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Abstract:



The connection between PEM fuel cells and common DC-DC converters is examined. The analysis is model-based and done for boost, buck and buck-boost converters. In a first step, the effect of the converter ripples upon the PEM fuel cell is shown. They introduce oscillations in the fuel cell. Their appearance is explained, discussed and possibilities for their suppression are given. After that, the overall behaviors of the coupled fuel cell-converter systems are analyzed. It is shown, that neither stationary multiplicities nor oscillations can be introduced by the couplings and therefore separate control approaches for both the PEMFC and the DC-DC converters are applicable.
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1. Introduction


Fuel cells are a promising technology for electrical power generation. They are able to convert chemical energy directly into electrical energy, avoiding an intermediate step of producing mechanical energy. Therefore, the electrical efficiency of fuel cells is considerably higher than that of most conventional processes for electrical power generation. For mobile applications, Polymer-Electrolyte-Membrane fuel cells (PEMFCs) are most suitable. These cells can be characterized by a high power density, an easy production, a low-temperature operation and a fast response to load changes.



A fuel cell is electrically connected to its load via a power conditioning unit (PCU) [1]. This is done for the purpose of power transfer and power conversion. A PCU is generally made up from storage units and/or conversion units and is typically designed and operated according to requirements and characteristics of the load. While storage units buffer electrical energy, conversion units or converters are used to adapt the DC electricity from the fuel cell to the load’s demands. Two types of converters are suitable in fuel cell operation: DC-DC and DC-AC converters.



If a fuel cell is connected to a load via a PCU a complex dynamic system is created. Such a connection might lead to phenomena like multiplicities or oscillations, which are not present in the single systems. These phenomena can contribute to the performance of the whole system either in a positive or in a negative way. Therefore, a detailed investigation of the coupling is necessary to adapt and improve the design and operation of the whole system, especially if the original design was based on single separate subsystems. The coupling behavior of PEMFCs and PCUs is a current field of research. First results have been obtained for the coupling of PEMFCs and DC-AC converters [1,2,3]. The coupling of these systems leads to a ripple in the fuel cell current at a frequency that is twice the output frequency of the converter. This effect was analyzed in [1,2,3] and may contribute to fuel cell degradation. In [4] the control of a PEMFC connected to a buck-boost converter was investigated. The emphasis was on converter control and the coupling phenomena were hardly considered. This work tries to extend the results in literature by analyzing the coupling phenomena between PEMFCs and DC-DC converters.



The contribution is divided in 5 sections. In the next section the used PEMFC model is presented. After that the DC-DC converter models are stated. In the following section the results of the analysis are shown. The contribution ends with a conclusion.




2. Modeling of the PEM fuel cell


In this contribution we use a dynamic, lumped one-phase fuel cell model. The main model characteristics are:

	
It is assumed that there is no liquid water in the gas bulks and the diffusion layers.



	
Only the cathode of the fuel cell is considered. The anodic reaction is assumed to be in equilibrium and the anodic overpotential is equal to zero.



	
The cathodic gas bulk and gas diffusion layer are modeled as one perfectly mixed phase (Figure 1).


Figure 1. Modeling approach for the PEM fuel cell.
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The cathodic catalyst layer and the membrane are modeled by the equivalent electrical circuit in Figure 1, as was suggested in [5].



	
The dynamic behavior of the membrane’s water household is neglected.



	
The model is isothermal and the gas phases are isobaric and behave like an ideal gases.



	
The Tafel approach is used for the cathode kinetics.





In the following the model equations are presented. For a derivation of the model equations please see Appendix A. The appearing quantities and their values and units are listed in the nomenclature at the end of this article. The parameters for the fuel cell model are mainly taken from [6], while the parameters for


the DC-DC converters are chosen according to guidelines in [7,8]. First of all, the dynamic equations of the model are specified:


[image: there is no content]x˙o2=-q^(1+[image: there is no content])[image: there is no content]+([image: there is no content]-[image: there is no content])[image: there is no content],



(1)






[image: there is no content]x˙h2o=q^(2-[image: there is no content])[image: there is no content]+([image: there is no content]-[image: there is no content])[image: there is no content],



(2)






[image: there is no content]η˙c=[image: there is no content]-[image: there is no content]with[image: there is no content]:=[image: there is no content][image: there is no content]exp(-[image: there is no content][image: there is no content])



(3)






andq^:=[image: there is no content]/2[image: there is no content]nF,[image: there is no content]:=(1-α)nF/RΘ.



(4)




The differential Equations (1) and (2) are used to calculate the content of oxygen [image: there is no content] and water vapor [image: there is no content] in the PEMFC. The symbol [image: there is no content] denotes the overpotential at the cathodic catalyst and is calculated from Eqn. (3). The electrical current density in the fuel cell is given by [image: there is no content]. [image: there is no content] describes the volume flow rate of humidified air that enters the cell. The other terms are constant model parameters. An additional algebraic equation is used to calculate the cell voltage [image: there is no content]:


[image: there is no content]=[image: there is no content]+[image: there is no content]-[image: there is no content]([image: there is no content])[image: there is no content].



(5)




Equation (5) includes activation losses of the catalyst via [image: there is no content] and ohmic losses in the cell voltage via the resistance [image: there is no content] of the membrane for proton transport. The membrane’s resistance is calculated from its proton conductivity [image: there is no content]: [image: there is no content]([image: there is no content]):=[image: there is no content]/[image: there is no content]([image: there is no content]) where the following dependency from [9] is used:


[image: there is no content]([image: there is no content])=[image: there is no content]exp(14([image: there is no content][image: there is no content]/[image: there is no content])[image: there is no content]).








In summary, the fuel cell model is made up by a system of 3 nonlinear ordinary differential equations and an additional algebraic equation. The PEMFC model is operated at one-phase conditions with respect to the water household and at a common operating temperature of [image: there is no content] [10]. It is fed with air and will be operated in rheostatic mode due to the coupling with the DC-DC converters. Although this fuel cell model is relatively simple and consists only of a single cell with a cross-sectional area of one square centimeter [6,11], the modeling approach is complex enough to analyze and outline the essential qualitative effects due to the coupling between one-phase or two-phase PEM fuel cells and DC-DC converters as we will show during the analysis.




3. Modeling of the DC-DC converters


The purpose of DC-DC converters is the transformation of direct electricity. They are built up from power electronic devices and operated as switched systems. Due to the switched operation the output quantities of these systems show an unavoidable ripple which should be small. Three DC-DC converters are considered in this contribution: boost, buck and buck-boost converter [7]. The converters are assumed to be lossless and are modeled with resistive loads. In order to examine the coupling effects between PEMFC and converters due to switching, the DC-DC converters are modeled via switched differential equations. In the case of the boost converter (Figure 2) they read:


LI˙l=[image: there is no content]-(1-s)[image: there is no content]



(6)






CU˙c=(1-s)[image: there is no content]-[image: there is no content]/[image: there is no content]



(7)




where [image: there is no content] is the inductor current, [image: there is no content] the capacitor voltage and s is the switching function shown in Figure 3.


