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Abstract: In this paper, we study the optimization of the operation of closed-loop ground
source heat pump systems with any layout and any number n of vertical boreholes. Given
the total required heat load, qT, the goal is to maximize the rate of thermal gains from
the ground or, equivalently, to minimize the disturbance of the ground temperature at
the location of the boreholes. This is achieved by optimizing the distribution of qT to the
individual boreholes. We prove analytically that, at any time, the weighted temperature
disturbance is minimal when the following condition holds: the temperature change is
the same at the locations of all boreholes. Our proof is based on the analogy between
heat transfer due to conduction and water flow through aquifers, and we make use of the
results obtained for pumping cost minimization from systems of wells under transient
groundwater flow conditions in infinite confined aquifers. Finally, we present a procedure
to calculate the optimal distribution of the total heat load to the individual boreholes at
any given time. The procedure entails the solution of a linear system of n equations and n
unknowns, which is explained by means of two theoretical application examples. Accuracy
of the results is also discussed.

Keywords: geothermal; ground source heat pump (GSHP); district heating; ground
temperature change; optimization; analytical solution

1. Introduction
The transition from fossil fuels to renewable and soft energy sources is the only viable

way to achieve human and environmental well-being. Still, it faces difficulties related
mainly to high initial costs, competing land uses, and technical inefficiencies. Optimization
at all stages (design, construction, and operation) can play a crucial role in supporting their
market penetration, e.g., [1]. The proliferation of optimization techniques renders their
application to the respective problems easier [2,3].

Low-enthalpy geothermal energy is a widely available renewable energy source that
could contribute to the mitigation of global warming through the substitution of fossil
fuels. Despite its renewability, its use should be properly designed in order to maintain its
sustainability [4]. As its application for space heating is financially marginal in many cases,
the further promotion of its use may require additional incentives, improved regulatory
framework, certification schemes, and training activities [5], as well as proper guidelines [6].
The optimization of geothermal systems’ crucial components or their overall designs can
contribute substantially to their financial performance and, consequently, it can promote
their penetration into fossil fuel-dominated markets (e.g., [7]). For this reason, it has
attracted considerable research interest.
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1.1. Literature Review

An indicative overview of the literature on the improvement of the overall design
and/or operation of geothermal systems follows. The selected works are presented in
chronological order.

Dickinson et al. [8] investigate combinations of ground source heat pump heating and
cooling systems with other energy sources in order to reduce the installation costs while
providing considerable economic and environmental savings. They use an incremental
approach to demonstrate the importance of optimizing ground loop heat exchanger length.
They conclude that compared to a peak-sized system, the capital cost of the optimum
system is more than 60% lower while still providing more than 70% of the respective
operational benefits.

Sayyaadi et al. [9] deal with the performance optimization of ground source heat
pump (GSHP) systems, using (a) thermoeconomic criteria, (b) thermodynamic criteria,
and (c) both criteria groups simultaneously. They use an evolutionary algorithm as an
optimization tool. Their paper also includes a sensitivity analysis of optimal solutions to
the interest rate, the electricity cost, and the number of operating hours in cooling mode.

De Paly et al. [10] examine closed-loop systems for district heating with many borehole
heat exchangers. They use linear programming to minimize the maximum ground tempera-
ture change (max∆T) at the borehole locations during the last time-step. Beck et al. [11] use
metaheuristics to optimize borehole locations and linear programming to optimize their
loads. Moreover, they include local groundwater flow, namely an additional advective
energy supply, to the studied problem. Hecht-Méndez et al. [12] continue on the same path,
using linear programming as the optimization tool. They mention that minimization of
max∆T results in leveling temperature distribution in the ground.

Carli et al. [13] investigate closed-loop heating and cooling systems with many bore-
hole heat exchangers in a mild climate. They compare the typical split system for each flat
with different combinations of district heating/cooling ground source heat pump systems
with photovoltaics, boilers, or thermal solar collectors in areas with low and medium
building densities. They conclude that (a) the financial benefits of centralized systems are
larger in areas with medium building densities and (b) the combination of heat pumps
with solar collectors results in the largest primary energy savings. Moreover, they discuss
incentives to promote their use.

