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Abstract: We present a detailed survey of results and two new results on graphical models
of uncertainty and associated optimization problems. We focus on two well-studied models,
namely, the Random Failure (RF) model and the Linear Reliability Ordering (LRO) model. We present
an FPT algorithm parameterized by the product of treewidth and max-degree for maximizing
expected coverage in an uncertain graph under the RF model. We then consider the problem of
finding the maximal core in a graph, which is known to be polynomial time solvable. We show that
the PROBABILISTIC-CORE problem is polynomial time solvable in uncertain graphs under the LRO
model. On the other hand, under the RF model, we show that the PROBABILISTIC-CORE problem is
WI[1]-hard for the parameter d, where d is the minimum degree of the core. We then design an FPT
algorithm for the parameter treewidth.

Keywords: probabilistic graphs; uncertain graphs; influence maximization; cascade failure; linear
reliable ordering; expected coverage; probabilistic core.

1. Introduction

Network data analytics has come to play a key role in many scientific fields. A large body of
such real-world networks have an associated uncertainty and optimization problems are required to
be solved taking into account the uncertainty. Some of the uncertainty are due to the data collection
process, machine-learning methods employed at preprocessing, privacy-preserving reasons and due to
unknown causes during the operation of the network. Throughout this work, we study the case where
the uncertainty is associated with the availability or the nature of relationship between the vertices of
the network. The vertices themselves are assumed to be always available, in other words, the vertices
are assumed to be certain. The concepts can be naturally modified to model uncertainty by associating
uncertainty with the vertices. Road networks [1,2] are a natural source of optimization problems where
the uncertainty is due to the traffic. Indeed, in uncertain traffic networks [2], the travel-time on a
road is inherently uncertain. One way of modeling this uncertainty is by modeling the travel-time
as a random variable. Indeed, the random variable is quite complex since the probability that it
takes a certain value is dependent on other parameters like the day of the week and time of the
day. However, our focus is only on the fact that uncertainty is modeled by an appropriately defined
random variable. The natural optimization problem on an uncertain traffic network is to compute
the expected minimum-time s-t path. In biological networks [3], the protein-protein interaction (PPI)
network is an uncertain network. In a PPI network, proteins are represented by vertices and interaction
between proteins are represented by edges. The interaction between proteins are derived through
noisy and error-prone experiments which cause uncertainty. Sometimes the interactions are predicted
by the nature of proteins instead of experiments. In this example, the uncertainty can be of two
types: it can be on the presence or the absence of a protein-protein interaction or on the strength of
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an interaction between two proteins. Similarly, social networks are another example of uncertain
networks where the members of the network are known, and the uncertainty is on the link between
two members in the network. The interaction between members of an uncertain network associated
with a social network are obtained using link prediction and by evaluating peer influence [4]. In all
these three examples of networks with uncertainty, the uncertainty on the edges can be modeled as
random variables. A random variable can be used to indicate the presence or the absence of an edge.
In this case, the random variable takes values from the set {0, 1} with each value having an associated
probability. A random variable can also be used to model the strength of the interaction between two
entities in the network, in which case for an edge, the corresponding random variable takes values
from a set of values and each value has an associated probability.

In this work, we survey the different models of uncertainty and the associated optimization
problems. We then present our results on optimization problems on uncertain networks when the
networks have bounded treewidth. The fundamental motivation for this direction of study is that
a typical optimization problem on an uncertain graph is an expectation computation over many
graphs implicitly represented by the uncertain graph. A natural question is there are problems which
have efficient algorithms on a graph in which the edges have no uncertainty but become hard on
uncertain graphs. The typical optimization problems considered on uncertain graphs are shortest
path [5], reliability [6], minimum spanning trees [7,8], maxflows [9,10], maximum coverage [11-13],
influence maximization [14] and densest subgraph [15,16]. This article is structured partly as a survey
and partly as an original research article. In Section 1.1, we formally present the concepts in uncertain
graphs and then present subsequent details on uncertain graphs in Section 2. In Section 1.2, we survey
the different algorithmic results on uncertain graphs and in Section 1.3 we outline our results.

1.1. Uncertain Graphs-Definition and Semantics

We consider the graphs with uncertain edges and certain vertices. An uncertain graph, denoted
by G, is a triple that consists of a vertex set V, an edge set E and a set of outcomes { A, | e € E}.
For each edge e € E, the outcome A, is a set of values and an associated probability distribution on A..
The outcome A, is considered to be an interval or a finite set. For each e € E, if the outcome A, is an
interval, the associated probability distribution is called a continuous distribution, and if it is a finite
set, the associated probability distribution is called a discrete distribution. In either case, the natural
distribution is the uniform distribution. For the case in which for each edge e € E, A, is a closed
interval [L,, U,], the probability that e gets specific value in £, < U, is ﬁ In case for each e € E,
A, is a finite set under the uniform distribution, the probability that e gets a specific value from A,
is \JélT\ Such uncertain graphs were the focus of the earliest results [5,7,9,10] and we survey these in
Section 1.2. However, in general, the uncertainty could be modeled by any probability distribution A,.
Therefore, the uncertain graph is a succinct representation of the set of all edge weighted graphs such
that for each edge e its weight is a value from .4,. This set is an uncountable set when .4, is an interval
and itis [T,cf |Ae| in case each e € E, A, is a finite set. In this paper, we present our results for the case
when for each edge ¢, the outcome A, is the set of values {0, 1}. Naturally, 0 models the absence of
an edge and 1 models the presence of an edge. An uncertain graph under this condition is a succinct
representation of the set of all edge subgraphs of G = (V, E). In this case, the uncertain graph G is
represented as a triple (V, E, p) where p : E — [0,1] is a function defined on E and p(e) is said to be
the survival probability of the edge e. The failure probability of an edge e is 1 — p(e). The set of all
graphs represented by an uncertain graph is well-known as the possible world semantics (PWS) [17,18] of
the uncertain graph. For each E' C E, H = (V, E’) is called a possible world of G and this is denoted by
the notation H C §. For an uncertain graph G = (V, E, p), there are 2lEl possible worlds. An uncertain
graph and two of its possible worlds are illustrated in Figure 1.
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Figure 1. (a) A probabilistic graph G = (V, E, p); (b) A possible world H; of G with P(H;) = 0.0072;
(c) Another possible world H; of G with P(H,) = 0.0588.

The probability associated with a possible world depends on the probability distributions
on A, and, most importantly, the dependence among the edge samples. A distribution model is
a specification of the dependence among edge samples. Further, a distribution model uniquely
determines a probability distribution on the possible worlds. For example, if the edge samples
are all independent, the distribution model is called the Random Failure (RF) model. Under the
RF model, the probability of a possible world H is givenby P(H) = [] p(e) [ (1—ple)).

ecE(H) ecE\E(H)

Based on the dependence among the edge samples, the literature is rich in different distributions on
the possible worlds. The distributions of interest in this paper are the Random Failure (RF) model,
Independent Cascade (IC) model, Set-based Dependency (SBD) model and the Linear Reliability
Ordering (LRO) model. These distribution models are all well-motivated by practical considerations
on uncertain graphs in influence maximization, facility location, network reliability, to name a few.
The detailed description of these distribution models and the corresponding distributions on the
possible worlds are discussed in Section 2. In short, an uncertain graph along with a distribution
model is a succinct description of an unique probability distribution on the PWS of the uncertain graph.
Therefore, an uncertain graph along with a distribution model is equivalent to a sampling procedure to
obtain a random sample from the corresponding probability distribution on the PWS of the uncertain
graph. In Section 2, we describe the different distribution models by describing the corresponding
sampling procedures of the edges in E.

The typical computational problem is posed for a fixed nature of the dependence among the edge
samples from an input uncertain graph. The distributions on the edges and the dependence among the
edge samples uniquely define the probability distribution on the possible worlds. Therefore, for a fixed
dependence among the edge samples, the generic computational problem is to compute a solution that
optimizes the expected value of a function over the distribution on the possible worlds. The problems
that have been extensively studied are facility location to maximize coverage [19] and a selection of
influentials on a social network to maximize influence [14]. Clearly, both these problems are coverage
problems, studied two decades apart motivated by different considerations. In this paper, we are
also motivated by understanding the parameterized complexity of problems on uncertain graphs.
Historically, the earliest results considered different graph problems in which the distributions are on
the set of values of the edge weights. We next present a survey of those results.

