applying the Grid Convergence Index (GCI).

Parameter
Response Variables

Torque (T) Pressure Drop (∆H)

Ni N1 = 1,498,488, N2 = 515,906, N3 = 101,726
r21 1.4268 1.4268
r32 1.7181 1.7181
ϕ1 0.0942 (Nm) 0.9424 (m)
ϕ2 0.0969 (Nm) 0.9725 (m)
ϕ3 0.1104 (Nm) 1.1061 (m)
ε32/ε21 4.9861 4.4454
p 2.5475 2.3087

ϕ21
ext, ϕ32

ext
0.0923 (Nm) 0.9188 (m)

e21
a (%) 2.8758 3.1908

e21
ext (%) 1.9911 2.5733

e32
a (%) 13.9381 13.7458

e32
ext (%) 4.9242 5.8462

GCI21
f ine (%) 2.4403 3.1360

GCI32
medium (%) 5.8664 6.9041

Figure 8 presents the (N2) mesh of the circular blade generated in TurboGrid, which
consists exclusively of hexahedral elements. As a clarification, the reason only one blade is
visible in the figure is that the turbine geometry was created in BladeGen, which allowed
one-fifth of the control volume to be discretized because the turbine was designed with five
blades. Thus, modeling a fraction of the turbine reduces the computational cost. Different
details of the meshes can be seen. For example, in Figure 8a are the inflation layers on the
walls of the control volume, i.e., on the pipe wall at the radius rpipe and the inner radius rh
of the turbine. In Figure 8b is the surface mesh on the turbine walls, where details of the
inflation layers are shown at the root and tip of the blade rh and rt, respectively.

(a) (b)

Figure 8. Medium-refined mesh N2 used to perform the final CFD simulations. (a) Control volume
mesh. (b) Mesh on turbine walls.
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3.2.2. CFD Boundary Conditions and Parametric Study

Figure 9 shows the fluid dynamic boundary conditions used for the final simulations,
which were applied to the control volume of the turbine with a circular blade. This image
is intended to clarify the locations of the boundary conditions and some of their constant
numerical values. For example, the entire control volume shown in the figure is called
the “passage” or “R1 “, which rotates around the Z-axis in the negative direction with a
variable angular velocity N. This rotational domain is defined by the fluid inlet and outlet
surfaces, which are assigned a constant total inlet pressure of Ptot,in = 97,805.7 Pa, and a
variable outlet mass flow ṁout, respectively. The constant total inlet pressure Ptot,in was
defined based on the results of Samora et al. [6] regarding the Thoma coefficient, which
is related to the cavitation of a turbine. In their study, they found that for the evaluated
flow rate (0 ≤ Q ≤ 16) l/s, cavitation conditions did not occur if it was ensured an
inlet pressure equivalent to 10 meters of water column (mwc). For such reasons, a total
inlet pressure equivalent to 10 (mwc) was defined for the fluid dynamic simulations of the
present work, taking into account that the density of water was assumed as ρ = 997 kg/m3

at room temperature. The definition for the variable parameters is explained after Figure 9.
On the other hand, the lateral surfaces were defined as a fluid–fluid interface (periodic
1 and periodic 2) of rotational periodicity around the Z-axis. Additionally, the physical
walls of the control volume correspond to the blade surfaces, the turbine inner radius at rh,
and the pipe wall at rpipe. For these walls, the no-slip boundary condition was assumed,
which defines the velocity at the wall with a velocity equal to zero (Vwall = 0).

Figure 9. CFD boundary conditions.

In the legend of Figure 9, we presented the fundamental mathematical definition of
the boundary conditions. However, we describe them in more detail as follows:

The inlet is set to a subsonic total pressure boundary condition. It is defined mathe-
matically as [48]:

Ptot = Pstat +
1
2

ρ(U · U) (35)

where Ptot is the total pressure, Pstat is the static pressure, ρ is the fluid’s density, and U the
vector of velocity Ux,y,z.

The outlet is set to a subsonic mass flow boundary condition. It is defined mathemati-
cally as [48]:

ṁest
tot = ∑

all ip
ṁip = ∑

all ip
ρip AipUip (36)
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where the subscript “ip” stands for integration point, which locates each grid vertex.
ṁest

tot is the total estimated mass flow rate and ρ, A, U are the density, area, and velocity,
respectively, at each integration point.

Then, a scaling factor F is computed so the estimated mass flow rate at the integration
points adds up to the specified mass flow rate ṁspec.

F =
ṁspec

ṁest
tot

(37)

Finally, during the computation of F, the new mass flow rate at each integration point
ṁip is iteratively calculated as follows

ṁip = Fρip AipUip (38)

The rotational periodicity boundary conditions are applied to the lateral surfaces of
the control volume. The CFX solver of Ansys discretizes the turbulence model using a
cell-vertex scheme [48]. Therefore, the mathematical definition of the rotational periodic
boundary conditions is defined as [54]:

R⃗u,v,w
1, sum = R⃗u,v,w

1 + R̄R⃗u,v,w
2 (39)

where the subscripts “1” and “2” are the two periodic boundary conditions set on the lateral
surfaces of the control volume. The superscripts “u, v, w” denote the three momentum
equations. R⃗ is the general vector for any physical quantity of the solution and R̄ is the
rotation matrix defined as:

R̄ =

cos ϕ − sin ϕ 0
sin ϕ cos ϕ 0

0 0 1

 (40)

where ϕ is the angle between the periodic boundaries, which for the present paper is
ϕ = 72◦ because one out of five blades is being modeled. Additionally, for our specific case,
the control volume rotates about the z-axis.

Finally, the no-slip condition is applied to all walls. This means that fluid velocity at
the walls is zero, i.e., Vwall = 0.

Moreover, the fluid dynamic simulations were developed not only for one operating
condition but also for a wide range of operating points. The parameters that varied to
generate the different working conditions were the angular velocity of the turbine N and the
discharge mass flow rate ṁout. First, N varied from 0 rpm to 100 rpm with steps of 25 rpm.
Then, it continued from 250 to 2000 rpm with steps of 250 rpm. In total, the variation
of N corresponded to 13 numerical values. As a clarification, the first range for N was
implemented to capture in more detail the variation of turbine performance for low angular
velocities, while the second one was used to cover a wide range. Second, ṁout varied for
each N value from 0.798 kg/s to 5.184 kg/s with steps of 0.399 kg/s, that is, 12 values.
Therefore, the total number of fluid dynamic working conditions simulated was 156.

The following equations were used to determine the numerical values for the boundary
conditions used in the CFD simulations. Equation (41) shows how the inlet total pressure
Ptot,in (Pa) was computed.

Ptot,in = Hρg (41)

where H = 10 m is the head pressure assumed at the inlet’s control volume, ρ = 997 kg/m3 is
the water density at room temperature, and g = 9.81 m/s2 is the gravitational acceleration.

Equation (42) was used to calculate the outlet mass flow rate values ṁout.

ṁout =
Qρ

5
(42)
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where Q is the assumed inlet and outlet flow rate of the control volume. The range
was (0.004 ≤ Q ≤ 0.026) m3/s with steps of 0.002 m3/s. The above range was defined
considering the capacity of our hydraulic test bench for future experimental studies. Lastly,
the mass flow rate was divided by 5 because we modeled one-fifth of the entire control
volume, for example, one of five turbine blades. The resulting value is known as the
“passage mass flow rate”.

Concerning the CFX solver setup, the fluid dynamic parametric simulations were
performed on a workstation with an Intel Xeon E5-2667 12-core 2.9 GHz processor and
32 GB of RAM. A steady-state analysis was used with a continuous fluid-type domain
(water at 25 ° C) used at a reference pressure of 1 atm. In the validation study, reported
in Section 4.1, it was shown that there is no significant numerical difference for the fluid
dynamic response variables obtained with a steady-state and transient analysis. For this
reason, a stationary analysis was implemented. The turbulence model used is k − ω SST.
This model correctly predicts the adverse pressure gradients on the sustaining surfaces
of hydraulic turbines, which is why different authors have used this turbulence model
for this type of simulation. The governing equations for the k − ω SST model can be
found in Appendix A.2. The advection scheme was of second order, i.e., High Resolution.
The convergence criterion was configured for the RMS residuals (Root Mean Square) with
a magnitude of 1 × 10−5. This is because the most relevant convergence magnitude was
identified taking into account the stability and convergence of the output variables, such as
torque and total inlet and outlet pressures. Furthermore, it has been identified in different
studies related to hydraulic turbine fluid dynamic simulations that the magnitude of
convergence mentioned above is acceptable from an accuracy point of view, taking into
account numerical errors [48].

Table 5 presents information on important parameters for CFD simulations from
different studies of in-pipe turbines, the simulation regime, the turbulence model used
to model the fluids’ governing equations, and the dimensionless wall distance y+ are
reported. Most studies’ simulations use a transient regime, the k − ω SST turbulence
model, y+ < 10, and the ANSYS CFX fluid dynamics simulation module. The k − ω SST
turbulence model was chosen due to its proven accuracy and robustness in predicting
complex flow phenomena, particularly in boundary layer flows under adverse pressure
gradients. This model combines the benefits of both the k −ω model in the near-wall region
and the k − ϵ model in the free-stream region, making it highly effective for capturing the
detailed flow characteristics around turbine blades. The k − ω SST model is less sensitive
to the initial conditions and can handle a wide range of flow scenarios, which is relevant
for accurately simulating the regimes observed in turbine operations within pipelines.
Therefore, for developing the fluid dynamics simulations and following previous research
recommendations, the k − ω SST turbulence model was selected for this problem.

Table 5. CFD simulation parameters for in-pipe turbines used in different studies.

