
Auxiliar material describing the system of differential equations with the corresponding 

initial and boundary conditions for the detection geometry considered in this paper. 

 

For the geometry in Fig.1, the system of thermal diffusion equations can be written as: 

𝑑2𝑇𝑖

𝑑𝑥𝑖
2 −

𝑖𝜔

𝛼𝑖
𝑇𝑖 = 0;   i = air, p, c1, s, c2, b 

The solutions for the standard one directional heat diffusion system of equations are: 

 

𝑇𝑎𝑖𝑟(𝑥) = 𝐴𝑒−𝜎𝑎(𝑥−𝐿𝑓1−𝐿𝑝) 

𝑇𝑝(𝑥) = 𝑄𝑒𝜎𝑝(𝑥−𝐿𝑓1) + 𝑃𝑒−𝜎𝑝(𝑥−𝐿𝑓1) 

𝑇𝑐1(𝑥) = 𝑈𝑒𝜎𝑓1𝑥 + 𝑉𝑒−𝜎𝑓1𝑥 

𝑇𝑠(𝑥) = 𝐶𝑒𝜎𝑠𝑥 + 𝐵𝑒−𝜎𝑠𝑥 

𝑇𝑐2(𝑥) = 𝑀𝑒𝜎𝑓2(𝑥+𝐿𝑠) + 𝑁𝑒−𝜎𝑓2(𝑥+𝐿𝑠) 

𝑇𝑏(𝑥) = 𝐷𝑒𝜎𝑏(𝑥+𝐿𝑠+𝐿𝑓2) 

 

 

Boundary conditions of temperature and flux continuity: 

 -Front configuration 

• Interface𝐿𝑓1 + 𝐿𝑝 

𝑇𝑎𝑖𝑟(𝑥)/𝑥=𝐿𝑓1+𝐿𝑝= 𝑇𝑝(𝑥)/𝑥=𝐿𝑓1+𝐿𝑝  

𝐴 = 𝑄𝑒𝜎𝑝𝐿𝑝 + 𝑃𝑒−𝜎𝑝𝐿𝑝 

−𝑘𝑎
𝑑𝑇𝑎𝑒𝑟(𝑥)

𝑑𝑥
/𝑥=𝐿𝑓1+𝐿𝑝+ 𝑘𝑝

𝑑𝑇𝑝(𝑥)

𝑑𝑥
/𝑥=𝐿𝑓1+𝐿𝑝= 0 

𝑘𝑝𝜎𝑝(𝑄𝑒
𝜎𝑝𝐿𝑝 − 𝑃𝑒−𝜎𝑝𝐿𝑝) + 𝑘𝑎𝜎𝑎𝐴 = 0 

 

• Interface𝐿𝑓1 

𝑇𝑝(𝑥)/𝑥=𝐿𝑓1= 𝑇𝑐1(𝑥)/𝑥=𝐿𝑓1  

𝑄 + 𝑃 = 𝑈𝑒𝜎𝑓1𝐿𝑓1 + 𝑉𝑒−𝜎𝑓1𝐿𝑓1  

𝑘𝑓1
𝑑𝑇𝑐1(𝑥)

𝑑𝑥
/𝑥=𝐿𝑓1− 𝑘𝑝

𝑑𝑇𝑝(𝑥)

𝑑𝑥
/𝑥=𝐿𝑓1= 0 



𝑘𝑓1𝜎𝑓1(𝑈𝑒
𝜎𝐿𝐿𝑓1 − 𝑉𝑒−𝜎𝐿𝐿𝑓1)−𝑘𝑝𝜎𝑝(𝑄 − 𝑃) = 0 

 

• Interface x=0 

Tc1(x)/x=0= Ts(x)/x=0 

𝐶 + 𝐵 = 𝑈 + 𝑉 

𝑘𝑠
𝑑𝑇𝑠(𝑥)

𝑑𝑥
/𝑥=0− 𝑘𝑓1

𝑑𝑇𝑐1(𝑥)

𝑑𝑥
/𝑥=0= 0 

𝑘𝑠𝜎𝑠(−𝐵 + 𝐶)−𝑘𝑓1𝜎𝑓1(𝑈 − 𝑉) = 𝐻 

 

• Interface -Ls 

𝑇𝑠(𝑥)/𝑥=−𝐿𝑠= 𝑇𝑐2(𝑥)/𝑥=−𝐿𝑠  

𝐵𝑒𝜎𝑠𝐿𝑠 + 𝐶𝑒−𝜎𝑠𝐿𝑠 = 𝑀 +𝑁 

𝑘𝑓2
𝑑𝑇𝑐2(𝑥)

𝑑𝑥
/𝑥=−𝐿𝑠− 𝑘𝑠

𝑑𝑇𝑠(𝑥)

𝑑𝑥
/𝑥=−𝐿𝑠= 0 

𝑘𝑓2𝜎𝑓2(𝑀 − 𝑁)−𝑘𝑠𝜎𝑠(𝐶𝑒
−𝜎𝑠𝐿𝑠 − 𝐵𝑒𝜎𝑠𝐿𝑠) = 0 

 

• Interface -Ls - Lf2 

𝑇𝑐2(𝑥)/𝑥=−𝐿𝑠−𝐿𝑓2= 𝑇𝑏(𝑥)/𝑥=−𝐿𝑠−𝐿𝑓2 

𝑀𝑒−𝜎𝑓2𝐿𝑓2 + 𝑁𝑒𝜎𝑓2𝐿𝑓2 = 𝐷 

𝑘𝑏
𝑑𝑇𝑏(𝑥)

𝑑𝑥
/𝑥=−𝐿𝑠−𝐿𝑓2− 𝑘𝐿

𝑑𝑇𝑐2(𝑥)

𝑑𝑥
/𝑥=−𝐿𝑠−𝐿𝑓2= 0 

𝑘𝑏𝜎𝑏𝐷−𝑘𝑓2𝜎𝑓2(𝑀𝑒
−𝜎𝑓2𝐿𝑓2 − 𝑁𝑒𝜎𝑓2𝐿𝑓2) = 0 

 

- Back configuration 

 

The boundary conditions are the same as in the front configuration for the interfaces:Lf1+Lp, Lf1, 

-Ls-Lf2 

Interface 0: 

𝐶 + 𝐵 = 𝑈 + 𝑉 

𝑘𝑠𝜎𝑠(−𝐵 + 𝐶)−𝑘𝐿𝜎𝐿(𝑈 − 𝑉) = 0 

 



Interface -Ls: 

𝐵𝑒𝜎𝑠𝐿𝑠 + 𝐶𝑒−𝜎𝑠𝐿𝑠 = 𝑀 +𝑁 

𝑘𝐿𝜎𝐿(𝑀 − 𝑁)−𝑘𝑠𝜎𝑠(𝐶𝑒
−𝜎𝑠𝐿𝑠 − 𝐵𝑒𝜎𝑠𝐿𝑠) = 𝐻 

 

Using the system of heat diffusion equations with the boundary conditions described above we 

obtained the results presented in the paper. 


