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Abstract: The unicellular microalga Phaeodactylum tricornutum exhibits the ability to 

accumulate triacylglycerols to a high specific content when nutrients are limited in the 

culture medium. Therefore, the organism is a promising candidate for biodiesel production. 

Mathematical modeling can substantially contribute to process development and optimization 

of algae cultivation on different levels. In our work we describe a linear programming 

approach to model and simulate the growth and storage molecule accumulation of  

P. tricornutum. The model is based on mass and energy balances and shows that the 

organism realizes the inherent drive for maximization of energy to biomass conversion and 

growth. The model predicts that under nutrient limiting conditions both storage 

carbohydrates and lipids are synthesized simultaneously but at different rates. The 

model was validated with data gained from batch growth experiments. 

Keywords: Phaeodactylum tricornutum; biofuels; lipid synthesis; modeling; simulation; 

linear programming; nitrate limitation 

Nomenclature: ߙ parameter of the photosynthetic units (PSU) model [µE/(m2·s)] ߙ′ angle [°] 

δ parameter of the PSU model [-] 

ΔHc,TAG enthalpy of combustion of triacylglycerols [kJ/g] 

ΔHc,CH enthalpy of combustion of storage carbohydrates [kJ/g] 
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εapp apparent extinction coefficient [m2/g] 

κ parameter of the PSU model [-] 

η, η’ efficiency [%] 

µ growth rate [d−1] 

A illuminated surface of the culture [m2] 

a parameter for the calculation of εapp [m] 

ATP adenosine triphosphate 

b parameter for the calculation of εapp [m
2/g] 

b stoichiometry matrix 

cCH storage carbohydrate concentration [g/L] 

cCH,max maximum attainable concentration of storage carbohydrates [g/L] 

cL lipid concentration [g/L] ܿேைయష nitrate concentration [g/L] ܿைరయష phosphate concentration [g/L] ܿௌைరమష sulfate concentration [g/L] 

cTAG triacylglycerol concentration [g/L] 

cTAG,max maximum attainable concentration of triacylglycerols [g/L] 

cX biomass concentration [g/L] 

cX,a concentration of active biomass (containing no storage molecules) [g/L] 

eX,Y mass fraction of element X in compound Y [-] 

fZ weighting factor for compound z [-] 

I irradiance [µE/(m2·s)] 

I0 incident irradiance [µE/(m2·s)] 

Iabs absorbed irradiance [µE/(m2·s)] 

Itrans transmitted irradiance [µE/(m2·s)] 

K Michaelis-Menten constant [g/L] 

L length [m] 

n smoothing parameter [-] 

NADPH nicotinamide adenine dinucleotide phosphate 

OD750 nm optical density measured at a wavelength of 750 nm 

Pm parameter of the PSU model [d−1] ݎ்  ேு ATP(/NADPH) synthesis rate [mol/(L·d)]ݎ ,

r* column vector comprising all rates of synthesis and nutrient uptake ݎ்∗ ∗ேுݎ ,  ATP(/NADPH) synthesis rate resulting from photosynthesis [mol/(L·d)] 

rm,ATP, rm,NADPH rate of ATP(/NADPH) consumption for maintenance [mmol/(L·d)] ݎ,்∗ ∗,ேுݎ ,  
minimum rate of ATP(/NADPH) consumption for maintenance 

[mmol/(L·d)] ݎேைయష,ݎைరయష, ∗ேைయషݎ ௌைరమష nutrient uptake rates of nitrate, phosphate and sulfate [g/(L·d)]ݎ ∗ைరయషݎ , , 	 ∗ௌைరమషݎ  Michaelis-Menten rates of nutrient uptake [g/(L·d)] 

rCH storage carbohydrate synthesis rate [g/(L·d)] 

rTAG storage triacylglycerol synthesis rate [g/(L·d)] 

rX,a active biomass synthesis rate [g/(L·d)] 
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t time [d] 

TAG triacylglycerol 

V culture volume [m3] 

y column vector in Equation (13) 

YV/W 
yield coefficient for the synthesis of compound V on basis of consumption 

of compound W [g/g] 

 

1. Introduction 

Oleaginous microalgae are currently under investigation regarding their potential to provide lipids 

for biofuel production [1,2]. They have the ability to utilize light energy with high photosynthetic 

efficiency for CO2 fixation and biomass synthesis [3,4]. Furthermore, some strains accumulate lipids 

to a very high specific content [5]. Lipid accumulation is triggered in most oleaginous strains by 

stress-inducing conditions like high salt concentrations, unfavorable temperatures or a nutrient 

limitation [6]. In this respect a limitation of the nitrogen source in the culture medium was reported to 

be most effective for the induction of lipid synthesis [7]. Under such conditions fundamental changes 

occur in the cell metabolism. As a consequence of a nitrogen limitation cell division and the net 

synthesis of certain functional macromolecules, like proteins and nucleic acids, cease soon after 

occurrence of the nutrient deficiency, but photosynthetic conversion of sunlight into chemical energy 

and CO2 fixation continue. The cells use alternative metabolic pathways and synthesize storage 

molecules. In the case of the model organism P. tricornutum these are carbohydrates and lipids [8,9]. 

The molecular mechanisms regulating the transition to anabolism under nutrient-limiting conditions 

have not been entirely disclosed yet, even though progress is being made in this field [10]. 

Besides, the entire complexity of a photobioprocess with the multitude of different metabolic reactions 

on a cellular level and the interplay of light gradients, hydrodynamics, radial mixing and 

photosynthesis [11–13] on the reactor level has not been captured in one comprehensive model yet. 

Simulation approaches usually address only a limited set of key aspects, but contribute substantially to 

a more profound understanding of the entire process. Moreover, process intensification and large scale 

production of algae biomass for the energy market require an extensive quantitative understanding of 

growth and product formation of microalgae on different levels. 

The attempt of rapid process development to achieve large-scale cultivation of oleaginous 

microalgae for biodiesel production necessitates the mathematical modeling of lipid accumulation 

during nitrogen limitation. The most prominent model of lipid accumulation under nitrogen deficiency 

was published by Droop [14] and the basic idea was revisited in various other approaches [15–17]. 

Starting point of the model is the uptake of the limiting nutrient from the culture medium. The internal 

quota of the limiting element subsequently affects cell growth and lipid accumulation. Despite the high 

relevance of the model, the interpretation of the variable “cell quota” and its mechanistic implications 

were questioned by Lemesle [18]. In this context, we present a structured approach to model the 

physiological response of P. tricornutum to a nutrient limitation by simulation. 
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A structured model which combines mathematical description of effects on the reactor level, such 

as light distribution and absorption, as well as on the physiological level by discriminating influences 

of photosynthetic energy conversion and anabolism should be created. While the kinetic influence of 

the limitation is modeled by its direct impact on the growth rate in the Droop model, the here 

presented approach uses explicit formulations of energy and mass balances to capture the physiological 

changes during the limitation. The model derives the growth rate from energy conversion in the 

photosynthesis and metabolism. Therewith, it potentially contributes to a better understanding of 

capacity constraints. The inherent evolutionary driving force of the single cell to maximize its growth, 

either by nutrient replete growth or by storage molecule synthesis, is represented by a linear 

programming approach. The allocation of the absorbed light energy and nutrient to the cells’ 

principal components, functional biomass and storage compounds, is implemented by maximization of 

the rates of their syntheses. At the same time restrictions imposed by energy and mass balances as well 

as kinetics define the possibility space and boundaries of the optimization. The model was validated 

with batch experiments with self-induced nitrogen-limitation and different starting conditions to cover 

the parameter space. 