Retkowski and Thöming [14] aim to optimize the design of a closed-loop vertical
GSHP system, including the depth and number of boreholes, the mass flow rate, and the
type and number of heat pumps. They use the Generalized Reduced Gradient method
and an evolutionary algorithm to achieve three optimization goals: (a) minimization of
total annual cost (TAC), (b) the optimization of coefficient of performance (COP), which
additionally serves as a measure of environmental performance, and (c) the minimization of
TAC/COP, which leads to the calculation of Pareto optimal solutions. Using their method,
the authors achieved a TAC reduction of more than 10% in case studies.

Ikeda et al. [15] propose a method to optimize energy systems that includes GSHP. It
is based on the metaheuristic differential evolution algorithm, and its application is easy.
According to the authors, it can lead to operating cost reduction in the order of 10%.

Farzanehkhameneh et al. [16] use genetic algorithms to optimize different features
of the ground source heat exchangers of a residential building, such as the number of
boreholes, their radius and length, the external pipe’s radius, and the flow discharge inside
the pipe.

Ma et al. [17] present an overview of works related to the optimization of GSHP
systems. Their main conclusions are as follows: (a) More research works are aimed at
the optimization of the design of GSHP systems, and fewer are aimed at the optimization
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of their control. (b) Optimization, in particular, optimization based on multi-objective
techniques, can result in the reduction of energy consumption. (c) Sensitivity analysis is
useful in the formulation of optimization problems for GSHP systems in order to reduce
the variables that should be optimized and, consequently, to reduce the complexity of these
problems. (d) Applications of small and simplified problems have served to validate the
majority of optimization results.

Moon et al. [18] use the particle swarm optimization algorithm to optimize the design
of a typical closed-loop GSHP system (namely its ground heat exchanger, heat pump, and
heat storage tank), aiming to reduce the required initial investment. The target buildings
included a hospital, a school, and an apartment building. According to their results, the
optimal design could reduce the total investment cost over 20 years by approximately 32%
for hospital buildings, 29% for school buildings, and 23% for apartment buildings.

Cruz-Peragón et al. [19] use two objective functions to optimize both energy savings
and the internal rate of return, namely an environmental and an economic parameter. The
final selection is based on the Pareto optimality approach.

Cai et al. [20] evaluate the performance of a GSHP system over different periods of
time. They find that results depend on the evaluation period and conclude that system
optimization should be conducted over its entire life span. Bina et al. [21] study the long-
term performance of GSHP systems in Japan. They analyze the performance degradation
of these systems after 15 years of operation, and they relate it to soil temperature change.

Moreover, many papers deal with the optimization of heat pumps or other parts
of mechanical equipment, e.g., Dagdas [22], Zhang et al. [23], while others concentrate
on the mathematical modeling and/or the efficiency of ground heat exchangers, e.g.,
Florides et al. [24], Kim et al. [25], Luo et al. [26]. The improvement of heat pump construc-
tion has attracted research interest, as well (e.g., Kong et al. [27]).

Similar research has been conducted on open-loop systems, aiming to minimize
groundwater temperature changes, among other goals. Park et al. [28] deal with the
optimization of open-loop ground source heat pump systems with the following goals:
(a) the maximization of heat pump performance coefficient (COP), (b) the minimization
of operational cost (considered proportional to the amount of extracted or reinjected
groundwater), and (c) the minimization of changes in groundwater level and temperature
at wells and nearby areas. The first two are included in the objective function, while
the third is expressed through a number of constraints, together with water injection
temperature. The decision variables are groundwater extraction and injection rates. Genetic
algorithms are used as optimization tools. The authors apply their simulation-optimization
tool to a hypothetical and a real case in Korea. Park et al. [29] extend the previous work
by including well locations in the optimization process. They use real-coded genetic
algorithms as optimization tools, and they conclude that the well configuration for the
GSHP system should be determined together with the well flow rates.

