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Abstract: The paper presents a method for managing the energy storage and use of a
mobile supercapacitor energy storage system (SC ESS) on a tram vehicle for the purpose of
active voltage stabilization of the power grid. The method is based on an algorithm that
identifies the need to utilize the energy of the SC ESS depending on changes in the voltage
of the power grid caused by the driving of other nearby tram vehicles. The waveform of
the current flowing into or out of the SC ESS during this control is determined based on
Pontryagin’s minimum principle, which optimizes the minimum change in the voltage
level at the pantograph and the minimum temperature of the supercapacitor. In this way,
this approach aims to minimize the changes in the voltage of the power grid caused by
other vehicles and to maximize the lifespan of the supercapacitor. The algorithm was tested
within the MATLAB/Simulink R2022b programming environment and experimentally
validated with an HIL simulation experiment in a laboratory setup to emulate the rail
vehicle system, the supercapacitor, and the power supply network.

Keywords: regenerative braking system; supercapacitor storage system; optimal control;
Pontryagin’s minimum principle; HIL simulation

1. Introduction
The trend towards urbanization is leading to an increase in the number of passenger

cars in cities and consequently to an increase in the concentration of greenhouse gases
in the air. Electric rail transport is one of the solutions to this problem, as it has a lower
carbon footprint. Electric rail transport and increasing its energy efficiency are among
the objectives of EU directives such as the Energy Efficiency Directive and Commission
Regulation 2019/1781 [1]. One of several ways to increase the energy efficiency of electric
rail vehicles is the storage and subsequent use of regenerative braking energy [2–4].

The regenerative braking energy of rail vehicles is most commonly stored in battery
storage systems or supercapacitors (SCs) [5,6]. Battery storage systems are characterized
as having a lower number of charge and discharge cycles and a lower power density
compared to supercapacitors, but batteries characteristically have a higher energy density
than supercapacitors [7]. In contrast to batteries, SCs are defined by their lower energy
density but have a much higher power density, as well as a larger number of charge and
discharge cycles [8–10]. In urban electric rail transport, SC ESSs (supercapacitor energy
storage systems) are generally chosen as a suitable ESS due to the frequent acceleration
and braking processes in which high current values occur; such current values are not well
suited for a battery ESS due to their aforementioned power density. The other advantage
of using an SC ESS is the general simplicity of the model which lends itself to a simple
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method of calculating the available energy of the ESS since the stored energy is directly
proportional to its measured voltage. The position of the ESS in relation to the electric
rail vehicle can influence the role that the ESS performs. The energy storage can be a
mobile (onboard) or a stationary (wayside) ESS. Mobile ESSs are located in, or on, the
vehicle, thus greatly reducing energy transfer losses; the generally limited remaining space
in the vehicle means that it is not always possible to install an adequately sized ESS. The
advantage of this type of installation is that autonomous driving is enabled, provided the
energy capacity of the ESS is sufficient. The authors of [11] introduce a mixed-integer linear
programming optimization to increase the utilization of regenerative braking energy in
electric trains with mobile ESSs considering stochastic regenerative braking energy. Based
on the expected regenerative braking energy obtained through Monte-Carlo simulations,
the results present a 68.8% increase in regenerative braking energy utilization, while also
reducing the expected energy drawn from the substation by 22%. The research in [12] uses
a genetic algorithm with a mobile ESS to achieve a reduction in peak current values; the
results show a peak current value reduction of 63.49% and substation energy savings of
15.56%. Using a mobile ESS and dynamic programming, the paper in [13] presents results
of energy savings of up to 18.23% which is achieved by the objective function’s weighting
coefficients selection. In [14], an optimization algorithm is presented that optimizes energy
savings and increases the service life of the ESS by minimizing the number of charging
and discharging cycles during a tram drive. In [15], the research analyzes the economic
viability of ESS installation in a vehicle. Energy savings between 5.79% and 27.83% are
shown, while also showing that a 73% profit on the initial investment can be achieved over
10 years. In [16], a mixed-integer linear program is presented that takes into account various
constraints of mobile ESSs such as capacity, state of charge (SoC), and aging of the ESS;
depending on the observed case, the possibility of energy savings of up to 41.57% is shown.
A mixed-integer linear program is also used in [17] to determine the optimal dimensions of
the battery and mobile SC ESS with the aim of minimizing the long-term economic cost
due to the initial cost of installing storage, energy saving, and aging components in the
ESS. Depending on the ratio of the installed ESS dimensions, long-term energy savings
of up to 25.59% and a reduction in investment costs per kilometer of rail vehicle travel of
3.63% are shown. The hierarchical optimal energy management of regenerative braking is
presented in [18]. The algorithm enables a 10% increase in regenerative braking energy, a
10% reduction in energy losses in the system, and the potential to eliminate the braking
resistor in a rail vehicle.

Stationary ESSs are commonly located near rail stops in order to minimize energy
losses between the ESS and the rail vehicle; there is also the possibility for the stationary ESS
to fulfill the role of active power grid voltage stabilization. The dimensioning of this type of
ESS is generally designed to store a large amount of energy to cover the needs of multiple
rail vehicles, but depending on the configuration of the rail route network, it is occasionally
impossible to install a stationary ESS in an optimal location because the construction of such
ESSs is not possible at those optimal locations. In paper [19], the problem of optimally sizing
and positioning a stationary ESS is solved using a particle swarm algorithm maximizing
the ROI, as well as a reduction in the power grid’s total energy consumption. The rail
traffic schedule optimization with a stationary ESS in [20] is carried out using a genetic
algorithm, achieving an increase in energy savings of up to 17.76% depending on the
traffic density of the observed railroad in Bangkok. In the paper [21], a genetic algorithm
is used to optimize the speed profile of electric trains using wayside ESS to capture and
reuse regenerative braking energy. The speed profile optimization aims to use braking and
coasting to minimize energy consumption, taking into account the train schedule resulting
in energy saving of up to 24.5% during peak hours operation. The authors of [22] analyze
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the problem of optimal configuration of mobile and stationary ESSs with different storage
types (SC and battery) using a mixed-integer linear program, and in simulations, a 71%
reduction in the investment cost of such a regenerative braking energy storage project was
achieved. The authors of [23] present a system with two installed ESSs that implement an
exchange and storage of energy. The system consists of two power grid sectors powering
two high-speed trains, along with compensating unwanted current waveform distortions
in the three-phase power grid. A THD reduction of up to 92%, as well as a negative
sequence current reduction of nearly 98%, is achieved using the presented algorithm. The
genetic algorithm presented in [24] enables the utilization of up to 93.3% of the regenerative
braking energy generated by using an objective function whose criterion minimizes the
energy sourced from the power grid substations in conjunction with the total power grid
energy losses. In [25], the research is focused on using mixed-integer linear optimization to
increase energy savings with regenerative braking energy from stationary ESSs alongside
photovoltaic systems, which represent supplementary energy sources, in order to analyze
that system from a smart grid perspective and achieve energy savings between 16% and
35%. In [26], a strategy for transferring energy from a stationary ESS based on monitoring
the state of charge depending on the daily departure schedule of rail vehicles is presented,
showing a reduction in peak power of 16.3%.