The load resistance [image: there is no content] is assumed to be constant over one switching period T. Note that the input current of the converter, denoted with [image: there is no content] is equal to the inductor current: [image: there is no content]=[image: there is no content]. Another widely used


DC-DC converter is the buck converter (Figure 4). It can be modeled with the following equations:


LI˙l=s[image: there is no content]-[image: there is no content]



(8)






CU˙c=[image: there is no content]-[image: there is no content]/[image: there is no content]



(9)




where [image: there is no content] is denotes the converter’s inductor current and [image: there is no content] its capacitor voltage. The switching function s is the same as for the boost converter (Figure 3). The input current [image: there is no content] to the converter in this case is equal to: [image: there is no content]=s[image: there is no content]. The buck-boost converter (Figure 5) is the last considered converter and can also be


modeled by switched differential equations:


LI˙l=s[image: there is no content]+(1-s)[image: there is no content]



(10)






CU˙c=-(1-s)[image: there is no content]-[image: there is no content]/[image: there is no content].



(11)




Again, the inductor current of the converter is denoted by [image: there is no content], the capacitor voltage by [image: there is no content] and the switching function s is given by Figure 3. For the input current [image: there is no content] the same statement as for the buck converter is true: [image: there is no content]=s[image: there is no content].


Figure 2. Lossless boost converter with resistive load.
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Figure 3. Duty cycle of the DC-DC converters.
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Figure 4. Lossless buck converter with resistive load.
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Figure 5. Lossless buck-boost converter with resistive load.
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DC-DC converters can also be described by averaged model equations [7] if the intrinsic ripple is negligible. The structure of these equations is the same as for the switched models, only the time-dependent quantities are substituted with their averaged counterparts, where the average is taken over one duty cycle T, i.e.


a(t0),[image: there is no content](t0),[image: there is no content](t0),U¯e(t0):=1T∫t0t0+Ts(t),[image: there is no content](t),[image: there is no content](t),[image: there is no content](t)dt



(12)




and the input current [image: there is no content] is also integrated to be [image: there is no content] for the boost and I¯e(t0)=a(t0)[image: there is no content](t0) for the buck and buck-boost converter. The averaged model equations allow a simple characterization of the specified DC-DC converters in terms of their input/output behavior. In Figure 6a the stationary output voltages [image: there is no content] of the three converters are shown. One can see, that a boost (buck) converter can be used to produce an output voltage [image: there is no content] that is greater (smaller) in magnitude than the input voltage [image: there is no content]. The buck-boost converter is a mixed form and is used to invert the output voltage [image: there is no content] and decrease or increase its magnitude with respect to the input voltage [image: there is no content]. In Figure 6b the stationary input resistances of the converters [image: there is no content] are depicted.


Figure 6. Stationary and averaged output voltages [image: there is no content] (a)and input resistances [image: there is no content] (b) of boost, buck and buck-boost converters with respect to their duty ratio a.
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4. Interconnection analysis of PEMFC and DC-DC converters


In this section the connection between PEMFC and DC-DC converters is analyzed. First of all, the coupling conditions are specified. For the coupling between the PEM fuel cell (Eqns. (1-5)) and the converters (Eqns. (6-11)) the following conditions apply:


[image: there is no content]≜[image: there is no content]and[image: there is no content]≜[image: there is no content]/[image: there is no content].



(13)




With the above equation the fuel cell and the converters are connected and a feedback of the converter’s input current [image: there is no content] to itself via the cell voltage [image: there is no content] (Eqn. (5)) is established. It is the aim of this contribution to analyze the effect and extent of this feedback. This is done for each connection in three steps. In a first step, the effect of the converter ripple upon the PEMFC is shown and explained, while in the second step the found effect is discussed. Finally, the overall behavior of the connected PEMFC - converter system is examined in order to check for the appearance of stationary multiplicities and oscillations due to the coupling.



4.1. PEMFC and Boost-converter


In this section the coupling between the PEMFC and the boost converter is examined.



Effect of the converter ripple upon the PEMFC In a first step the effect of the converter ripple upon the PEMFC is shown. For this purpose the PEMFC (Eqns. (1-3)) and the boost converter model (Eqns. (6,7)) are coupled via Eqn. (13) and form a system of switched differential equations. This system is dynamically simulated using step changes of the load resistance [image: there is no content] depicted in Figure 7. The converter’s duty ratio a is set to [image: there is no content] and the other model parameters are kept constant at their nominal values. Three simulations [image: there is no content] are performed with the same initial value [image: there is no content]. In simulation I the load resistance is kept constant at [image: there is no content] whereas in simulations [image: there is no content] and [image: there is no content] the load is stepped to RL[image: there is no content] and RL[image: there is no content] respectively.


Figure 7. Time plot of load resistance [image: there is no content] and stationary voltage-current profile of the PEM fuel cell with assigned operating points.
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The simulation scenario can be further illustrated with the stationary voltage-current profile of the PEMFC together with the considered operating points [image: there is no content], OP[image: there is no content] and OP[image: there is no content] shown inside of Figure 7. The operating points are determined by the load resistance [image: there is no content]. A relationship between [image: there is no content] and [image: there is no content] can be derived from the averaged version of the boost converter model in Eqns. (6,7):


LI¯˙l(t0)=U¯e(t0)-(1-a(t0))[image: there is no content](t0)CU¯˙c(t0)=(1-a(t0))[image: there is no content](t0)-[image: there is no content](t0)/[image: there is no content]








For the stationary operation of the converter one obtains: U¯e=(1-a)[image: there is no content] and [image: there is no content]=[image: there is no content]/(1-a)[image: there is no content]. The average input resistance of the boost converter is given by [image: there is no content]=U¯e/I¯e and with the dependency [image: there is no content] one obtains from the previous statements [image: there is no content]=[image: there is no content](1-a)2.



The simulation results are shown in Figure 8 and Figure 9. The diagrams are split into two parts. The first part shows the time plots from the simulation start to the settlement of the electrical transients of the coupled system. The second part shows stationary simulations after the transients for mass transport of oxygen and water vapor have settled. It can be seen, that during simulations I and [image: there is no content] no significant impact from the PEMFC to the boost converter or vice versa can be found. After the applied step the simulation settles and finally reaches a steady state. The oscillations of the quantities are small and can be neglected. In contrast, if simulation [image: there is no content] is considered a clear interaction of PEMFC and converter can be observed. The overpotential [image: there is no content] and the cell voltage [image: there is no content] in Figure 8 show relatively large oscillations compared to the cases I, [image: there is no content]. The oscillations are present immediately after the applied step and also at steady state. This is not the case for the converter input current [image: there is no content] and the capacitor voltage [image: there is no content] in Figure 9. Both of them show only small oscillations in case [image: there is no content], similar to the simulation cases I and [image: there is no content]. The given interaction is therefore one-sided in direction from boost converter to PEMFC and is located at small cell currents in the activation polarization region of the fuel cell (Figure 7).


Figure 8. a) Step response of overpotential [image: there is no content] and b) cell (=converter input) voltage [image: there is no content].