1.2. Research Objectives and Premises

In this paper, we study the optimization of the operation of vertical closed-loop ground
source heat pump systems with many vertical boreholes. Our aim is to maximize the rate of
thermal gains from the ground or, equivalently, to minimize the disturbance of the ground
temperature at the locations of the boreholes by optimizing the distribution of the total
required heat load qT to the individual boreholes. In order to account for the importance of
the contribution of each borehole j, we use the heat load qj that it harnesses as the respective
weight factor. We prove that, at any time, the weighted temperature disturbance is minimal
when the following condition holds: the temperature change is the same at the locations of
all boreholes.
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Our proof is based on the analogy between heat transfer due to conduction and
transient groundwater flow, which has been used by Theis [30] to establish the basic law of
transient groundwater flow, as discussed in Section 3 of this paper. The analogy between
aquifers and “aestifers” is explicitly discussed by Banks [31].

In our proof, we make use of the results obtained for pumping cost minimization
from systems of wells in infinite confined aquifers. The optimization tool is analytical,
and the validity of its results is restricted by the assumptions in the simulation process
only. The obtained results are in line with works by different authors (e.g., [21]) relating
the improvement of long-term GSHP systems’ performance with the restriction of soil
temperature changes. Finally, the optimization goal, namely, the minimization of soil
temperature disturbance, is directly related to the increase in the heat pump’s COP and the
minimization of the GSHP system’s environmental impact.

2. The Physical Problem and Its Mathematical Description
In the following section, we consider a closed-loop GSHP system working in the

heating mode. The system has n boreholes, which have similar features. Adopting a
two-dimensional approach, we use average temperatures and temperature changes along
the system’s boreholes. No restrictions on the layout of boreholes are imposed. We assume,
however, that all boreholes have the same physical characteristics. First, we present the
heat flow simulation model.

2.1. The Conductive Heat Flow Simulation Model

We consider two-dimensional conductive heat flow through the ground surrounding
the GSHP system. This approach is compatible with the use of average ground temper-
ature change along the boreholes. To simulate the effect of each vertical borehole on the
temperature distribution, we consider an infinite line heat source of constant strength in an
infinite homogeneous medium (Carslaw and Jaeger [32]). According to this model, which
has been successfully used in connection with GSHP systems (e.g., [15]), the temperature
change at any point p up to time t, due to one infinite line source j, is given as follows:

∆Tp =
qj

4πLλ

∫ ∞

ρc
r2

4λt

e−u

u
du (1)

In Equation (1), qj is the heat load of the heat source j [W], λ [W·m−1·K−1] is the
thermal conductivity, L [m] is the borehole length, t [s] stands for time, and r [m] is the
distance between the source j and point p, while c [J·kg−1·K−1] and ρ [kg·m−3] are the
specific heat capacity and the density of the ground, respectively. Following many previous
works (e.g., [11,13]), we consider c and ρ as constants.

To simulate the overall temperature change, namely, the effect of the n boreholes, we
use the superposition principle, which leads to the following equation:

∆Tm =
1

4πLλ ∑n
j=1 qj

∫ ∞

ρc
r2

ij

4λt

e−u

u
du (2)

The use of this model allows for an analytical approach to the optimization problem,
which does not introduce any additional approximation and facilitates general conclusions
on the operation of GSHP systems.

2.2. Mathematical Formulation of the Optimization Problem

Our aim is to maximize the rate of thermal gains from the ground for a given con-
figuration of a GSHP system and for a given total heat load qT. This can be considered
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as equivalent to the minimization of the ground temperature disturbance (drop) ∆Tj at
the locations of the system’s boreholes. At any time, the impact of ∆Tj at borehole j on
the system’s efficiency depends on the heat load qj, required from that borehole. For this
reason, the objective function GTD that should be minimized in order to maximize the rate
of thermal gains from the ground can be stated in the following way:

GTD = ∑n
1 qj∆Tj (3)

In Equation (3), the heat loads qj are the decision variables, while the terms ∆Tj

should be calculated by simulating conductive heat flow through the ground around the
boreholes. For this reason, the respective simulation model should be integrated in the
optimization process.