Increasing the number of electric rail vehicles in cities appears to be a simple solution
to reduce car emissions and traffic congestion. However, adding vehicles to the daily
timetable does not necessarily go hand in hand with upgrading substations, which places
an additional burden on the city’s existing electric rail energy infrastructure. In practice, the
power grid voltage often deviates from the nominal value due to the impact accelerations
and decelerations of the rail vehicles have on the grid voltage. An additional increase in
the number of vehicles on the power grid compared to the number of vehicles for which
the power grid was originally planned can ultimately lead to power interruptions due to
overload. Overloads occur at times when a large number of vehicles are accelerating or
decelerating simultaneously in the same sector of the power grid. This can be avoided by a
carefully planned schedule of vehicle departures from stations, but it is usually only feasible
in the case of an underground transportation system that is not affected by other traffic
(pedestrian and automobile, namely). The tram transport system is subject to the stochastic
influence of other urban traffic so overloads of the power grid are sometimes unavoidable.

ESSs within the regenerative braking system of electric rail vehicles can also be used
to stabilize the voltage of the power grid and reduce its peak power, thereby minimizing
deviations in the voltage of the power grid. Stabilizing the power grid voltage is mostly the
task of stationary ESSs unless the losses in energy storage and usage are too large or it is not
possible to install the ESS in an optimal location due to lack of space in urban areas. In [27],
for example, an optimization method based on successive approximation is presented that
aims to regulate the voltage on rail vehicles while increasing energy savings in the power
grid with reversible substations and stationary ESSs. The results show a voltage deviation
reduction in the power grid from 18.5% to 44.32%. In addition, [28] presents a comparison
of the effects of the particle swarm, genetic, and the fireworks algorithm, showing that
each installation of stationary ESS provides a return of up to 188% of the initial investment
according to the simulation results.

In this paper, which is a continuation of the research from [29], a concept of stabilizing
the voltage of the tram network with the help of an ESS installed on tram vehicles, i.e.,
mobile ESSs, is presented. This concept is considered in order to further extend the role
of mobile ESSs so that they are used as active energy sources or sinks at moments when
the voltage level of the power grid changes due to the influence of other trams in the
vicinity, and not only during acceleration or braking of vehicles with an installed ESS; such
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situations happen when other vehicles do not have an installed ESS to reduce their impact
on the power grid voltage, or when the installed ESSs in other vehicles cannot be used at
that moment. Considering this approach with the research from [29] creates an opportunity
to further utilize the installed ESS when it is not used during acceleration or braking, while
using a similar approach for calculating the optimal ESS electric current waveform. This
approach also provides an innovative way of using mobile ESSs in a functionally similar
manner as stationary ESSs with regard to power grid voltage stabilization.

The chosen optimization method is based on Pontryagin’s minimum principle, which
optimizes between the minimum change in the voltage value at the pantograph and the
minimum temperature of the SC ESS, while also taking into consideration the influence
of other vehicles powered from the same power grid by measuring the voltage deviation
at the pantograph of the considered electric rail vehicle. The added benefit of extending
the installed SC ESS’s role is to further increase energy savings and act beneficially on the
power grid voltage in addition to its typical use during acceleration or braking situations
while also continuing the research from [29] by optimizing power grid voltage stability with
SC lifetime. Since the installed SC ESS can be used to mitigate the effect of other trams on
the power grid, it also leads to the opportunity to not install SC ESSs on every tram, thereby
reducing the initial capital investment. This benefit is more apparent in high-density electric
rail networks such as urban tram transportation where many trams can operate in the same
vicinity and locally stabilize the power grid voltage fluctuations in the same manner as
a stationary ESS. The high density of electric rail vehicles also minimizes the conduction
losses between them, thereby increasing energy efficiency compared to low-density rail
vehicle networks where energy savings are lost due to conduction losses between vehicles.

The electric current waveform of the mobile SC ESS is based on Pontryagin’s minimum
principle, which optimizes the minimum change in the voltage value at the pantograph
and the minimum temperature of the SC ESS, considering the influence of other vehicles
powered from the same power grid. Compared to the research presented in [29], the
criterion used in the calculation will be the integral square error of the power grid voltage
difference between the nominal and measured voltage values. In this way, a minimization
of the power grid voltage differences caused by other vehicles is achieved, as well as
a maximization of the lifetime of the SC ESS on the observed vehicle by controlling its
temperature, which has the greatest influence on the lifetime of the SC ESS [30,31]. In
contrast to [27], the obtained optimal electric current waveform is used when the vehicle is
at a standstill; the optimal current calculated in [27] is only used during acceleration and
braking, resulting in the two approaches complementing each other on a functional usage
level. Pontryagin’s minimum principle is chosen for its ability to find the optimal input
control function considering state and/or input control constraints. It is computationally
more efficient than the aforementioned genetic algorithms and linear programs since
the optimal input control function can generally be obtained analytically and does not
necessitate searching for a solution over a large function space. Another advantage is the
fact that the optimal input control function depends on the imposed system constraints,
which can change frequently in urban rail transport, so the resulting input control function
will change depending on the current system state and keep it optimal with regard to the
chosen criterion function. The resulting optimal control variable is generally dependent
on system parameters. In the case of electric rail vehicles, it is generally possible to
estimate or measure them in real time, meaning that the optimal solution can be updated
without the need for computationally expensive calculations as is the case with genetic
algorithms. Using the concept presented in [27] and the concept presented in this paper,
the combination of benefits from a mobile and a stationary ESS is achievable with respect to
regenerative braking energy storage, and subsequent reusage, as well as local power grid
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voltage stabilization while using a low computational complexity algorithm that calculates
the optimal SC current value which also maximizes the SC lifetime.

The paper is structured as follows: In Section 2 of the paper, the regenerative braking
system of the tram is presented and the mathematical models of the basic components of
this system are described. In Section 3, a calculation of the optimal current of the SC ESS
based on Pontryagin’s minimum principle is given. In Section 4, the proposed algorithm
was tested in the MATLAB/Simulink programming environment, and in Section 5, an
experimental validation was carried out with an HIL simulation experiment on a laboratory
setup to emulate the rail vehicle system, the SC ESS, and the power grid.