[image: Energies 02 00071 g008]





Figure 9. a) Step response of converter input (=inductor) current [image: there is no content] and b) capacitor (=converter output) voltage [image: there is no content].



[image: Energies 02 00071 g009]






The reason for this interaction can be found from the model equation of the overpotential in Eqn. (3). A linearization of this equation at an averaged and stationary operating point (x¯o2s,x¯h2os,η¯cs,I¯es,U¯cs) of




the coupled system leads to


[image: there is no content][image: there is no content]I¯es/[image: there is no content]︸τ:=δη˙c+δ[image: there is no content]=-δ[image: there is no content][image: there is no content]I¯es



(14)






withI¯es=[image: there is no content][image: there is no content]x¯o2sexp(-[image: there is no content]η¯cs)



(15)




where δ[image: there is no content] and δ[image: there is no content] are the variations of the overpotential and the converter input current around the operating point respectively. It is assumed, that the variation of the oxygen content [image: there is no content] due to the converter switching can be neglected. The variation δ[image: there is no content] of the converter input current is considered as an input quantity in Eqn. (14), which is independent from δ[image: there is no content] because of the observed one-sided interaction from converter to PEMFC. Equation (14) is therefore a linear ordinary differential equation of first order with constant coefficients whose transient behavior is determined by its time constant τ. If the time constant τ is small compared to the given time interval of the duty cycle T then the variation δ[image: there is no content] can approximately be calculated by


δ[image: there is no content]≈-1[image: there is no content]I¯esδ[image: there is no content]=-∂(-η¯cs)∂I¯esδ[image: there is no content].



(16)




This relationship is determined from the Tafel kinetic in Eqn. (15) where ∂(-η¯cs)/∂I¯es is the sensitivity of the overpotential -η¯cs with respect to the cell current I¯es. It can be seen, that the sensitivity increases with decreasing cell current. If the variation δ[image: there is no content] does not change very much at different cell currents I¯es, the change of variation δ[image: there is no content] can approximately be determined by the changed sensitivity. This is the case for the three simulation experiments above. The oscillations ΔIei,i=I,II,III in the cell current (Figure 9a) are nearly the same for all three simulation cases, but the average values are clearly different. For simulation case [image: there is no content] the average cell current is the smallest resulting in the largest sensitivity of the three cases. The large oscillations in the overpotential for case [image: there is no content] (Figure 8a) are the consequence. In Figure 10 the above statements are illustrated. The Tafel equation (15), the oscillation amplitudes of the cell current ΔIei (Figure 9a) and the corresponding amplitudes of the overpotential Δηci (Figure 8a) are shown for the three simulation cases I, [image: there is no content] and [image: there is no content].


Figure 10. Tafel equation for simulation cases I, [image: there is no content] and [image: there is no content].
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We have seen, that the reason for the large oscillation Δηc[image: there is no content] is a too small time constant τ with respect to the duty period T. From Eqn. (14) we can see, that the time constant τ is proportional to the double layer capacitance [image: there is no content] and (with Eqn. (16)) to the sensitivity ∂(-η¯cs)/∂I¯es. The sensitivity in simulation [image: there is no content] is the largest, so the double layer capacitance [image: there is no content] of the fuel cell is responsible for the small τ. Therefore, the oscillations in the activation polarization region of the PEMFC in [image: there is no content] are caused by an insufficient adaption of the double layer capacitance [image: there is no content] and the duty period T to each other.



Discussion of the effect We have shown and explained in the previous section that the converter ripple introduces oscillations in the activation polarization region of the fuel cell. This statement is true for the used double layer capacitance [image: there is no content] and duty period T, but it is also in general valid as long as the ratio between [image: there is no content] and T is less or equal to the given one. This means for example, that we cannot increase T in order to decrease switching losses in the boost converter, because this will result in larger oscillations in the fuel cell. This also means for example, that if the fuel cell owns a larger double layer capacitance [image: there is no content] and we use the same duty period T the oscillations will vanish. If we increase the duty period T (and


the boost converter’s inductivity L, capacitance C to stay at the same ripple in the output voltage [image: there is no content]) the oscillations will reoccur.



The impact of converter introduced oscillations in the overpotential is currently under research and up to now it is not clear, if they lead to cell degradation, as long as no reactant depletion appears [12]. Anyway, in order to avoid oscillations in the fuel cell we have to take suitable measures which are presented in the following. For the above simulations we used a small double layer capacitance in the order of magnitude as in [13,14]. In other publications like in [15,16] a larger double layer capacitance in the PEMFC is observed. For the latter case, the oscillations in the fuel cell vanish for the given duty period and no further effort has to be taken to avoid them. In the first case there are two simple possibilities to avoid oscillations. The first is to decrease the duty period T. This has a smaller variation Δ[image: there is no content] of the cell current and a larger impact of the time constant τ within the time interval T as a consequence, but can also lead to larger switching losses in the converter. The second alternative is to increase the double layer capacitance [image: there is no content] of the PEMFC and therefore the time constant τ. The first point can be achieved via the control of the boost converter. After the boost converter has been designed [7] and the duty period T has been adjusted to meet the boost converter’s requirements, a minimal cell current I¯es,min≤I¯es has to be specified. This puts an upper bound on the sensitivity in Eqn. (16). If the double layer capacitance and all other necessary parameters are roughly known then the relevant time constant [image: there is no content][image: there is no content]/[image: there is no content]I¯es,min can be estimated. If T≫[image: there is no content][image: there is no content]/[image: there is no content]I¯es,min oscillations are expected to appear if the fuel cell is operated in the activation polarization region. In order to avoid these oscillations the duty period T can be decreased, e.g. T≤[image: there is no content][image: there is no content]/[image: there is no content]I¯es,min. The second possibility can be implemented for example by inserting a capacitor between PEMFC and boost converter. This leads to an increased double layer capacitance as is shown in appendix B.



Overall behavior of the coupled system With the above suggestions the impact of the converter ripple can be suppressed and we can describe the connection between the PEMFC and the boost converter with averaged model equations and check the overall behavior of this coupled system for the occurrence of stationary multiplicities and oscillations.



At first, we consider the stationary operation of PEMFC and boost converter. Therefore, the stationary and averaged relationship in Figure 6 for the boost converter is valid. Due to the coupling in Eqn. (13) the input resistance of the converter [image: there is no content] serves as load resistance of the PEMFC V¯cell/I¯cell=U¯e[image: there is no content]/I¯e=[image: there is no content][image: there is no content] and forces a rheostatic operation of the cell. Moreover, the mapping between the converter’s input resistance [image: there is no content] and the load resistance [image: there is no content] is unique as is indicated in Figure 6b. Therefore, no further stationary multiplicities are added by the coupling PEMFC and boost converter to the ones that are already present in a rheostatic operated PEM fuel cell [17,18,19].