The decision variables qj should fulfill the following constraint set in the statement of
the optimization problem:

∑n
j=1 qj = qT (4)

Moreover, since the GSHP system is working in the heating mode, the heat loads qj

should obtain non-negative values only, as follows:

qj ≥ 0, 1 ≤ j ≤ n (5)

Applying Equation (2) at the locations of the boreholes and inserting the results into
Equation (3), we end up with the following form of the objective function:

GTD =
1

4πLλ ∑n
j=1 qj ∑n

i=1 qi

∫ ∞

ρc
r2

ij

4λt

e−u

u
du (6)

In Equation (6), rij is the distance between boreholes i and j, with heat loads qi and qj,
respectively. Since the borehole length L is given and the soil properties are considered
constant, the objective function can be reduced to the following equation:

GTD1 = ∑n
j=1 qj ∑n

i=1 qi

∫ ∞

ρc
r2

ij

4λt

e−u

u
du (7)

Therefore, the final form of the optimization problem consists of the objective function
described in Equation (7) and the constraints expressed in Equations (4) and (5). To solve the
aforementioned optimization problem, we recall the similarity between the mathematical
description of conductive heat flow through solids and that of water flow through aquifers.

3. Conductive Heat Flow Through Solids vs. Water Flow
Through Aquifers

As early as 1935, Theis [30] observed the similarity between the mathematical descrip-
tion of conductive heat flow through solids and that of water flow through porous media
and adapted the solution for heat conduction in solids produced previously by Carslaw [33]
to transient groundwater flow problems. By matching hydraulic head level drawdowns
(changes) with temperature changes and well flowrates with heat loads, Theis derived the
following equation for transient hydraulic head level drawdown (simply called drawdown
in the rest of this paper) in the case of one well pumping from an infinite confined aquifer:

sm =
Qj

4πT

∫ ∞
Sr2

4Tt

e−u

u
du (8)
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In Equation (8), sm [m] is the drawdown at point m and at time t since the beginning
of pumping, which is due to the pumping flow rate Qj [m3/s] from well j. T and S are the
aquifer’s transmissivity [m2/s] and storativity [-], respectively.

In this paper, we follow the “opposite” approach. To solve the closed-loop GSHP
system optimization problem described in the previous section, we use a solution for
groundwater pumping cost minimization under transient flow conditions that was obtained
by Katsifarakis et al. [34].

3.1. The Groundwater Pumping Cost Minimization Problem

In [34], the authors studied pumping cost minimization for any number and layout of
wells under transient groundwater flow conditions in infinite confined and semi-infinite
aquifers, to which the method of images applies. Moreover, they took into account the
additional steady-state flow, independent of the examined system of wells, resulting in
non-horizontal initial hydraulic head level distribution. For the case of infinite (and semi-
infinite) aquifers without additional flow, it has been proven that, at any time, the instant
pumping cost is minimal when drawdowns at all wells are equal. Similar results have been
obtained in [35,36].

3.2. Similarity with the GSHP System Optimization Problem

The aforementioned groundwater pumping cost minimization problem is mathemati-
cally the same as that discussed in this paper if we substitute (a) the number of pumping
wells with the number of boreholes of the closed-loop GSHP system, (b) the water level
drawdowns sj at the wells with the values ∆Tj of the soil temperature change at the loca-
tions of boreholes, and (c) the well flowrates Qj with the borehole heat loads qj. Moreover,
both the objective functions and the constraints are similar if we substitute the total required
well flow rate qT with the total heat load qT. The underlying physical similarities of the
two problems include (a) the existence of a given number of concentrated loads with a
given constant sum and (b) the impact pattern of any load on any location of the (heat or
groundwater) flow field, which decreases with distance and increases with time.

In the following section, we briefly describe the procedure to minimize the objective
function GTD1 given in Equation (7) under the constraints described in Equations (4)
and (5).