2. System Description and Mathematical Models
2.1. System Description

The tram on which the mobile SC ESS is installed has three drive bases, each with
two AC traction motors with a power output of 65 kW, which are fed by a DC overhead
contact line with a nominal voltage of 600 V with a tolerance of +20/−30%. When the trams
accelerate and brake on this power grid, currents of up to 1200 A occur, which significantly
affect the voltage of the power grid. Power failures of the power grid substation occur
when the voltage value is outside the tolerance range and the operation of the power grid
substation is interrupted for a short time. The voltage value of the overhead contact line can
increase above the maximum permissible value of 720 V in situations when several trams
sharply brake within a small vicinity and no other tram can use the regenerative braking
energy. For the voltage to drop below the minimum permissible value of 420 V, several
nearby trams have to accelerate at the same time causing a voltage drop; this effect is
intensified in uphill sections of the track if uphill driving trams accelerate at the same time.
The SC consists of 4 series-connected Maxwell 125 V BMOD0165 P125 C01 supercapacitors
(Maxwell, San Diego, CA, United States) with a nominal voltage of 125 V and a capacity
of 63 F. A braking resistor is also installed on the tram whose role is to dissipate braking
energy in situations when the power grid and the installed SC ESS are at capacity; the role
of the braking resistor will not be considered in this paper. Due to the limited space in the
observed tram, the installed SC occupies the remaining free space (Figure 1).
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Figure 1. Regenerative braking system with energy flows displayed: (a) during acceleration and
(b) during braking.
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Typically, the mobile SC ESS is used as an additional energy source when accelerating
the vehicle and as an energy sink when the tram is decelerating. The primary purpose of
this use of the SC ESS is to reduce the energy that the vehicle draws from the power grid.
Indirectly, this use of the SC ESS also reduces the vehicle’s influence on the power grid
voltage during acceleration and braking. However, the vehicle’s SC ESS can also be used
to reduce the effect of other vehicles on the power grid voltage values, such as vehicles
without an installed SC ESS in situations where the vehicle under consideration with the
installed SC ESS has an acceleration of zero, i.e., there is no electrical current flow in the
main drive converter. In these situations, the ESS of the considered vehicle can be used as
an additional source, or sink, to stabilize the voltage of the power grid that supplies the
fleet consisting of vehicles with and without an installed SC ESS. The stabilization of the
grid voltage can be achieved by using SC ESSs in the following ways:

• Discharging the SC of the vehicle under consideration into the grid when the voltage
of the power grid is lower than the nominal value due to acceleration or constant
speed driving of other vehicles in the grid.

• Charging the SC of the considered vehicle by drawing energy from the power grid
when the power grid voltage has a higher value than the nominal value due to the
braking of other vehicles in the grid.

The mathematical model of the system consists of three basic parts: (i) vehicle model,
(ii) power grid model, and (iii) SC electrothermal model. The direction of the energy flow
and the amount of energy in the SC are controlled by the developed control algorithm.
The bidirectional DCDC converter connecting the SC and the main drive converter is
modeled as an ideal converter since its dynamics are negligible compared to the dynamics
of the algorithm. The direction of the energy flow and the amount of energy of the SC are
controlled by the corresponding control algorithm. The complete system block model in
MATLAB/Simulink is shown in Figure 2.
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The vehicle model provides the vehicle power p using the vehicle speed v as an input
variable. The vehicle current id is calculated by dividing the provided vehicle power p
with the power grid voltage ul which is also used in the energy flow control algorithm as
an input. The algorithm controls the energy flow direction of the SC depending on the
value of the power grid voltage ul and the voltage and temperature of the SC uSC and TSC.
The output of the block that represents the algorithm is the reference current of the SC
ISCre f . The difference between the vehicle current and the SC current results in the grid
current il , which is the input for the power grid model. The input for the SC electrothermal
model is the current ISCre f , and its outputs are the instantaneous SC voltage uSC and the SC
temperature TSC.

Modeling the influence of another vehicle on the feeder network is achieved using a
delay block (Figure 3). A delay of d discrete moments, i.e., z−d, allows the simulation of
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another vehicle nearby on the same line, in this case, another vehicle driving behind the
considered vehicle. In this way, another vehicle can influence the voltage of the power grid
with its driving style, and it is possible to extend the simulation model by adding more
vehicles with the addition of different delay blocks which does not increase the complexity
of the total model and is less memory intensive, leading to faster simulation times.
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2.2. Vehicle Model

Modeling the considered tram vehicle with an installed SC ESS for simulation purposes
is achieved using the Davis formula for the total traction force of the tram Fv:

Fv = ma + Av2 + Bv + C + mgsin α, (1)

where

m—vehicle mass;
a—vehicle acceleration;
v—vehicle speed;
g—gravitational acceleration;
α—vehicle inline angle;
A, B, and C—coefficients of the Davis formula used to model every resistive force acting
on the vehicle [32].

Multiplying Equation (1) with the vehicle speed v results in the mechanical power of
the vehicle Pv which is equated to the electrical power of the vehicle:

Fv·v = ul ·id, (2)

where

ul—power grid voltage, at the catenary;
id—vehicle current.

2.3. Power Grid Model

The model of the power grid consists of a series connection of an ideal DC voltage
source UG (voltage at the output of the power substation), power grid resistance Rl , and
power grid inductance Ll . The input of the model is the power grid current il , and the
output is the power grid voltage at the catenary, ul :

ul = UG − il Rl − Ll
dil
dt

. (3)

The model does not take into account the distance of the considered vehicle from the
power substation, or the distance between the tram vehicles, as an exact parameterization
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of the power grid is not possible at this stage of the research due to the unavailability of
the necessary data for that type of model. This shortcoming certainly has an impact on
the resistance and inductance values of the catenary depending on the vehicle’s distance
from the power substation. Nevertheless, this model of the power grid can be used to draw
basic conclusions about the efficiency of the developed algorithm.

The simplified model of the power grid with two tram vehicles connected to the same
catenary line at the same time is shown in Figure 4. It was assumed that vehicle 1 has an SC
ESS, that vehicle 2 has no SC ESS installed, and that the resistance and inductance values in
the power grid model are constant.
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The currents of both vehicles in Figure 4 affect the voltage ul , which is shared by both
vehicles on the same catenary line. The power grid voltage at the contact point of the
catenary u_l ul depends on the current flowing from the substation to this catenary, i.e.,
it depends on the number of tram vehicles and their driving mode. The idea is to use the
SC ESS outside the periods of acceleration and braking of the tram vehicle on which the
SC ESS is installed in order to maintain the value of the voltage ul at the nominal value
regardless of the influence of another vehicle.

2.4. SC Electrothermal Model

The SC module electrothermal model comprises an electrical and thermal model. The
electrical model of the SC is a series RC electrical circuit with capacitance CSC and resistance
Resr; the electrical capacitance and resistance are concentrated parameters of the connected
cells within the module. This model provides the power loss Ploss and the SC voltage uSC

along with the stored energy in the SC.
Using the analogy between electrical and thermal quantities, the thermal model can

be represented by elements of electrical models, such as resistances and capacitances. The
thermal model of the SC consists of the thermal resistance Rth, thermal capacitance Cth,
ambient temperature Tamb, and current source Ploss, which represents the thermal losses
generated by the equivalent series resistance Resr from the electrical model (Figure 5).