Ref. Turbine Type Regime Turbulence Model y+ Used Software

[55] Propeller (Kaplan Mount) Transient k − ω SST 0 < y+ < 10 NUMECA FINE/Open v17.0
[56] Savonius Transient k − ω SST - ANSYS-FLUENT v19.0
[57] Propeller Transient k − ω SST, SAS-SST, SBES 0 < y+ < 10 ANSYS-CFX v16.0, v17.2, v18.0
[58] Propeller Transient k − ω SST, SAS-SST 1.4 < y+ < 4.8 ANSYS-CFX v16.0
[59] Propeller (Kaplan Mount) Transient URANS k − ϵ 30 < y+ < 160 ANSYS-CFX v7.0
[60] Propeller Steady k − ω SST - ANSYS-CFX v9.0

3.3. Structural Parametric Simulations

This subsection covers the third and fourth phases presented in Figure 6, namely,
the static structural parametric simulations and the dynamic parametric simulations (modal
and harmonic analyses). The methodology presented in this section was based on similar
studies previously reported [12,22]. The static and dynamic structural governing equations
can be found in Appendix B.
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3.3.1. Static Structural

The materials considered for the structural parametric simulations are reported in
Table 6. The materials used were aluminum alloy 6061-T6, bronze alloy C51000, and ABS-
like resin. For each material, the mechanical properties were defined, where ρ is the density,
α the coefficient of thermal expansion, ν the Poisson’s coefficient, E the Young’s modulus,
G the shear modulus, σy the yield strength, and σu the ultimate stress. The mechanical
properties of aluminum and bronze were determined with the Ansys Granta database [61],
which is available in Ansys Workbench. On the other hand, the ABS-like resin’s mechanical
properties were taken from the SUNLU manufacturer [62]. Aluminum and bronze were
considered to evaluate the structural behavior of the blades because they are materials
of interest for the manufacture of blades due to their mechanical characteristics suitable
for fluid dynamic loads [63,64]. ABS-like resin can also be an alternative to the previous
two materials because it is used by 3D resin printers with curing through UV light, which
can facilitate manufacturing processes [65]. This manufacturing process is known as
stereolithography, with which different types of blades have been successfully fabricated,
such as turbine blades for aircraft engines [66]. In addition, the resin also has acceptable
mechanical properties for fluid dynamic loads typical of turbomachinery in the hydraulic
field [67].

Table 6. Mechanical properties of the materials used in the structural simulations.

Material
ρ
(kg/m3)

α
(K−1)

ν
(—)

E
(GPa)

G
(GPa)

σy
(MPa)

σu
(MPa)

Aluminum 6061-T6 [61] 2770 2.3 × 10−5 0.33 71 26.69 280 310
Bronze C51000 [61] 8715 1.7 × 10−5 0.34 107.7 40.04 505 574.5
ABS-like resin [62] 1220 9.5 × 10−5 0.41 1.02 0.36 34 36.26

Regarding the boundary conditions used in the Ansys static structural module, fluid
dynamic (pressure contours on the blade surface), centrifugal (turbine rotational speed),
and gravitational mechanical loads were imposed. Figure 10a shows the pressure contour
imported to the pressure surface of the circular blade. This data transfer is performed from
the CFX results to the static structural module and is done using the “Mechanical-Based
Mapping” algorithm, allowing us to interpolate the results of the pressure contour on the
blade surface in question. Next, Figure 10b shows the additional boundary conditions
used during the static structural simulation. As can be seen, a fixed support identified in
the figure with the letter “A” was created at the root of the blade (rh). This fixed support
constrains the blade in its 6 degrees of freedom. Identified with the letter “B” are the
surfaces on which the pressure contour imported from CFX shown in Figure 10a was
applied. To take into account the weight of the blade due to the Earth’s gravity, and the
centrifugal forces due to the angular velocity, “C” and “D” boundary conditions were
applied, respectively. The numerical value of this boundary condition varies as an input
parameter according to the rotational speed N of the turbine defined in Table 6.

To carry out the structural simulations, a mesh independence study was necessary.
The goal was to find a number of nodes and cells of the blade mesh that capture the
structural results within an acceptable limit. For this purpose, the “Convergence” tool
offered by the Ansys static structural module was used. For the present study, it was
decided that the mesh study and, therefore, the mesh refinement be performed for the
von Mises stress results, also called “Equivalent stress”. In this way, the structural module
evaluates whether or not the numerical value of the von Mises stress solution is within a
permitted percentage change. Thus, the allowable percentage change selected was 10% [68].
The mesh convergence study is shown in Figure 11a for a specific fluid dynamic condition.
Figure 11b shows a three-dimensional visualization of the meshed blade corresponding
to the mesh refinement process. The most remarkable feature of this mesh study method
is that the solid representing the blade is not refined uniformly throughout its volume,
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but the refinement takes effect in the localized zones where the gradient of the numerical
values of the structural solution is higher; and for those zones where the gradient is lower,
the refinement is lower. This can be visualized at the blade root, where the maximum
stress values developed (see red label “max”). In contrast, the refinement is lower in the
areas where the stress values do not change considerably (minimum values “min”). As a
clarification, this process was performed for the 156 simulation points established for the
FSI simulations.

(a) (b)
Figure 10. Structural boundary conditions. (a) Imported pressure contour from the CFD simulation
into the static structural simulation. (b) Static structural boundary conditions.

(a) (b)
Figure 11. Structural mesh convergence study. (a) Structural refinement plot. (b) Refined structural
mesh visualization.

3.3.2. Dynamic Structural

This section describes the methodology for developing dynamic structural simulations
corresponding to modal and harmonic response analyses. Because these analyses are the
last performed, Figure 12 shows the modular data flow in Ansys Workbench to develop the
FSI fluid–structure simulations, specifically those to finalize the dynamic structural study
corresponding to phase 4 of the general methodology presented previously in Figure 6.
According to Figure 12, the results of the static structural analysis are used as a pre-
configuration for the modal analysis. Two modules were used for the modal analysis.
The first module was used to generate the Campbell diagram results for the evaluated
materials. The second modal analysis module was used as the initial condition for the
harmonic response analysis. Essentially, it was necessary to use two different modules
for the modal analysis because, for the first module, Coriolis effects had to be activated
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to generate the Campbell diagram output. However, the harmonic response analysis
is not compatible with the modal analysis module if the Coriolis effect setting is active.
Therefore, the second modal analysis module had to be created without the Coriolis effect
configuration to be used as input conditions for the harmonic response analysis. In the
following, the configuration of the modules for modal and harmonic response analyses
is described.

Figure 12. Information flow in Ansys Workbench to complete the FSI simulations with modal and
harmonic response analyses.

For the modal analysis, we used as input parameters the previously defined materials,
the fluid dynamic conditions (N′

1, Q′
2) that generated ηt,max and the variation of N varying

from 0 rpm to 2000 rpm with steps of 500 rpm. As an output parameter, the number of
modes to be calculated was defined. This value was selected based on the ratio between
the effective mass and the total mass (Me f /MT) of each mode corresponding to its natural
frequency. If (Me f /MT ≤ 0.8) for all six blade degrees of freedom (6 DOF), both trans-
lational (x, y, z) and rotational (Rx, Ry, Rz), then the number of modes to be calculated
in the modal analysis must be increased, and thus the modal analysis must be redone.
Conversely, if (Me f /MT > 0.8), then a sufficient number of modes are considered to have
been computed to determine the most significant modes of vibration of the structure. Fi-
nally, the Campbell diagram, and stress and strain contours for the most significant modes
were also obtained. The same methodology was applied to the second module for modal
analysis. However, the rotational mechanical load varying N was not used to create the
initial conditions for the harmonic analysis.

For the harmonic response analysis, the solution of module 2 of the modal analysis was
used to preconfigure the harmonic response analysis module. This was done to carry out
the harmonic response simulations through the mode superposition method, which solves
the governing equations [51] by applying the assigned mechanical loads harmonically,
i.e., they vary sinusoidally. The mode superposition method creates additional modes
based on the simulation of the previous modal analysis to calculate the response of the
structure in the frequency domain. Hence, this method is faster and less computationally
intensive compared to a full harmonic analysis [69]. The boundary conditions used for
the present study are shown in Figure 13. First, Figure 13a shows the configuration
tree of the harmonic response module in Ansys, where it is observed that the initial
conditions correspond to the second module of the modal analysis (“Modal (Modal 2)”).
Next, Figure 13b shows the applied mechanical loads corresponding to a pressure and
a force. The pressure corresponded to the maximum hydrodynamic pressure detected
for each blade according to the fluid dynamic simulation, and the applied force was the
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weight of each blade taking into account its mass. The pressure load was assigned on
the blade surfaces except for the one where the blade is fixed, i.e., on the root of the
blade corresponding to the inner radius of the turbine rh; the force was assigned to the
solid representing the blade. Additionally, in the “Analysis Settings” section presented in
Figure 13a, a damping coefficient of 2% was assumed to avoid the frequency responses not
matching with real results, thus avoiding incoherent or overestimated results. This was
done based on the Ansys recommendation [69].

(a)

Pressure (MPa)
Force (N)

(b)
Figure 13. Boundary conditions used in the harmonic response analysis. (a) Creation of the mechani-
cal loading conditions of pressure and force, and generation of results. (b) Zones of application of
mechanical loads on the blade.

Regarding the solution parameters of the harmonic response analysis, the frequency
response of the total deformation U and of the normal stress σ in the (x, y, z) directions
were taken into account, as can be seen in the solution section “Solution” in Figure 13a.
For each of the above results, the maximum value was specified to define the frequency
range FH,max, which corresponded to a factor of the maximum natural frequency max( fN,i)
of the last mode calculated in the modal analysis. Thus, the frequency specified for each U
and σ result is given by Equation (43).

fH,max =
max( fN,i)

1.5
(43)

where the 1.5 factor is recommended by Ansys to specify the maximum value for the
frequency range to be determined in the frequency response results [69].

4. Results

This section is divided into three subsections. Section 4.1 presents the numerical model
validation. Section 4.2 presents the fluid dynamic simulation results. Lastly, Section 4.3
compiles the static and dynamic structural results.

4.1. Numerical Model Validation

The objective of this section is to compare the turbine efficiency obtained from the
numerical model with experimental results available in the literature. It also intends to
compare the numerical results between steady state and transient simulations and compare
them with the experimental results to determine the type of analysis to be used for the
final fluid dynamic simulations. The validation study used the experimental results of
Samora et al. [6]. However, the authors did not report the original design parameters with
which they generated the turbine geometry under investigation. Therefore, for the present
validation case, the design parameters of the turbine at the best efficiency point (BEP)
were assumed based on the experimental results. Thus, Table 7 shows those experimental
parameters at the BEP of the turbine from the study of Samora et al.
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Table 7. Turbine design parameters at the best efficiency point (BEP) for the numerical model
validation based on the study of Samora et al. [6].