However, oscillations induced by the coupling are still possible. They appear if a Hopf bifurcation occurs due to the coupling. A Hopf bifurcation appears in a nonlinear system [image: there is no content] if a pure imaginary pair of eigenvalues of the Jacobian matrix [image: there is no content], evaluated at the steady state [image: there is no content] arises at the parameter [image: there is no content]. Therefore, in order to search for the onset of oscillations, we have to check the Jacobian matrix of the coupled system. For this purpose we start with the following averaged model of PEMFC and boost converter:


[image: there is no content]x¯˙o2=-q^(1+[image: there is no content])i¯r+([image: there is no content]-[image: there is no content])[image: there is no content],



(17)






[image: there is no content]x¯˙h2o=q^(2-x¯h2o)i¯r+([image: there is no content]-x¯h2o)[image: there is no content],



(18)






[image: there is no content]η¯˙c=i¯r-[image: there is no content]/[image: there is no content]withi¯r=[image: there is no content][image: there is no content]exp(-[image: there is no content]η¯c),



(19)






LI¯˙l=[image: there is no content]+η¯c-[image: there is no content](x¯h2o)[image: there is no content]/[image: there is no content]-(1-a)[image: there is no content],



(20)






CU¯˙c=(1-a)[image: there is no content]-[image: there is no content]/[image: there is no content].



(21)




It is derived by coupling Eqns. (1-7) using Eqn. (13) and averaging, like in Eqn. (12), the resulting model over one duty cycle. For this purpose it is assumed that the states [image: there is no content],[image: there is no content],[image: there is no content],[image: there is no content],[image: there is no content] are approximately constant during one duty cycle. This is a valid assumption due to the negligible impact of the converter ripple.



The above system of equations includes averaged model equations for oxygen and water transport (Eqn. (17,18)). This mass transport typically shows transient times in the order of magnitude of seconds while the resonant behavior of the converter is in the order of magnitude of milli seconds and smaller. Due to this we consider the mass transport Eqns. (17,18) as static and use only the equations (19-21) to search for the appearance of a Hopf bifurcation.



The first step in order to detect a Hopf bifurcation is the calculation of the Jacobian matrix. If we calculate the Jacobian matrix of equations (19-21) at the steady state [image: there is no content] we get


[image: there is no content]:=-b11-b120b21-b22-b230b32-b33=-[image: there is no content]I¯lss/[image: there is no content][image: there is no content]-1/[image: there is no content][image: there is no content]01/L-[image: there is no content](x¯h2oss)/[image: there is no content]L-(1-[image: there is no content])/L0(1-[image: there is no content])/C-1/RLssC.



(22)




The duty ratio [image: there is no content] of the boost converter is typically between 0≤[image: there is no content]<1 and therefore, the coefficients [image: there is no content] of [image: there is no content] are always greater than zero. In the next step we have to check the location of the eigenvalues of the Jacobian matrix [image: there is no content]. The eigenvalues of [image: there is no content] are the roots of the characteristic polynomial P(λ)=det(λI-[image: there is no content]) which is given by


P(λ)=λ3+[image: there is no content]λ2+[image: there is no content]λ+[image: there is no content]



(23)






with[image: there is no content]:=b11+b22+b33,



(24)






[image: there is no content]:=b11b22+b11b33+b22b33+b23b32+b12b21,



(25)






[image: there is no content]:=b11b22b33+b11b32b23+b21b12b33.



(26)




The location of the roots of [image: there is no content] can be determined with the criterion of LIÉNARD-CHIPART [20]. The polynomial has only roots with negative real parts if the following necessary and sufficient conditions are fulfilled: [image: there is no content]>0,[image: there is no content]>0 and [image: there is no content][image: there is no content]-[image: there is no content]>0. The first two conditions are fulfilled through Eqns. (24,26), because the coefficients [image: there is no content], [image: there is no content] and [image: there is no content] of the polynomial are always positive. The third condition is also fulfilled, because of


[image: there is no content][image: there is no content]-[image: there is no content]=b112b22+b112b33+b11b12b21+b11b222+b11b22b33+b222b33+(27)b22b23b32+b12b21b22+b11b22b33+b11b332+b22b332+b23b32b33>0.








Therefore, the characteristic polynomial [image: there is no content] (Jacobian matrix [image: there is no content]) has always roots (eigenvalues) with negative real parts and because of this the connection between a PEMFC and a boost converter cannot lead to a Hopf bifurcation in the coupled PEMFC - boost converter system.




4.2. PEMFC and Buck-converter


In this section the coupling between the PEMFC and the buck converter is examined.



Effect of the converter ripple upon the PEMFC In the first step we consider the effect of the buck converter ripple upon the fuel cell. For this purpose we couple the PEMFC (Eqns. (1-3)) and the buck converter model (Eqns. (8,9)) with Eqn. (13) and apply step changes of the duty ratio a (Figure 11a) to this system. The load resistance [image: there is no content] is chosen such that the fuel cell is operated close to the maximum power point. The other model parameters are at their nominal values. Two simulations I, [image: there is no content] are carried out. In simulation I the duty ratio a is kept constant at [image: there is no content] and in [image: there is no content] the duty ratio is stepped to a[image: there is no content]. The simulation scenario can be further illustrated by the stationary voltage current profile of the fuel cell and the considered operating points [image: there is no content] and OP[image: there is no content]. It is shown inside of Figure 11a. The operating points are determined by the buck converter’s input resistance [image: there is no content] via the converter’s duty ratio a from the following dependency R¯ei=[image: there is no content]/ai2 with [image: there is no content]. This relationship can be derived in an analogous manner from an averaged and stationary version of the buck converter model like it was done for the boost converter in section 4.1.


Figure 11. a) Time plot of duty ratio a and (inside) the stationary voltage-current profile of the fuel cell with considered operating points. In b) the step response of the overpotential [image: there is no content] is shown.



[image: Energies 02 00071 g011]






The simulation results are shown in Figure 11b and Figure 12. The diagrams are split into two parts. As in section 4.1, the first part shows the fast dynamics due to electrical effects, the second part shows the long term behavior, after the transients of the mass balances have settled. In simulation I the duty ratio is equal to a=[image: there is no content]=1. This means that the switch S of the buck converter is always in position [image: there is no content] and no oscillations occur. In contrast, if simulation [image: there is no content] is considered, relative large oscillations in the overpotential ηc[image: there is no content] (Figure 11b), cell current Ie[image: there is no content] (Figure 12a) and the cell voltage Ue[image: there is no content] (Figure 12b) are appearing. The large oscillations are present immediately after the applied step and also at the steady state. This is not the case for the inductor current Il[image: there is no content] (Figure 12a) and the capacitor voltage Uc[image: there is no content]




(Figure 12b) of the converter. Both of them show only small oscillations. The given interaction is therefore one-sided in direction from the buck converter to the PEMFC. The reason for the relatively large oscillations in the PEMFC is due to the presence of the switching function s in the coupling of fuel cell and buck converter: [image: there is no content]=[image: there is no content]/[image: there is no content]=s[image: there is no content]/[image: there is no content]. This leads to a switched ODE for the overpotential:


[image: there is no content]η˙c=[image: there is no content][image: there is no content]exp(-[image: there is no content][image: there is no content])-s[image: there is no content]/[image: there is no content]



(28)




and causes the large oscillations in the overpotential and in the cell voltage.