4. The Optimization Procedure for the Closed-Loop GSHP System
As stated in Section 2, the objective function of the optimization problem, namely,

Equation (7), is as follows:

GTD1 =
n

∑
j=1

qj

n

∑
i=1

qi

∞∫
ρc

r2
ij

4λt

e−u

u
du

The two constraints, namely, Equations (4) and (5), are as follows:

∑n
j=1 qj = qT

qj ≥ 0, 1 ≤ j ≤ n

To facilitate notation, we set the following equations:

vijk = cρ
r2

ij

4λtk
(9)
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and

Wijk =
∫ ∞

vijk

e−u

u
du (10)

We observe in (9) that vijk increases with distance rij and decreases with time tk. We also
observe that vijk = vjik; consequently, Wijk = Wjik. Moreover, the “exponential integral” Wijk,
which can be calculated using its serial expansion, decreases with increasing vij (namely
with increasing rij) for any given time tk, while it increases with time. It follows that Wjjk,
corresponding to rjj, namely, to the radius of borehole j, is larger than any Wijk (with i ̸= j).

Using the aforementioned notation, we can write the objective function, namely,
Equation (7), in a more concise form, as follows:

GTD1 = ∑n
j=1 qj ∑n

i=1 qi Wijk (11)

Following the procedure described in [34,35], we calculate the first derivatives of
GTD1 with respect to the decision variables, namely, the heat loads qj. First, we note that
they are not independent of each other since they are subject to the constraint (4). We can
assume, without loss of generality, that the first n − 1 heat loads are independent, while qn

depends upon the rest, as follows:

qn = qT − ∑n−1
i=1 qi (12)

Then, for any m ∈ [1, n − 1], we obtain the following equation:

∂qn

∂qm
= −1 (13)

Using Equation (13) we obtain the following equation for any m ∈ [1, n − 1]:

∂

∂qm

(
∑n

i=1 qiWijk

)
= Wmjk − Wnjk (14)

Using this result and the equality Wijk = Wjik to calculate the derivative of GTD1 with
respect to qm (m ∈ [1, n − 1]), we obtain the following equation:

∂GTD1
∂qm

= 2
(
∑n

i=1 qiWimk − ∑n
i=1 qiWink

)
(15)

Setting this derivative equal to zero, we obtain the following equation:

∂GTD1
∂qm

= 0 ⇒ ∑n
i=1 qiWimk = ∑n

i=1 qiWink ⇒ ∆Tm = ∆Tn (16)

Equation (16) holds for every m ∈ [1, n − 1]. It follows, then, that (for any given tk) a
critical point of the objective function GTD1 occurs when the temperature changes at the
locations of the boreholes are all equal.

Rearranging the terms in Equation (16), we obtain the following equation for every
m ∈ [1, n − 1]:

∑n
i=1 qi(Wimk − Wink) = 0 (17)

In the aforementioned sets of equations, the term Wijk can be calculated from the
respective field data (coordinates of the boreholes and soil features). The set of qj values
corresponding to the critical point can be found by solving a linear system of n equations
and n unknowns. The first n − 1 of them have the form of Equation (17), while the n-th
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equation, which completes the system, is the constraint on the sum of the heat loads,
namely, Equation (4).

This linear system has one solution only; namely, the objective function GDT1 has one
critical point, P, only. To further check whether P corresponds to a minimum, and since
GDT1 is twice continuously differentiable, we use its second derivatives, following the
procedure described in [35]. Starting from Equation (15), we obtain the following equation:

∂2GTD1
∂qm2 = Wmmk − Wnmk − Wmnk + Wnnk (18)

As stated above, all Wjjk are larger than any Wijk (with i ̸= j) since they correspond
to rjj, namely, the radius of the respective borehole. So, the right-hand side of Equation
(18) is positive; hence, the second derivative of GTD1 with respect to any qm is positive.
Consequently, the critical point P is either a minimum or a saddle point.