Design Parameter Magnitude Unit Description

rt 0.0424 m Outer radius of the turbine
rh 0.0212 m Inner radius of the turbine
rpipe 0.0425 m Inner radius of the pipe
tc 0.0001 m Blade clearance
Q 0.00443 m3/s Flow rate
∆H 0.347 bar Head pressure drop of the turbine
N 750 rpm Angular velocity of the turbine
ηt 63.75 % Hydraulic efficiency of the turbine
z 5 − Number of blades of the turbine

Figure 14 shows the turbine geometry obtained from the design parameters reported
in Table 7. In Figure 14A is the 3D model of the turbine, where the blades and the fluid
inlet and outlet are indicated. In the inlet region, a straight section up to the blades can be
observed. It was decided to simplify the front bulb of the turbine because the hydraulic
losses generated by it are negligible compared to those generated by the blades and the
fluid section at the outlet [70]. The simplification of the bulb makes it easier to obtain
acceptable quality metrics, in addition to reducing the total number of mesh elements.
In the outlet section, there is a casing that physically contains the turbine shaft and has a
radius equal to the turbine hub (rh). This casing is geometrically modeled following the
experimental setup of Samora et al., [6]. In Figure 14B are the design modules from (a) to
(d), which were configured as explained in Section 2.3.2. As clarification, in module (c), the
angle β is represented in green color, and θm(m′) in blue. In module (c), the blade thickness
of 1.7 mm is represented by the line in red.

(A) (B)

Figure 14. BladeGen geometry generation for the experimental results of Samora et al. [6]. (A) Three-
dimensional model of the turbine. (B) BladeGen design modules.

Table 8 shows the turbine geometric parameters consisting of the inlet and outlet
angles (β1, β2) and the two-dimensional coordinates (L, x1, x2, rc, xc, yc) that define the
turbine blade at three design points at the inner rh, middle rmid, and outer rt radii of the
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turbine. Once the geometry of the turbine is designed based on the experimental BEP, we
performed a mesh study and applied the GCI method, as reported in Section 3.2.1. Then,
we configured the CFX solver following the same methodology reported in Section 3.2.2.

Table 8. Two-dimensional Cartesian coordinates of the blade for the validation study for a free-vortex
constant k = 0.2763 m2/s and a wrap angle of θ = 72◦.

Design
Point

Validation Study Circular Blade Geometry

r
(mm)

β1
(◦)

β2
(◦)

L
(mm)

x1
(mm)

x2
(mm)

rc
(mm)

xc
(mm)

yc
(mm)

P1 (rh) 21.20 32.13 4.07 26.64 −13.32 13.32 57.80 17.42 48.95
P3 (rmid) 31.80 22.72 5.34 39.96 −19.98 19.98 136.31 32.67 125.73
P5 (rt) 42.40 17.44 6.06 53.28 −26.64 26.64 274.63 55.65 262.02

4.1.1. Steady-State Analysis

The validation study had two goals. The first one was to evaluate the effect on the
hydraulic efficiency of the turbine by varying four geometric parameters corresponding to
the circular blade using a steady-state analysis. The second goal was to perform transient
simulations and compare their results with the steady-state ones to decide which of the
two analyses would be used in the final CFD simulations for this study.

The first two cases corresponded to the axial chord length Ca of the blade, see
Equation (22) for its definition. In theory, based on the meridional view of the blade
in BladeGen, the correct horizontal length of each side of the meridional profile with re-
spect to the R-axis is Z = −Ca/2 towards the leading edge, and Z = Ca/2 towards the
trailing edge, resulting in a total axial chord of Ca, see Figure 15a. However, within the
validation study, an additional case was considered for the definition of the axial chord
length. This additional case corresponds to an axial chord length Ca measured from the R
axis to the leading and trailing edges for each side. That is, the total axial chord length is
2Ca, see Figure 15b.

(a) (b)
Figure 15. Definition of the axial chord Ca of the blade’s meridional profile measured with respect to
the R-axis. (a) Case 1 for Ca/2. (b) Case 2 for Ca.

In BladeGen, the R-axis is located at the center of the blade’s meridional profile, see
Figure 15. However, the axial chord Ca is defined at the Z coordinate (horizontally) by
varying the design radius ri with the radii rh, rmid and rt. Therefore, Table 9 shows the
axial chord lengths Ca and Ca/2 for each design radius ri. The objectives were to study
the influence on the turbine efficiency with the variation of the axial chords (cases 1 and
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2), and to validate which axial distance is the correct one while comparing the numerical
result to the experimental one to validate the numerical method. Finally, the location of ri
and Ca, Ca/2 was performed as follows: ri is located at the R coordinate and Ca, Ca/2 are
located at the Z coordinate.

Table 9. Blade’s axial chord length Ca cases as a function of the design radius ri.

Design Radius ri (mm) Case 1: Ca (mm) Case 2: Ca/2 (mm)

rh 21.20 8.7084 4.3542
rmid 31.80 9.9864 4.9932
rt 42.40 11.0815 5.5408

We evaluated two additional cases concerning the modeling of the blade clearance
tc. The blade clearance is the distance between the turbine blade’s external wall and the
inner pipe wall. On the one hand, Figure 16a shows the clearance tc = 0.1 mm modeling.
In this case, the working fluid passed between the pipe wall and the outer wall of the blade.
This case corresponds to the actual physical operation of the turbine. On the other hand,
Figure 16b shows the ideal case in which there is no blade clearance between the blade
and the pipe, which means no hydraulic losses are generated. These hydraulic losses are
known as tip leakage vortices.

(a) (b)
Figure 16. Evaluated cases for the blade clearance. (a) Case 3 with clearance. (b) Case 4 no clearance.

Four fluid dynamic simulations were carried out combining the two cases of the
blade axial chord and the two cases of the blade clearance modeling. According to Table 9
and Figure 16, the combinations between the axial chord and blade clearance are the
following: (1) no clearance and Ca. (2) No clearance and Ca/2. (3) With clearance and Ca.
(4) With clearance and Ca/2. Thus, Figure 17 shows the results of the hydraulic efficiency,
calculated with Equation (14), for the four aforementioned cases. The horizontal line
represents the experimental hydraulic efficiency of the turbine at point BEP (ηt,BEP), whose
experimental data were obtained in the research of Samora et al., [6]. Concerning this value,
the relative error εr of the numerical efficiencies for each case was calculated. According to
the obtained results, the case that was closest to the experimental efficiency was case (4),
which corresponds to modeling the blade clearance and an axial chord of Ca/2. For this
case, the relative error was εr = 0.46%, which is considered acceptable. The other cases
have a relative error above 4%. This result indicates that the correct blade axial chord is
Ca/2, whose numerical value is presented in Table 9. On the other hand, if an axial chord
of Ca/2 is used and the blade clearance is not modeled, this produces an overestimation of
the efficiency by 4.35%. This is because it would be taking advantage of all the hydraulic
energy available from the turbine generated by the maximum swept area of the blades
inside the pipe. Therefore, it is imperative to take into account the blade clearance to ensure
accurate CFD calculations.
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Figure 17. Comparison of the hydraulic efficiency obtained through the CFD numerical model for
different geometrical cases of the circular blade with respect to the experimental efficiency ηt,BEP

obtained from [6].

4.1.2. Transient Analysis

The transient CFD analysis was divided into two studies:

1. The study of the influence of the time-step size ∆t on the numerical solution, where ∆t
corresponds to the fraction of time of each iteration of the transient solution. With the
obtained results, the temporal grid convergence index (GCI) method was applied to
the time-step ∆t.

2. The study of the influence of the total physical time tT of the transient simulation.

In the following, we present the results of the aforementioned transient studies:

1. Study of the influence of the time-step size ∆t:
The time-step size ∆t was determined using Equations (44) and (45).

∆t =
NR

NI
( ω

2π

) (44)

NI =
360◦NR

θR
(45)

where ∆t is the time-step size (s), NR is the number of turbine rotations, ω is the turbine
angular velocity (rad/s), NI is the number of total iterations of the transient simulation,
and θR (◦) is the angular rotation of turbine per iteration. NR, ω, and θR are input parame-
ters for this study.

Table 10 presents the parameters selected to perform the ∆t time-step size study.
The first input parameter was the degree of rotation of the turbine θR, for which four
values were selected to cover a wide range from 20° to 1° of rotation per time-step size ∆t.
As θR decreased, so did ∆t proportionally. The second input parameter was the number of
turbine rotations, which was assumed with a constant value of NR = 4. The reason was
to keep the total simulation time tT invariant as the time-step size ∆t changed. The last
input parameter was the angular velocity of the turbine, which corresponded to a constant
value of ω = 78.54 rad/s (750 rpm). This value corresponded to the turbine’s design
angular velocity of the experimental study, see Table 7. On the other hand, the output
parameters were the size of the time-step ∆t, which was reduced due to the increase in
the total number of iterations NI of the simulation. Finally, the total simulation time tT
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remained constant with a value of 0.32 s, which allowed us to isolate the influence of the
change of ∆t on the numerical solution of the total simulation time tT . Thus, in the CFX-pre
module, the simulation type was changed from stationary to transient, and the values of
the time-step size ∆t and any of the values between the number of iterations NI or the total
simulation time tT were used.

Table 10. Parameters for studying the influence of time-step size ∆t on the transient simulation.