2. Results and Discussion 

2.1. Model Structure 

Figure 1 shows the principal structure of the model. Two principal compartments are distinguished 

in the structure, the cellular and the reactor level. 

Figure 1. Model structure. Rates of synthesis of cellular components and nutrient  

uptake are calculated on a physiological level together with the efficiency of adenosine 

triphosphate (ATP) and nicotinamide adenine dinucleotide phosphate (NADPH) synthesis. 

On the reactor level light absorption by the cell suspension as well as the material balances 

of cellular components and nutrients are considered. 
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On the reactor level the block “light absorption” calculates which fraction of the incident irradiance 

is absorbed by the cell suspension. These absorbed photons potentially contribute to the photosynthetic 

energy conversion. Transmitted photons do not contribute to the generation of nicotinamide adenine 

dinucleotide phosphate (NADPH) and adenosine triphosphate (ATP) and can be measured at the 

backside of the reactor. Moreover, all rates of synthesis of the cellular compounds as well as  

nutrient uptake rates of ions are processed in the block “material balances”. By their integration the 

concentrations of the respective molecules on the reactor level are calculated. 

On the cellular level the efficiency of the photosynthetic energy conversion as well as rates of 

nutrient uptake and synthesis rates of cellular compounds are calculated. Not all the energy of 

absorbed photons contributes to the synthesis of ATP and NADPH. By non-photochemical quenching 

a part of the absorbed energy is dissipated as heat and fluorescence since either restrictions in the 

photosynthetic apparatus or downstream reactions limit the efficiency of energy conversion [12]. 

This coherence is regarded in the block “photosynthesis”. It calculates which fraction of impinging 

photons is efficiently used in the photosynthetic process and drives phosphorylation of ADP as well as 

reduction of NADP+. 

The block “stoichiometry/kinetics” comprises all stoichiometric equations representing the mass 

balances of NADPH, ATP and the elements nitrogen, phosphorus and sulfur. Uptake of nutrients and 

consumption by anabolic reactions are determined by the respective rates of uptake and synthesis and 

linked via the mass balances of the corresponding elements. Equally, the photosynthetic generation of 

ATP and NADPH and the rates of their consumption balance. However, the number of synthesis rates 

of cellular compounds and nutrient uptake rates exceeds the number of material balance equations. 

Consequently, the former cannot be calculated solely by the stoichiometric equations. The system is 

underconstrained and the cells have additional degrees of freedom, e.g., the possibility to increase the 

synthesis of either storage compound at the expense of the other. 

The mathematical model therefore comprises a linear programming algorithm. It optimizes the 

organism’s objective function, namely the optimization of growth rates at nutrient-replete or 

nutrient-deprived conditions. By maximizing the objective function the rates of syntheses of active 
(or storage molecule free) biomass ݎ, [19], of storage lipids ்ݎ ீ and of storage carbohydrates ݎு 

are calculated. The optimization is not only restricted by the aforementioned stoichiometric equations 

but also by inequality constraints. The latter consist of kinetic limitations, such as nutrient uptake 

kinetics or empirically observed saturation kinetics. By solving the simplex optimization algorithm the 

optimal solution of the system is obtained. It represents the most efficient anabolism of the microalgae 

in the possibility space, which is defined by stoichiometric and kinetic constraints. Therewith, the synthesis 

rates of active biomass, TAGs and carbohydrates as well as nutrient uptake rates are gained. 

As aforementioned, the rates are subsequently integrated in order to calculate the associated 

concentrations in the reactor. The latter, in turn, influence light absorption properties of the culture. 

2.2. Light Absorption 

Light is absorbed by the algae suspension due to the absorption of the photosynthetic pigments. 

Scattering complicates the mathematical description of light absorption. For reasons of simplification, 

the light gradients inside the algae cultures were described by exponential decrease of the light 
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intensity along the light path through the culture suspension, while the effects of light scattering are 

implicitly regarded in this approach. It is generally assumed that the description of the light gradients 

inside algae cultures, analogous to the Lambert-Beer Equation, is feasible for flat reactor geometries. 

Even though the Lambert-Beer law is valid only for molecular disperse systems a mathematically 

similar description is applied in literature [17]. The transmitted irradiance is described as: ܫ௧௦(ݐ) = (ݐ)ܫ ∙ ݁ିఢೌ∙∙,ೌ(௧) (1)

The irradiance of incident light I0 was measured prior to the start of the cultivation inside the reactor 

compartment behind the front glass slide. L is the length of the light path and amounts to 2 × 10−2 m 

according to the dimensions of the photobioreactor. The concentration of functional or active biomass ܿ, is changing over time. εapp represents the apparent extinction coefficient of the active biomass. 

However, absorption is the result of a complex interplay of scattering and absorption by pigments. 

Its mechanistic description is beyond the scope of this work and an empiric approach was chosen to 

uncouple light absorption from the remaining model. εapp was empirically described by Equation (2) to 

account for the experimental observation of a first decreasing and towards higher biomass 

concentrations increasing extinction coefficient. The temporal changes of the extinction coefficient are 

presumably mainly influenced by photoacclimation [20]. Since cells experienced low light intensity 

because of the higher cell concentration and mutual shading in the preculture the specific pigment 

concentrations are presumably decreasing shortly after inoculation. They increase again during the 

following stage of the cultivation because of increasing shading. During the nutrient limitation, on the 

other hand, the chlorophyll content does not significantly increase, since nitrogen is an essential 

element in the molecular composition of the pigment. Therefore, the extinction coefficient calculated 

with Equation (2) approximates a constant value: ϵୟ୮୮ = ቆ 1ܽ ∙ ܿ, + ܾ ∙ ඥܿ,ቇ (2)

The parameters a and b were determined by minimization of the least squares of errors between  

the experimentally observed extinction coefficients and those described by Equation (2) with the 

Generalized Reduced Gradient (GRG) Nonlinear Solving Method [21]. 

With Equation (1), the irradiance of absorbed light ܫ௦ can be calculated at any given time as: ܫ௦(ݐ) = (ݐ)ܫ ∙ (1 − ݁ିఢೌ∙∙,ೌ(௧)) (3)

2.3. Light Use and Photosynthesis 

Not every absorbed photon is efficiently absorbed and contributes with its energy content to the 

syntheses of ATP and NADPH. Energy dissipation due to photosaturation and photoinhibition must be 

considered. Camacho Rubio et al. published a model [22], which is able to describe the efficiency of 

photon capture by pigments depending on the state of the photosynthetic units (PSU). The distinction 

is made between three states of the PSUs: resting, activated and nonfunctional PSUs. Only the 

absorption of photons by resting PSUs contributes to photosynthetic regeneration of ATP and NADPH. 

In case a photon is captured by an activated or nonfunctional PSU, its energy is dissipated. Steady state 
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fractions of all three states can be calculated by consideration of kinetic transitions between all states. 

The fraction of photons that are captured by resting PSUs, denoted as η, is given by: 

 = 1 − 12 ൬1 − − ൰ܫߙ + ඨ൬1 − − ൰ଶܫߙ + 4 (4)

The equation was developed for light-limited growth at steady state with constant illumination by 

Camacho Rubio et al. The ratio α/I describes the maximum rate of photosynthesis relative to the 

absorbed light. κ denotes the number of activated PSUs when productivity is half-maximal. The parameters 

α and κ can be estimated from P-I curves and serve as starting points for parameter estimation. 