The input variable is the SC current iSC, and its outputs are the SC voltage uSC and its
temperature TSC; their equations are described in (4) and (5):

uSC = −iSCResr −
1

CSC

∫
iSCdt, (4)
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dTSC
dt

=
1

Cth

(
Tamb − TSC

Rth
+ i2SCResr

)
. (5)
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3. Control Algorithm and Optimal SC Current Reference Calculation
3.1. Control Algorithm

The energy control algorithm must fulfill two contradictory requirements.
The first requirement is to minimize the voltage deviation of the power grid at the

catenary from its nominal value of 600 V due to the braking or acceleration of vehicles that
do not have an installed SC ESS, at moments when the observed tram vehicle with SC ESS
does not affect the power grid by its braking or acceleration (driving at constant speed or
being at a stop). It is necessary that the state of charge of the SC enables energy to be sent
to the grid or energy to be received from the grid. The maximum permissible current of
the SC can be used to charge or discharge it in order to minimize deviations from the grid
voltage as much as possible.

The second requirement, in contrast to the first, is to minimize the SC temperature,
which increases the lifetime of the SC. To meet this requirement, the SC must be charged
and discharged with as little current as possible.

The aim is to combine these two opposing requirements using Pontryagin’s minimum
principle in such a way that a tram vehicle with an SC ESS reduces the influence of other
vehicles without an SC ESS on the power grid voltage while at the same time taking into
account the preservation of the service life of its SC.

3.2. Calculation of the Optimal SC Reference Current

In this paper, Pontryagin’s minimum principle is used for the optimal SC current
calculation. The main reason for using Pontryagin’s minimum principle is that it is possible
to calculate the optimal waveform of the control variables in the general case, even in cases
where control or state variables have imposed constraints. A further benefit is that the
parameters of the system can change with time (or due to other dependencies) so that the
subsequent usage of the principle generates a new optimal control variable waveform,
taking into account changes in the parameters. A disadvantage of Pontryagin’s minimum
principle is its application in complex systems where the analytical solution is not possible
to be calculated directly. For this reason, in this paper, in order to simplify the calculation
of the optimal SC current, the regenerative braking system model is simplified as follows:
(i) the power grid is represented by an ideal power source in the model, which, together
with the SC, covers the energy demand of the vehicle at any time, and (ii) the influence of
resistance Resr on the SC voltage uSC is neglected, but its influence on the SC temperature
is taken into account. The calculation is explained in more detail in [27], with the main
difference being the use of the integral square of power grid voltage difference in the
integral part of the criterion.
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The idea is to apply a criterion function that minimizes the square of the difference
between the ideal value of the power grid voltage at the catenary Um and the actual power
grid voltage at the catenary ul , together with the final SC temperature multiplied by the
coefficient KT , in order to increase the lifetime of the SC:

J(iSC) = KTTSC(tb) +

tb∫
0

(Um − ul)
2dt. (6)

The coefficient KT is used because the value of the integral
tb∫
0
(Um − ul)

2 dt can differ

by several orders of magnitude from the final SC temperature T(tb). By choosing the
coefficient KT , the values of the temperature criterion and the voltage integral criterion
can become equal, which ensures an equal effect on both criteria or gives one criterion the
advantage over the other.

For the tram vehicle with an installed SC ESS, the state variables are as follows:

duSC
dt

≈ − 1
Csc

iSC, (7)

dTSC
dt

=
1

Cth

(
Tamb − TSC

Rth
+ i2SC·Resr

)
, (8)

ul = UG − il ·Rm − Lm
dil
dt

, (9)

il = id1 + id2 − iSC. (10)

Combining Equations (9) and (10) results in the following equation:

did1
dt

+
did2
dt

+
diSC
dt

=
1

Lm
(UG − (i d1 − iSC)Rm − ul). (11)

Taking into account that the SC is used only when the considered tram vehicle is at a
stop, or driving at a constant speed, the derivative did1

dt is equal to zero. For the second tram
vehicle, the current id2 is considered to be constant at the moment t = 0, which results in
the following:

diSC
dt

=
1

Lm
(UG − (i d1 − iSC)Rm − ul). (12)

Since iSC is the calculated control variable, it cannot be part of the differential state
equations of the system.

The Hamiltonian of the system is described as follows:

H(TSC, uSC, iSC, λ1, λ2, t) = (Um − ul)
2 + λ1

dTSC
dt

+ λ2
duSC

dt
, (13)

where λ1(t) and λ2(t) are the Lagrange multipliers of the Hamiltonian. Furthermore,
the first set of conditions that must be satisfied in the Pontryagin principle is described
as follows:

dλ1

dt
= −∂H

∂T
=

1
CthRth

λ1, (14)

dλ2

dt
= − ∂H

∂uSC
= 0, (15)

λ1(tb) =
∂K
∂T

+ qo
1 = KT + qo

1, (16)
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λ2(tb) =
∂K

∂uSC
+ qo

2 = qo
2, (17)

λ1 = C1e
t

RthCth , (18)

λ2 = C2 = qo
2. (19)

The direction of the vector qo =
[
qo

1 qo
2
]T is equal to [0 − 1 − 1]T in the case where the

SC is fully discharged or qo = [0 1]T in the case where the SC is fully charged; the vector
can be multiplied by any scalar as long as the original direction is conserved. In other cases,
qo is a null vector.

The following inequality must be satisfied as another condition of optimality in the
Pontryagin principle which ensures that the calculated SC current is always optimal:

H(To
SC, uo

SC, io
SC, λo

1, λo
2, t) ≤ H(To

SC, uo
SC, iSC, λo

1, λo
2, t), (20)

(Um − ul)
2 + λo

1
1

Cth

(
Tamb−To

SC
Rth

+ io
SC

2Resr

)
− λo

2
1

CSC
io
SC ≤

(Um − ul)
2 + λo

1
1

Cth

(
Tamb−To

SC
Rth

+ i2SCResr

)
− λo

2
1

CSC
iSC,

(21)

(Um − ul)
2 + λo

1
1

Cth

(
io
SC

2Resr

)
− λo

2
1

CSC
io
SC ≤

(Um − ul)
2 + λo

1
1

Cth

(
i2SCResr

)
− λo

2
1

CSC
iSC.