Input Parameters Output Parameters

θR (◦) NR ω (rad/s) ∆t (s) N I tT (s)

20 4 78.54 4.44 × 10−3 72 0.32
10 4 78.54 2.22 × 10−3 144 0.32
5 4 78.54 1.11 × 10−3 288 0.32
1 4 78.54 0.22 × 10−3 1440 0.32

Table 11 presents the Grid Convergence Index (GCI) study applied to the time-step
size ∆t. The numerical values selected for ∆ti were ∆t1 = 0.22× 10−3 s, ∆t2 = 1.11× 10−3 s,
∆t3 = 4.44 × 10−3 s, from the most refined to the least refined, respectively. The response
variables for the numerical solution ϕi were the pressure head ∆H and the turbine torque
T. The apparent order p for the torque T and pressure head ∆H approximately equaled
the theoretical order of the fluid dynamic solution, which corresponds to the second order
(High resolution) advection scheme used by CFX, i.e., a numerical order of 2. The ex-
trapolated values (ϕ21

ext, ϕ32
ext) for T and ∆H resulted in 0.072502 Nm and 1.037424 m,

respectively. These values correspond to the asymptotic solution when the representative
mesh size tends to zero, i.e., for an infinitely small time-step size ∆t. Finally, the mesh
convergence index GCI of for ∆t2 (GCI21

f ine) for T and ∆H was about 0.0048% and 0.0087%,

respectively. In contrast, the GCI for ∆t3 (GCI21
medium) for T and ∆H was 0.0057% and

0.0259%, respectively. According to the results, the selected time-step size was ∆t2 because
its mesh convergence index (GCI21

f ine) was the lowest without drastically compromising
the computational cost.

Table 11. Results of the Grid Convergence Index (GCI) applied to the time-step size ∆t.

Parameter
Response Variables

Torque (T) Pressure Drop (∆H)

∆ti (s) ∆t1 = 0.22 × 10−3; ∆t2 = 1.11 × 10−3; ∆t3 = 4.44 × 10−3

r21 1.709976 1.709976
r32 1.587401 1.587401
ϕ1 0.072505 (Nm) 1.037496 (m)
ϕ2 0.072501 (Nm) 1.037639 (m)
ϕ3 0.072511 (Nm) 1.037976 (m)
p 1.904328 2.041669
ϕ21

ext, ϕ32
ext 0.072502 (Nm) 1.037424 (m)

GCI21
f ine (%) 0.004752 0.008666

GCI32
medium (%) 0.005711 0.025908

2. Study of the influence of the total physical time tT of the transient simulation:
Table 12 presents the parameters used to study the effect of the total physical time

tT . The degree of rotation of the turbine is defined with a constant value of θR = 5◦. This
is because the result obtained from the GCI was applied to the time-step size (Table 10),
which caused the time-step size to remain constant with a value of ∆t = 1.11 × 10−3 s.
The number of rotations of the turbine NR varied from 2 to 8 with steps of 2. The angular
velocity of the turbine NR was also kept constant. Then, using Equation (45), the number of
iterations NI was obtained. Thus, the total physical time tT of simulation was calculated as
tT = ∆t × NI.
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Table 12. Parameters for studying the influence of the total physical time tT .

Input Parameters Output Parameters

θR (◦) NR ω (rad/s) ∆t (s) N I tT (s)

5 2 78.54 1.11 × 10−3 144 0.16
5 4 78.54 1.11 × 10−3 288 0.32
5 6 78.54 1.11 × 10−3 432 0.48
5 8 78.54 1.11 × 10−3 576 0.64

Figure 18 shows the results of the study of the total physical time tT of the transient
simulation. To give a more intuitive physical sense, the time tT can be represented through
the number of turbine rotations NR, see Table 12. Thus, the independent variable of the
graph corresponds to the number of rotations of the turbine NR. For the dependent variable,
one can observe, from left to right, the values of the hydraulic efficiency ηt, the relative
percentage error between the numerical ηt,num and experimental ηt,exp hydraulic efficien-
cies, and the wall-clock time to complete the simulation, respectively. The experimental
efficiency of the turbine, represented by the horizontal line, corresponds to the best effi-
ciency point (BEP) with a value of ηt,exp = 63.75%. According to the results, ηt,num has an
absolute variation of 0.05% with respect to the variation of the number of rotations NR; the
values of ηt,num for NR = 2 and NR = 8 are 63.31% and 63.37%, respectively. Therefore, it is
concluded that increasing the number of turbine rotations does not generate a significant
change in the numerical hydraulic efficiency. On the other hand, the relative error εr be-
tween the numerical and experimental efficiencies (ηt,num vs. ηt,exp) for NR = 2 and NR = 8
is 0.68% and 0.6%, respectively. This result indicates that with the increase in the number
of turbine rotations, the error with respect to the experimental efficiency value is reduced,
but not significantly due to a percentage variation of about 0.03%. However, the wall-clock
time (green line) required to complete the simulation does increase significantly. For these
times values, there was a 49.3% increase between the corresponding values for NR = 2
(12.92 min) and NR = 8 (82.65 min). This increase in time is considered high considering
that the change in hydraulic efficiency is minimal. Therefore, this result reaffirms that
the transient simulation does not present significant differences compared to the steady-
state analysis.

2 4 6 86 3 . 2
6 3 . 3
6 3 . 4
6 3 . 5
6 3 . 6
6 3 . 7
6 3 . 8
6 3 . 9
6 4 . 0

 
 
 

0 . 5 8
0 . 6 0
0 . 6 2
0 . 6 4
0 . 6 6
0 . 6 8
0 . 7 0
0 . 7 2

4 0

5 0

6 0

7 0

8 0

9 0

Figure 18. Numerical transient-state hydraulic efficiency as a function of the number of total turbine
rotations compared to the experimental efficiency at BEP obtained from [6].

To complete the validation study, Figure 19 shows the distribution on the suction and
pressure surfaces of the blade for the dimensionless distance y+ shown in Figure 19a and
the pressure coefficient CP shown in Figure 19b. These distributions are a function of the
dimensionless chord x/C, where 0 and 1 correspond to the leading and trailing edges of the
blade, respectively. For each blade surface, these quantities were calculated for the steady-
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state and transient solutions. According to this comparison, it can be observed that the
distributions of y+ and CP for the steady-state and transient solutions are almost the same
with negligible differences. Thus, it is confirmed that there are no significant differences
between the two different analyses. Therefore, it was decided to use a steady-state analysis
for the final CFD simulations for the circular blade according to the methodology of the
numerical model presented here.
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Figure 19. Distribution comparison of (a) the dimensionless distance y+ and (b) the pressure coeffi-
cient CP on the suction and pressure blade surfaces between the steady-state and transient analyses.

4.2. Fluid Dynamic Results

This subsection presents quantitative results of the fluid dynamic behavior of the circular
blade relating to hydraulic parameters such as flow rate, pressure head, and hydraulic efficiency.

Figure 20 presents the hydraulic performance of the circular blade in terms of the flow
rate Q. Figure 20a shows the flow rate values for which the turbine extracts energy from
the fluid for a given angular velocity N. This means that the extension of the horizontal
lines determined by the range of Q suggest torque generation behavior by the turbine. It
was found that the blade was able to operate as a turbine for the full range of angular
velocities evaluated (from 25 rpm to 2000 rpm) and with a decrease in the Q range to
8× 10−3 m3/s for 1750 rpm and 2000 rpm. Figure 20b shows the head pressure drop ∆H, see
Equation (11), which represents the power energy consumed by the turbine to perform the
energy transformation to mechanical energy. In general, for propeller-type turbines, ∆H is
proportional to Q with an ascending quadratic trend. From the graph, it can be seen that the
numerical values of ∆H decrease as the angular velocity N of the turbine increases. This is
because, at high rotational speeds, the fluid perceives less obstruction due to better guiding
of the fluid by the blade. The maximum head pressure drop ∆Hmax = 18.74 m occurred for
the maximum flow rate evaluated, i.e., Q = 26 × 10−3 m3/s at N = 750 rpm. Figure 20c
shows the mechanical power Pmech, see Equation (4), which behaved proportionally to Q
and N with an ascending quadratic trend. Pmech increased gradually for the full range of N
with no decrease in torque. Finally, the maximum mechanical power of 2364.72 W occurred
at the maximum flow rate of Q = 26 × 10−3 m3/s at N = 2000 rpm. Figure 20d presents
the hydraulic efficiency ηt, see Equation (14). Some conditions developed an ascending
curve that reached a maximum point and then descended again, which is expected for
this kind of turbine. However, some curves did not exhibit the bell-shaped tendency but
rather descended gradually as the flow Q increased. This means that the turbine operated
under conditions of low rotational speed N, for which the maximum values of ηt cannot be
obtained. These conditions occurred for angular velocities N ≤ 750 rpm.
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Figure 20. Fluid dynamic performance of the circular blade as a function of the flow rate Q. (a) Angu-
lar velocity N. (b) Head pressure drop ∆H. (c) Mechanical power Pmech. (d) Hydraulic efficiency ηt.

Figure 21 presents the best efficiency point (BEP) corresponding to the curves of
hydraulic efficiency ηt, pressure head ∆H, and mechanical power Pmech as a function
of flow rate Q. The vertical line (in green) indicates the maximum efficiency and the
corresponding values of pressure head and mechanical power. The maximum efficiency
(whose function is in black) of ηt = 75.8% occurred at a flow rate of 10 × 10−3 m3/s.
The pressure head (in red) and mechanical power (in blue) at the maximum efficiency were
∆H = 1.86 m and Pmec = 138 W, respectively. For the aforementioned values at the BEP
point, it is possible to determine that the circular blade could operate efficiently, generating
a considerable pressure drop and acceptable mechanical power considering that the turbine
has a relatively small diameter of approximately 75 mm. However, it is discussed that the
mechanical power plays an important role when it comes to the selection of the electrical
generator to be paired with the turbine. The reason is because higher values of mechanical
power facilitates the selection of the electric generator. Thus, according to the hydraulic
performance of the circular blade, it could operate at the maximum values of Pmech, i.e., at
N = 2000 rpm, while operating above 55% of efficiency for most of the flow rate Q, see
Figure 20d.