Finally, minimization of residues leads to convergence of the model according to Equation (5) with 

experimental data as shown in Figure 2. Origin and meaning of the parameters are described in more 

detail by Camacho Rubio et al. [22]: ܲ = ܲ ߙܫ ቆ 11 + ቇ (5)ܫඥߜ

The parameters gained from this experimental fit were Pm = 0.996 d−1, κ = 0.042, α = 65.98 µE/(m2·s) 

and the inhibiting parameter was δ = 0.042. Equation (5) was developed for photoinhibition under 

steady state with constant illumination and accounts for the fact that not all photosynthetic units 

are functional [22]. Experimental data were collected by cultivation of P. tricornutum illuminated with 

different photon flux densities in the flat plate reactor system. All other conditions were identical to the 

conditions of experiments used for model validation. The growth rates were calculated as described in 

Section 3.2. The effects of hydrodynamics are neglected in this model. Therefore, additional influences 

of flashing light cycles are not regarded in this approach. The enzymatic steps of dark reactions are 

rate limiting at saturating light intensities. The P-I curve can be shifted to higher saturating intensities 

when cells are circulating with favorable frequencies through dark and illuinated zones within the 

liquid volume. However, incorporation of hydrodynamics was not intended in this approach for 

reasons of simplification. Nevertheless, it potentially improves the transferability to other reactor systems. 

Experimental data were additionally fitted with piecewise linear functions Equation (6) for 

calculation of the growth rate µ of the algae: 

μ = ۔ۖەۖ
ۓ 1.06 ∙ 10ିଶ ݉ଶ ∙ ܧμݏ ∙ ݀ ∙ ܫ , ܫ < 60 μ݉ܧଶ ∙ 3−ݏ ∙ 10ିସ ݉ଶݏμܧ ∙ ݀ ∙ ܫ + 0.635 ݀ ିଵ , ܫ ≥ 60 μ݉ܧଶ ∙ (6) ݏ

The resulting P-I curve is depicted in Figure 2 and describes experimental data with the highest 

accuracy. The angle ߙ′ can be regarded as the efficiency of the photon capture by the photosynthetic 

apparatus and is given by: 

α′ = tanିଵ(1.06 ∙ 10ିଶ)  (7)

Starting with a near 100% absorption by resting PSUs, similar to the model of Camacho Rubio 

et al. [22], the efficiency η’ at any given irradiance can be calculated with: 
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′	 = μtan (1.06 ∙ 10ିଶ) ∙ ܫ ∙ 100% (8)

Both approaches described the light kinetics of the growth of P. tricornutum accurately as indicated 

by the good correspondence of the model curve and experimental data (Figure 2). Experimental data 

were gained from batch growth experiments under nutrient replete conditions. Growth rates were 

determined in the exponential growth phase at low biomass concentrations where only slight shading 

of cells occurred (see Section 3.2.). Between 60 and 75 µE/(m2·s) growth rate was maximal and 

transition to the saturating light intensities was visible. At higher intensities photoinhibition 

became apparent, since the growth rates decreased slightly at intensities higher than 100 µE/(m2·s). 

According to the model the amount of photons which were absorbed by resting PSUs were at the 

maximum level near 100% at very low light intensities and decreased continuously when light 

intensitites increased. Similarly, the efficiency of photon capture, derived from the piecewise linear fit 

was initially 100% in the linearly rising range of the growth kinetics. In the saturating range, 

where growth rates were almost constant despite increasing irradiance, the efficiency was 

continuously reduced. 

Figure 2. Efficiency of photon energy conversion in the photosynthetic system of  

P. tricornutum. Continuous lines indicate data fits according to the model published by 

Camacho Rubio et al. [22]. Interrupted lines represent the growth curve in dependence of 

light intensity and efficiency of photon capture with the piecewise linear data fit. 

Experimental data are shown with symbols. I indicates the incident photon flux density; 

and µ is the growth rate of the algae. 

 

While the model by Camacho Rubio was derived from mechanistic modeling of the photosynthetic 

apparatus and regarded time constants of transition between different states of the photosystem, 

the latter approach was based on simple considerations of efficiency and worked with fewer parameters. 

There was little divergence of the resulting efficiency calculated with both approaches. Therefore, they 

could be used to describe energetic losses due to non-photochemical quenching, especially in the 

working range of ca. 200 µE/(m2·s), where data for model validation were collected. At the working 

point of 200 µE/(m2·s) the mechanistic model gave a fraction of 24% of photons that were absorbed by 
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resting PSUs, whereas the efficiency based model gave an efficiency factor of 27%. This information 

was essential for further simulations, since it was the basis for the calculation of rates of ATP and 

NADPH syntheses. The latter restrictes the syntheses of functional and storage molecules in the block 

“stoichiometry/kinetics”. Rates of syntheses of ATP, ݎ்∗ , and of NADPH, ݎேு∗ , are calculated by 

the following stoichiometries [12,23]: ݎ்∗ (ݐ) = 38 ∙ Iୟୠୱ(t) ∙  ∙ ∗ேுݎ(9) ܣܸ (ݐ) = 28 ∙ Iୟୠୱ(t) ∙  ∙ (10) ܣܸ

where A is the illuminated surface of the culture and V is the culture volume. 

P. tricornutum is able to circumvent charge separation in the photosystem II (PSII) at very high and 

saturating light intensities by cyclic electron transport [24]. In this case absorbed photons do not 

contribute to further NADP+ reduction but exclusively to ADP phosphorylation. In this manner, cells 

can adapt their ATP:NADPH synthesis ratio according to the specific requirements of their 

metabolism. However, cyclic electron transport is not explicitly considered in the model for reasons 

of simplification. According to Equations (9) and (10), a ratio of 2:3 is assumed for the synthesis of 

NADPH and ATP. 

This simplification was made because linear electron transport is energetically favorable for algae 

growth due to a higher yield and experimental evidence is available, which shows that cyclic electron 

flow rates in nutrient replete cultures of unicellular algae are low compared to linear electron flow [25]. 

Even though modelling of cyclic electron flow in a similar context was implemented in [26] a constant 

ratio of NADPH:ATP synthesis was assumed in this approach. However, further model improvement 

is possible in order to account for ajustment of the ratio of NADPH:ATP formation by the cells. 

Moreover, any reduction in efficiency is covered by the calculation of losses due to non-photochemical 

quenching at high light intensities, as shown in Equations (4) and (8). Even though a siginificant 

change in the ratio of rNADPH:rATP is not covered, a general decrease of the overall efficiency is 

comprised in this approach. 

2.4. Biomass Composition and Metabolic Costs 

As mentioned above, two major classes of molecules were distinguished in the simulation to account 

for changing biomass compositions. Firstly, active biomass is composed of functional molecules, 

proteins, membrane lipids, structural carbohydrates, nucleic acids, pigments and metabolites. 

Secondly, storage molecules, carbohydrates and lipids, accumulate during nutrient limitation. 

Lipids, which accumulate during nutrient limitation, are mainly triacylglycerols (TAG) and regarded 

as such in the model. Since the simulation is based on mass and energy balances, the model requires 

knowledge of the elemental composition of all cellular compounds as well as NADPH and ATP 

requirements for their syntheses. A major simplification was achieved by the assumption that the 

composition of active biomass is not subject to significant changes during the cultivation. Even though 

restructuring on the subcellular level is possible significant shifts of the mass fractions of principal 

components, e.g., protein content in the active (in contrast to total) biomass, are not to be expected. 