(22)

Since an optimal SC current io
SC will minimize the Hamiltionian, the last equation can

be derived with respect to io
SC and made equal to zero in order to obtain the desired SC

optimal current:

∂

∂iSC

(
(Um − ul)

2 + λo
1

1
Cth

(
Tamb − To

Rth
+ io

SC
2Resr

)
− λo

2
1

CSC
io
sC

)
= 0, (23)

2(Um − ul)(−Rm) + 2λo
1

Resr

Cth
io
SC − λo

2
1

CSC
= 0, (24)

io
SC = −

−2Rm(Um − ul)− λo
2

1
CSC

2λo
1

Resr
Cth

= −
−2Rm(Um − ul)− qo

2
1

CSC

2
(

C1e
t

RthCth

)
Resr
Cth

. (25)

The resulting optimal SC current depends on the instantaneous difference in the power
grid voltage from the ideal power grid voltage value. The SC current denominator contains

the term e
t

RthCth which will asymptotically send the value to zero as t → ∞ ; the criterion
for the final SC temperature KTTSC (tb) necessitates that the SC current is not a constant
value through time since the SC current increases the SC temperature TSC. The advantage
of having an optimal SC current in this form is that the parameter variations can be updated
through software calibrations or online parameter estimations, keeping the calculation
of io

SC simple and computationally inexpensive compared to genetic algorithms or linear
programming which would need to recalculate the optimal solution after every parameter
change. By carefully choosing the value of C1, it is also possible to scale the value of io

SC to
influence the chosen aspect of the algorithm: energy savings or SC lifetime improvement.

In order to validate the algorithm developed in this chapter, two experiments were
conducted: Firstly, MATLAB/Simulink simulation environment was used to simulate the
system offline. Secondly, an HIL laboratory setup was created to emulate the complete tram
vehicle, SC ESS, and power grid to verify the proposed algorithm’s validity in real time.
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4. Offline Simulation Experiment
4.1. Offline Simulation Model

The offline simulation experiment carried out in MATLAB/Simulink uses a model
based on previously developed mathematical models of the tram vehicle, the SC elec-
trothermal model, and the power grid model in Section 2 along with the proposed control
algorithm in Section 3.

The simulation covers one tram ride on the Zagreb tram network line no.14. The
experiment was conducted in such a way that two trams run on line no. 14: tram 1, which
has an installed SC, and tram 2, which does not have an SC and runs with a time delay
of 25 s compared to tram 1; in this way, the influence of both trams on the voltage of the
power grid at the catenary can be modeled.

Line no. 14 was selected because it includes changes in altitude, more precisely,
a significant ascent/descent on part of the route, which also affects the voltage of the
power grid at the catenary. The simulation model in MATLAB/Simulink is shown in
Figure 6. The modeling of the effects of the second tram was realized with the Transport
Delay block, which allows the selection of the signal delay. In this case, the current
of the second tram (without an installed SC) is 25 s behind the observed tram. The
second tram uses the identical speed profile of the first tram, but with a time delay, as
this approximates the driving situation of two neighboring trams in an identical traffic
situation. The considered tram speed profile used in the simulation experiment, Figure 7,
was determined by measurements during a two-day tram journey on line no. 14. The
gradients of the railway sections are marked in the figure.
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Table 1 shows the parameters for the MATLAB/Simulink simulation model.

Table 1. MATLAB/Simulink simulation parameters.

Parameter Value Parameter Value

A 17.965 Rth 0.04 ◦C/W

B 34.536 Cth 33,000 J/◦C

C 7827.249 Tamb 25 ◦C

UG 600 V uSC0 450 V

Rl 0.0387 Ω C1 12,960

Ll 0.0023 H qo
2 20

Resr 0.018 Ω KT 13,058

CSC 63 F

Parameters A, B, and C, as well as Rl , Ll , and UG, were calculated from the solution of
the optimization problem described in [14]. Parameters Resr, CSC, Rth, and Cth are from the
datasheet of the supercapacitor module Maxwell 125 V Module BMOD0165 P125 C01.

Obtaining the values of parameters C1, q0
2, and KT was achieved in the following

manner:
The tram acceleration time was chosen empirically to be tb = 10 s. After that time has

elapsed, the modeled tram current typically reaches a value of 800 A. Equating both criteria
within the criterion function J(iSC) results in the following:

KTT(tb) =

10∫
0

(Um − ul)
2dt, (26)

giving KT = 13058. Substituting this value into the following equation,

λ1(tb) = KT = C1e
1

Cth Rth
tb , (27)

results in C1 = 12960.
The value of qo

2 is calculated from the numerator of the formula for the optimal SC
current io

SC, −2Rm(Um − ul) − qo
2

1
CSC

. It is also necessary to respect the direction of qo
2,

defined in Section 3.2. In situations when the power grid voltage at the catenary has a value
lower than the ideal value, i.e., ul < Um, the objective is to discharge the SC which states
that qo

2 < 0. Discharging the SC is achieved with a positive io
SC value, which results in the

following inequality:

io
SC = −

−2Rm(Um − ul)− qo
2

1
CSC

2
(

C1e
t

RthCth

)
Resr
Cth

> 0, (28)

The denominator of Equation (29) is always positive, because the values Resr, Cth, and
C1 are always positive, meaning that the numerator must also always be a positive value,
while also satisfying the inequalities Um − ul > 0 and qo

2 < 0:

−
(
−2Rm(Um − ul)− qo

2
1

CSC

)
> 0,

−2Rm(Um − ul)− qo
2

1
CSC

< 0,qo
2 > −2RmCSC(Um − ul),

−2RmCSC(Um − ul) < qo
2 < 0.

(29)
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Since the values of Rm, CSC, and Um − ul are always positive, the expression
−2RmCSC (Um − ul) will always be negative. A similar principle can be applied for the
case when Um < ul , and the SC is charged from the power grid with the SC current io

SC < 0:

−2RmCSC(Um − ul) > qo
2 > 0. (30)

Continuing on the work presented in [33], the maximum SC charging and discharging
current’s dependence on the instantaneous SC temperature TSC is presented with the
following formula:

iSC_max = 240e
65−TSC

KSC . (31)

The parameters used for (31) are as follows: at 25 ◦C, the maximum charg-
ing/discharging current is equal to 400 A; for the maximum SC operating temperature of
65 ◦C, the charging/discharging current is set to 240 A, which corresponds to the maximum
operating current of the SC at the maximum operating temperature. The coefficient KSC

is calculated according to the following equation by setting the beforementioned values
as specified:

400 = 240e
65−25◦C

KSC = 240e
40

KSC ,

ln 400
240 = 40

KSC
,

KSC = 40
ln 400

240
= 77.999.

(32)

As described in Section 3, the algorithm works as follows: if the acceleration of the
tram with the installed SC is zero and if the power grid voltage is less than the nominal
value of 600 V, the SC is discharged into the grid, and if the power grid voltage is greater
than 600 V, the SC is charged from the grid. To avoid oscillations when switching the
algorithm on and off, the following switching limits of the algorithm were selected:

- The SC is charged when the power grid voltage at the catenary exceeds 605 V until it
drops to 601 V.