Figure 22 allows for visualizing the behavior of hydraulic efficiency as a function
of flow rate while relating it to different hydraulic variables using heat contours. It was
identified that the maximum values of hydraulic efficiency were obtained for a flow rate
range between 4 and 14 × 10−3 m3/s for all the relationships presented. In this manner,
Figure 22a shows the hydraulic efficiency ηt as a function of flow rate Q and angular
velocity N. It can be observed that the maximum values of hydraulic efficiency were
obtained for angular velocities between 1000 and 2000 rpm. Figure 22b shows the hydraulic
efficiency ηt as a function of flow rate Q and pressure head ∆H. It was identified that the
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peak values of the efficiency were for pressure heads less than 5 m. Figure 22c presents the
hydraulic efficiency as a function of flow rate Q and mechanical power Pmech. For this case,
the maximum efficiency values can be achieved for a power range between 10 to 1000 W.
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Figure 21. Best efficiency point (BEP) of the circular blade.
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Figure 22. Hydraulic efficiency ηt hill charts as a function of (a) Flow rate Q and angular velocity N.
(b) Flow rate Q and head pressure drop ∆H. (c) Flow rate Q and mechanical power Pmech.

Figure 23 shows the distribution of the dimensionless distance y+ on the suction and
pressure surfaces of the circular blade. The distribution of y+ is a function of the dimen-
sionless chord x/C, where 0 and 1 represent the leading and trailing edges, respectively.
For comparison purposes, the y+ distribution also corresponded to the fluid dynamic con-
ditions at the best efficiency point (BEP). Additionally, the y+ distribution corresponding to
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the suction and pressure surfaces was calculated at the mean blade radius, i.e., r/rt = 0.5.
Regarding the numerical results of the distributions, it can be observed that close to the
leading edge x/C → 0, the y+ magnitude peaks occurred due to the fluid acceleration in
this blade zone. Along the middle zone of the chord, i.e., 0.2 ≤ x/C ≤ 0.8, the y+ values
did not vary significantly. For a value of x/C close to 1, sudden variations occurred for
y+ values in a downward manner. This is due to the decrease in fluid velocity in this
zone. Finally, the y+ magnitudes remained within an acceptable range for the k − ω SST
turbulence model with a maximum average value of y+ = 2.43.

Figure 23b presents the distribution of the pressure coefficient CP at the mean blade
radius (r/rt = 0.5) over the suction and pressure surfaces. The pressure coefficient CP for
each blade surface was calculated using Equation (15). On the one hand, the theoretical
maximum positive value for the pressure coefficient was CP = 1, which corresponds to the
maximum total pressure on the blade surface, also known as stagnation pressure. On the
other hand, the more negative the value of CP is, the more suction the blade generated
for that surface, which generally corresponded to the suction surface. This means that the
pressure field in the vicinity of the blade suction surface corresponded to negative relative
pressures. The most negative CP values were located at the leading edge (x/C → 0). This
behavior is because of the increase in the fluid velocity at the suction surface, and, therefore,
a sudden decrease in the local pressure was generated. Then, as the fluid advanced along
the chord length, the local pressure on the suction surface gradually recovered as the fluid
velocity decreases. The CP values on the pressure surface did not vary significantly as the
fluid advanced through the mean values of the blade’s chord. However, the CP curves over
the pressure surface experienced a sudden decrease near the trailing edge (x/C → 1). This
is because, at this blade location, the fluid traveling on the pressure surface experienced
drag, and hence acceleration, caused by the fluid traveling on the suction surface. Thus,
fluid velocity increased on the pressure surface near the leading edge due to the negative
or low-pressure field on the suction surface. Finally, the area under the curve of the CP
distributions for the suction and pressure surfaces corresponded to the lift coefficient
CL = 0.6987, which was calculated using Equation (46).

CL =
∫ 1

0

[
CP,pressure(x/C)− CP,suction(x/C)

]
d(x/C) (46)
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Figure 23. (a) Dimensionless distance y+ distributions on the suction and pressure surfaces of the
blade at r/rt = 0.5. (b) Pressure coefficient CP distributions on the suction and pressure surfaces of
the blade at r/rt = 0.5 with its corresponding lift coefficient CL.
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4.3. Structural Results
4.3.1. Static Structural Results

We start by presenting the static structural parametric simulation results. In Figure 24
we present the structural response of the blade to a range of fluid dynamic conditions.
The structural solutions were reported as a function of the flow rate Q and the angular
velocity of the turbine N, including when the turbine was not rotating, that is, N = 0 rpm.
Figure 24a shows the the curves for the maximum von Mises stress σv,max. It was identified
that σv,max is directly proportional with a quadratic trend to the increase in the flow rate
Q. The above was expected because the increase in mass flow, and therefore, the increase
in flow momentum, should increase the mechanical forces exerted on the blades due
to the increase in fluid pressure. However, an inversely proportional behavior between
σv,max, and the turbine angular velocity N occurred. This is because the fluid pressure
is higher when the turbine is not rotating, which corresponds to the condition of higher
torque production by the blades. Thus, once the turbine begins to rotate, the fluid guiding
improves, and, therefore, the mechanical loads exerted by the fluid decrease. As a clar-
ification, the curves for σv,max for some N conditions behaved in an oscillating manner.
The above occurred for N = (25, 500, 1000, 1250, 1750) rpm. This behavior can be attributed
to errors in the interpolation of the solution or to numerical instabilities inherent to the
workstation where the results were obtained. The aforementioned is concluded because
the general trend of σv,max corresponded, for most of the curves, to a trend proportional
to Q and inversely proportional to N. Finally, the maximum stress identified occurred
at σv,max = 253.01 MPa. Figure 24b shows the maximum values of total strain Umax as a
function of flow rate Q for different angular velocity conditions N. It was identified that,
like the von Mises stress, Umax is proportional to Q with a quadratic trend and inversely
proportional to N. The maximum value of Umax was 106.85 × 10−3 mm when the turbine
was not rotating (N = 0 rpm). Figure 24c shows the safety factor Fs as a function of flow Q
for different angular velocity N conditions. The safety factor for all structural simulations
was calculated with respect to the yield stress. For the case of aluminum, this stress is
σy = 280 MPa. Thus, Fs was determined using Equation (47), where the maximum von
Mises stress σv,max is related.

Fs =
σy

σv,max
(47)

An important result regarding the safety factor Fs is that its minimum values were
not less than 1. This means the aluminum material could operate for all angular velocity
ranges and flow rates. The aforementioned is because the maximum stress exerted on the
latter is not greater than the yield stress. Therefore, the blade could not suffer permanent
deformations. Finally, the minimum value of Fs for the circular blade was Fs = 1.11 for
Q = 26 × 10−3 m3/s and N = 2000 rpm.

Figure 25a shows the maximum von Mises stress σv,max as a function of flow rate Q
and angular velocity N. The maximum values of σv,max were found for angular velocities of
N > 1500 rpm for a flow rate range of (16 ≤ Q ≤ 26)× 10−3 m3/s. Figure 25b shows σv,max
as a function of Q and pressure head ∆H. The maximum values of σv,max occurred for the
highest pressure heads ∆H ≥ 14 m and flow rates Q ≥ 24 × 10−3 m3/s. Figure 25c shows
the peak strain Umax as a function of flow rate Q and angular velocity N. It was identified
that the peak values for Umax were found over the entire range of angular velocities N
for the maximum Q values. In Figure 25d is Umax as a function of Q and the pressure
head ∆H. In this contour, the same relationship was maintained, compared to the stress,
of the peak values of Umax located at the highest values of head pressure drop ∆H and
flow rate Q. The hydraulic parameters at which these values occurred corresponded to
(0 ≤ N ≤ 2000) rpm and (24 ≤ Q ≤ 26)× 10−3 m3/s. Lastly, Figure 25e shows the safety
factor Fs as a function of flow rate Q and angular velocity N. It can be seen from the contour
that the maximum values of Fs were maintained for values of Q ≤ 12 × 10−3 m3/s and for
the whole range of N. The minimum value of Fs was approximately 1.1 for the maximum
values of Q and N. Figure 25f shows Fs as a function of Q and the head pressure drop ∆H.
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In this contour, it was evident that the maximum Fs values corresponded to ∆H ≤ 3 m and
Q ≤ 12 × 10−3 m3/s. For the rest of the Q range, Fs decreased gradually with increasing
∆H values.
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Figure 24. Static structural parametric results of the circular blade as a function of the flow rate Q.
(a) Maximum von Mises stress σv,max. (b) Maximum total deformation Umax. (c) Minimum safety
factor Fs,min.

Table 13 presents the identification of the fluid dynamic conditions that generated
the maximum structural magnitudes for the evaluated materials, i.e., maximum hydraulic
efficiency ηt,max, maximum von Mises stress σv,max, the maximum total deformation Umax,
and the minimum safety factor Fs,min. This was carried out according to phase 3 of the
methodology presented in Figure 6. In the far left column are the aforementioned critical
operating points. In the next three columns are the different materials evaluated and the
fluid dynamic conditions Q′, N′ that generated the critical operating conditions. On the
right side of the table are the numerical values of the von Mises stress σv, the total defor-
mation U, and the safety factor Fs. Concerning the obtained results, it can be observed
that combinations between the different critical conditions were obtained. For example,
“σv,max, Umax, Fs,min” means that the fluid dynamic conditions corresponding to Q′ and N′

generated the maximum values of the maximum stress and deformation, and the minimum
safety factor, respectively. Therefore, the combination between the critical conditions of
σv,max and Fs,min was expected to always exist because the factor of safety depends on the
maximum stress, see Equation (47). Specifically for aluminum, only the combination of
the critical conditions “σv,max, Fs,min” existed, thus, the fluid dynamic conditions Q′, N′

were different for the critical condition of Umax. For the other materials, the combination of
the critical conditions of “σv,max, Umax, Fs,min” also occurred. Next, for the safety factors, it
was identified that they resulted in acceptable values for the highest efficiency conditions,
i.e., with values of Fs ≥ 3.3. However, there was a safety factor of 0.08 for the ABS-like
resin material. This is attributed to the large stresses generated by the high-pressure head
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characteristic of the circular blade. This safety factor occurs when the turbine is static,
i.e., not rotating, which is consistent with the maximum pressure head results.
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Figure 25. Static structural hill charts. Von Mises stress σv,max, maximum total deformation Umax,
and minimum safety factor Fs,min as a function of Q and N (a,c,e), and as a function of Q and ∆H
(b,d,f), respectively.