If it were a saddle point, GTD1 would exhibit a maximum at P, and it would be convex
there along some “direction”. According to the reasoning presented in [35], this is not
possible. Hence, P is a local minimum; as it is the only critical point, P is the absolute
minimum of GDT1.

After calculating the set of qj values, which minimizes the ground temperature dis-
turbance, the respective temperature change at the borehole locations can be calculated by
applying Equation (2) to any of them. One should keep in mind, however, that the accuracy
of the results is restricted by the simplifying assumptions in the heat flow simulation model
mentioned in Section 2.1. The issue is further discussed in Section 5.3.

5. Application Procedure
The optimal distribution of the total heat load to the individual boreholes changes

with time, following the increase in the “radius of influence” of each borehole and the
respective temperature change. As long as the “radius of influence” is smaller than the
smallest distance between the boreholes, namely, at the beginning of the operation of the
GSHP system, the optimal choice is equal distribution of the total heat load. Then, the heat
load distribution should be adopted from time to time, using the results obtained through
the solution of the system of equations presented in the previous section as a guide.

To clarify the application of the proposed methodology, we use two
hypothetical examples.

5.1. Application Example 1

In the first example, we adopt the borehole configuration discussed in [10,12]. It
consists of 25 boreholes located at the vertices of a square lattice, as shown in Figure 1. The
distances between successive boreholes are equal to 10 m. Moreover, we use the following
values for the porous medium properties: thermal conductivity λ = 2.4 W·m−1·K−1, and
volumetric heat capacity CV= c·ρ = 2.6 × 106 J·m−3·K−1. Finally, we set the total heat load
qT = 100 in order to obtain the qi values as percentages of qT.

To calculate the time of first thermal interference between boreholes, we take into
account that for vijk ≥ 7, Wijk tends toward 0. Then, setting vijk = 7 in Equation (9), we
obtain the time of first interference, tk1, as follows:

tk1 = CV
r2

ij

28λ
(19)

For r = 10 m and the aforementioned values of λ and CV, we have the following values:

tk1 = 3,869,047.6 s = 1074.7 h
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According to this calculation, equal distribution of the heat load (namely setting
each qi equal to 4% of qT) is the optimum choice for the first 1074 h. On the other hand,
after 10,000 and 20,000 h of operation, the solution of the respective systems of 25 equa-
tions and 25 unknowns (as described in Section 4) leads to the heat load distribution of
Tables 1 and 2, respectively. In these tables, qi values appear as percentages of qT.
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Figure 1. The borehole (BHE) configuration of the hypothetical GSHP system (adapted from [10]).

Table 1. Optimal heat loads qi at the boreholes after 10,000 h of operation (shown as percentages of
the total heat load qT).

BHE Nr (i) qi (%) * BHE Nr (i) qi (%) *
1 4.30 14 3.79
2 4.06 15 4.06
3 4.06 16 4.06
4 4.06 17 3.79
5 4.30 18 3.79
6 4.06 19 3.79
7 3.79 20 4.06
8 3.79 21 4.30
9 3.79 22 4.06

10 4.06 23 4.06
11 4.06 24 4.06
12 3.79 25 4.30
13 3.80

* Red-white-green values indicate low-medium-high heat load values, respectively.

As shown in both tables, the heat flow distribution pattern is symmetrical. Moreover,
the largest qi values are found at boreholes 1, 5, 21, and 25, namely, at the corners of the
borehole layout perimeter (shown in Figure 1), while the smallest are around the layout
center. The ratios of the smallest to the largest qi values are equal to 0.88 and 0.74 after
10,000 and 20,000 h of operation, respectively. It should be mentioned that the use of two
decimal digits for the qi values in Tables 1 and 2 does not imply that they have such a high
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accuracy since the simulation model is approximate. However, the general pattern of the
distribution of qT to the individual boreholes can be considered accurate.

Table 2. Optimal heat loads qi at the boreholes after 20,000 h of operation (shown as percentages of
the total heat load qT).