- The SC is discharged when the power grid voltage at the catenary falls below 580 V
until it exceeds 595 V.

These switch-on and switch-off limits of the algorithm were selected based on the
power grid voltage range of 420 V to 720 V. The lower limit of the mains voltage is 30%
below the nominal voltage of 600 V, while the upper limit is 20% above. It is therefore
obvious to emphasize the effect of the algorithm on voltage values above 600 V in order to
prevent potential outages of the power substation due to overloads of the power grid. The
moments of activation of the algorithm according to the specified voltage and acceleration
criteria are shown in Figure 8.

If the tram fulfills the previously defined criteria for the inclusion of the algorithm at a
certain point in time, the following conditions are checked in order to verify that the SC is
available for use:

- If the SC voltage is in the range < 250, 500 > V, enable the charging/discharging of
the SC.

- If the SC voltage is ≤ 250 V, only enable the charging of the SC.
- If the SC voltage is ≥ 500 V, only enable the discharging of the SC.

Figure 9 shows the moments during a tram drive when all conditions for switching on
the energy control algorithm of the SC are met with the parameters from Table 1, where the
moments of charging are marked with 1 and the moments of discharging with −1.
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4.2. Offline Simulation Experiment Results

The results of the system simulation with the proposed algorithm compared to the
system without the algorithm are presented below.

Figure 10 shows the effect of the algorithm on the power grid voltage at the catenary.
In the case of when the algorithm is used with the ESS, the power grid voltage values
are closer to the nominal value of 600 V. Depending on the situation, it is sometimes
not possible for the observed tram to act on the power grid network due to it not being
stationary and/or not having enough energy stored in the SC ESS, as shown in Figure 11b.
Furthermore, the calculated optimal SC current waveform has lower values than tram
currents, which can be as high as 1200 A during uphill drive; higher SC current values
increase the temperature of the SC ESS, shortening its lifetime.

The SC current waveform is shown in Figure 11a. According to the expression for the
optimal SC current from Equation (25), its value depends mainly on the voltage difference
(Um − ul), as can be seen from Figures 10 and 11: a larger voltage difference (Um − ul)

produces a larger SC current, which leads to a greater reduction in the voltage difference
under the action of the algorithm than when there is no algorithm. During the operation
of the algorithm, the increase in the criterion

∫
(Um − ul)

2dt is reduced by up to 25% in
situations where the voltage deviation of the supply network is significant, such as at the
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moment when t = 540 s (Figure 10); by comparing the voltage waveforms, the value of the
voltage deviation is reduced by 12 V.

The SC voltage waveform, which is shown in Figure 11b, shows the moments of
energy exchange with the power grid. It can be seen that the SC is almost always empty
during the ascent for two reasons:

1. The acceleration of the second tram on the incline requires more energy as gravity has
to be compensated, causing larger voltage drops and resulting in a faster discharging
of the SC.

2. Due to the influence of gravity, a smaller amount of regenerative braking energy is
available to the second tram, so less energy is available to charge the SC.

On the downhill section, it can be seen that the SC voltage of the SC increases because
the braking of the second tram on the downhill run increases the power grid voltage, which
enables more frequent charging of the SC; this manifests itself in voltage values closer to
the nominal voltage of the power grid compared to the case without the algorithm.
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The SC temperature waveform shown in Figure 12 indicates that the temperature in-
crease is minimal due to the short charging and discharging intervals. Analyzing Figure 12
alongside Figure 11 shows that the SC temperature does not increase during the uphill
drive section. This behavior is fitting since the SC voltage is very low, leaving a very small
amount of energy to be used during intervals when the power grid voltage is below the
threshold. The SC temperature changes do not significantly shorten the SC lifetime, signify-
ing that the proposed algorithm can be used alongside algorithms such as the one proposed
in [27] and increase the power grid voltage stability. The SC temperature changes can be
reduced when multiple nearby vehicles contribute to the power grid voltage stabilization.

By changing the coefficient KT , the operation of the algorithm can be manipulated,
allowing additional flexibility in the design of the regenerative braking system’s energy
flow control algorithm. Table 2 shows the influence of the coefficient KT on the maximum
temperature of the SC and on the amount of energy the SC received from the grid at times
when the power grid voltage was above 600 V.
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Table 2. Influence of KT values on the SC temperature and stored energy.

KT Maximum Temperature Total Stored Energy

1305.8 26.9 ◦C 9.67·×104 J

13, 058 25.25 ◦C 3.55· × 104 J

130, 580 25.01 ◦C 8.14· × 103 J

According to Table 2, as the value of the coefficient KT increases, the influence of the
final temperature in the criterion function of the algorithm from Equation (6) increases,
i.e., the maximum temperature of the SC decreases. An increase in the influence of the
temperature on the value of the criterion function leads to a smaller value of the optimal SC
current from (25), since KT appears in the denominator as λ1(tb). Accordingly, the energy
that the SC receives from the grid (or sends to the grid) is also reduced because the value of
the SC current is smaller. The inverse is valid when the value of the KT coefficient decreases.

The voltage stabilization benefits of the algorithm are more apparent when they
are compared to the results from [27]. The algorithm presented in [27] is also based on
Pontryagin’s minimum principle but with a focus on energy saving during regenerative
braking and its subsequent reuse during acceleration instead of voltage stabilization for the
considered vehicle. The presented algorithm aims to lessen the impact of other vehicles on
the power grid voltage, while the algorithm from [27] focuses only on the impact caused by
itself through acceleration and braking. Figure 13 shows the power grid voltage waveform
from the identical simulation environment used in this paper, but using the algorithm with
its parameters presented in [27], in a time period similar to Figure 10b.

The effect of the algorithm proposed in [27] on the power grid voltage stabilization is
beneficial since less energy is exchanged with the power grid during acceleration/braking
of the considered vehicle, but since the algorithm does not consider the instantaneous
voltage value, there are times when the algorithm is not necessarily stabilizing the power
grid voltage value, shown with the dotted vertical line in Figure 13. The algorithm presented
in this paper allows for a more focused approach to voltage stabilization compared to
the algorithm from [27] while also showing a minimal impact on SC temperature, and
consequently, SC lifetime, compared to the impact in [27], as shown in Table 3.



Energies 2025, 18, 410 19 of 25

Energies 2025, 18, x FOR PEER REVIEW 19 of 26 
 

 

temperature on the value of the criterion function leads to a smaller value of the optimal 

SC current from (25), since 𝐾𝑇 appears in the denominator as 𝜆1(𝑡𝑏). Accordingly, the 

energy that the SC receives from the grid (or sends to the grid) is also reduced because the 

value of the SC current is smaller. The inverse is valid when the value of the 𝐾𝑇 coefficient 

decreases. 