Table 14 compiles the contours of von Mises stress σv and total deformation U for the
circular blade’s critical conditions of maximum hydraulic efficiency ηt,max as a function of
aluminum, bronze, and ABS-like resin materials. These contours correspond directly to the
fluid dynamic conditions Q′ and N′ shown in Table 13. Concerning the visualization of
the contours, the visible surface corresponds to the pressure surface, and thus, the fluid
direction is toward the page. The suction surface of the blades is at the back side (not
visible in the contours). The maximum values of the von Mises stress contour σv for the
critical condition ηt,max were located at the bottom edge of the blade for all materials. This
is because, at the blade’s root, there is a sharp junction between the blade and the turbine
body, leading to stress concentration.
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Table 13. Structural results corresponding to the critical fluid dynamic conditions Q′ and N′ as a
function of the material type.

Input Parameters Output Parameters

Critical
Conditions Material Q′ (m3/s)

(×10−3)
N′

(rpm)
σv
(MPa)

U (mm)
(×10−3)

Fs

ηt,max Aluminum 10 2000 15.20 7.44 15
σv,max, Fs,min Aluminum 26 2000 253.01 89.26 1.11
Umax Aluminum 26 0 143.84 106.85 1.95
ηt,max Bronze 10 2000 15.24 4.87 15
σv,max, Umax, Fs,min Bronze 26 0 143.66 69.82 3.52
ηt,max ABS-like resin 10 2000 10.29 490.89 3.30
σv,max, Umax, Fs,min ABS-like resin 26 0 408.61 7107.39 0.08

In reference to the total deformation contours U, it was identified that the maximum
values were located at the blade tip. This is attributed to the forces applied on the blade
that produces higher bending as the radial length increases. It was also identified that the
maximum values of U were located near the leading edge of the blade. This happened
because the largest pressure gradients are generated at the leading edge due to the sudden
change in fluid velocity as it transitions from the pressure surface to the suction surface.

Table 14. Contours of von Mises stress σv and total deformation U for the critical condition of
maximum hydraulic efficiency ηt,max as a function of aluminum, bronze, and ABS materials.

Material von Mises Stress (σv) Contours Total Deformation (U) Contours

Aluminum

Bronze

ABS
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4.3.2. Dynamic Structural Results

This subsection presents the dynamic structural parametric simulation results using
the modal and harmonic response analyses.

Modal analysis

The modal analysis was carried out for conditions Q′ and N′ that generated the critical
operating condition corresponding to the maximum hydraulic efficiency ηt,max. These
hydraulic conditions are reported in Table 13. The first result of the modal analysis is the
determination of the number of vibration modes and its natural frequencies.

Figure 26 shows the modes and the natural frequencies fN as a function of the bronze,
ABS-like resin, and aluminum materials corresponding to the circular blade. The number
of significant modes was determined from the sum of the masses affected by the vibrations
of the natural frequencies of the six degrees of freedom corresponding to the translational
(x, y, z) and rotational (Rx, Ry, Rz) directions. When the sum was greater than 0.8, the num-
ber of significant modes of vibration was assumed to be acceptable [71]. The number
of significant modes was 20 for each material. A larger number of significant modes of
vibration indicates that there are more possible ways in which vibration energy can be
distributed and transmitted in the structure during an external dynamic excitation by a
mechanical load. This implies that there may be a lower risk of damaging resonances within
the structure since there is a lower probability that the excitation frequencies will exactly
match the natural frequencies of the structure, which could lead to excessive vibration
amplitudes and possible failures. During the modal analysis, the natural frequencies with
and without mechanical loads were determined. This can be differentiated according to the
colors of the bars in the graphs. First, the natural frequencies, when there is no mechanical
load exerted on the blades, are the frequencies at which the structure vibrates when it is not
subjected to any external force or load. These frequencies are fundamental because they
represent the inherent vibration characteristics of the structure and can influence its dy-
namic behavior when affected by external loads, in this case, hydrodynamic and rotational
loads. Second, once the mechanical loads were applied, the natural frequencies changed
and were higher than the unloaded natural frequencies. This is because mechanical loads
alter the mass distribution and stiffness of the structure, which in turn affects the natural
frequencies and vibration modes. Therefore, due to the considerable difference between
the frequencies with and without load, it could be concluded that it is not plausible that the
frequencies generated by the mechanical loads match the natural frequencies without loads.
Therefore, within the evaluated fluid dynamic range, the circular blade could operate safely
without presenting resonance phenomena and high vibration levels that could generate
structural failures.

Finally, referring to the magnitudes of the frequencies, the aluminum material ob-
tained the highest frequencies for each vibration mode. The higher the frequencies between
the vibration modes with and without load, the lower the possibility of blade resonance.
Therefore, ABS-like resin could have a higher possibility of presenting this type of vibra-
tional phenomenon, and in the same ascending order, bronze and aluminum. In contrast,
the numerical values of the unloaded natural frequencies were relatively low compared to
the loaded frequencies.

The Campbell diagram is a tool used in structural analysis, specifically for vibration
analysis. It is normally applied to rotating machinery, which in this case corresponds to the
blades that make up the propeller-type turbine investigated. In this context, the Campbell
diagram relates the natural frequencies of the blades as a function of their rotational speed.
In this way, it is possible to know how the natural frequencies of the vibration modes vary
when the rotational speed of the turbine varies. The purpose of the Campbell diagram is to
identify the resonance conditions between the natural frequencies corresponding to the
blade modes of vibration and the rotational speed range of the turbine. Because resonance
can produce damaging stress and strain amplitudes on the blades, it is important to identify
which rotational speeds or multiples of them, known as the harmonics of the rotational
speed, generate such resonances when these frequencies coincide with the frequencies of the
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modes of vibration. Therefore, knowing these conditions, one can identify safe operating
ranges, conclude whether resonance conditions are not plausible to occur, or make decisions
regarding the redesign of the structure under investigation.
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Figure 26. Vibration modes and their corresponding natural frequencies fN as a function of the
materials bronze, ABS-like resin, and aluminum.

Figure 27 presents the results of the Campbell diagrams of the circular blade as a
function of bronze, ABS-like resin, and aluminum materials. In the Campbell diagrams,
one can observe the natural frequencies fN (with mechanical loads) of the vibration modes
on the vertical axis represented by green-colored lines. The total number of these lines
corresponds to the number of significant modes defined in Figure 26. On the horizontal axis
are both the rotational frequency fω (Hz) and the rotational velocity N (rpm). The numerical
values of the rotational frequency fω were obtained from the relation fω = N/60 s.
In this way, it is possible to relate the rotational speed of the turbine in rpm to the natural
frequencies of the vibration modes in Hz. Next, the straight lines in black color represent
the multiples of the angular frequency fω, also known as the harmonics of the rotational
velocity. Additionally, the maximum value corresponding to the multiples of fω was
calculated to be greater than the natural frequency of the last mode of vibration. This
is because the natural frequencies of the last mode are relatively high, thus providing
a wide range for calculating the harmonics of fω. Additionally, the vertical line in blue
represents the rotational velocity at which the blade operated at maximum hydraulic
efficiency (Nηt,max ). Finally, the critical velocities were represented by the red asterisks.
The critical velocities occur when there is an intersection between the curves of the natural
frequencies of the vibration modes FN , the straight lines of the multiples/harmonics of the
rotational frequency fω, and the straight line representing the rotational velocity of the
maximum hydraulic efficiency achieved by the blade (Nηt,max ).

An important conclusion concerning the Campbell diagrams is that the natural fre-
quencies fN corresponding to the vibration modes (green lines) did not vary significantly
concerning increasing angular frequency fω. The above occurred for all three evaluated
materials. This means that the blade operated at sufficiently low angular velocities to not
affect the natural frequencies of the modes of vibration under the imposed hydrodynamic
and mechanical loads. This fact is attributed to the relatively small dimensions of the blade
(75 mm diameter rotor) because the vibration frequencies for relatively small structures
are much higher compared to larger structures. For example, the natural frequencies of
a blade corresponding to a hydro-kinetic turbine with a diameter of 1580 mm do not
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exceed 700 Hz [12]; this is compared to the maximum natural frequencies obtained in the
order of 90 kHz for the circular blade studied. As a clarification, the fact that the natural
frequencies of the corresponding vibration modes did not vary significantly with respect
to the change of the turbine angular velocity is not an advantageous or disadvantageous
result but corresponds to the identified intrinsic behavior. An advantageous fact for the
structural integrity of the blade is the high magnitudes of the natural frequencies due to
the relatively small sizing. The above is because the multiples of fω are close to or greater
than a magnitude of units of a thousand, so that the excitation of the modes, and hence
possible excessive resonances and vibrations are unlikely to occur for the high frequencies.

However, taking the above into account, it can be observed that some materials had a
higher number of critical velocities compared to others. For example, the highest number
of critical velocities corresponded to aluminum with a total of 12. One of the reasons for
this situation is that the circular blade operated with the highest efficiency at 2000 rpm, so
the multiples of fω could cover the whole range of the natural frequencies fN of the modes.
All of the above conclude that the more critical speeds there are, the more susceptible
the natural frequencies of the blade modes are to being excited by the frequencies of the
harmonics derived from the rotational speed. But, the multiples of the rotational frequency
are very large, e.g., the minimum value of the multiples of the rotational frequencies was
100 fω for ABS-like resin. This implies that for the hydraulic conditions evaluated, the blade
is unlikely to have resonances due to the high values of fω.
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Figure 27. Campbell diagrams corresponding to the circular blade for materials (a) bronze, (b) ABS-
like resin, and (c) aluminum.
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Harmonic analysis

To conclude the dynamic structural analysis, we obtained the harmonic response
using the mode superposition method. The objective of the harmonic response analysis
was to determine the structural response of the blades from the sinusoidal variation of the
hydrodynamic and mechanical loads exerted on the blades. In this way, it was possible to
determine whether or not the circular blade subjected to sustained dynamic loads generates
resonance and fatigue conditions due to the damaging effects of vibrations.