Figure 12. a) Step response of inductor current [image: there is no content] and cell (=converter input) current [image: there is no content]. In b) the step responses of cell (=converter input) voltage [image: there is no content] and capacitor (=converter output) voltage [image: there is no content] are shown.
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Discussion of the effect The above equation can be used to further discuss the oscillation amplitudes of the overpotential. With the above observation that the interaction is one-sided from buck converter to the fuel cell and the assumptions that the changes in the inductor current [image: there is no content] and the oxygen content [image: there is no content] are small over one duty period T and can be approximately described by their average values [image: there is no content] and [image: there is no content], the following formula can be derived for the stationary oscillation amplitudes Δ[image: there is no content] of the overpotential:


Δ[image: there is no content]=1[image: there is no content]ln1+γ(1-a)Tγβexp(-βaT)-1γβγβexp(-βaT)-1+exp(-βaT)γβ-γ(1-a)T



(29)






withγ=[image: there is no content][image: there is no content][image: there is no content]/[image: there is no content],β=[image: there is no content][image: there is no content]/[image: there is no content][image: there is no content]and(1-a)Tβ>1.








The derivation of this equation is given in Appendix C. The equation can be used to further investigate the oscillations in the fuel cell. Figure 13a shows the oscillation amplitudes Δ[image: there is no content] calculated with Eqn. (29) at different duty ratios a. The ratio of duty period and double layer capacitance T/[image: there is no content] is used as parameter and the other quantities remain constant at their nominal values. It can be seen, that a


decreasing ratio of T/[image: there is no content] leads to smaller oscillations in the overpotential and vice versa. Therefore, in order to reduce oscillations in the fuel cell either the duty period T of the buck converter has to be decreased or the double layer capacitance [image: there is no content] of the PEMFC has to be increased or both things have to be done. As was discussed in section 4.1, this can be achieved either by adjusting the switching period of the converter or by adding a capacitor. In Figure 13b an increased double layer capacitance is used. Stationary simulation results of the overpotential [image: there is no content] for the coupled PEMFC and buck converter model at a duty ratio [image: there is no content] are shown. The duty period T is held constant and the double layer capacitance is increased from its nominal value in case i to 10[image: there is no content] in case [image: there is no content] and 100[image: there is no content] in case [image: there is no content]. One can see, that the oscillation amplitudes of the overpotential decrease (Δηci>Δηc[image: there is no content]>Δηc[image: there is no content]) as it is predicted in Figure 13a.


Figure 13. a) Stationary oscillation amplitudes Δ[image: there is no content] of the overpotential with respect to the buck converter’s duty ratio a at different ratios of duty period and double layer capacitance T/[image: there is no content] and b) stationary simulations of the overpotential for the cases i to [image: there is no content] at a duty ratio [image: there is no content].
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The oscillations in the overpotential due to the coupling of PEMFC and buck converter may also be used to estimate parameters of the fuel cell. This may be useful for monitoring or control purposes of the PEMFC. Rather expensive to obtain are the parameters describing the reaction kinetics of the fuel cell. Their identification is usually done in experiments using the impedance spectroscopy, the current interrupt technique [21] and the electrochemical parameter identification [22]. Equation (29) may also be used for this purpose. For an estimation of the fuel cell’s reaction kinetics the exchange current density together with the cell’s oxygen content [image: there is no content][image: there is no content], the exponent in the Tafel equation [image: there is no content] and the double layer capacitance [image: there is no content] have to be determined. If we want to identify these parameters from Eqn. (29) we need to know the average inductor current [image: there is no content] and the oscillation amplitude Δ[image: there is no content] of the overpotential while the other quantities are rather well known. The quantity [image: there is no content] can be obtained by measuring and averaging the inductor current. The oscillation amplitude Δ[image: there is no content] can be obtained by measuring the oscillation amplitude Δ[image: there is no content] of the cell voltage. If the fuel cell is well humidified the ohmic and concentration losses are negligible and we have Δ[image: there is no content]≈Δ[image: there is no content].



If [image: there is no content] and Δ[image: there is no content] are known we have to analyze the sensitivity of these measurements with respect to the unknown parameters in Eqn. (29) to get an indication about the quality of the obtainable estimation results. For the double layer capacitance [image: there is no content] we can use Figure 13 for this purpose. If we define the changes of the oscillation amplitude Δ[image: there is no content] with respect to changes in [image: there is no content] at some fixed duty ratio a as sensitivity Δ(Δ[image: there is no content])/Δ[image: there is no content]a we can see from Figure 13a that this sensitivity should be large enough for all duty ratios to get acceptable estimation results for [image: there is no content]. The sensitivity with respect to the exchange current density [image: there is no content] is analyzed in Figure 14. If we consider the changes of the oscillation amplitude Δ[image: there is no content] with respect to the changes in [image: there is no content] at some duty ratio a as sensitivity Δ(Δ[image: there is no content])/Δ[image: there is no content]a it can be seen, that this sensitivity is rather small. Therefore, we cannot expect to get acceptable estimation results for [image: there is no content][image: there is no content] from Eqn. (29).


Figure 14. Stationary oscillation amplitudes Δ[image: there is no content] of the overpotential with respect to the buck converter’s duty ratio a at different exchange current densities [image: there is no content].
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Finally, in Figure 15 the sensitivity with regard to the parameter [image: there is no content] (Eqn. (4)) is examined. If we consider the changes of the stationary oscillation amplitude Δ[image: there is no content] with respect to the changes in [image: there is no content] at a duty ratio a as sensitivity Δ(Δ[image: there is no content])/Δ[image: there is no content]a it can be seen from Figure 15, that this sensitivity should be large enough for duty ratios between [image: there is no content] and [image: there is no content] to get acceptable estimation results for the parameter [image: there is no content]. The estimation results for [image: there is no content] can be used to determine the transfer coefficient α from Eqn. (4), since the relative change of [image: there is no content] in [image: there is no content] corresponds to a relative change of [image: there is no content] in the transfer coefficient. To determine α from Eqn. (4) the cell temperature Θ has to be roughly known, e.g. from measurements. In summary, the sensitivity analysis reveals that acceptable estimation results can be expected for the double layer capacitance [image: there is no content] and the parameter [image: there is no content]. The exchange current density cannot be estimated due to its small sensitivity. It should be noted, that due to this fact the precise value of the exchange current density as well as the precise value of the oxygen content in the cathodic catalyst is not necessary




for an estimation of [image: there is no content] and [image: there is no content]. The estimation requires the measurement of the average inductor current and the oscillation amplitude of the cell voltage at a highly humidified fuel cell. It should not be carried out at too small oscillation amplitudes Δ[image: there is no content] to reduce the impact of the neglected inductor current ripple in Eqn. (29).


Figure 15. Stationary oscillation amplitudes Δ[image: there is no content] of the overpotential with respect to the buck converter’s duty ratio a at different values of [image: there is no content].
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Overall behavior of the coupled system If we suppress the oscillations in the fuel cell and neglect the impact of the buck converter ripple, we can describe and analyze the coupling between the PEMFC and the buck converter with averaged model equations in order to check the overall behavior of the coupling for the appearance of stationary multiplicities and oscillations.