The voltage stabilization benefits of the algorithm are more apparent when they are 

compared to the results from [27]. The algorithm presented in [27] is also based on 

Pontryagin’s minimum principle but with a focus on energy saving during regenerative 

braking and its subsequent reuse during acceleration instead of voltage stabilization for 

the considered vehicle. The presented algorithm aims to lessen the impact of other vehi-

cles on the power grid voltage, while the algorithm from [27] focuses only on the impact 

caused by itself through acceleration and braking. Figure 13 shows the power grid voltage 

waveform from the identical simulation environment used in this paper, but using the 

algorithm with its parameters presented in [27], in a time period similar to Figure 10b. 

 

Figure 13. Power grid voltage waveform with and without the effect of the algorithm from [27] in a 

timescale similar to Figure 10b. 

The effect of the algorithm proposed in [27] on the power grid voltage stabilization 

is beneficial since less energy is exchanged with the power grid during acceleration/brak-

ing of the considered vehicle, but since the algorithm does not consider the instantaneous 

voltage value, there are times when the algorithm is not necessarily stabilizing the power 

grid voltage value, shown with the dotted vertical line in Figure 13. The algorithm pre-

sented in this paper allows for a more focused approach to voltage stabilization compared 

to the algorithm from [27] while also showing a minimal impact on SC temperature, and 

consequently, SC lifetime, compared to the impact in [27], as shown in Table 3. 

Table 3. Comparison of SC maximum temperature from proposed algorithm and [27]. 

𝑲𝑻 
Maximum SC Temperature  

in This Paper 

Maximum SC Temperature  

in [27] 

𝐾𝑇/10 26.9 °C 38.18 °C 

𝐾𝑇 25.25 °C 37.6 °C 

𝐾𝑇 ∙ 10 25.01 °C 35.36 °C 

Since the approach taken in this paper is to use the SC ESS when the considered ve-

hicle is stationary, it is not suitable for an equal comparison to the algorithm developed in 

Figure 13. Power grid voltage waveform with and without the effect of the algorithm from [27] in a
timescale similar to Figure 10b.

Table 3. Comparison of SC maximum temperature from proposed algorithm and [27].

KT

Maximum SC
Temperature
in This Paper

Maximum SC
Temperature

in [27]

KT/10 26.9 ◦C 38.18 ◦C

KT 25.25 ◦C 37.6 ◦C

KT ·10 25.01 ◦C 35.36 ◦C

Since the approach taken in this paper is to use the SC ESS when the considered vehicle
is stationary, it is not suitable for an equal comparison to the algorithm developed in [27],
which is only active during the acceleration and braking of the considered tram. Instead,
they complement each other’s functionality by making use of the installed SC ESS on one
vehicle both as a mobile and stationary ESS.

5. HIL Simulation Experiment
5.1. HIL Simulation Model

The real-time experimental verification of the functionality and validity of the devel-
oped algorithm is conducted using an HIL laboratory setup that emulates the tram–power
grid–SC system used (Figure 14). In this way, the validity and functionality of the algorithm
can be verified in real time without the need for testing on the real tram which achieves the
physical safety of the considered tram and financial savings in the algorithm testing phase.

The previously developed mathematical models of the tram, the power grid, and the
control algorithm are implemented in the Typhoon HIL 402 real-time simulation program-
ming environment (Figure 15). The physical implementation of the calculated quantities is
achieved with the Danfoss FC302 converter (Figure 14). This configuration enables each
branch of the converter to act as a bidirectional DC/DC converter and, together with the
associated inductor and the ESS, emulates a component of the real physical system. The
converter phase connected to the Maxwell BMOD0083 P048 B01 (48 V, 83 F) supercapacitor
represents the bidirectional DCDC converter and the SC; the other branches emulate the
tram vehicle and the power grid connected to the LiFePO4 batteries (36 V, 12 Ah). The



Energies 2025, 18, 410 20 of 25

calculated values in the Typhoon HIL real-time simulator generate a 10 kHz PWM signal
that controls the switches in each phase of the Danfoss FC302 converter (Danfoss, Nordborg,
Denmark). The real-time closed-loop control of each phase’s current and voltage is enabled
through real-time current and voltage measurements.
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For the experiment, a scaling of the values of the voltage, current, and power of
the real system is conducted in order to not exceed the recommended maximum values
for the LiFePO4 batteries, Maxwell supercapacitor, and the Danfoss FC 302 converter.
Since the maximum continuous charging current of the batteries is 4 A, the maximum
current value flowing through each converter phase was scaled down from 1000 A to
4 A. The supercapacitors and batteries used in the experiment are oversized, meaning
that the voltage waveforms have a very slow dynamic compared to their real counterpart,
consequently disabling the ability for voltage control. This is why this HIL experiment
is only conducted on the basis of the calculated currents and voltages of the SC; the tram
and the power grid currents are set as reference values within the model in order for the
control algorithm’s calculations along with the coefficient of the algorithm. The lack of
emulated voltage control does not impact the validity of the results since the measurements
of electric currents are used as inputs to the model within the HIL simulation environment,
thus calculating the power grid and tram voltages necessary for the functioning of the
control algorithm.
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C1−HIL, qo
2−HIL, and KT−HIL have the same values as their offline MATLAB simulation

counterpart. The actual setup is shown in Figure 16 and Table 4 contains the HIL simulation
parameters.

Energies 2025, 18, x FOR PEER REVIEW 21 of 26 
 

 

Figure 15. Simulation model within the Typhoon HIL programming environment. 

For the experiment, a scaling of the values of the voltage, current, and power of the 

real system is conducted in order to not exceed the recommended maximum values for 

the LiFePO4 batteries, Maxwell supercapacitor, and the Danfoss FC 302 converter. Since 

the maximum continuous charging current of the batteries is 4 A, the maximum current 

value flowing through each converter phase was scaled down from 1000 A to 4 A. The 

supercapacitors and batteries used in the experiment are oversized, meaning that the volt-

age waveforms have a very slow dynamic compared to their real counterpart, conse-

quently disabling the ability for voltage control. This is why this HIL experiment is only 

conducted on the basis of the calculated currents and voltages of the SC; the tram and the 

power grid currents are set as reference values within the model in order for the control 

algorithm’s calculations along with the coefficient of the algorithm. The lack of emulated 

voltage control does not impact the validity of the results since the measurements of elec-

tric currents are used as inputs to the model within the HIL simulation environment, thus 

calculating the power grid and tram voltages necessary for the functioning of the control 

algorithm. 

𝐶1−𝐻𝐼𝐿, 𝑞2−𝐻𝐼𝐿
𝑜 , and 𝐾𝑇−𝐻𝐼𝐿 have the same values as their offline MATLAB simulation 

counterpart. The actual setup is shown in Figure 16 and Table 4 contains the HIL simula-

tion parameters. 