This assumption was supported because chromatographic measurements of the consumption of sulfate 
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and nitrate in the culture medium showed constant yield coefficients of nutrient replete growth, 

whereas the yield coefficient for anabolism could not be determined by ion-chromatography due to the 

capability of intracellular phosphate storage [19,27]. Moreover, a model which only described nutrient 

replete growth and included Equations (1)–(14), (21) and (22) converged towards a distinct 

composition of active biomass for six different experiments under nutrient replete conditions. 

According to these findings active biomass is represented by a composition of 59.3% proteins, 15.8% 

membrane lipids, 18.4% carbohydrates, 2.1% ribonucleic acid (RNA), 2.9% deoxyribonucleic acid (DNA) 

and 1.5% pigments. The latter consist of chlorophyll a, chlorophyll c and carotenoids in a ratio of 

0.6:0.1:0.3, which was averaged from experimental results. Biomass is not entirely composed of these 

macromolecules but remaining components and metabolites are assumed to be represented by a 

similar composition. 

The elemental composition was calculated for all molecular classes and is represented in Table 1. 

Table 1. Elemental composition of molecular components of biomass and yield coefficients 

for their synthesis based on ATP and NADPH requirements [28,29]. 

Compound 
C 

(w/w) 
H 

(w/w) 
N 

(w/w) 
O 

(w/w) 
P 

(w/w) 
S 

(w/w) 
Y1/NADPH 
[g/mol] 

Y1/ATP 
[g/mol] 

Proteins 0.53 0.07 0.18 0.20 0 0.03 5.88 4.63 
Membrane lipids 0.65 0.10 0.01 0.24 0.01 0 5.56 2.71 

TAG 0.77 0.12 0 0.11 0 0 5.56 2.71 
Carbohydrates 0.44 0.06 0 0.49 0 0 13.75 7.46 

Pigments 0.77 0.08 0.06 0.09 0 0 3.78 5.46 
DNA 0.38 0.05 0.16 0.31 0.10 0 12.61 7.39 
RNA 0.36 0.04 0.15 0.35 0.10 0 11.99 7.02 

Active biomass 0.52 0.07 0.12 0.27 0.01 0.02 6.78 4.68 

The compositions of the distinct molecular classes were derived from the molecular structures of 

the compounds. The amino acid composition of P. tricornutum, for example, was published by Brown [28] 

and served as a basis for the calculation of the elemental composition of proteins. The mass fractions 

of elements in membrane lipids was calculated with the knowledge of the fatty acid composition of 

total lipids extracted from nutrient replete cultures and determined by gas chromatography. The fatty 

acid spectrum of nutrient limited cultures served as basis to deduce the mass fraction of elements in 

TAGs (data not shown). 

Data given by Raven [29] concerning the ATP and NADPH requirement per carbon atom in 

different molecular components of microalgal cells were used to calculate yield coefficients for all 

molecules considered in the model except for pigments, RNA and DNA. In this manner, the yield 

coefficients for lipids, proteins and carbohydrates were calculated as inverse of the NADPH or ATP 

requirements for the synthesis of 1 g of the respective molecule. The results are depicted in Table 1. 

Equivalent data for the synthesis of DNA, RNA and pigments could not be found in literature. The 

NADPH and ATP requirements of their syntheses were calculated based on information on the ATP 

consumption and NADPH requirement of enzymatic steps involved in their syntheses. Information on 

the enzymatic conversions was gained from the Kyoto Encyclopedia of Genes and Genomes (KEGG) 

Pathway database. The composition of active biomass was calculated on the basis of the percentages of 
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its components. Similarly, yield coefficients given in Table 1 for the synthesis of active biomass are 

the sum of the ATP or NADPH demand of particular components weighted with their mass fraction in 

active biomass. 

Data concerning the maintenance energy requirement of P. tricornutum are not readily available. 

However, light kinetic experiments and reports of a light compensation point lower than 1 µE/(m2·s) [30] 

indicate that the maintenance coefficient for P. tricornutum can be assumed to be low. In this context 

we assume that an irradiance of at least 4 µE/(m2·s) is necessary to illuminate a reactor with 1 g/L 

biomass concentration for coverage of the maintenance energy demand. With an illuminated surface of 

A = 0.05 m2 of the reactor 1.73 × 10−2 mol Photons must therefore be absorbed per day and g. Biomass 

to cover the maintenance energy requirement of the cells. According to the stoichiometry of 2 mol 

NADPH and 3 mol ATP generated per eight mol photons absorbed, maintenance requirements of 

4.3 mmol/(g·d) NADPH and 6.5 mmol/(g·d) ATP were calculated. The lower boundaries of the rates 
of ATP and NADPH consumption for maintenance purposes, ݎ,்∗  and	ݎ,ேு∗ , are calculated with: ݎ,்∗ (ݐ) = 6.5 ݈݃݉݉ ∙ ݀ ∙ ܿ(ݐ) (11)

∗,ேுݎ (ݐ) = 4.3 ݈݃݉݉ ∙ ݀ ∙ ܿ(t) (12)

where cX(t) is the total biomass at the time t. Since it does not only comprise the active biomass but 

also the storage molecule fraction of the biomass the rates of maintenance ATP and NADPH 

consumption fulfill also the function to account for potential turnover of storage molecules [31]. 

2.5. Stoichiometry 

The stoichiometric constraints of the cell metabolism are represented by the matrix notation: ࢈ ∙ ∗࢘ = (13) ܡ

where the vector r* comprises all rates of synthesis and nutrient uptake which are themselves 

optimized by the simplex algorithm. The matrix b is the stoichiometry matrix. Their multiplication 

gives y as shown in Equation (14). The rates of NADPH and ATP generation are calculated by the 

blocks “light absorption” and “photosynthesis”. The availability of both molecules restricts the 

synthesis of the cellular compounds active biomass, TAGs and storage carbohydrates as shown in the 

first two lines of Equation (14). They ensure that an accumulation of either molecule is prevented and 

that synthesis of NADPH(/ATP) and its consumption by the anabolism as well as maintenance 

requirement equate. Calculation of NADPH(/ATP) consumption is based on synthesis rates of the 

cellular compounds, e.g., ்ݎ ீ. Their multiplication with the inverse yield coefficient, e.g., 
ଵಲಸ/ಿಲವುಹ, 

determines the requirement of NADPH or ATP for the synthesis of the respective compound. 

These two stoichiometric equations represent not only the mass balances of ATP and NADPH but in a 

wider sense also the energy balances of the system. 