First of all, the stationary operation of PEMFC and buck converter is considered. Therefore, the stationary and averaged relationship in Figure 6 for the buck converter is valid. Like in the case of the PEMFC and the boost converter, the same reasoning is true and therefore the coupling between PEMFC and buck converter cannot introduce further stationary multiplicities as are already present in the PEMFC. However, oscillations induced by the coupling are still possible. In order to analyze the onset of oscillations we start with the following averaged model of PEMFC and buck converter:


[image: there is no content]x¯˙o2=-q^(1+[image: there is no content])i¯r+([image: there is no content]-[image: there is no content])[image: there is no content],



(30)






[image: there is no content]x¯˙h2o=q^(2-x¯h2o)i¯r+([image: there is no content]-x¯h2o)[image: there is no content],



(31)






[image: there is no content]η¯˙c=i¯r-a[image: there is no content]/[image: there is no content]withi¯r=[image: there is no content][image: there is no content]exp(-[image: there is no content]η¯c),



(32)






LI¯˙l=a[image: there is no content]+η¯c-[image: there is no content](x¯h2o)a[image: there is no content]/[image: there is no content]-[image: there is no content],



(33)






CU¯˙c=[image: there is no content]-[image: there is no content]/[image: there is no content].



(34)




It is derived by coupling the model equations of the PEMFC (1-3) and the buck converter (8,9) via Eqn. (13) and averaging the resulting equations over one duty cycle. This is done in the same way as for the boost converter above. Like there, we consider the equations for the mass transport Equation (30,31) as static and use only the averaged model equations (32-34). The Jacobian matrix of these equations evaluated at the steady state [image: there is no content] is given by


[image: there is no content]:=-b11-b120b21-b22-b230b32-b33=-[image: there is no content][image: there is no content]I¯lss/[image: there is no content][image: there is no content]-[image: there is no content]/[image: there is no content][image: there is no content]0[image: there is no content]/L-ass2[image: there is no content](x¯h2oss)/[image: there is no content]L-1/L01/C-1/RLssC.



(35)




The duty ratio for a buck converter is typically between 0<[image: there is no content]≤1. With this, the coefficients [image: there is no content] in [image: there is no content] are always positive and therefore the same reasoning as in the previous analysis of PEMFC and boost converter is true: The connection between a PEMFC and a buck converter cannot introduce a Hopf bifurcation in the coupled PEMFC - buck converter system.




4.3. PEMFC and Buck-Boost-Converter


In this section the coupling between the PEMFC and the buck-boost converter is examined.



Effect of the converter ripple upon the PEMFC In a first step the effect of the converter ripple upon the fuel cell is considered by analyzing the coupled system of switched differential equations made up from the PEMFC (Eqns. (1-3)) and the switched buck-boost converter model (Eqns. (10,11)). The analysis reveals that the buck-boost converter introduces oscillations in the fuel cell in the same way as the buck converter. As in this previous case, the reason is due to the presence of the switching function s in the coupling of the fuel cell and the buck-boost converter: [image: there is no content]=s[image: there is no content]/[image: there is no content]. This leads to the same switched ODE for the overpotential (28) and causes the oscillations in the fuel cell.



Discussion of the effect The formula for the oscillation amplitude Δ[image: there is no content] in Eqn. (29) can also be used to describe the stationary oscillations introduced by a buck-boost converter. Figure 16 shows the oscillation amplitude of the overpotential calculated with this formula at different duty ratios. The ratio of the duty period and the double layer capacitance T/[image: there is no content] is used as parameter. The load resistance [image: there is no content] is set to 7Ω while the other quantities remain constant at their nominal values. It can be seen from Figure 16,


that a decreasing ratio of T/[image: there is no content] leads to smaller oscillations in the overpotential and vice versa. This is the same qualitative behavior as in the case of the buck converter in Section 4.2. Therefore, the same possibilities to reduce the oscillations are applicable.


Figure 16. Stationary oscillation amplitudes of the overpotential with respect to the buck-boost converter’s duty ratio a at different ratios of duty period and double layer capacitance T/[image: there is no content]. The quantity [image: there is no content] denotes the duty ratio at the maximal cell power [image: there is no content].
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The connection between the PEMFC and the buck-boost converter can also be used to estimate parameters of the fuel cell. We can use Eqn. (29) for this purpose again. In detail, the double layer capacitance [image: there is no content] and the exponent of the Tafel kinetics [image: there is no content] can be estimated. In the case of the double layer capacitance this can be seen from Figure 16. The sensitivity |Δ(Δ[image: there is no content])/Δ[image: there is no content]|a of the oscillation amplitude with respect to the double layer capacitance should be large enough to get acceptable estimation results for [image: there is no content]. In the case of the parameter [image: there is no content] we can use Figure 17. We see, that the sensitivity |Δ(Δ[image: there is no content])/Δ[image: there is no content]|a of the oscillation amplitude Δ[image: there is no content] with respect to [image: there is no content] should be large enough to get acceptable estimation results for [image: there is no content] too.


Figure 17. Stationary oscillation amplitudes Δ[image: there is no content] of the overpotential with respect to the buck-boost converter’s duty ratio a at different values of [image: there is no content]. The quantity [image: there is no content] denotes the duty ratio at the maximal cell power [image: there is no content].
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Overall behavior of the coupled system If we reduce the oscillations and are able to neglect the impact of the converter ripple we can finally analyze the overall behavior of the coupled PEMFC and buck-boost converter with averaged model equations.



First of all, the stationary operation of PEMFC and buck-boost converter is considered. Like for the previous two converters the same reasoning is true and therefore the coupling between PEMFC and buck-boost converter cannot introduce further stationary multiplicities as are already present in the PEMFC. However, oscillations are still possible and their appearance has to be analyzed. This is done by coupling and averaging the model equations of the PEMFC (1-3) and the buck-boost converter (10,11) in the same way like in the previous two cases. We obtain the same mass transport equations for oxygen and water vapor like in the case of the buck converter (Eqns. (30,31)). Like there, we assume them as static and use only the model equations for the overpotential and the buck-boost converter’s inductor current and capacitor voltage:


[image: there is no content]η¯˙c=[image: there is no content][image: there is no content]exp(-[image: there is no content]η¯c)-a[image: there is no content]/[image: there is no content],



(36)






LI¯˙l=a[image: there is no content]+η¯c-[image: there is no content](x¯h2o)a[image: there is no content]/[image: there is no content]+(1-a)[image: there is no content],



(37)






CU¯˙c=-(1-a)[image: there is no content]-[image: there is no content]/[image: there is no content].



(38)




If we calculate the Jacobian matrix of the above system at the steady state [image: there is no content] we get


[image: there is no content]:=-b11-b120b21-b22-[image: there is no content]0[image: there is no content]-b33=-[image: there is no content][image: there is no content]I¯lss/[image: there is no content][image: there is no content]-[image: there is no content]/[image: there is no content][image: there is no content]0[image: there is no content]/L-ass2[image: there is no content](x¯h2oss)/[image: there is no content]L(1-[image: there is no content])/L0-(1-[image: there is no content])/C-1/RLssC.