1.2. Survey of Optimization Problems in Uncertain Graphs

Graphs have been used to represent the relationships between entities. A graph is denoted by
G = (V,E) where V is set of vertices and E C V x V is set of edges representing relationship between
pairs of vertices. PPI networks in bioinformatics, road networks and social networks are graphs with
an uncertainty among the edges and are considered as uncertain graphs. The earliest ideas in graphs
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with uncertain edge weights were introduced by Frank and Hakimi [9] in 1965. Frank and Hakimi
studied the maximum flow in a directed graph G = (V, E) with uncertain capacities. On an input,
consisting of an uncertain digraph G = (V, E) and a continuous random variable with the uniform
probability distribution on the capacity of each edge e, the probabilistic flow problem is to find the
maximum flow probability and the joint distribution of the cut set values. Later in 1969, under the same
setting Frank [5] studied the probabilistic shortest path problem on an undirected graph G = (V,E).
The probabilistic shortest path problem is to compute for each ¢, the probability that the shortest path
is at most £. In 1976, J. R. Evans [10] studied the probabilistic maximum flow in a directed acyclic graph
(DAG) with a discrete probability distribution on the edge capacities. A relatively recent result in 2008
is on the minimum spanning tree problem on uncertain graphs, by Erlebach et al. [7], with uncertain
edge weights from a continuous distribution. Here the goal is to optimize the number of edges whose
weight is sampled to obtain a spanning tree which achieves the expected MST weight over the possible
worlds. This problem is different from the optimization problems of interest to us in this paper- given
an uncertain graph as input, our goal is to optimize the expected value of a structural parameter over
the possible worlds of the uncertain graph.

Optimization problems on uncertain graphs related to connectedness are among the most
fundamental problems. Apart from their practical significance, they pose significant algorithmic
challenges in different computational models. Further, the computational complexity of the
problems increases significantly in the presence of uncertainty. In 1979, Valiant [6] studied the
network reliability problem on uncertain graphs. The network reliability problem is a well-studied
#P-hard problem [6,17,20-23]. The reliability problems have numerous applications in communication
networks [24,25], biological networks [3] and social networks [26,27]. For a given network, reliability is
defined as the ability of the network to remain operational after the failure of some of its links.
The input consists of an uncertain graph G = (V, E, p) and a subset S C V and the aim is to compute
the probability that S is connected. Clearly, the reliability problem on uncertain graphs generalizes
the graph connectivity problem which is polynomial time solvable. The Canadian Traveler Problem
(CTP), formulated by Papadimitriou and Yannakakis in 1991 [28], is an online problem on uncertain
graphs. Given an uncertain graph G = (V, E, p), a source s and a destination ¢, a traveler must find
a walk from s to t, where an edge e is known to have survived with probability p(e) only when the
walk reaches one of its end points, after which it does not fail, conditioned on it having survived.
The objective is to minimize the expected path length over the distribution on the possible worlds and
the walker’s choices.

Coverage in Uncertain Graphs. Apart from the themes of network flows and connectedness,
coverage problems are very practical when the uncertainty is on the survival of the edges. In this
framework, the uncertainty is on whether an edge will survive a disaster and the goal is to place
facilities in the network such that the expected coverage over the possible worlds is maximized.
Each possible world can be thought of as the set of edges which survive a disaster. Formally,
an uncertain graph G = (V,E, p) is a succinct description of the set of possible worlds that can
arise due to a disaster in which an edge e is known to survive with probability p(e). The nature of
dependence among the edge samples is used to model the nature of edge failures in the event of
a disaster. As mentioned earlier, a fixed nature of dependence among the edge samples uniquely
defines a probability distribution on the possible worlds. From this point, in this paper, we consider
uncertain graphs where the uncertainty is on the survival of an edge (recall, the other possibility is
on the uncertain edge weight). Further, all the results we present are for a fixed dependence among
edge samples and such a fixed dependence among the edge samples is called a distribution model.
Given the motivation of disasters, the distribution model is specified based on the dependence among
the edge failures (recall, the failure probability of an edge e is 1 — p(e)). In this framework, for a fixed
distribution model, the function to be optimized is the coverage function.
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Definition 1 (Coverage within distance r). The input consists of an uncertain graph G = (V,E, p) and
an integer k. The goal is to compute a k-sized vertex set S which maximizes the expected total weight of the
vertices which are at distance at most r from S. The expectation is over the possible worlds represented by the
uncertain graph.

Naturally, we refer to k as the budget, r as the radius of coverage (the number of hops in the
network) and S is the set of vertices where facilities have to be located. For certain graphs and r = 1,
the facility location with unreliable edges problem is the well-studied budgeted dominating set problem
which is known to be NP-hard [29]. The other case of natural interest is for r = oo. In this case,
the coverage problem is to find a set S of k vertices so as to maximize the expected number of vertices
connected to S. In the case of certain graphs, this is polynomial time solvable as the problem is to find
k connected components whose total vertex weight is the maximum.

Coverage in Social Networks. Coverage problems also have a natural interpretation in social
networks. The dynamics of a social network based on the word-of-mouth effect have been of significant
interest in marketing and consumer research [30], where a social network is referred to as an interpersonal
network. The work by Brown and Reingen [30] state the different hypotheses for estimating the
amount of uncertainty in a relationship between two persons in an interpersonal network. With the
advent of social networks on the internet, the works of Domingos and Richardson [4,31] formalized
the questions relating to the effective marketing of a product based on interpersonal relationships in
a social network. In 1969, the work of Bass [32] had modeled the adoption of products as a diffusion
process as a global phenomenon, independent of the interpersonal relationships between people in a
society. Kempe, Kleinberg and Tardos (KKT) [14] brought together the earlier works on adoption of
products in an interpersonal network and posed the question of selecting the most influential nodes in
a social network with an aim to influence the maximum number of people to adopt a certain product
or opinion. They considered the uncertainty in the social network to be the influence exerted by one
individual on another individual and this is naturally modeled as an uncertain graph G = (V, E, p).
The propagation of influence is modeled as a diffusion process which is a function of time as in
Bass [32]. The influence maximization problems in KKT are considered under distribution models,
which are described as diffusion phenomena, called the Independent Cascade model and the Linear
Threshold Model. Among these two models, the Independent Cascade model is defined as a sampling
procedure whose outcome is an edge subgraph of a given uncertain graph. Thus, this model is more
relevant for our study of uncertain graphs and the IC model is defined in Section 2. In the influence
maximization problems considered in KKT [14], the aim is to select k influential people S such that the
expected number of people connected to S is maximized. The expected number of vertices, over the
distribution model, connected to a set S is called the influence of a set S or the expected coverage of
S and is denoted by ¢ (S). Thus, the influence maximization problem is to find the set argmax ¢(S).

SCV,|S|=k
In Section 2, we discuss the computational complexity of o(S) for different distribution mod‘el‘s. Thus,
the influence maximization problem in Reference [14] is essentially a facility location problem where
the distribution model is specified by a diffusion phenomenon, r = co and each input instance consists
of an uncertain network and a budget k.

Coverage and Facility Location. The survey due to Snyder [33] in 2006 collects the vast body of
results on the facility location problem in uncertain graphs into a single research article. The earliest
result known to us, due to Daskin [19] who formulated the maximum expected coverage problem
where vertices are uncertain, is different from our case where the uncertainty is on the edges and the
vertices are known. To the best of our knowledge, it was Daskin’s work [19] that considered the general
setting of dependence among vertex failures. In this case, the probability distribution would have
been defined uniquely on the possible worlds which would have been the set of induced subgraphs.
Subsequently, many variants of the facility location problem for uncertain graphs have been studied
for different distribution models where the uncertainty is on the survival of edges.
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Eiselt et al. [34] considered the problem with single edge failure and for r = oco. In this case,
exactly one edge is assumed to have failed after a disaster and the objective is to place k facilities
such that the expected weight of vertices not connected to any facility is minimized. In this case,
each subgraph consisting of all the edges except one is a possible world. This problem is known to be
polynomial time solvable for any k > 1. When the distribution model is the Random Failure model and
r = oo, the most reliable source (MRS) is well-studied [35-38]. The input is an uncertain graph and k = 1.
The goal is to select one vertex v such that the expected number of vertices connected to v is maximized.
Melachrinoudis and Helander [38] gave a polynomial time algorithm for the MRS problem on trees,
followed by linear time algorithm on uncertain trees by Ding and Xue [37]. Colbourn and Xue [35]
gave an O(n?)-time algorithm for the MRS problem on uncertain series-parallel graphs. Wei Ding [36]
gave an O(n?)-time algorithm for the MRS problem on uncertain ring graphs.