 

Figure 16. HIL simulation emulation setup: 1—autotransformer; 2—Danfoss FC302 converter; 3—

Typhoon HIL 402; 4, 5—LiFePO4 batteries; 6—Maxwell BMOD0083 P048 B01 supercapacitor; 7—

Fluke multimeter. 

Table 4. HIL simulation parameters. 

Parameter Value Parameter Value 

𝐶𝑆𝐶−𝐻𝐼𝐿 83 F 𝑅𝑡ℎ−𝐻𝐼𝐿 0.04 °C/W 

𝐶𝐵𝑎𝑡−𝐻𝐼𝐿 12 Ah 𝐶𝑡ℎ−𝐻𝐼𝐿 7700 J/°C 

𝑈𝑆𝐶−𝐻𝐼𝐿 48 V 𝑇𝑎𝑚𝑏−𝐻𝐼𝐿 25 °C 

𝑈𝐵𝑎𝑡−𝐻𝐼𝐿 36 V 𝑢𝑆𝐶0−𝐻𝐼𝐿 33 V 

𝑅𝑙−𝐻𝐼𝐿  0.0387 Ω 𝐶1−𝐻𝐼𝐿 12,960 

𝐿𝑙−𝐻𝐼𝐿 0.0023 H 𝑞2−𝐻𝐼𝐿
𝑜  20 

𝑅𝑒𝑠𝑟−𝐻𝐼𝐿 0.018 Ω 𝐾𝑇−𝐻𝐼𝐿 13,058 

𝑓𝑆𝑊 10 kHz   

Figure 16. HIL simulation emulation setup: 1—autotransformer; 2—Danfoss FC302 converter;
3—Typhoon HIL 402; 4, 5—LiFePO4 batteries; 6—Maxwell BMOD0083 P048 B01 supercapacitor;
7—Fluke multimeter.

Table 4. HIL simulation parameters.

Parameter Value Parameter Value

CSC−HIL 83 F Rth−HIL 0.04 ◦C/W

CBat−HIL 12 Ah Cth−HIL 7700 J/◦C

USC−HIL 48 V Tamb−HIL 25 ◦C

UBat−HIL 36 V uSC0−HIL 33 V

Rl−HIL 0.0387 Ω C1−HIL 12,960

Ll−HIL 0.0023 H qo
2−HIL 20

Resr−HIL 0.018 Ω KT−HIL 13,058

fSW 10 kHz

5.2. HIL Simulation Experiment Results

The experiment was carried out on the basis of the speed profile described in Sec-
tion 4.1. Real-time measurements of the currents in the SC and in the tram were carried
out on the laboratory model and the denormalized results were compared with the offline
simulation results from Section 4.1 (Figures 17 and 18).

These experimental results demonstrate the feasibility of the energy storage system
for regenerative braking of a rail vehicle using the SC ESS with the proposed energy flow
control algorithm. The results obtained from the HIL experiment show the validity of
using the presented algorithm in an SC ESS. This creates the basis for a prototype with real
electric power values to be used in a rail vehicle and eventually put into production.
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6. Conclusions
This paper presents a regenerative braking energy flow control algorithm designed for

power grid voltage stabilization in tram vehicles with a mobile supercapacitor ESS. This
concept of power grid voltage stabilization takes place at times when other vehicles in the
vicinity have a negative influence on the power grid voltage value, the acceleration of the
considered tram is zero, and the SC is able to exchange energy with the power grid. The
SC receives energy from the grid when other vehicles in the vicinity increase the voltage
of the power grid by braking and releases energy to the grid when other vehicles reduce
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the voltage of the power grid by accelerating, thereby stabilizing the power grid voltage
fluctuations caused by other vehicles. The developed algorithm calculates the optimal
waveform of the SC current based on Pontryagin’s minimum principle, minimizing the
difference between the instantaneous value and the ideal voltage value of the power grid,
but also minimizing the final temperature of the SC to maximize the lifetime of the SC.
The algorithm was tested with an offline simulation experiment in the MATLAB/Simulink
programming environment and then experimentally validated with an HIL simulation
experiment on the Typhoon HIL402 device using an emulation laboratory setup. It is shown
that the proposed algorithm within the tram regenerative braking system successfully
reduces the influence of other vehicles on the power grid voltage; it shows a reduction of
up to 25% in the amount of the criterion function during a trip and a reduction of up to
17.6% in the voltage deviation of the power grid by using one SC ESS on one vehicle. It
was also shown that 8.14· × 103 J of energy can be saved during a journey on the line under
consideration. The amount of energy saved depends on the choice of the coefficient KT ,
which can be used to emphasize the influence of the algorithm on the total energy saved
or on the final temperature, which has a direct impact on the lifetime of the SC. The SC
temperature changes during the algorithm’s operation are minimal, indicating that the
algorithm is suited to be used in conjunction with algorithms that operate only during
acceleration and braking. The simulation results obtained form the basis for continuing
the research, i.e., future work involves testing the effectiveness of the proposed algorithm
under real conditions on a tram.
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Nomenclature
The used nomenclature is listed by order of appearance, as follows:

ESS Energy storage system J(·) Criterion function
SC Supercapacitor KT Temperature criterion scaling coefficient
HIL Hardware in the loop H Hamiltonian
v(t) ≡ v Tram speed (·)o Optimal value
p(t) ≡ p Tram power λ(t) ≡ λ Lagrange multiplier
ul(t) ≡ ul Grid voltage qo Normal cone vector
id(t) ≡ id Tram current C1 Differential equation coefficient
uSC(t) ≡ uSC SC voltage io

SC(t) ≡ io
SC Optimal SC current

TSC(t) ≡ TSC SC temperature KSC SC current scaling coefficient
ISCref (t) ≡ ISCre f SC reference current CSC−HIL HIL simulation SC capacitance
il(t) ≡ il Grid current CBat−HIL HIL simulation battery capacity
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Fv(t) ≡ Fv Total traction force USC−HIL HIL simulation SC nominal voltage
m Tram mass UBat−HIL HIL simulation battery nominal voltage
a(t) ≡ a Tram acceleration Rl−HIL HIL simulation grid resistance
g Gravitational constant Ll−HIL HIL simulation grid inductance
α(t) ≡ α Track inclination Resr−HIL HIL simulation SC equivalent series resistance
A, B, C Davis formula coefficient fSW HIL simulation switching frequency
UG DC voltage source value Rth−HIL HIL simulation SC thermal resistance
Rl Grid resistance Cth−HIL HIL simulation SC thermal capacitance
Ll Grid inductance Tamb−HIL HIL simulation ambient temperature
CSC SC capacitance uSC0−HIL HIL simulation SC operating voltage
Resr SC equivalent series resistance
Cth SC thermal capacitance
Rth SC thermal resistance
Tamb Ambient temperature
Ploss(t) ≡ Ploss SC heat loss
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