(39)




The duty ratio of the buck-boost converter is typically between 0<[image: there is no content]<1. With this, the coefficients [image: there is no content] of [image: there is no content] are always positive and the coefficients [image: there is no content], [image: there is no content] are always negative. If we calculate the characteristic polynomial of [image: there is no content] we get the equations (23-26) with negative quantities b23=[image: there is no content] and b32=[image: there is no content]. Despite this difference, the coefficients [image: there is no content], [image: there is no content], [image: there is no content] of the characteristic polynomial and the condition [image: there is no content][image: there is no content]-[image: there is no content] are still positive due to the fact that only the positive product b23b32=[image: there is no content][image: there is no content]>0 enters the determining equations (24-27). Therefore, the same conclusion as in the case of the PEMFC and the boost converter applys: The connection of a PEMFC and a buck-boost converter cannot induce a Hopf bifurcation in the coupled system.





5. Conclusion


The connection of PEM fuel cells and DC-DC converters is analyzed in this contribution. The analysis is done for common DC-DC converters like the boost, buck and buck-boost converters. First of all, the effect of the converter ripples are shown. They introduce oscillations in the fuel cell. Their origin is explained, discussed and possibilities for their suppression are given. In the case of the coupling between PEMFC and buck and buck-boost converter it is shown, that the oscillations may also be useful to estimate parameter of the fuel cell’s Tafel kinetic.



Finally, the overall behaviors of the coupled systems are examined. This is a necessary step, because PEM fuel cells can show a complex nonlinear behavior like multiplicities, instabilities and oscillations [18,19,23,24,25] and the coupling with DC-DC converters might have introduced additional nonlinear effects. We have shown mathematically, that this is not the case: The connection between PEM fuel cells and boost, buck and buck-boost converters can neither lead to stationary multiplicities nor to oscillations in the coupled systems. As a consequence, it is not necessary to develop integrated control approaches for the couplings. Instead, we can concentrate ourselves on the development of control strategies considering only the PEMFC and we can use existing control approaches for the DC-DC converters [7] in order to control both subsystems.



Although the PEMFC model used in this contribution is quite simple, the obtained results are also valid for PEMFC stacks in general. This due to the fact, that in PEMFC stacks the electrochemical reactions in the catalysts can also be described by the modeling approach we use in our analysis. Other transient effects that appear in PEMFC stacks, like the mass transport of gases and liquid water through the gas diffusion layers, the catalyst layers or the membrane as well as the transient behavior of the operating temperature of the fuel cell are orders of magnitudes slower than the electrochemical processes and can therefore be neglected.
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A. Derivation of the PEMFC model


In this section the equations for the fuel cell model are derived. At first, this is done for the differential equation of the overpotential from the equivalent electrical circuit in Figure 1. The charge balance at the double layer capacitor [image: there is no content] reads dQ/dt=ic=[image: there is no content]-[image: there is no content]. The charge Q can be expressed in terms of the overpotential to be Q=-[image: there is no content][image: there is no content] where [image: there is no content]<0. If the double layer capacitance is assumed to be constant and the current [image: there is no content] is expressed using the Tafel equation


[image: there is no content]=[image: there is no content][image: there is no content]exp(-[image: there is no content][image: there is no content])with[image: there is no content]:=(1-α)nF/RΘ,



(40)




the differential equation for the overpotential in Eqn. (3) results. The algebraic equation for the cell voltage in Eqn. (5) can be obtained using Kirchhoff’s voltage law.



The model equations for the oxygen and water content in the fuel cell are derived from the CSTR in Figure 1. Mass balances for the species [image: there is no content] read


n˙k=[image: there is no content]ckin-[image: there is no content][image: there is no content]+[image: there is no content]r[image: there is no content]



(41)




where [image: there is no content] ([image: there is no content]) describes the molar amount (concentration) of species k in the CSTR. The symbol [image: there is no content] denotes the stoichiometric coefficients of the cathodic reaction with [image: there is no content], [image: there is no content] and [image: there is no content] and the quantity r refers to the reaction rate and is given by Faraday’s law r=[image: there is no content]/nF. The volume flow rate of air at the inlet [image: there is no content] is kept constant. The volume flow rate at the output [image: there is no content] can be determined if the gas phase is assumed to be isotherm, isobaric and ideal. The ideal gas law reads [image: there is no content]. The symbol nall=∑k[image: there is no content] denotes the whole amount of gas inside the CSTR and is constant if isobaric, isothermic conditions as well as a constant CSTR volume [image: there is no content] is assumed. This means [image: there is no content]. If the mass balances from Eqn. (41) are inserted an algebraic equation for the output flow rate [image: there is no content] results: [image: there is no content]∑kckin-[image: there is no content]∑k[image: there is no content]+∑k[image: there is no content]r[image: there is no content]=0. This equation can be simplified if the total concentration in the CSTR [image: there is no content]:=nall/[image: there is no content]=∑k[image: there is no content]/[image: there is no content]=∑k[image: there is no content]=[image: there is no content]/RΘ=const. is defined. The total concentration in the CSTR and the inlet is the same: [image: there is no content] because we assume an ideal and isobaric, isothermic gas phase in the inlet as well. With these simplifications the output flow rate can be written as


[image: there is no content]=[image: there is no content]+∑k[image: there is no content][image: there is no content]r/[image: there is no content]=[image: there is no content]+[image: there is no content][image: there is no content]/2[image: there is no content]nF.



(42)




If we insert the above equation in Eqn. (41) and use [image: there is no content]=[image: there is no content][image: there is no content] and molar fractions xk:=[image: there is no content]/nall=[image: there is no content]/[image: there is no content], [image: there is no content] the model equations (1,2) result for [image: there is no content].




B. Enlargement of the double layer capacitance


In this section it is briefly shown that a capacitor connected in parallel to a PEMFC can be used to increase the double layer capacitance of the cell. The capacitor with capacitance C[image: there is no content] is assumed to be lossless and is connected to the ports of the equivalent electrical circuit in Figure 1. The capacitor can be used to suppress oscillations in the fuel cell induced by the duty cycle of a connected DC/DC-converter. A time interval of one duty period T is considered for the following equations. For the overpotential [image: there is no content] and the cell voltage [image: there is no content] the Eqns. (3,5) are still valid. The voltage at the new capacitor is identical to the cell voltage and is calculated by


C[image: there is no content]d[image: there is no content]dt=[image: there is no content]-i,



(43)




where i denotes the new output current of the fuel cell that is different from [image: there is no content]. If Eqn. (5) is differentiated with respect to time and inserted in Eqn. (43) one gets


C[image: there is no content]d[image: there is no content]dt-[image: there is no content]d[image: there is no content]dt=[image: there is no content]-i,



(44)




where we have assumed, that the change in water content [image: there is no content] in the cell is negligible over one duty period. If Eqn. (3) is differentiated with respect to time under the assumption that the oxygen content [image: there is no content] is assumed to be constant and solved for d[image: there is no content]/dt we obtain


d[image: there is no content]dt=∂[image: there is no content]∂[image: there is no content]d[image: there is no content]dt-[image: there is no content]d2[image: there is no content]dt2.