Apart from the RF model, the Linear Reliability Ordering ( LRO) distribution model has been
well-studied recently. Under this distribution model, for each integer r > 1, the facility location problem
is studied as MAX-EXP-COVER-7-LRO problem [11-13]. For the case when r = oo, the problem is
known as the MAX-EXP-COVER-LRO problem. Hassin et al. [11] presented an algorithm to solve the
MAX-EXP-COVER-LRO problem via a reduction to the MAX-WEIGHTED-k-LEAF-INDUCED-SUBTREE
problem. They then showed that the MAX-WEIGHTED-k-LEAF-INDUCED-SUBTREE problem can
be solved in polynomial time on trees using a greedy algorithm. Consequently, they showed
that the MAX-EXP-COVER-LRO problem can be solved in polynomial time. For r = 1,
the MAX-EXP-COVER-1-LRO problem is NP-complete on planar graphs and the hardness follows
from the hardness of budgeted dominating set due to Khuller et al. [29]. The MAX-ExP-COVER-1-LRO
admits a (1 — %)—approximation algorithm [12,13]. Similarly, Kempe et al. [14] shows that the
influence maximization under the IC distribution model and the LT distribution model has a (1 — 1)
approximation algorithm. Both these results naturally follow due to the submodularity of the expected
neighborhood size function, the monotonicity (as r increases) and submodularity of the expected
coverage function and the result of Nemhauser et al. [39] on greedy maximization of submodular
functions. In the setting of parameterized algorithms, the MAX-ExP-COVER-1-LRO problem is
W][1]-complete for solution size as the parameter and this follows from the hardness of budgeted
dominating set problem. An FPT algorithm for the MAX-ExP-COVER-1-LRO problem with treewidth
as the parameter is presented in Reference [13]. Formally stated, given an instance (G = (V, E, p), k) of
the MAX-EXP-COVER-1-LRO problem, an optimal solution can be computed in time 4°(*) () where
t is the treewidth of the graph G = (V, E) which is presented in the input as a tree decomposition.

Finding Communities in Uncertain Graphs. Finding communities is a significant problem in
social network and in bioinformatics. A natural graph theoretic model for a community is a dense
subgraph. A well-known dense subgraph is the core. Given an integer d, a graph G = (V, E) is said
to be d-core if degree of every vertex v € V is at least d. The way of obtaining the unique maximal
induced subgraph of a graph G which is a d-core is to repeatedly discard vertices of degree less than
d. If the procedure terminates with a non-empty graph, then the graph is a d-core of the graph G.
A vertex v is said to be in a d-core if there is a d-core which contains v. This idea is generalized to the
uncertain graph framework as follows: Given an uncertain graph G = (V, E, p) and the distribution
model is the RF model, the d-core probability of a vertex v € V, denoted by q,(v), is the probability that

v is in the d-core of a possible world. In other words, g4(v) = Y P(H)I(H,d,v), where I(H,d,v) is
HCg
an indicator function that takes value one if and only if there is a d-core of H that contains v, and P(H)

is probability of the possible world H. In this setting, we consider the (d, 8)-core problem defined by
Peng et al. [16]. We refer to this problem as the INDIVIDUAL CORE problem and it is defined as follows.

Definition 2 (INDIVIDUAL-CORE). The input consists of an uncertain graph G = (V, E, p), an integer d and
a probability threshold 6 € [0,1]. The objective is to compute an S C 'V such that for each v € S, q4(v) > 6.
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Peng et al. [16] shows that the INDIVIDUAL-CORE problem is NP-complete. Prior to the results of
Peng et al. [16], Bonchi et al. [15] introduced the study of d-core problem in uncertain graphs. We refer
to the d-core problem on uncertain graphs as the PROBABILISTIC-CORE problem defined the follows.

Definition 3 (PROBABILISTIC-CORE). Given an uncertain graph G = (V,E,p), an integer d and a
probability threshold 6 € (0,1], then the aim of the PROBABILISTIC-CORE problem is to find a set K C 'V such
that the Pr(K is a d-core in G) is at least 6.

The problem of deciding on the existence of such a set K can be shown to be NP-hard using the
hardness result given in Reference [16]. On the other hand, if p(e) = 1 for all e € E, then the d-problem
is polynomial time solvable as described at the beginning of this discussion.

A chronological listing of different optimization problems on uncertain graphs is presented
in Table 1. The tabulation shows that there are many distribution models under which different
optimization problems could be considered. The goal would be to understand the complexity of
computing that expectation when the input is presented as an uncertain graph. Indeed, any NP-
Complete problem on certain graphs remains NP-Complete for any distribution model when the
inputs are uncertain graphs. Therefore, our natural focus is on Exact and Parameterized Computation
of the expectation on uncertain graphs. The goal of the area of exact and parameterized computation
is to classify problems based on their computational complexity as a function of input parameters
other than the input size. The desired solution size, the treewidth of an input graph, and the input
size are natural well-studied parameters. An algorithm with running time f(k)n®() is said to be a
Fixed Parameter Tractable algorithm with respect to the parameter k. Interestingly, there are many
problems that do not have FPT algorithms with respect to some parameters, while they have FPT
algorithms with respect to others. A rich complexity theory has evolved over nearly four decades of
research with the W-hierarchy being the central classification. In this hierarchy problem classes are
ordered in increasing order of computational complexity. In this hierarchy the problems which have
FPT algorithms are considered the simplest in terms of computational complexity. The complete history
of this line of research can be found in the most recent textbook [40].

Table 1. A chronology of studies on uncertain graphs

Work

Optimization Problem

Uncertainty Model

Frank and Hakimi, 1965 [9]

Frank, 1969 [5]

Evans, 1976 [10]

Valiant, 1979 [6]

Sigal, Pritsker and Solberg,
1980 [41]

Daskin, 1983 [19]

Papadimitriou Yannakakis,
1991 [28]

Guerin and Orda, 1999 [42]

Hassin, Salman and Ravi, 2009

(2017) [11,12]

Bonchi, Gullo, Kaltenbrunner and

Volkovich, 2014 [15]

Probabilistic maximum flow

Probabilistic shortest path

Probabilistic maximum flow

Network reliability

Stochastic shortest path

Expected coverage

Canadian Traveler Problem

Most reliable path and flows
with bandwidth selection

Expected coverage

PROBABILISTIC-CORE

Capacities on the edges are drawn from an
independent continuous distribution.
Length of the edges are drawn from a
continuous distribution.

Capacities on the edges are obtained from
an arbitrary but unknown discrete
probability distribution.

The probability p(e) is the same for each
edge and failure of every edge is
independent.

Edge weights are drawn from a known
cumulative distribution function.

Failure probability is the same for each
vertex

Each edge has a survival probability, edge
failure is independent and algorithm
knows of the failure during execution.
Each edge e has a survival probability
pe(x) for the availability of bandwidth x.
Each edge e has a survival probability p(e)
and edge failure follows LRO model.
Each edge e has a survival probability p(e)
and edge failure follows RF model.
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1.3. Our Questions and Results

Given our focus on exact and parameterized algorithms, we think that it should be possible
to classify problems based on the hardness of efficiently computing the expectation over different
distribution models. One of the contributions of this paper is to collect many of the known algorithmic
results on uncertain graphs and the different distribution models for which results have been obtained.
Our focus is on uncertain graph optimization problems on the LRO and RF distribution models,
and these models have been the focus of many previous results in the literature. Our results add to the
knowledge about these two models and are among the first parameterized algorithms on uncertain
graphs. They also give an increased understanding of how treewidth of uncertain graphs can be used
along with the structure of the distribution models to compute the expectation in time parameterized
by the treewidth. Finally, the motivation for the choice of these two models is that the number of
possible worlds with non-zero probability under the LRO model is equal to the number of edges m,
while the number of possible worlds under the RF model is an exponential in 1, which is the maximum
number of possible worlds. We define the different distribution models listed in Section 1.1 in detail
and some of their properties are identified from relationships between the models in Section 2.