Figure 28 presents the frequency response function of the circular blade for bronze,
ABS-like resin, and aluminum materials. On the vertical axis is the harmonic response of the
directional deformation U (top of the figures) and the directional normal stress σ (bottom
part of the figures). These harmonic responses were generated as a function of the evaluated
frequency range fH . As can be seen in each figure, the range of fH varied for each material.
This is because the range of fH to carry out the harmonic response analysis corresponds
to a fraction of the maximum natural frequency of the vibration mode for each material.
Therefore, Equation (43) was used to determine the range of fH . The above is recommended
by the Ansys user’s manual [51]. Finally, the objective of plotting the harmonic response
was to identify the location in the frequency of the maximum amplitudes of both U and σ,
to identify possible resonances with the frequencies of the vibration modes, and to generate
the contours of U and σ for the identified maximum frequencies. For this matter, the three
Cartesian components x, y, z corresponding to the directional deformation variables U and
directional normal stress σ are also shown. Thus, for each of the graphs, a vertical line was
generated to indicate the maximum values of U and σ, and their corresponding location
within the frequency range (horizontal axis).

Table 15 shows the contours of the total deformation U and the von Mises stress σv
corresponding to the maximum values identified in Figure 28. The left column shows
the materials corresponding to bronze, ABS resin, and aluminum. For these materials,
the total strain contours U and von Mises stress σv corresponding to frequencies fH,max(U),
and fH,max(σ), respectively, were generated with their corresponding phase angles ϕ. It was
identified that the total deformation resonance conditions may exist because the frequency
at which the maximum amplitude of the total deformation U occurs is close to the first
mode of vibration (for bronze and ABS-like resin) and for the second mode of vibration
(for aluminum). Concerning the stress contours, it was identified that the magnitude of the
frequency at which the maximum stress values were generated coincides with the thirteenth
mode of vibration. Additionally, it was identified that for all materials, the phase angles
were negative, meaning that the structural response of the circular blade lags the input
mechanical loads. In other words, the input mechanical loads reached the peak amplitudes
first before the structural response of the blade. This is attributed to the damping factor
assigned to the materials, which caused the harmonic response to be delayed with respect
to the input excitation force. The damping factor assigned to all the materials was ξ = 0.02,
which is a recommended value when its exact magnitude is not known for the material
in question. Moreover, it is recommended to assign a damping factor for this type of
simulation to avoid results that do not make physical sense [69].

Finally, although coincidences were identified between the magnitudes of the fre-
quency response and the natural frequencies of the materials, it was concluded that fatigue
conditions did not exist for any of the three materials evaluated. This is because the max-
imum values of von Mises stress σv were well below the yield stress σy for all materials.
For example, the yield stresses σy for the bronze, ABS resin, and aluminum materials were
505 MPa, 34 MPa, and 280 MPa, respectively. Thus, when compared to the maximum von
Mises stresses σv of the contours, it can be concluded that for all materials operating under
continuous harmonic loading conditions would not be at risk of permanent deformation.
Therefore, no fatigue conditions can develop.
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Figure 28. Frequency response function of the circular blade for directional deformation U (top) and
directional normal stress σ (bottom) corresponding to materials (a) bronze, (b) ABS-like resin, and
(c) aluminum.
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Table 15. Harmonic response contours of total deformation U and von Mises stress σv corresponding
to frequencies fH,max(U) and fH,max(σ) of the circular blade as a function of bronze, ABS-like resin
and aluminum materials.

Material Total Deformation U for fH,max(U) von Mises Stress σv for fH,max(σ)

Bronze

ABS

Aluminum

5. Conclusions

In this work, we design a turbine blade with constant curvature and thickness, known
as a “circular” blade. It is designed based on the following hydraulic parameters selected
from the review of the state of the art and the capacity of our hydraulic test bench: a flow
rate of 15 l/s, a pressure head of 3 m, a hydraulic efficiency of 65%, and an angular velocity
of 3600 rpm are assumed. The conventional one-dimensional design method is used with
the free-vortex condition applied to the blade trailing edge. A mathematical methodology
for generating two-dimensional Cartesian coordinates based on the design parameters is
proposed to obtain the geometrical model of the blade. Then, a coordinate transformation
process is used to obtain the meridional coordinates with which the three-dimensional
geometry of the blade is generated in the BladeGen module of ANSYS. We contribute to the
scientific community by openly sharing the source code used to generate the meridional
coordinates of the circular blade and by automatically applying the Grid Convergence
Index method to perform the mesh study.

To perform the FSI fluid–structural fluid dynamic simulations, the fluid dynamic
numerical model used in this research is validated concerning the experimental results of
Samora et al. [6]. The numerical model is satisfactorily validated because there is a 0.46%
relative error between the numerical and experimental hydraulic efficiency. The results
of the CFD simulations evaluated a flow range from 2 to 26 l/s and an angular velocity
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range from 0 to 2000 rpm. An average dimensionless distance y+ less than 2.43 at the
blade walls is obtained, ensuring reliable results. The circular blade developed a maximum
efficiency of 75.47% at a flow rate of 10 l/s and an angular velocity of 2000 rpm, generating
a pressure head of 1.86 m and 138 W of mechanical power. Additionally, the potential of
the circular blade to reach high hydraulic efficiencies is highlighted because it approaches
high performances compared with similar turbines that use passive elements to increase
their efficiency, as shown in the work of Nishi et al., [27].

The results of the static structural parametric simulations, specifically for the Best
Efficiency Point (BEP), identify that the circular blade operates with a maximum stress of
15.24 MPa and a safety factor greater than 1 for all materials. This means that no material
evaluated generates a plastic deformation. Additionally, it is concluded from the harmonic
response analysis that resonances with directional deformation Uz exist for the blades with
vibration modes 1 and 2 for bronze and ABS-like resin, respectively. No material presented
adverse fatigue conditions. This is because the maximum von Mises stresses are much
lower than the yield stresses of the materials.

In future work, it would be interesting to evaluate experimentally or numerically
whether the hydraulic efficiency can be improved using guide vanes. It is also imperative
to explore the optimization of this blade geometry considering geometrical parameters
such as pitch, thickness, rounded edges, curvature, and solidity. Finally, it is also necessary
to explore the cavitation conditions of this type of turbine from Thoma number or through
multi-phase CFD simulations.
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Nomenclature
The following nomenclature is used in this work:

Roman letters
A Characteristic area (m2)
Ca Axial chord length (m)
CL Lift coefficient (−)

CP Pressure coefficient (−)

Dt Turbine tip diameter (m)
Dh Turbine hub diameter (m)
Dpipe Pipe inner diameter (m)
Dh/Dt Hub-to-tip ratio (−)

Fs Safety factor (−)

fN Natural frequency of the mode shapes (Hz)
fH Harmonic frequency range (Hz)

https://github.com/oscar-monsalve/axial-turbine-meridional-coordinates
https://github.com/oscar-monsalve/GCI
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fω Rotational frequency (Hz)
g Gravitational constant (m/s2)
GCI21

f ine Convergence index for the fine grid (−)

GCI32
medium Convergence index for the medium grid (−)

H Available head pressure (m)
∆H Head pressure drop (m)
k Free-vortex constant (m2/s)
L Characteristic length (m)
m′, θm Meridional coordinates (−,◦ )
ṁ Mass flow rate (kg/s)
N Turbine angular velocity (min−1)
NI Total number of iterations (−)

NR Total number of turbine rotations (−)

r Characteristic radius (m)
rcy, θcy, zcy Cylindrical coordinates (m, ◦, m)
PH Hydraulic power (W)
Pmech Mechanical power (W)
Pstatic Static pressure (Pa)
Ptot Total pressure (Pa)
P∞ Far-field pressure (Pa)
Q Flow rate (m3/s)
T Torque (Nm)
t time; blade thickness (s, m)
tc Blade clearance (m)
∆t Time-step size (s)
U Total deformation (m)
V∞ Far-field velocity (m/s)
V⃗a Axial velocity vector (m/s)
V⃗t Tangential velocity vector (m/s)
V⃗c Circumferential velocity vector (m/s)
x, y 2D Cartesian coordinates (m)
x3D, y3D, z3D 3D Cartesian coordinates (m)
y+ Dimensionless wall distance (−)

z Turbine blade number (−)

Greek letters
β1, β2 Leading and trailing edge blade angles (◦)
γ Specific weight (N/m3)
ηt Turbine hydraulic efficiency (%)

θ Circular blade wrap angle (◦)
θR Turbine rotational angle for each iteration (◦)
ρ, ρ∞ Density; far-field density (kg/m3)
σ Normal stress (Pa)
σv Von Mises stress (Pa)
{ϕ}i Mode shape (Pa)
ω Angular velocity (rad/s)
Abbreviations
ASME American Society of Mechanical Engineers
BEP Best Efficiency Point
CFD Computational Fluid Dynamics
FSI Fluid–Structure Interaction
FEM Finite Element Method
GCI Grid Convergence Index
DOF Degrees of Freedom
PAT Pump as Turbine
SST Shear Stress Transport
SSL Spatial Relative Streamline
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Appendix A. Governing Equations of Fluid Dynamics

Appendix A.1. Navier-Stokes Equations

The set of equations that describe the dynamics of fluid motion such as their amount
of motion, heat, and mass transfers are known as the Navier-Stokes equations. It is divided
into the continuity and the momentum equation defined by Equations (A1) and (A2),
respectively [48].

∂ρ

∂t
+∇ · (ρU) = 0 (A1)

∂(ρU)

∂t
+∇ · (ρU ⊗ U) = −∇P +∇ · τ + SM (A2)

where ∂/∂t represents the time-dependent (t) transient term, ρ is the density, U is fluid
velocity, P the static pressure, τ the stress tensor, and SM represents the sources of external
forces. ∇ is the gradient of a scalar function which is equivalent to the partial derivatives
of the scalar quantity times the unit vector, i.e, for a Cartesian coordinate system with
unit vectors i, j, k, ∇ϕ = ∂/∂xi + ∂/∂yj + ∂/∂zk. Similarly, the divergence operator (∇·) is
applied to a vector, and the dyadic operator (or tensor product) ⊗ of two vectors represents
the product of each component of the vectors.

Appendix A.2. The k − ω SST Turbulence Model

To solve the Navier-Stokes equations numerically without generating large compu-
tational costs, the use of a turbulence model is necessary. For the present work, the tur-
bulence model k − ω SST (Shear Stress Transport) formulated by Menter [72] was used.
This turbulence model is the most widely used within the area of numerical simulation of
turbomachines. Additionally, this model was designed to provide accurate predictions of
the amount of flow separation at adverse pressure gradients.