BHE Nr (i) qi (%) * BHE Nr (i) qi (%) *
1 4.71 14 3.49
2 4.15 15 4.14
3 4.14 16 4.15
4 4.15 17 3.50
5 4.71 18 3. 49
6 4.15 19 3.50
7 3.50 20 4.15
8 3.49 21 4.71
9 3.50 22 4.15

10 4.15 23 4.14
11 4.14 24 4.15
12 3.49 25 4.71
13 3.47

* Red-white-green values indicate low-medium-high heat load values, respectively.

5.2. Application Example 2

In many cases of practical interest, space restrictions, such as property limits or existing
buildings, do not allow for symmetrical borehole configurations. For this reason, in the
second application example, we consider the layout shown in Figure 2, which is presumably
dictated by the available space. It consists of two borehole groups with 12 boreholes each.
Their coordinates are presented in Table 3. Boreholes 1 to 12 belong to Group A, while
the rest belong to Group B. Three sub-cases have been considered. In the first, only
the boreholes of Group A are operating, while in the second, only those of Group B are
operating. The total heat load is qT for both sub-cases. In the third sub-case, all the boreholes
are operating, and the total heat load is 2qT. We take into account the same soil features as
in the previous example.

The optimal heat load distributions for the three sub-cases after 20,000 h of operation
are shown in Table 4. The qi values appear as percentages of qT for Sub-cases 2.1 and 2.2
and 2qT for Sub-case 2.3 to facilitate comparisons.

As shown in the second column of Table 4, the heat load distribution pattern of Sub-
case 2.1 is quite similar to that of the first example; namely, it is symmetrical. The largest qi

values appear at the four corners of the borehole layout perimeter, and the smallest appear
around the layout center.

The heat load distribution pattern of Sub-case 2.2, which is shown in the third column
of Table 4, also has many similarities with that of the first example. It is symmetrical (as far
as is allowed by the shape of the borehole layout); the smallest qi values appear around the
layout center, while the largest ones appear at the two vertices of the layout perimeter with
the greatest distances from the rest of the boreholes (corresponding to the acute angles of
the parallelogram).

The simultaneous operation of all boreholes (Sub-case 2.3) results in some changes
in the optimal heat load distribution compared to Sub-cases 2.1 and 2.2. The overall
contribution of the boreholes of Group A slightly decreases (by more than 1%), while
that of Group B increases accordingly. The largest change appears in borehole 12, whose
contribution decreased by 7.75%. This reduction is due to the proximity of borehole 12 to
the Group B boreholes; the slightly larger distances between the boreholes of Group B can
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explain the small overall increase in their contribution, which compensates for the small
contribution decrease in the Group A boreholes.

As explained in the context of the first example, the use of two decimal digits for the
qi values summarized in Table 4 does not imply that they have such a high accuracy. This
issue is further discussed in the following section.
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Table 3. Borehole coordinates of Example 2.

Group A Group B

i or
BHE Nr

Coordinates xi, yi
(m)

i or
BHE Nr

Coordinates xi, yi
(m)

1 0, 0 13 39, 32
2 10, 0 14 49, 32
3 20, 0 15 59, 32
4 0, 10 16 29, 42
5 10, 10 17 39, 42
6 20, 10 18 49, 42
7 0, 20 19 19, 52
8 10, 20 20 29, 52
9 20, 20 21 39, 52

10 0, 30 22 9, 62
11 10, 30 23 19, 62
12 20, 30 24 29, 62
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Table 4. Optimal heat loads qi for the 3 sub-cases of Example 2 at t = 20,000 h.