Our first case study on parameterized algorithms under the RF model is on maximizing expected
coverage in uncertain graphs. The starting point of our work is the reduction of the MAX-EXP-
COVER-LRO problem to the MAX-WEIGHTED-k-LEAF-INDUCED-SUBTREE problem, which can be
solved in polynomial time [11,12]. The reduction was from maximizing the expectation coverage to
maximizing the total weight of a combinatorial parameter. However, the reduction does not work
for the MAX-EXP-COVER-1-LRO, as the problem is at least as hard as budgeted dominating set.
In the case when the graph has bounded treewidth, we were able to show in a previous work [13]
that MAX-ExP-COVER-1-LRO has an FPT algorithm parameterized by treewidth. The dynamic
programming algorithm depends on properties specific to the LRO distribution model. On the other
hand, the status of the question is unclear when the distribution model is the RF model. We address
this by presenting a DP algorithm for the MAX-EXP-COVER-1-RF problem in Section 4, which is an
FPT algorithm parameterized by the product of the treewidth and max-degree of the input graph.

The second case study on parameterized algorithms under the RF model is on finding a d-core
in uncertain graphs. In Section 5, we consider the PROBABILISTIC-CORE problem, and design a
polynomial time algorithm for the LRO distribution model. For the RF distribution model, we observe
that the PROBABILISTIC-CORE problem is W[1]-hard for the parameter d, where d is the minimum
degree of the core. Then we design a DP algorithm, which is an FPT algorithm for PROBABILISTIC-CORE
with respect to treewidth as the parameter.

Essentially in both the case studies, given an uncertain graph under the RF model, the DP uses
the tree decomposition to efficiently compute the expected value, which is expressed as a weighted
summation over the exponentially many possible worlds.

2. Distribution Models for Uncertain Graphs

As mentioned in Section 1.1, a distribution model along with an uncertain graph G =
(V,E,p) uniquely describes the probability distribution on the possible worlds. We describe
the distribution model by describing a corresponding sampling procedure on the edges of G =
(V,E,p). This formalism standardizes the nomenclature of optimization problems on uncertain
graphs. For example, for the coverage problems on uncertain graphs, the problem names
MAX-EXP-COVER-1-LRO and MAX-EXP-COVER-1-RF clearly state the distribution model and the
radius of coverage relevant for the problem. An instance of each of these problems is an uncertain
graph G = (V,E, p) and an integer k > 1. In this section, we present an edge sampling procedure
from a given uncertain graph G = (V, E, p) corresponding to a distribution model on G. The outcome
of a sampling procedure is a possible world, which is an edge subgraph H of the graph G = (V,E).
An edge e € E(H) is called a survived edge and an edge e € E \ E(H) is called a failed edge. We also
present some new observations regarding the different distribution models.
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2.1. Random Failure Model

Random Failure (RF) model is the most natural distribution model. In this sampling procedure,
an edge e € E is selected with probability p(e) independent of the outcome of every other edge in
E. Thus, each edge subgraph of G is a possible world and for an edge subgraph H, the probability
that H is the outcome of the sampling procedure is denoted by P(H) which is given by the equation

P(H) = ek, p(€) [Tecp\g, (1 = p(€))-

2.2. Independent Cascade Model

The sampling procedure to define the Independent Cascade (IC) model is very naturally described
by a diffusion process which proceeds in rounds. The process is as defined in Reference [14].
The diffusion process starts after round 0. In round 0, Ag is a non-empty set of vertices and these
are called active vertices. The process maintains a set of edges A; after round t > 0. The vertices in
At are said to be active. The sampling process is as follows. If a vertex v is in A;_j, then it remains
active in round t also, that is v € A;. The diffusion process in round t + 1 is as follows: If v is in
Ap\ As_1, that is v first becomes active after round ¢ — 1, then consider each edge e = uv such that u is
not in A;. Each such edge e is sampled with probability p(e) independent of the other outcomes. If
e = uv is selected (that is, it survives), then u is added to A, 1. We reiterate that the edges incident on
v will not be sampled in subsequent rounds. The sampling procedure terminates in not more than
|E| rounds. The outcome of this sampling procedure is the edge subgraph formed by a set of those
edges which were selected when the first end point of the edge becomes active. Kempe et al. [14]
showed that for any edge subgraph H of G = (V, E), the probability that H is the outcome is given by

P(H) = HeeE(H) p(e) HeeE\E(H)(l —p(e)).
Observation 1. For an uncertain graph G = (V, E, p) the RF Model and the IC Model are identical.

The next distribution model is a generalization of the RF model and was introduced by Gunnec
and Salman [43].

2.3. Set-Based Dependency (SBD) Model

The uncertain graph G = (V, E, p) satisfies the additional properties that E is partitioned into
{Ej,Ey,...E} of E, for some t > 1. Further, p satisfies the property that for any two edges e; and e,
that belong to the same part in the partition, p(e1) # p(ez). Typically, this partition is a fixed partition
of E coming from the domain where the edge failures occur according to the SBD model. The sampling
procedure definition of the SBD model is as follows: the edge sets are considered in order from E; to
Ei, and for 1 <i < j <'t, the edges in the set E; are considered before the edges in the set E;. For each
1 < i < t, the edges in E; are considered in decreasing order of the value p. Foreach 1 < i < f,
when an edge e € E; is considered, it is sampled with probability p(e) independent of the outcome of
the previous samples. If the outcome selects the edge e (that is, if e survives), then the next edge in E;
is considered. Otherwise, all the remaining edges of E; that are to be considered after e, are considered
to have failed, and the set E; 1 is considered. The procedure terminates after considering Ej, ..., E;.
The edge subgraph consisting of the selected edges (survived edges) is the outcome of this sampling
procedure. The number of possible worlds that have a non-zero probability of being an outcome of
the sampling procedure is [T'_; (|E;| + 1). To summarize, under the SBD model, for each 1 < i < ¢,
the survival of an edge e in a set E; implies that every edge ¢’ € E; with a greater survival probability
than that of ¢ would have survived. Further, the edge samples of edges in two different sets are
mutually independent. As a consequence of this, we have the following observation.

Observation 2. The RF model on an uncertain graph G = (V, E, p) is identical to the SBD model on G and E
is partitioned into m sets each containing an edge of E.
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2.4. Linear Reliable Ordering (LRO) Model

The case when the partition of E consists of only one set, the SBD model is called the Linear
Reliability Ordering (LRO) model introduced by Hassin et al. [11]. Let p(en) < pley—1) < ... <
p(e2) < p(e1). Then, under the LRO model it follows that for each j > i, Pr(e; fails | e; fails ) = 1.
Further, the possible worlds is the set of m + 1 graphs {Gy, ..., G, } where E(Gy) = @, E(Gy) = E,
and for each 0 < i < m—1, E(Gjy1) = E(G;) U{ej;1}. The following lemma shown by
Hassin et al. [11] regarding the probability distribution on the possible worlds uniquely defined
by the LRO model.

Lemma 1 (Hassin et al.[11]). For 0 <i < m, the probability of the possible world G; is given by

1—p(er) ifi=0
P(Gi) = q pler) —pleir1) if1<i<m
p(em) ifi=m.

Coming back to the SBD model, on the uncertain graph G = (V,E, p) and E partitioned into
{E1,Ey,...E;} for some ¢ > 1, the probability of an outcome H under the SBD model naturally follows
from Lemma 1. The idea is to consider an outcome of the SBD model as ¢ independent samples
from the LRO model on the uncertain graphs (V, E1, p1), (V,Ea, p2),...,(V,Ey, pg), where for each
1 <i < ¢, p; is the function p restricted to E;.