Moreover, Equation (14) comprises the mass balances for the elements nitrogen, phosphorous and 
sulfur (lines 3 to 5). The uptake rate of nitrate ݎேைయష, for example, multiplied with the mass fraction of 

nitrogen in nitrate ݁ே,ேைయష determines the amount of nitrogen that is available for the synthesis of active 

biomass in a defined time period. The nitrogen requirement for anabolism on the other hand is 
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represented by the synthesis rates of the specific compounds weighted with the nitrogen content in the 

respective molecules: 

ێێۏ
ێێێ
1ۍێێ 0 − 1ܻ,/ேு − 1்ܻ ீ/ேு − 1ܻு/ேு 0 0 0 −1 00 1 − 1ܻ,/் − 1்ܻ ீ/் − 1ܻு/் 0 0 0 0 −10 0 −݁ே,, −݁ே,்ீ −݁ே,ு ݁ே,ேைయష 0 0 0 00 0 −݁,, −݁,்ீ −݁,ு 0 ݁,ைరయష 0 0 00 0 − ௌ݁,, − ௌ݁,்ீ − ௌ݁,ு 0 0 ݁ௌ,ௌைరమష 0 0
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ێێۏ
ێێێ
ێێێ
ۍ ݎ,்ݎ்ݎேுݎ ீݎுݎேைయషݎைరషݎௌைరషݎ,ேுݎ,் ۑۑے

ۑۑۑ
ۑۑۑ
ې
= ێێێۏ
ۑۑے00000ۍ
(14) ېۑ

The model could be easily expanded by incorporation of the carbon balance as well but it would 

require the description of mass transfer with the system specific mass transport coefficient kLa. 

Moreover, carbon limitation is usually (and also in this work by control of the CO2-volume fraction in 

the aeration) avoided by aeration with relatively high partial pressures of CO2 so that the necessity was 

not given in the context of this work. The system is underconstrained because the number of variables 

exceeds the number of equations in Equation (14). Therefore the solution, calculation of all synthesis 

rates, cannot solely be obtained with the knowledge of the stoichiometry. 

2.6. Kinetics/Linear Programming 

The underconstrained system given in Equation (14) is not sufficient to calculate the synthesis rates 

of all compounds. However, with the underlying assumption, that cells optimize their metabolism to 

gain a maximum growth rate, a linear programming approach can be implemented. With consideration 

of the equality constraints in Equation (14) and additional inequality constraints given by Equation (15) 

the simplex algorithm provides the synthesis rates of all compounds as result of the optimization of the 

inherent objective function Equation (21). 

The first two lines of Equation (15) indicate that the rates of NADPH and ATP syntheses, ݎேு and ݎ் are smaller than or equal to the photosynthetic rates of synthesis, ݎ்∗  and ݎேு∗ , 

as calculated with Equations (9) and (10). The consecutive two lines enforce that the maintenance 
requirements of the cells, ݎ,ேு  and ݎ,்  equal or exceed the lower boundaries ݎ,ேு∗  and ݎ,்∗  defined by Equations (11) and (12): 
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Additional non-negativity constraints in the subsequent three lines ensure that none of the synthesis 

rates of active biomass, TAGs or storage carbohydrates is negative. The model does not take into 

account that an interconversion of carbohydrates into TAG might occur inside the cell and only 

describes the observable net-synthesis rates. The following three lines state that the maximum uptake 

rates for the nutrients nitrate, phosphate and sulfate are restricted by the underlying Michaelis-Menten 

kinetics of their uptake. These are shown in Equations (16)–(18). 	 ∗ேைయషݎ = ∗ேைయష,௫ݎ ܿேைయషܭேைయష + ܿேைయష (16)	 ∗ைరయషݎ = ∗ைరయష,௫ݎ ܿைరయషܭைరయష + ܿைరయష (17)

	 ∗ௌைరమషݎ = ∗ௌைరమష,௫ݎ ܿௌைరమషܭௌைరమష + ܿௌைరమష (18)

where all r* represent the uptake rates; c represents the concentrations in the culture suspension; 

and K represents the Michaelis-Menten constants for the uptake of the individual anions. Since the 

description of the kinetics in the range of very low nutrient concentrations was not in the focus of the 

modeling and data points at very low nitrate concentrations were not available for parameter 

optimization, the maximum rates of uptake were arbitrarily chosen as 1 g/(L·d). Thus high values were 

assigned to the maximum attainable rates. The Michaelis-Menten constants on the other hand were 

chosen as very small values of 1 mg/L indicating high affinity of the organisms to the nutrients. 

Batch growth experiments did not allow for experimental observation of the nutrient uptake kinetics, 

since the transition of nutrient-replete to nutrient-limited is fast. Also very low concentrations of the 

respective nutrients are only present in very short time ranges in batch cultures so that the kinetic 

impact was not observable by measurements of ion concentrations or growth rates of biomass. 

However, the formulation by Equations (16)–(18) allows for improvement of the model if kinetic data 

for nutrient uptake are available. 

The last two lines of Equation (15) serve to empirically describe the observed saturation kinetics of 

the synthesis of TAGs and carbohydrates during nutrient limitation. The saturation can be considered a 

form of product inhibition and was modeled with inhibition terms which can be found in literature, 

e.g., in [32]. ்ܿீ(ݐ) and ܿு(ݐ) in Equation (15) are the momentary concentrations of both storage 
molecules. cୋ,୫ୟ୶  and cେୌ,୫ୟ୶  represent the maximum observable concentrations of the storage 

molecules and are calculated by multiplication of the maximum specific contents inside the cells and 

the active biomass concentration. n is a smoothing parameter. It was introduced because of the fast 

transition of carbohydrate synthesis to saturation. However, it is merely a parameter to empirically 

describe the observations. Lipid accumulation did not show a similar behavior and the introduction of 

an additional parameter for their saturation kinetics was therefore omitted. 
Maximum rates of synthesis ்ݎ ீ,௫ and ்ݎ ு,௫are calculated by the following restrictions: ்ݎ ீ,௫(ݐ) = 	݉݅݊ൣ்ܻ ீ/ேு ∙ ൫ݎேு − ,,ேு൯ݎ ்ܻ ீ/் ∙ ൫ݎ் − (ݐ)ு,௫ݎ,்൯൧ (19)ݎ = 	݉݅݊ൣ ܻு/ேு ∙ ൫ݎேு − ,,ேு൯ݎ ܻு/் ∙ ൫ݎ் − ,்൯൧ (20)ݎ

Therewith, the maximum attainable rates of synthesis of TAGs or storage carbohydrates are only 

restricted by ATP and NADPH availability in this context. 
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In order to solve the optimization approach an objective function is additionally required. It represents 

the organism’s inherent driving force to maximize its growth rate and to optimize energy storage. 

It is given by: 

where ݂, , ்݂ ீ  and ݂ு  represent weighting factors. The simulation mainly passes through two 

distinct phases, nutrient-replete growth and storage molecule accumulation. Even though the model 
proved to be relatively insensitive to variations of the weighting factors it was important that ݂, was 

greater than the other weighting factors. The synthesis of active biomass has a direct reproductive 
value for the cells. If ݂, was not greater than ்݂ ீ and ݂ு the cells would also synthesize storage 

molecules during nutrient-replete conditions to convert the absorbed energy in reactions of the 

cells’ anabolism. In contrast, the accumulation of storage molecules is not a primary objective of the 

microalgal cells. fCH was arbitrarily normalized to 1. Since the enthalpy of combustion of lipids 

(ΔHc,TAG = 40 kJ/g) is greater than that of carbohydrates (ΔHc,CH = 18 kJ/g) [33] TAGs represent a 

storage compound with higher energy density. The synthesis of TAGs was weighted with a factor 2.2. 