(45)




where [image: there is no content] denotes the Tafel equation (40). If Eqn. (45) and Eqn. (3) are inserted for d[image: there is no content]/dt and [image: there is no content] in Eqn. (44) a second order ODE for the overpotential results:


[image: there is no content][image: there is no content]C[image: there is no content]d2[image: there is no content]dt2+[image: there is no content]+C[image: there is no content]1-[image: there is no content]∂[image: there is no content]∂[image: there is no content]d[image: there is no content]dt=[image: there is no content]([image: there is no content])-i.



(46)




If the first term on the left hand side is negligible compared to the second term, e.g. if the fuel cell is well humidified and leads to a fairly small membrane resistance [image: there is no content], a first order ODE for the overpotential follows:


[image: there is no content]+C[image: there is no content]1+[image: there is no content][image: there is no content][image: there is no content]([image: there is no content])d[image: there is no content]dt=[image: there is no content]([image: there is no content])-i.



(47)




This equation has the same structure as the original ODE for the overpotential in Eqn. (3) whereas the new equation and therefore the parallel connection of the fuel cell and the capacitor shows an increased double layer capacitance.




C. Formula for stationary oscillations of the overpotential in a PEMFC if connected to buck or buck-boost converters


In this section the formula in Eqn. (29) is derived. The ODE for the overpotential in Eqn. (28) is used as a starting point. It is assumed that the changes in the inductor current [image: there is no content] and the oxygen content [image: there is no content] are small over one duty period T of the converter and can be approximately replaced by their average values [image: there is no content] and [image: there is no content]. If the switching function s is defined by


[image: there is no content]



(48)




the following nonlinear ODE in [image: there is no content] results:


[image: there is no content]η˙c=-[image: there is no content][image: there is no content]+[image: there is no content][image: there is no content]exp(-[image: there is no content][image: there is no content]),t∈Ton[image: there is no content][image: there is no content]exp(-[image: there is no content][image: there is no content]),t∈Toff



(49)




with initial conditions [image: there is no content](t0)=η[image: there is no content] and [image: there is no content](t0+ton)=η[image: there is no content]. With the following change in variables z:=exp([image: there is no content][image: there is no content]) and the definitions β:=[image: there is no content][image: there is no content]/[image: there is no content][image: there is no content] and γ:=[image: there is no content][image: there is no content][image: there is no content]/[image: there is no content] a linear ODE in z can be obtained:


z˙=-βz+γ,t∈Tonγ,t∈Toff



(50)







This ODE can be solved easily and the solution in the original variables reads


ηcon=1[image: there is no content]lnγβ+exp([image: there is no content]η[image: there is no content])-γβexp(-β(t-t0)),t∈Ton



(51)






ηcoff=1[image: there is no content]lnexp([image: there is no content]η[image: there is no content])+γ(t-(t0+ton)),t∈Toff.



(52)




With the above solutions we can now define the oscillation amplitude Δ[image: there is no content] of the overpotential. It is given by


Δ[image: there is no content]:=limt→t0+Tηcoff-limt→t0+tonηcon



(53)




with unknown initial conditions η[image: there is no content] and η[image: there is no content]. The initial condition η[image: there is no content] can be calculated by demanding continuity at [image: there is no content] between both solutions: η[image: there is no content]≜limt→t0+tonηcon. We get from Eqn. (51)


exp([image: there is no content]η[image: there is no content])=γβ+exp([image: there is no content]η[image: there is no content])-γβexp(-βton).



(54)




The initial condition η[image: there is no content] can be obtained by demanding η[image: there is no content]≜limt→t0+Tηcoff. This is valid for the stationary case and we get


exp([image: there is no content]η[image: there is no content])=(γβ)2exp(-βton)-γ(T-ton)γβexp(-βton)-1



(55)




from calculating this limit from Eqn. (52) after inserting Eqn. (54). The initial conditions in the solutions can now be eliminated by inserting Eqns. (54,55) in Eqns. (51,52). Therefore, the stationary oscillation amplitude of the overpotential can now be calculated from Eqn. (53). With the relation [image: there is no content] from Eqn. (12) the formula in Eqn. (29) results. Note that the oscillation amplitude Δ[image: there is no content]=η[image: there is no content]-η[image: there is no content] has to be always greater than zero, because in fuel cell operation we have η[image: there is no content]>η[image: there is no content]. With Eqns. (54,55) and [image: there is no content] this condition can be reformulated to (1-a)Tβ>1.





Nomenclature








	α
	
transfer coefficient of cathodic reaction, [image: there is no content]





	[image: there is no content]
	
overvoltage at cathodic catalyst, V





	[image: there is no content]
	
proton conductivity of membrane, [image: there is no content]





	[image: there is no content]
	
min. proton conductivity of membrane, 1.3×10-5Sm-1





	Θ
	
cell temperature, 353K





	a
	
duty ratio of DC-DC converters





	[image: there is no content]
	
cross-sectional area of fuel cell, 1.0×10-4m2





	C
	
capacitance of DC-DC converters, 300.0×10-6F





	[image: there is no content]
	
[image: there is no content], [image: there is no content]





	[image: there is no content]
	
double layer capacitance, 0.01Fm-2





	[image: there is no content]
	
membrane thickness, 25×10-6m





	F
	
Faraday constant, 96485.3Cmol-1





	[image: there is no content]
	
input current of DC-DC converters, A





	[image: there is no content]
	
inductor current of DC-DC converters, A





	[image: there is no content]
	
exchange current density, 0.01Am-2





	[image: there is no content]
	
cell current density, [image: there is no content]





	L
	
inductivity of DC-DC converters, 82.0×10-5H





	n
	
number of electrons consumed in cathodic reaction, 2





	[image: there is no content]
	
overall gas pressure, 1.013×105Pa





	[image: there is no content]
	
saturation pressure of [image: there is no content] at Θ, 4.7373×104Pa





	R
	
gas constant, 8.314Jmol-1K-1





	[image: there is no content]
	
resistive load of DC-DC converters, Ω





	[image: there is no content]
	
membrane resistance against proton transport, [image: there is no content]





	T
	
duty period of DC-DC converters, 1.0×10-4s





	[image: there is no content]
	
capacitor (=output) voltage of DC-DC converters, V





	[image: there is no content]
	
cell voltage, V





	[image: there is no content]
	
equilibrium voltage of the cell, 1.17V





	[image: there is no content]
	
gas volume of CSTR, 0.5×10-6m3





	[image: there is no content]
	
volume flow rate of air, 1.7873×10-7m3s-1





	[image: there is no content]
	
molar fraction of [image: there is no content]





	[image: there is no content]
	
molar fraction of [image: there is no content] at inlet, [image: there is no content]





	[image: there is no content]
	
molar fraction of [image: there is no content]





	[image: there is no content]
	
molar fraction of [image: there is no content] at inlet, [image: there is no content]
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