This completes our description of the distribution models known in the literature. We next present
two dynamic programming algorithms on the input uncertain graph G = (V, E, p), when the graph
G = (V,E) is presented as a nice tree decomposition. The algorithms compute an expectation under
the RF model and have worse running times than that of corresponding algorithms for computing the
expectation under the LRO model.

3. Definitions Related to Graphs

Every graph we consider in this work are simple undirected graphs unless. A graph G = (V,E) is
an undirected graph with vertex set V and edge set E. We denote the number of vertices and edges by n
and m, respectively. For a vertex v € V, N(v) denotes the set of neighbors of v and N[v] = N(v) U {v}
is the closed neighborhood of v. For each vertex v € V, degs(v) denote the degree of the vertex v in G.
When G is clear in the context deg(v) is used. The maximum degree of the graph G, denoted by A(G),
and the minimum degree of the graph G, denoted by 4(G), are the maximum and minimum degree of
its vertices. When G is clear in the context A and ¢ is used. Other than this, we follow the standard
graph theoretic terminologies from Reference [44]. We define some special notations for the uncertain
graphs as follows. Given a vertex v € V, let E(v) C E denote the set of all edges incident on v. Given a
subset of vertices C C V, let E(C) = U,ecE(v) denote the edge set of the vertex-induced uncertain
subgraph G[C]. Similarly, given an edge set F C E, let V(F) = U,—yper{u, v} denote the vertex set of
the edge-induced uncertain graph G|[F].

We study the parameterized complexity of the coverage problems and k-core problem on
uncertain graphs. We follow the standard parameterized complexity terminologies from Reference [40].
We define the parameter treewidth that will be relevant to our discussion.

Definition 4 (Tree Decomposition [45,46]). A tree decomposition of a graph G is a pair (X, H) such that H
isatreeand X = {X; C V :i € H}. For each node i € H, X; is referred to as bag of i. The following three
conditions hold for a tree decomposition (X, H) of the graph G.

(a) Foreachvertexv € V, there isanodei € H such that v € X;.
(b)  Foreach edge uv € E, there is a node i € H such that u,v € X;.
(c)  For each vertex v € V, the induced subtree of the nodes in H that contains v is connected.
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The width of a tree decomposition is the max;cy (| X;| — 1). The treewidth of a graph, denoted by tw,
is the minimum width over all possible tree decompositions of G. An example of a tree decomposition
is illustrated in Figure 2. For our algorithm, we require a special kind of decomposition, called the nice
tree decomposition which we define below.

Figure 2. (a) A graph with 9 vertices; (b) An optimal tree decomposition with treewidth 3.

Definition 5 (Nice tree decomposition [46]). A nice tree decomposition is a tree decomposition, rooted by
a node r with X, = @ and each node in the tree decomposition is one of the following four type of nodes.

Leaf node. A node i € H with no child and X; = @.

Introduce node. A node i € H with one child j such that X; = X; U {v} for some v ¢ X;.
Forget node. A node i € H with one child j such that X; = X; \ {v} for some v € X;.
Join node. A node i € H with two children j and g such that X; = X; = Xg.

L=

An example of four types of nodes is illustrated in Figure 3. Given a tree decomposition (X, H) of
a graph G with width k, a nice tree decomposition (X', H') with same width and O(nk) nodes can be
computed in time O (nk?) [46]. Hereafter, we will assume that the tree decompositions considered are
nice. For each node i € H, let H; denote the subtree rooted at i. Let n; = | X;|. Let X;r be the set of all
vertices in the bag of nodes in the subtree H;.

X; if i is a leaf node

+ _
X" ={Xx;U U X].Jr if i is a non-leaf node,
jech(i)

where ch(i) is the set of all children of i in H. We use j and k to denote the two children of a join node
i in H. Further, j denotes the left child, and g denotes the right child. In case i has only one child,
as in the case of introduce and forget nodes, only the left child j is well-defined and g does not exist.
In this case, X;,“ is taken to be the empty set. We refer to Reference [40] for a thorough introduction to

treewidth and its algorithmic properties.

I IO INICDENCEDRCE
(b) (d)

() (€)

Figure 3. An example of leaf (a), introduce (b), forget (¢) and join (d) nodes. Directed edges denote
child to parent link.

4. Max-Exp-Cover-1-RF Problem is FPT by (Treewidth - A)

An instance of MAX-EXP-COVER-1-RF consists of a tuple (G, w, k) where G = (V,E,p) is an
uncertain graph, w is a function that assigns weight w(v) to each vertex v, and k is the budget. The goal
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is to find a set S C V such that |S| < k and the expected total weight of the vertices dominated by
S is maximized. The expectation is computed over the probability distribution uniquely defined on
the possible worlds by the RF model. We introduce the function C which we refer to as the coverage
function. The two arguments of the coverage function are subsets T and S of the vertex set V, and the
value C(T, S) is the expected coverage of T by S, where the expectation is computed over the possible

worlds. For any subsets S,T C V, the Coverage of T by S, denoted by C(T,S), is Z C(v,S). For a
veT
vertexv € V and S C V, the expected coverage of v by the set S, denoted by C(v, S), is given by

w(v) ifves
C(v,5) = w(v) (1 - JI a- puv)> otherwise. @
ueSNN(v)

Note that if a set is a singleton set, then we abuse notation a little and write the element instead of
the set.

Our algorithm for the MAX-EXP-COVER-1-RF follows the classical bottom-up approach for
dynamic programming based on the nice tree decomposition. We compute a certain number of
candidate solutions for the subproblem at each node i € H, using only the candidate solution values
maintained in the children of i. At each node i € H, we have (5 -2%)" candidate solutions which are
stored in a table denoted by T;. The final optimal solution is obtained from the solutions stored in T, at
the root node r of H. At any node i in H, the expected coverage of a vertex u € X; by a set S in the
subproblem at node i in H is computed by decomposing N(u) N S carefully to avoid over-counting.
Towards this end, we introduce notation for the coverage conditioned on the event that some edges
have failed. We denote this event by a function f and call this the surviving neighbors (SN) function.
The SN-function f : V — 2" has the property that for each u € V, f(u) € N(u). In other words,
we are interested in the expected coverage conditioned on the event that for each u € V, all the edges
to vertices in N(u) \ f(u) have failed.

Definition 6. Let u be a vertex and S C V be a set and f be an SN-function such that SN f(u) = SN N(u).
The conditional coverage of u by S restricted by f is defined to be

Cws)=( TI (1—p(o)))C(u,snf(w)
0N (u)\f(u)

Extending this definition to sets, for any two vertex sets T, S, we define C¢(T,S) = ) Cr(u,S).
ueT

For each u € V, C¢(u, S) is the expected coverage of u by SN f(u) conditioned on the event that u
is not covered by any vertex from the set N(u) \ f(u). Further, C¢(u,S) is the product of w(u) and the
probability of sampling a subgraph G’ C G in which u has a neighbor in S N N(u) and no neighbor
from N(u) \ f(u). We refer to C(u,S) as the conditional coverage of u by S (we leave out the phrase
restricted by f).

Lemma 2. Let u € Vand X,Y C V such that XNY = @, and consider an SN-function f such that
f(u) = N(u)\ X. Then C(u, XUY) = C(u,X) + Cs(u,Y).
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Proof.
Clu,XUY) = (1 (1—P(”U)))
XUY NN ()
= w()(1- —pwo))- [T (1-p(w)))
UGXON u) veYNN(u)
= wi((1- a-pon)+ TT a-puo(i- TT a-po))
veXﬂN veXNN (u) vEYNN(u)
= C(u,X)+ H (1 p(uv))C(u,Y)
vEXNN (u)

= C(u,X)+Cr(u,Y)
Hence the proof. O

4.1. Recursive Formulation of the Value of a Solution

Let S C V be a set of size k for the MAX-EXP-COVER-1-RF problem in G. We now present a
recursive formulation to compute the expected coverage of V by S. Throughout this section S denotes
this set of size k. Let i be anode in H. Let j and g be the children of i. In case i is either introduce node
or forget node, then g is considered to be a null node with X, = Xg =@. Innode i, let A =SNX;,
S5;=85nN XiJr and Z; = S;\ A. Let Z = S\ S;. For the solution S, the set X; can be partitioned into five
sets (A,C, L, R, B) as follows.