This corresponds to the ratio ΔHc,TAG:ΔHc,CH and accounts for the higher value of 1 g of TAGs 
compared to 1 g of carbohydrates in terms of energy reserve for the cell. ݂, was set to 5 to ensure that 

the synthesis of active biomass is preferred over that of storage molecules. 
The rates of syntheses of active biomass ݎ,, storage carbohydrates ݎு, and storage lipids ்ݎ ீ, 

were thus calculated by the simplex algorithm [34] implemented in the MATLAB (MathWorks) 

function “linprog”. In this respect all valid solutions are bounded by equality constraints of  

Equation (14) and inequality constraints of Equation (15). The maximization of the objective function 

given by Equation (21) then calculates the optimal rates taking into account these constraints.  

2.7. Material Balances 

The concentrations of active biomass, lipids and carbohydrates as well as the concentrations of the 

nutrients nitrate, sulfate and phosphate were calculated by integration of the rates of their synthesis 

or uptake. The underlying differential equation is: 

where r(c) represents the vector containing all rates of synthesis of biomass components or rates of 

nutrient uptake for the respective state variables at the time t. The rates are dependent on the 

concentrations as shown by the representation r(c). The vector r(c) is obtained by solving the simplex 

algorithm as described above. 

2.8. Model Validation 

Model validation was performed by fitting of experimental data gained from experiments with 

varying NaNO3 starting concentrations with the model. Figure 3 shows the fit with an experiment with 

an initial NaNO3 concentration of 0.56 g/L. The experimental data show batch growth of P. tricornutum 

in the flat plate reactor. After a short lag phase the biomass was growing exponentially until nitrate 

concentration in the culture medium was depleted (Figure 3B). Subsequently, a shift was observable, 

ݔܽ݉ 	݃ = ݂, ∙ ,ݎ + ்݂ ீ ∙ ݎ் ீ + ݂ுݎு (21)

ݐ݀ࢉ݀ = (22) (ࢉ)࢘
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since carbohydrates started to accumulate quickly from initially ca. 0.15 g/L to more than 0.7 g/L 

(Figure 3D). Biomass growth rate was slightly reduced in this stage. At the same time an increase in 

lipid productivity occurred. This was observable because lipid concentrations increased faster after 

onset of the limitation (Figure 3C). Lipid concentration increased from less than 0.2 g/L before onset 

of the nitrogen limitation to almost 1.5 g/L until the experiment was stopped at day 21. Due to the 

experimental procedures TAGs could not be discriminated from membrane lipids so that total lipid 

concentrations are given in Figures 3 and 4. In the simulation they were calculated as sum of 

membrane lipids (from active biomass) and TAG concentrations. The transmission of photons through 

the culture was initially high, but decreased in the same manner as biomass grew. However, when growth 

of active biomass stopped because of the nitrogen limitation the transmission did not continue to decrease. 

Complete absorption of light was not achieved. Transmission stayed at a level of ca. 25 µE/(m2·s) 

throughout the remaining days of the cultivation (Figure 3E). The experimental data and simulation 

were in good correspondence. The model was able to describe both exponential growth of the algal 

culture and storage molecule accumulation in the subsequent limitation. Notably, simultaneous 

accumulation of both storage molecules took place in cultures of P. tricornutum. The linear 

programming approach was able to predict this accurately (Figure 3C,D). Adjustment of the 

parameters resulted in a description of light absorption Equation (2) with the parameters a = 1.93 × 10−1 m 
and b = 1.62 × 10−2 m2/g. Parameters of Equation (15) were ்ܿீ,௫ = 2.1·ܿ,, ܿு,௫ = 1.2·ܿ,, 

and n = 4.25. 

Figure 3. Batch cultivation of P. tricornutum with a NaNO3 starting concentration of 0.55 g/L. 

Symbols indicate experimental data. Lines represent simulated data. (A) Biomass 
concentration ܿ ; (B) Nitrate concentration ܿேைయష ; (C) Lipid concentration ܿ  comprises 

concentration of membrane lipids and TAGs, (D) Carbohydrate concentration ܿு 

comprises concentrations of functional and storage carbohydrates; and (E) Irradiance of 

transmitted light ܫ௧௦. 
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Figure 4. Batch cultivation of P. tricornutum with a NaNO3 starting concentration of 1.56 g/L. 

Symbols indicate experimental data. Lines represent simulated data. (A) Biomass 
concentration ܿ ; (B) Nitrate concentration ܿேைయష ; (C) Lipid concentration ܿ , comprises 

concentration of membrane lipids and TAGs; (D) Carbohydrate concentration ܿு , 

comprises concentrations of functional and storage carbohydrates; and (E) Irradiance of 

transmitted light ܫ௧௦. 

 

An overview is given in Table 2. 

Table 2. Parameters of the validation experiments. 

Experiment 
A [m] B [m2/g] ࢞ࢇ,ࡳࢀࢉ  n [ۺ/]	࢞ࢇ,ࡴࢉ [ۺ/]

Equation (2) Equation (2) Equation (15) Equation (15) Equation (15) 

0.55 g/L NaNO3 1.93 × 10−1 1.62 × 10−2  2.1·ܿ, 1.2·ܿ, 1 
1.56 g/L NaNO3 8.2 × 10−2 6.39 × 10−3  3.5·ܿ, 2.2·ܿ, 4.25 

The biomass concentration was slightly underestimated at high biomass concentrations (>2.5 g/L). 

The deviation of experimentally measured biomass concentration and simulation data at the very end 

of the simulation was 8%. This could result from inaccuracies of the measurement of either compound 

or accumulation of a compound different from lipids or carbohydrates, which was not measured with 

the described methods. All other data were described more precisely with the simulation. 

In order to test for validity of the model, a second batch cultivation with an initial NaNO3 

concentration of 1.56 g/L was simulated and compared to the associated experimental data. The results 

are depicted in Figure 4. The principal evolution of all concentrations was comparable to that observed 

in the experiment depicted in Figure 3. The biomass was growing exponentially until nitrate was 

entirely consumed in the culture medium at day 9. Concentrations of carbohydrates and TAGs started 

to increase abruptly and increased ca. 5–6 fold until the experiment was stopped at day 27. In contrast 
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to the experiment with a starting concentration of 0.55 g/L sodium nitrate the light was completely 

absorbed by the culture at the onset of the cultivation. Consequently, transmission stayed on a very low 

level until the end of the experiment. 

The mathematical model was able to describe biomass growth, lipid and carbohydrate accumulation 

as well as light absorption and nitrate uptake accurately. Only biomass concentration showed again a 

deviation of ca. 8% towards the very end of the cultivation. It was remarkable that lipid accumulation 

was only restricted by the energy balance, and therewith by the availability of ATP and NADPH. 

The lipid concentration followed a linear regime (Figure 4C) and TAGs accumulated with a constant 

productivity until the end of the experiment. The application of saturation kinetics for TAG 
accumulation was redundant in this case. Variation of ்ܿீ,௫  in the model did not influence the 

outcome of the simulation, but simply needed to exceed a value of 3.5 ܿ,	to describe experimental 

data accurately. All other parameters (see Table 2) were a = 8.2 × 10−2 m, b = 6.39 × 10−3 m2/g in 
Equation (2), ܿு,௫ = 2.2·ܿ,, and n = 4.25 in Equation (15). 

2.9. Suitability and Implications of the Process Model 

The purpose of the here presented metabolic modeling was the mathematical description of the 

physiological behavior and in particular the storage molecule accumulation of the algae strain  

P. tricornutum as response to a nutrient limitation. The focus of the model was the incorporation of the 

linear programming approach and application to stress-inducing physiologic conditions. With this 

approach it was demonstrated that microalgal growth can be modeled by maximization of energy 

conversion to yield biomass taking account of restrictions imposed by nutrient availability and 

light intensity. 