I or
BHE Nr

Sub-Case 2.1
qi (%)

Sub-Case 2.2
qi (%)

Sub-Case 2.3
qi (%)

1 9.29 9.16
2 8.20 8.09
3 9.29 9.16
4 8.17 8.05
5 6.89 6.79
6 8.17 8.05
7 8.17 8.06
8 6.89 6.80
9 8.17 7.98

10 9.29 9.15
11 8.20 8.01
12 9.29 8.57
13 8.58 8.64
14 8.10 8.33
15 9.68 9.96
16 8.27 8.11
17 7.08 7.25
18 8.29 8.53
19 8.29 8.42
20 7.08 7.27
21 8.27 8.52
22 9.68 9.95
23 8.10 8.34
24 8.58 8.83

5.3. Accuracy of the Results

The optimization procedure used in our paper is analytical; namely, it leads to the best
solution to the set problem. Although the number of boreholes (decision variables) has a
substantial impact on the computational load, it does not affect the accuracy of the results
as long as available computational resources can handle large linear systems. Nevertheless,
the accuracy of its results is restricted by the assumptions in the heat flow simulation model,
which are mentioned in Section 2.1. A short discussion follows.

Our approach is based on modeling conductive heat flow only; namely, it ignores
local groundwater flow, which can lead to a substantial increase in BHE performance, as
shown in [37]. This assumption restricts the applicability of our approach only in cases of
insignificant convective heat flow.

Ignoring temperature change with depth, which is implied by the use of a two-
dimensional model for heat transfer, is functional to our model. If the boreholes have the
same length, however, we believe that the influence of this simplification on the accuracy
of the results is negligible.

The violation of the assumption of infinite homogeneous medium will distort the
distribution of the total required heat load to the individual boreholes; however, it will not
affect the basic distribution principle, namely, the equality of the resulting temperature
disturbances, as long as the impact of any heat load on any location of the heat flow field
decreases with distance and increases with time.

The assumption that the sources have constant total strength will definitely be violated
in practical cases. Moreover, adjustment of heat load distribution cannot be continuous
in praxis. We envisage that it will be performed in a stepwise manner. In the application
examples of the previous sections, qi values have been calculated as percentages of the total
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required heat load qT. Thus, the anticipated average qT for the coming period can be used
in each step to calculate the heat load distribution to the individual boreholes.

Finally, in practical applications, temperature measurements at the boreholes should
be used to make adjustments whenever they are necessary. The respective measurement
means and techniques are well documented [38]. The adjustments will include a reduction
or increase in the heat load at boreholes, with temperature changes larger or smaller than
the average, respectively.

6. Discussion and Conclusions
This paper deals with the optimization of the operation of a closed-loop GSHP system,

which can have any number and layout of boreholes. Moreover, no restrictions on the total
heat load requirement have been imposed.

The first issue of any optimization process is to define its goal. Many such goals
regarding GSHP systems have been proposed in the literature. In this paper, we aimed to
maximize the rate of thermal gains from the ground; this goal is equivalent to minimizing
the effect of the time-dependent disturbance (drop) of ground temperature at the locations
of the boreholes. Using the heat load qj, harnessed by each borehole j, as the respective
weight factor, we proved analytically that at any given time, the weighted temperature
disturbance is minimal when the following condition holds: the temperature change is the
same at the locations of all boreholes. In other words, the optimum is achieved when the
disturbance caused by the operation of the closed-loop GSHP system is equal at all borehole
locations; this coincides with equal heat load distribution (namely, the equal intensity of
disturbance causes) in the early stage of a GSHP system operation only.

Our proof has been based on the analogy between heat transfer due to conduction
and water flow through aquifers, and we have made use of results obtained for pumping
cost minimization from systems of wells under transient groundwater flow conditions in
infinite confined aquifers. The findings are similar, as well. As suggested for a number of
groundwater pumping cost minimization problems, the optimum is achieved when the
disturbance, namely, the hydraulic head drawdown, is the same at the locations of all wells.
Thus, in both problems, the optimum does not correspond to the equality of the loads but
to the equality of the resulting disturbances.

Moreover, we have presented a methodology for finding the time-dependent optimal
heat load distribution by solving a linear system of n equations and n unknowns, where n
is the number of boreholes of the GSHP system. This methodology allows for the optimal
operation of a GSHP system.

Future research goals include (a) the extension of the optimization targets to GSHP
systems installed in areas with substantial local groundwater flow and (b) the quantification
of cost reduction resulting from the application of the proposed optimization process.
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