A={ueX;nS}

C={ueX;\A|ueN(A)\N(Z)}, in other words, C satisfies C(C,Z;) =0
L={ueX;\AlueN(Zj)\N(Zg)}, in other words, L satisfies C(L, Zg) =0
R={ue€X;\Alue N(Zg\ N(Z;)}, in other words, R satisfies C(R, Z;) =0
B={ueX;\A|uecN(Z)NN(Zg)}

Further, for the solution S, define the SN-function f : XlJr — 2V as follows:

f(u) = N@u)\{veN(u)|veZ}ifucX;
= N(u)ifue X\ X

Note: f is dependent on S and i and wherever f is used, it must be used as per the definition at
the corresponding node in the tree decomposition.

Let S C V be asubset of size k, i be a node in H in the nice tree decomposition, f be the SN-function
for Xl.Jr defined using S, P = (A, C, L, R, B) be a partition of X;, and S;, Z; and Z be as defined above.
The following two lemmas are useful in setting up a recursive definition of C(V, S) and a bottom-up
evaluation of the recurrence.

Lemma3. C(V,S) =C(V\ X/, ZUA)+C(X;\ A, Z) + C¢(X;, S)).

Proof. The expected coverage of V by the set S is given by C(V,S) = C(V\ X}, S) +C(X;,S) +
C(X;"\ X;,S). Since V is partitioned into three disjoint sets X;, X;" \ X;, and V' \ X", we get

C(V,S) =C(V\X",ZUA)+C(X;\ A, ZUS;) +C(A,S) + C(X \ X;, S:).
By applying Lemma 2 to C(X; \ A,Z US;), it follows that

C(V,S) = C(V\ X}, ZUA)+C(Xi\ A, 2) +Cs(Xi\ A,S) +C(A,S) +C(X \ X;, S)).
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Further, C(A,S;) = C(A,S), since C(A,S;) = C(A,S) = Y pea w(v), it follows that
C(V,S) =C(V\X,ZUA)+C(X;\ A, Z) + Cs(X; \ A, S;) + C(A, S;) + C(X\ X, S)).

By the definition of f and Cf/ Cf(Xz \'A,S;) +C(A,S;) + C(Xz—i— \ X;,S;) = Cf(Xj_,Sl)
Therefore we get C(V,S) = C(V\ X", ZUA) +C(X;, Z) + C¢(X}", S;). Hence the lemma. [

As a corollary it follows that C(V, S) = C¢(X,", S). Recall that X, = @, S, = S and f is such that
f(u) = N(u) for all u € X;". We now show that for each node i € H, Cf(Xf, S;) can be written in
terms of the appropriate sub-problems in children j and g of the node i.

Lemma 4.
Cf(XZ-Jr,Si) = w(A) -l—Cf(C,A) +Cf(L,A U Z]‘) +Cf(R,A U Zg) —I—Cf(B, Si) +C(XZ-+ \ Xi,Si).

Proof. By definition, the expected coverage of X;" by S; restricted by f is given by the following
equations.

Cr(XH,Si) = Cp(Xi,Si)+Cp(X;\ X, Si)
= ZU(A) + Cf(C, Si) + Cf(L, Si) + Cf(R, Si) + Cf(B, Si) + C(XZ+ \ X, Si)
= w(A) +Cf(C,A) + Cf(L,A U Z]') +Cf(R,A U Zg) +Cf(B, Si)
+C(X\ X, S)

The second equation follows from the first due to the definition of the partitionP = (A, C, L, R, B),
and the fact that for all u € X;" \ X;, f(u) = N(u). The third equation follows from the second due to
the fact that C¢(L, S;) = Cf(L, AU Z;) and C¢(R, S;) = Cf(R, AU Zg), since L and R are sets for which
C(L,Zg) = C(R,Zj)) =0. O

Lemmas 3 and 4 show that the expected coverage of a set S of size k can be computed in a
bottom-up manner over the nice tree decomposition. Further, at a node i € H the expected coverage of
X} byaSisC(X;,Z)+Cs(X/,S;), where f is uniquely determined by S, i and the tree decomposition.
Also, C f(X;’, S;) is decomposed into six terms based on the partition P which is uniquely determined
by S, i and the tree decomposition. Of these six terms, five of them are computed at the node i € H,
and one term comes from j and g, which are the children of i. Therefore, the search for the optimum S
of size k can be performed in a bottom-up manner by enumerating all possible choices of the 5-way
partition of X; and all possible choices of the SN-function f at X;. For each candidate partition of X; and
the SN-function f, the optimum S; is computed by considering the compatible solutions at X; and Xj.
This completes the recursive formulation of the expected coverage of a set S of size k. We next present

the bottom-up evaluation of the recurrence to compute the optimum set which is argmaxC(V, S).
IS|<k

4.2. Bottom-Up Computation of an Optimal Set

For each node i € H, we associate a table T;. Each row in the table T; is a triple which consists
of an integer b, a five way partitioning P = (A, C,L, R, B) of X; and an SN-function f defined on
X:". Throughout this section we assume that for vertices u € X;" \ X;, f(u) = N(u). The columns
corresponding to a row (b, P, f) is a vertex set T;[b, P, f].Solution and a value T;[b, P, f].Value. Let S
denote T;[b, P, f].Solution. To define the value T;[b, P, f].Value associated with S, consider Z = S \ A4,
and let Z; = Z N (X]+ \ Xj) and Zg = ZN (XJ \ Xg). Then, T;[b,P, fl.value = w(A) + Cs(C, A) +
Ce(L,AUZj) +Cs(R,AUZg) 4+ Cs(B,AUZ) +C(X;" \ X;,S). The set Tj[b,P, f].Solution s a set S of
size b such that S N X; = A and the associated value T;[b, P, f].Value is maximized.
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Leaf node. Let i € H be a leaf node with bag X; = @. The only possible five-way partition of
an empty set is the set with five empty sets and the budget is b = 0. The only valid SN-function is
f : @ — @. Therefore, the value of the corresponding row in the table is

Ti[b,P, f] = {Solution = @, Value = 0} forb = 0,P = (0,0,0,0,D) and f : @ — Q.

It is clear that the empty set is the set that achieves the maximum for the MAX-EXP-COVER-1-RF
problem on the empty graph with budget b = 0. Therefore, at the leaf nodes in H, the table T; maintains
the optimum solution for each row. The time to update an entry is O(1).

Introduce node. Let i be an introduce node with child j such that X; = X; U {v} for some v ¢ X;.
Let0 < b < kbe an integer, P = (A, C, L, R, B) be a five-way partition of X; and f be the SN-function
defined on X;". The computation of the table entry is split into two cases, depending on whether the
vertex v belongs to the set A in the partition P or not.

1. Casev € A. DefineCy, = {u € X;\ A | v € N(u)N f(u)}. Let P; denote the partition of
X; obtained by removing vertex v from the set A of the partition P. Let f; : X; — 2V be the
SN-function defined as follows:

filu) = {f<u>\{v} it € G,

f(u) otherwise.
Then,
T;[b,P, f].Solution = T][b 1, ],f]} SolutionU {v}
Ti[b,P, fl.Value = T;[b—1,P}, fj].Value + w(v) + Cs(Cy, )

2. Casev ¢ A. Sincevisin X; butnotin X; it follows that N(v) N X" C X;. Therefore, the coverage
of the vertex v by the vertices that occur only in X;“ \ Xj is zero. Let P; be the partition of X;
obtained by removing the vertex v from the appropriate set in the partition P. The SN-function f;
is defined as follows on the set XJJr Foru € X; \ {v}, fij(u) = f(u).

T;[b,P, f].Solution = [ , ],f]] Solution
Ti[b,P, f].Value = T;[b,P;, fi].Value + C¢(v, A)

Forget node. Let i be a forget node with child j such that X; = X;\ {v} for some v € X;.
Let 0 < b < kbe abudget, P = (A,C,L,R, B) be a five-way partition of X; and f be an SN-function.
We consider the following five-way partitions of X;.