Major determinant of the growth of algae is light. Light absorption determines the rates of ATP and 

NADPH supply for the cultures and therewith restricts growth. Beside the intensity impinging on the 

photobioreactor the absorption of light is mainly determined by the mutual shading of cells. The latter 

is influenced by the biomass concentration, but also affected by the scattering of light. Moreover, cells 

adapt their intracellular content of pigments according to the light intensity that the cells perceive [35]. 

Since these processes are complex and their mathematical description was not readily available in 

literature, a simplification was introduced into the model by describing the light gradients within the 

reactor as exponential decrease of the light intensity along the light path. Since the accumulation of 

lipids and carbohydrates did not significantly change the overall absorption properties of the cultures, 

as shown by the constant intensity of transmitted light during the nutrient-limited growth stage (Figure 3), 

the calculation of the extinction coefficient in Equations (1)–(3) were based on the concentration of 

active biomass instead of total biomass. This approach required the introduction of additional parameters. 

However, one dataset, the flux density of transmitted light, was available for each individual 

experiment. Therefore, the parameter adaption did not decrease the relevance of the model, but served 

simply to decouple light absorption from the remaining model. 

The subsequent conversion of absorbed light to the energy carrier molecule ATP and the reduction 

equivalent NADPH was described by two different approaches. The Model presented by Camacho 

Rubio et al. [22] gives a mechanistic description of the light absorption by photosynthetic units. 

However, the introduction of photoinhibition complicated the model. Therefore, a second approach 
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was followed by simple efficiency considerations. Efficiency could be derived from the dependence of 

growth rates from light intensity. Both approaches represented viable ways to calculate the efficiency 

of photon capture and energy conversion in photosynthesis. By comparison of the two approaches  

a higher certainty was achieved with regard to the modeling of ATP and NADPH generation in  

the “photosynthesis” block of the model. The determination of the rates ݎ்  and ݎேு  was of 

critical importance for the model, since the energy restrictions limit growth and storage molecule 

accumulation throughout the entire process. A further improvement could potentially be achieved by 

the incorporation of cyclic electron transport into the simulation. This would be relevant for very high 

irradiances but was neglected in the work presented here. 

By introduction of a simplex algorithm the allocation of resources, ATP, NADPH and nutrients, 

was described by the model and rates of synthesis were calculated for all major compounds. In this 

respect the stoichiometric equality constraints, or mass balances, alone were not sufficient to calculate 

rates of synthesis and nutrient uptake because the system was underconstrained. Additional kinetic 

restrictions, formulated as inequality constraints, were necessary to solve the optimization algorithm. 

The simulation finally demonstrated that modeling was accurate, even though not all kinetic data were 

exactly quantified, e.g., the maximum nutrient uptake rates.  

A major simplification was made by the assumption of an invariable composition of the functional 

fraction of biomass. The ratio of macromolecular compounds of cells is subject to variation within 

certain limits. However, data from ion chromatography indicated that yield coefficients for the active 

biomass are constant. This was recorded throughout single cultivations for the salts containing sulfur 

and nitrate [19]. Furthermore, yield coefficients were identical when different cultivations with varying 

starting concentrations of the salts were compared. The simulation confirmed that the assumption of  

a constant composition of active biomass was valid. The composition of total biomass on the other 

hand drastically changes during storage molecule accumulation and by association also the mass 

fraction of the respective elements in total biomass [36]. 

The model demonstrated the ability to describe simultaneous synthesis of carbohydrates and lipids, 

especially at the onset of the limitation. Nevertheless, the incorporation of empiric saturation kinetics 

in Equation (15) was necessary in this respect to account for more complex processes inside the cells. 

Even though NADPH and ATP is abundantly available when very high concentrations of carbohydrates 

and lipids occur simultaneously, the cells synthesis rates are restricted by the kinetic restrictions given 

in Equation (15). The model postulates that the synthesis and consumption of NADPH and ATP equate 

at every time. The excess of NADPH and ATP is mathematically compensated by the adaption of the 

maintenance energy requirement of the cells. The latter is part of the optimization task including the 

respective rates. An upper limit for the accumulation of carbohydrates and lipids is most likely 

imposed by spatial restrictions or solubility of carbohydrates. Moreover, unfavorable thermodynamics 

for balance reactions with the accumulation of products, as well as a high turnover of the pool of 

triacylglycerol [31] might be further reasons for decreasing rates of carbohydrate and lipid synthesis at 

high concentrations. In case of a high turnover of the storage molecules, rates of their synthesis would 

decrease because of the higher energy requirement. In the simulation, however, an additional term  

that accounts for compound turnover was not foreseen, if nothing else because it would be hard to 

experimentally quantify. Nevertheless, it is partially comprised in the terms for maintenance 

requirements in Equations (11) and (12). Moreover, saturation might be explained by accumulation of 
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carotenoids towards the end of the process. It was indeed experimentally observed towards the end of 

experiments (data not shown). A higher content of carotenoids could result in higher energy dissipation 

by non-photochemical quenching [37]. This would necessarily lead to a decrease of storage molecule 

accumulation, since photosynthetic regeneration of ATP and NADPH was reduced. In conclusion, the 

model is not able to explain whether the excess of ATP and NADPH does not even occur because of 

energy dissipation by protective carotenoids or a higher energy requirement exists because of turnover 

of molecules at very high concentrations of lipids and carbohydrates. Nevertheless, such conditions 

only occur at extremely high storage molecule concentrations and would require further experimental 

investigation. 

3. Experimental Section 

3.1. Growth Medium and Cultivation of P. Tricornutum 

P. tricornutum (1090-1a, Culture Collection of Algae, University of Göttingen, Göttingen, Germany) 

was cultivated in a medium published by Mann and Myers [38]. Unlike in the original medium NaCl 

concentration was 27.0 g/L, KH2PO4 concentration was 0.15 g/L and MgSO4·7H2O was reduced to  

a final concentration of 0.6 g/L. Besides, 30 mg/L Na2SiO3·5H2O were added. Tris buffer was 

removed from the original medium composition because it is a potential carbon source for 

heterotrophic organisms [39]. NaNO3 concentration was 1.0 g/L unless otherwise specified. In order to 

avoid limitation of phosphorus or sulfur, 5 mL of a concentrate of 35 g/L K2HPO4 and 144 g/L 

MgSO4·7H2O were fed after nine days of growth in all experiments with initial NaNO3 

concentrations higher than 1.5 g/L. Shaking flask cultures for inoculation were grown at 21°C for 3 

weeks and illuminated by an LED system at 150 µE/(m2·s). All chemicals were purchased from Carl Roth 

(Karlsruhe, Germany) and Sigma-Aldrich (St. Louis, MO, USA). They were all of analytical grade 

(p.a.) quality. 