First, we define the turbulence model k − ω which is composed of two transport
equations, namely the turbulent kinetic energy k (m2/s2), and the turbulent frequency ω
(s−1), defined by Equations (A3) and (A4), respectively.

∂

∂xj
(ρUik) =

∂

∂xj

[(
µ +

µt

σk

)
∂k
∂xj

]
+ Pk − β′ρkω (A3)

∂

∂xj
(ρUjω) =

∂

∂xj

[(
µ +

µt

σω

)
∂ω

∂xj

]
+ (1 − F1)

2ρ

ωσω2

∂k
∂xj

∂ω

∂xj
+ α1

ω

k
Pk − βρω2 (A4)

where the subscripts i, j denote the sum of the Cartesian components in either two or
three dimensions, Ui,j the average velocity, Pk is the turbulence production rate, and F1 is
a mixing function defined in Equation (A6). However, the k − ω turbulence model fails
to properly predict the flow separation on smooth surfaces. Therefore, a new transport
definition of the eddy viscosity µt is obtained by the following delimiter, allowing to move
from the k − ω model to the k − ω SST model:

µt =
ρα1k

max(α1ω, S∗F2)
(A5)

where S∗ is an invariant measure of the strain rate. F2 is one of the two sets of mixing
functions along with F1 defined by Equations (A6) and (A7). The mixing functions are
critical to the success of the k − ω SST turbulence model.

F1 = tanh


min

max

( √
k

β′ωy
,

500µ

ρωy2

)
,

4ρk

max

(
2ρ

ωσω2

∂k
∂xj

∂ω

∂xj
, 1 × 10−10

)
y2σω2




4 (A6)
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F2 = tanh

[max

(
2
√

k
β′ωy

,
500µ

ρωy2

)]2
 (A7)

where y represents the distance to the nearest wall. Additionally, the following constants
were defined and tuned by Menter [72] based on experimental data: β′ = 0.09, β = 0.075,
α1 = 5/9, σk = 2, σω = 2, σω2 = 1/0.856. The aforementioned constants are used in
Equation (A3) through (A7).

Appendix B. Governing Equations of Structural Dynamics

The governing equations reported in the following sections follow the notation of ma-
trices as [A] for all its component, and vectors as {B} for all its components. The governing
equations for the static structural, modal, and harmonic response analyses are taken from
the Ansys Mechanical Theory Reference manual [51].

Appendix B.1. Static Structural

The method for static analysis is valid for all degrees of freedom (DOF). Inertial
and damping effects are ignored, except for static acceleration fields. Thus, the general
equations of equilibrium for linear structural static analysis are:

[K]{u} = {Fa}+ {Fr} (A8)

[K] =
N

∑
m=1

[Ke] (A9)

where [K] is the stiffness matrix, {u} the nodal displacement vector, N the number of
elements, [Ke] the stiffness matrix of each element N, and {Fr} the reaction load vector.
On the other hand, {Fa} is the total applied load vector defined as:

{Fa} = {Fnd}+ {Fac}+
N

∑
m=1

{Fth
e }+ {Fpr

e } (A10)

where {Fnd} is the applied nodal load vector, {Fac} = −[M]{ac} is the acceleration load
vector, where in turn [M] = ∑N

m=1[Me] represents the total mass matrix which depends on
the mass of each element Me. ac is the total acceleration vector. Finally, {Fth

e } and {Fpr
e } are

the thermal load and pressure vectors of the mesh element, respectively.

Appendix B.2. Modal Analysis

The Ansys Modal Analysis module makes the following assumptions:

1. Valid for all degrees of freedom concerning structures and fluids.
2. The structure has constant mass and stiffness effects.
3. No damping is imposed by default unless defined by the user.
4. The structure has no time-varying quantities such as forces, displacements, pressures,

or temperatures.

Thus, this type of analysis is used to determine the natural frequencies and modes of
vibration of a structure. The equation of motion for an undamped system, expressed using
the above matrix notation, is defined as:

[M]{ü}+ [K]{u} = 0 (A11)

where {ü} represents the acceleration and {u} the displacement. Additionally, it is clarified
that the stiffness matrix of the structure may include preloaded conditions assigned by
the user.
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For a linear system, the free vibrations of the structure will be harmonic as follows:

{u} = {ϕ}i cos(ωit) (A12)

where {ϕ}i is the eigenvector representing the mode of vibration of the nth natural fre-
quency. ωi is the nth rotational frequency in rad/s, and t is the time. Considering the above,
Equation (A11) becomes: (

[K]− ω2
i [M]

)
{ϕ}i = 0 (A13)

The equality shown above is satisfied if {ϕ}i = 0 or if det
(
[K]− ω2

i [M]
)
= 0. The first

possibility is trivial, therefore, the following eigenvalue problem is obtained:

det
(
[K]− ω2

i [M]
)
= 0 (A14)

The above eigenvalue problem can be solved up n values corresponding to ω2 and up
to n values of the eigenvectors {ϕ}i, which satisfy Equation (A13). Where n are the number
of degrees of freedom of the structure. Finally, instead of extracting the rotational natural
frequencies {ω} in rad/s, the natural frequencies f in s−1 are extracted as follows:

fi =
ωi
2π

(A15)

Appendix B.3. Harmonic Response

The Harmonic Response module of Ansys makes the following assumptions:

1. Valid for structural, fluid, magnetic and electrical degrees of freedom. Thermal
degrees of freedom may be present in a coupled field harmonic response analysis
using structural DOFs.

2. The entire structure has constant or frequency-dependent stiffness, damping, and
mass effects.

3. All loads and displacements vary sinusoidally at the same known frequency (although
not necessarily in phase).

First, the general equation of motion of a structural system is restated as follows:

[M]{ü}+ [C]{u̇}+ [K]{u} = {Fa} (A16)

where the structural damping matrix [C] was added along with the velocity {u̇}. The other
parameters were defined in the description of Equation (A8). Additionally, it is known that
the presence of damping causes phase shifts. Therefore, the displacement can be defined as:

{u} = {umaxeiΦ} (A17)

where umax is the maximum displacement, i the imaginary unit, Ω the imposed rotational
frequency in rad/s, t is the time, and Φ the phase shift in radians. It is clarified that umax
and Φ can be different for each degree of freedom. The reason for the use of complex
notation (eit) is that it allows a compact and efficient description and solution of the
problem. Otherwise, Equation (A17) can be rewritten as:

{u} = {umax(cos Φ + i sin Φ)}eiΩt (A18)

where umax cos Φ or u1 is the real displacement vector. On the other hand, umaxi sin Φ or u2
is the imaginary displacement vector.

The force vector can be specified analogously to the displacement, which is shown in
the following equations:

{F} = {FmaxeiΨ}eiΩt (A19)

{F} = {Fmax(cos Ψ + i sin Ψ)}eiΩt (A20)
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{F} = ({F1}+ i{F2})eiΩt (A21)

where Fmax is the amplitude of the force, Ψ is the phase shift of the force in radians,
and {F1} = Fmax cos Ψ and {F2} = Fmaxi sin Ψ are the real and imaginary force
vectors, respectively.

Substituting Equations (A18) and (A20) in their compact form using u1, u2 and F1,
F2, respectively, in the general equation of motion defined in Equation (A16), we obtain
the following: (

[K]− Ω2[M] + iΩ[C]
)
({u1}+ i{u2}) = {F1}+ i{F2} (A22)

Solution method: Mode Superposition

The most commonly used methods to solve Equation (A22) are the complete solution
method and the mode superposition method. For the present work, the mode superposition
method was chosen because it is faster and computationally less intensive than the complete
solution method [69].

This method imposes the following assumptions:

1. Non-zero imposed harmonic displacements are not allowed.
2. There are no element damping matrices. However, there are several types of damping

of the system.

Therefore, the equation of motion presented in Equation (A16) is converted to modal
form as follows:

ÿj + 2ωjξjẏj + ω2
j yj = fi (A23)

where yj is the modal coordinate, ωj the rotational natural frequency of mode j, ξj the
critical damping fraction for mode j, and fi the force in modal coordinates.

The load vector that is converted to modal coordinates is given by:

{F} = {Fnd}+ s{Fs} (A24)

where {Fnd} is the nodal force vector, s is the load vector scale factor, and {Fs} is the load
vector from the modal analysis.

For a stationary sinusoidal vibration, f j has the following form:

f j = f jceiΩt (A25)

where f jc corresponds to the complex force amplitude and Ω is the imposed rotational
frequency. On the other hand, for Equation (A23) to be true at all times, yj must have a
form similar to the expression of f j, therefore, the following is defined:

yj = yjceiΩt (A26)

where yjc is the complex amplitude of the modal coordinate for the j mode. Then, dif-
ferentiating Equation (A26) and substituting this result together with Equation (A25) in
Equation (A23), we obtain the following:

−Ω2yjceiΩt + 2ωiξj

(
iΩyjceiΩt

)
+ ω2

j yjceiΩt = f jceiΩt (A27)

Then, grouping the coefficients of yjc, dividing by (eiΩt), and solving for yjc leaves:

yjc =
f jc(

ω2
i − Ω2

)
+ i
(
2ωiΩξj

) (A28)
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The contribution of each mode is:

{Cj} = {Φj}yjc (A29)

where {Cj} is the contribution of mode j, and {Φj} corresponds to the vibrational mode for
mode j. Finally, the main output parameter of the harmonic response analysis corresponds
to the complex displacements obtained as follows:

{uc} =
n

∑
j=1

{Cj} (A30)

where {uc} is the vector of complex displacements. However, a form of the solution that
is occasionally more useful is the amplitude and phase of the structural response. For the
above, the complex notation z = x + iy = AeiΦ is used, where x and y represent the real
and imaginary values, respectively. So the amplitude and phase angle are:

{u} = {umaxeiΦ}eiΩt (A31)

Φ = tan−1
( y

x

)
(A32)

where {u} is the amplitude and Φ the phase angle.
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