. = (AU{v},C,L,R,B)
. pz = (A,CU{v},L,R,B)
e P3=(ACLU{0},R,B)
e P,=(ACLRU{v},B)
e Ps=(ACLRBU{v})

Let f; be the SN-function defined as follows: for u € X;, fj(u) = f(u) and fj(v) = N(v).
Let P; = argmax Tj[b,P’, f;].Value. T;[b,P, f] is defined as follows:
Pe{p;}?
T;[b,P, f].Solution = [ , ],f]] Solution
T;[b,P, f].Value = [ , ],f]] Value
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Join node. Let i be a join node with children j and g such that X; = X; = X;. Let0 < b < kbea
budget, P = (A, C, L, R, B) be a five-way partition of X; and f be an SN-function. We consider the sets
U;j and Uy of all SN-functions defined on X; +and X, respectively, satisfying the following conditions:

e Foreachv €L, fi(v) = f(v) and f4(v) = @.

e TForeachv € R, fj(v) = @and fy(v) = f(v).

e Foreach v € B, fj(v) and fy(v) are defined as follows. For each partition f1(v) U f2(v) =
flo)NX], fi(v) = (@) U (f(0) \ X;") and f(0) = fa(v) U (f(0) \ X;7).

We then consider all possible candidates for L;, R;, B; such that LiUR;UB;j=LUB and Lg, Rg, By
such that L¢ U Ry U B = RU B. Each such candidate defines a P} = (4, C U R, Li, R;, B]) of Xjand a
= (A,CUL, Lg, Ry, Bg) of Xg. Let R; and R denote the set of all such candidate partitions of X;
and X, respectively.
LetP; € R, Pg € Ry, fj €U, fo € Ugand 0 < b' < b — |A| be the values at which the maximum

value for Equation (2) is achieved.

Al P, fll.val T,[b —b;, P!, f/].Value. 2
oy T 1AL P ] VaLus + Tyl — by 7, £ vadue @)
P’eR P’eRg
f’eLIfgeZ/lg

The value of the row corresponding to (b, P, f) in T; is given as follows:

T;[b,P, f].Solution = Tj[b' +|A|,Pj, fi].Solution U Ty[b — b',Pg, fo].Solution
T;[b,P, f]l.Value = Tj[bt' 4 |A|,P}, fj].Value + Tg[b — V', Py, fo].Value — Cs(AUC, A).

We now prove that the update steps presented above are correct.

Lemma 5. For each node i € H, for each row (b, P, f) in T;, the pair T;[b, P, f].Solution, T;[b,P, f].Value is
such that C(X;", T;[b, P, f].Solution) = T;[b,P, f].Value, and this is the maximum possible value.

Proof. The proof is by induction on the height of a node in H. The height of a node i in a rooted
tree H is the distance to the farthest leaf in the subtree rooted at i. The base case is when i is a
leaf node in H, and clearly its height is 0. For a leaf node i with X; = @, the row with b = 0,
P=(0,0,0,0,0)and f : © — @ is the only valid row entry and its value is 0. This completes the
proof of the base case. Let us assume that the claim is true for all nodes of height at most » —1 > 0.
We prove that if the claim is true at all nodes of height at most # — 1, then it is true for a node of
height h. Let bbe abudget, P = (A, C,L, R, B) be a partition of X; and f be an SN-function on X;r.
Let T;[b,P, f].Solution = S = AU Z. For any optimal S’ = A U Z’ where |S'| = b, we prove that

Ti[b, P, f]-Value > w(A) + Cs(C, A) + Cf(L, AU Zj) + Cs(R, AU Zg) + Cf(B,S') + C(X; \ X;, §').

We proceed by considering the type of node i so that the induction hypothesis can be applied at
nodes of height at most 1 — 1.

Case when i is an introduce node. Let j be the child of i and X; = X; U {v} for some v ¢ X;.
We now consider two cases depending on whether v belongs to A or not.

1. Casev € A. LetP; be the partition of X; obtained from P by removing v from A. Let f; be the
SN-function on X]Jr such that f;(u) = f(u) \ v,if u € Cy and f;(u) = f(u), otherwise. We know
from our claimed optimality of §’, and that S’ N X; = SN X; = A, and the value of T;[b, P, f], that

Cr(X/, ")

Cr, (X, S'\ {v}) + C4(Co,0)
> Cy(Xi,S) = cf].(xf, S\ {v}) +C5(Cy,0).
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Therefore, it follows that Cf].(X].Jr, S\ {v}) > Cf].(X].Jr, S\ {v}) = Tj[b — 1,P;, fj].Value. In other
words, we have concluded that the value for the row (b — 1,P;, f;) in T} is not the optimum value.
This contradicts our premise at node j, which is of height at most & — 1 for which, by induction
hypothesis, the table maintains the optimal values. Therefore, our assumption that T;[b, P, f] is
not optimum is wrong.

2. Casev ¢ A. LetP; be the partition of X; obtained by removing v from the appropriate set in the
partition P. Let f; be the SN-function on X]-Jr such that f;(u) = f(u) for each u € X].Jr. We know
from our claimed optimality of §’, and that S’ N X; = SN X; = A, and the value of T;[b, P, f] that
Ce(X,8) = Cr, (X]+, §')+Cs(v, A) > Cp(X],S) = Cr, (X]+, S) +C¢(v, A). Therefore, it follows
that C, (X].+, s >C f].(Xj*, S). In other words, we have concluded that the value for the row
(b,Pj, f;) in T is not the optimum value. This contradicts our premise at node j, which is of
height at most & — 1 for which, by induction hypothesis, the table maintains the optimal values.
Therefore, our assumption that T;[b, P, f] is not optimum is wrong.

Forget node. We know that X;" = X;’, and v is in X; but not in X;, it follows that N(v) N X; = @
and N(v) C X].Jr. Define f; to be the SN-function at X].Jr such that fj(u) = f(u) for each u € X; and
fi(v) = N(v). We have assumed T;[b,P, f].Value < Cs(X;",S'). Further, since X;" = Xf and due to
the definition of f;, C f(Xi+' sh=cC £ (X].*, S'). Since T;[b, P, f] is computed identically from some row
in T}, let us say (b, P;, f]), it follows that T; [b, P;, ]‘j].Value <C £ (X]-+, S’). This contradicts the premise
that the table T; is at the lowest height in the tree decomposition at which an entry is sub-optimal.
Therefore, our premise is wrong.

Join node. We assume that S’ is indeed a better solution than S for the table entry (b,P, f) of
T;. Let S} = SN (X].+ \ Xj) and S; = SN (X{ \ Xg). Let b} = |S}|. Let P} = (A,CUR, L} R}, B))
and Pé = (A,CUL, Lg,, R(’g, Bé) be the partitions of X; and X, defined using S; and Sé, respectively.
Note that, L;- U R} U B]f = LUBand Lé U R;g U Bg, = RUB. Let f].’ be the SN function on X].Jr such
thatfj’(u) = f(u) foru e AUCULUB and fj’(u) = @ for u € R. Let fg be the SN function on X3
such that fg(u) = f(u) foru € AUCUR, fo(u) = @ foru € Land fg(u) = f(u) \S; The coverage
C¢(X;",8') can be written as Cs (X[, 5') = ij/(X].Jr, i)+ Cfg(X;r Sg) —w(A) — C¢(C, A), where the
coverage of X]+ by S and X;" by S are restricted to the partitions P} and Pg.

We know that X; = X; = X, in case of join node. The table entry (b, P, f) is updated using the
entries (b; + |Al,P;, f;) and (b — bj, Py, f¢) of the table T; and Ty, respectively. In other words, the values
of variables bj, Pj, Pg, f] and fg are obtained from the Equation (2) described in the recursive definition
of join node. The values b’, P, P;,, fland fé are also feasible for the range given in the Equation (2).
Then, we have Tj[b + |A|, P, fi].Value + Tg[b — b, Pg, fo] Value < Tj[b' + |A|,P;, fj].Value + Tg[b —
b',Pg, fg].Value. Since S’ is better than S for the entry (b, P, f) of T;, we have T;[b’ + |A|, P;, f;].Value +
Te[b — V', Py, fo].Value < ij/ (X].*, S;) + Cfé(X;, Sg)- The above inequality shows that at least one of
the table entries T; [b]' + |A], P;-, f]' J or Te[b — b}, Py, fg is not optimal. This would again contradict the
premise that i is the node at the least height at which some table entry is sub-optimal.