P. tricornutum was cultivated in flat panel Midiplate reactors illuminated by a LED system  

with warm white surface mounted device LEDs with collimating lenses (6° radiation angle) for 

homogenous light distribution [40]. The LED-panel illumination systems were attached at a distance of 

125 mm from the surface of the reactor. Both, reactor and illumination system, were developed at the 

Institute of Bioprocess Engineering at Karlsruhe Institute of Technology (KIT). The irradiance was 

adjusted via amperage and measured with a planar light sensor, LI-250 (LI-Cor). The liquid volume at 

start of the experiments was 1.2 L. The reactor depth was 20 mm. The temperature was measured with 

a PT100 resistance thermometer and controlled at 21 ± 1 °C. Mixing of the suspension was achieved 

by aeration at 0.2 vvm air flow through a polytetrafluoroethylene membrane (pore size 1 µm, 

Reichelt Chemietechnik, Heidelberg, Germany). The pH was measured with Polylite Plus Arc 225 sensor 

(Hamilton, Höchst, Germany) and pH control at pH 7.7 was achieved by automatic adjustment of the 

volume fraction of CO2 in the air flow. Prior to inoculation the pH of the medium was adjusted to 

10.5 and saturated with CO2 by the automatic control to guarantee a minimum CO2 partial pressure 

that is high enough to avoid a CO2 limitation. During the cultivation pH is increasing by tendency 

because of the consumption of CO2 by algae and because of the uptake of nutrients from the medium. 

These effects are compensated by a continuously increasing CO2 mass flow regime as set by the controller. 
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3.2. Measurement of Biomass Concentration and Calculation of Growth Rates 

For gravimetric bio dry mass measurements duplicates of 10 mL samples were centrifuged, 

washed and the pellets were freeze-dried (ALPHA 1-2 LDplus, Christ, Osterode am Harz, Germany) 

prior to weighing with micro scales (Kern ABJ, Balingen-Frommern, Germany). Correlations of bio dry 

mass concentration cX and the optical density at 750 nm, measured with a T60 U spectrophotometer 

(PG Instruments, Wibtoft, UK), were recorded for each experiment. 

Biomass concentration ܿ was calculated with:  ܿ = 0.376 ܮ݃ ∙ ହ (23)ܦܱ

The growth rates were calculated in the exponential growth phase with: 

μ = ln (ܿ,ଶܿ,ଵ)ݐଶ − ଵݐ  (24)

3.3. Ion Chromatography 

The concentrations of anions (phosphate, nitrate and sulfate) in the supernatant of samples  

were determined by ion chromatography (882 Compact IC plus, Metrohm, Herisau, Switzerland). 

Samples were automatically diluted (1:10) and injected by an autosampler unit (Professional Sample 

Processor 858, Metrohm, Herisau, Switzerland). For the separation of ions the device was equipped 

with a Metrosep A Supp five column (Metrohm) consisting of polyvinyl-alcohol with quaternary 

ammonium groups. The elution buffer consisted of 3.2 mM Na2CO3, 1.0 mM NaHCO3 and 12.5% (v/v) 

acetonitrile in water. Ions were detected with a conductivity detector (Metrohm). 

3.4. Lipid Quantification by Nile Red Fluorescence and Gas Chromatography 

The total lipid contents of cells in a subset of four or five samples (duplicates) were determined by 

gas chromatography and data were used to create a calibration curve with fluorescence measurements 

after Nile red (9-diethylamino-5H-benzo[a]phenoxazine-5-one, Sigma-Aldrich) staining of cells. 

In order to reduce sampling volume the specific lipid content of cells could subsequently be measured 

in small volumes of cell suspension dyed with Nile red according to the procedure described in [19]. 

Linear regression of the specific lipid content determined by gas chromatographic measurements 

with the specific fluorescence (based on optical density) of cells stained with a Nile red dye resulted in 

a calibration curve that allowed for direct determination of the lipid concentration in samples with the 

Nile red method. 

For the purpose of lipid quantification by gas chromatography 20 mg freeze dried biomass samples 

were transesterified in duplicate according to the method described by Meesters et al. [41]. Only 

chloroform was replaced by n-hexane. Prior to transesterification an internal standard (0.5 mg/mL) of 

methyl benzoate (FLUKA, St. Louis, MO, USA) was added to each sample. The lipophilic phase was 

injected into a 30 m FAMEWAX column (Restek, Fuldabrück, Germany) and analyzed by the Agilent 

6890N (Agilent Technologies, Santa Clara, CA, USA) gas chromatograph equipped with and a flame 

ionization detector. The temperature program consisted of heating up at a rate of 8 °C/min starting 
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from 40 °C. The final temperature was held at 250 °C to the end of each measurement. Fatty acid 

identification and quantification was possible after calibration with two analytical standards, Marine 

Oil FAME Mix (Restek) and AOCS No. 3 (RM-3, Supelco, St. Louis, MO, USA). 

For fluorescence measurements of biomass stained with the dye Nile red, duplicate biomass 

samples were diluted to an optical density measured at a wavelength of 750 nm (OD750 nm) of 0.06 in 

an aqueous solution with 25% (v/v) dimethyl sulfoxide (Roth, Karlsruhe, Germany) and 1 µg/mL 

Nile red [42]. Fluorescence intensity was read at 580 nm after 10 min incubation in darkness with the 

fluorescence spectrophotometer Aminco Bauman Series 2 (Thermo Electron Corporation, Waltham, 

MA, USA). The excitation wavelength was set to 490 nm. 

The total lipid concentration ܿ was calculated with: ܿ = ݁, ∙ ܿ (25)

as the product of the mass fraction ݁, of lipids in biomass, and the biomass concentration cX. 

3.5. Carbohydrates 

Carbohydrate concentrations were determined with an anthrone color reagent [0.1% w/v anthrone 

(Merck, Darmstadt, Germany) in H2SO4]. Samples were centrifuged and the sediments diluted to a 

concentration of less than 0.2 g/L biomass in ultra-pure water (Elga Maxima laboratory water 

purification system, Celle, Germany). Anthrone reagent was then added and the mixture was incubated 

at 95 °C for 16 min. After 5 min cooling on ice and centrifugation (10,000 rpm, 5 min) the absorbance 

of the supernatant was measured at 625 nm. A calibration curve was made for each series of 

measurements in a range of 0.02 to 0.20 g/L with potato starch (according to Zulkowski [43], Merck). 

All data points represent averages from duplicate measurements. 

3.6. In Silico Simulation with MATLAB 

The simulation was programmed with MATLAB R2012a (MathWorks Inc., Natick, MA, USA) 

software. Parameter optimization was achieved with the implemented unconstrained nonlinear 

optimization (fminsearch) algorithm minimizing the sum of squares of errors between experimental 

and simulated data points [44]. Parameters subject to parameter calibration/optimization were a, b in 
Equation (2) and ்ܿீ,௫, ܿு,௫ as well as n in Equation (15). 

4. Conclusions 

With the introduction of a linear programming approach the simulation of growth and lipid 

accumulation of P. tricornutum under nutrient limitation was achieved. The simulation was in 

accordance with experimental data. The model was able to describe accurately the transition from 

exponential to nutrient limited growth and simultaneous accumulation of two different storage 

compounds, carbohydrates and lipids. While the model describes light absorption empirically and 

achieves decoupling from the remaining model, the focus is set on description of the cells’ reaction to 

a limitation by linear programming. The objective function of microalgae, maximization of growth and 

storage molecule accumulation, is optimized in strict accordance with stoichiometric and kinetic 

constraints. On a cellular level, the synthesis rates of major cellular compounds were calculated as 
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optimal solution in the respective possibility space. The latter is defined by nutrient availability and 

photosynthetic NADPH and ATP regeneration as well as kinetic limitations. On the reactor level 

integration of the rates allows for the simulation of the evolution of all measured variables, such as 

concentrations of biomass, lipids, carbohydrates and nutrients. 
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