This completes the case analysis and our proof. Hence the lemma. [J

Running Time. There are O(n tw)-many nodes in the nice tree decomposition H. Each node
i € H has a maximum of (k + 1)(5 - 22)!¥ entries. The 2% comes from the fact that at each vertex
in a bag, we enumerate all subsets of neighbors to come up with the SN-functions. It is clear from
the description that at the leaf nodes, introduce nodes, and forget nodes, the update time is O(tw).
At a join node, the time taken to compute an entry depends on three basic operations. The optimal
partitions P; and Py are computed in 3ILI+IRI+2[Bl time and budget distribution can be done in O (k)
time. The costliest operation is to enumerate the different SN-functions f; and f, for the given
SN-function f. Since we need to consider all the 22-possible ways of distributing the f(v) for each
vertex v, the distribution takes O((2%)!Bl) time. Therefore, the running time for an entry (b,P, f) in a
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join node takes O (k - 3/LIFIRI+2(Bl . (28)IBI) time, and this is 2°(A1®), This analysis of the running time
and Lemma 5 complete the proof of the following theorem which is our main result.

Theorem 1. The MAX-EXP-COVER-1-RF problem can be solved in time 2021 0(1),

5. Parameterized Complexity of PROBABILISTIC-CORE Problem

Let G = (V,E,p) be an uncertain graph and d be an integer. Given a set K C V, we define
the probability that the set K is being a d-core in G, denoted by p4(G, K), tobe Y=g P(H)I(H, K, d),
where [ is an indicator variable that takes value 1 if and only if the set K forms a d-core in the graph
H. The decision version of the PROBABILISTIC-CORE problem is formally stated as follows: given
an uncertain graph G = (V, E, p), an integer d and a probability 6 € [0, 1], decide if there exists a set
K C V such that p4(G, K) > 6.

We study the PROBABILISTIC-CORE problem under the LRO and RF model. First we show that
the PROBABILISTIC-CORE-LRO problem and the INDIVIDUAL-CORE problem are polynomial time
solvable, due to the fact that an uncertain graph under the LRO model has only a polynomial number
of worlds. Then we show that the PROBABILISTIC-CORE-RF problem is W[1]-hard for the parameter d
and admits an FPT algorithm for the parameter treewidth.

5.1. An Exact Algorithm for the PROBABILISTIC-CORE-LRO Problem

We present a polynomial time algorithm (see as Algorithm 1) for the PROBABILISTIC-CORE-LRO
problem. Let (G = (V, E, p),d) be an instance of the PROBABILISTIC-CORE-LRO problem. As per the
definition of the LRO model, let the set {Gy, ..., Gy } be the possible worlds of G, where Gy = (V,Q)
and for0 <i<m—1,E(Gj;1) = E(G;) U{e;}. Foreach 0 < i < m — 1, we consider the linear order
in which G; precedes G; 4.

Algorithm 1: PROBABILISTIC-CORE-LRO
Data: G = (V,E,p), d
Result: A set C C V with a probability g.
fori < 0tom do
C«V;
while 6(G;[C]) < d do
Let v be a vertex such that degg, (¢ (v) < d;
C+ C\{v};
end
if C # @ then
‘ return C, p(¢;);
end

end
return @, 0.0;

Lemma 6. The Algorithm 1 solves the PROBABILISTIC-CORE-LRO problem in polynomial time.

Proof. By definition of the possible worlds, G,, = (V,E). If §(G;,) < d, then G, does not contain a
d-core. Moreover, for 0 < i < m, since G; is an edge subgraph of G;;, no graph in the possible worlds
has a d-core. This is indicated by the return value-pair of the @ and probability 0.0. On the other hand
if 6(Gyy) > d, let G; be the first graph in the linear ordering of possible worlds for which a non-empty
C is computed by Algorithm 1 on exit from the While-loop. Clearly, C induces a d-core in G;. Since G;
is the first graph which contains a d-core, foreach0 <j <i—1, Gj does not contain a d-core. Further,
for every j > i, Cis a d-core in G; since it is an edge-subgraph of G;. Then,
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m
ngZ I(G;,C,d) ZP ) = ple;).

For any set K C V with p;(G,K) > 0, the set K can form a d-core only in the possible worlds
{Gi,Gis1,...,Gu}. Thus, p4(G,K) < p;(G,C). This completes the proof. []

The following observation again uses the fact that there are only a polynomial number of possible
worlds under the LRO model.

Observation 3. The INDIVIDUAL-CORE problem is polynomial time solvable on uncertain graphs under the
LRO model.

Proof. Clearly, for each 0 < i < m, the While-loop in Algorithm 1 computes the maximal d-core in
G;. Therefore, for each v, ;(v) = p(e;), where i the smallest index such that the non-empty d-core
contains v. Since the number of possible worlds are m + 1, for each vertex v € V, the probability q,(v)
can be computed in polynomial time. Thus, for a given uncertain graph G = (V, E, p), an integer d
and probability threshold 6, the set {v | g4(v) > 6} is the optimum solution to the INDIVIDUAL-CORE
problem. O

5.2. Parameterized Complexity of the PROBABILISTIC-CORE-RF Problem

We show that the PROBABILISTIC-CORE-RF problem is W[1]-hard. The reduction that we show
for the W[1]-hardness is similar to the hardness result of the INDIVIDUAL-CORE problem shown by
Peng et al. [16] (they call this the (d, 0)-CORE problem). The reduction is from the CLIQUE problem
which is as follows: given a graph G = (V, E) and an integer k, decide if G has a clique of size at least
k. The CLIQUE problem is known to be W[1]-hard [47].

Theorem 2. The PROBABILISTIC-CORE-RF problem is W[1]-hard for the parameter d.

Proof. Let (G = (V,E), k) be an instance of the CLIQUE problem. The output of the reduction is
denoted by (G = (V, E, p),d,0), and it is an instance of PROBABILISTIC-CORE-RF problem. The vertex
set and edge set of G are same as V and E, respectively,d =k —1and 6 = 2~ @, Further, for each edge
e € E, define p(e) = 2 in G. Now we show that the CLIQUE problem on the instance (G, k) and the
PROBABILISTIC-CORE-RF problem on the instance (G, d, ) are equivalent.

We prove the forward direction first. Let K C V be a k-clique in G. The set K is indeed a d-core
since every vertex v € K has k — 1 neighbors in K. The probability that K is a -CORE in a random
sample from the possible worlds of G is 2-G). Thus, the set K is a feasible solution for the instance
(G, d,0) of the PROBABILISTIC-CORE-RF problem.

Now we prove the reverse direction. We claim that any feasible solution K C V contains exactly
d + 1 vertices. If K has less than d + 1 vertices then K cannot form a d-core in any possible world.
Therefore, we consider the case in which that K has more than d + 1 vertices, and each vertex in the
set K has degree at least d. Consequently, the number of edges in any possible world in which K is a

d-core is at least (d+2) = d(dH) +4 5 = (d+1) +4 5. Then, the probability that the set K is a d-core in G is

atmost 2~ ()4 < 6, and thls contradicts the hypothesis that K is a feasible solution. It follows that
any feasible solution K C V contains exactly d + 1 vertices and each vertex has degree d, thus Kis a k
clique. Hence the theorem. [

5.3. The PROBABILISTIC-CORE-RF Problem is FPT by Treewidth

We show that the PROBABILISTIC-CORE-RF problem admits an FPT algorithm with treewidth as
the parameter. The input consists of an instance (G = (V,E, p),d) of the PROBABILISTIC-CORE-RF
problem. A nice tree decomposition (X, 7") of the graph G = (V, E) is also given as part of the input.
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Letibeanynodein 7T and w : X; — {0,1,...,d} and B : X; — {0,1,...,d} be a pair of functions on X;.
Given a set K C V, the set K is said to be (&, 8)-constrained d-core of G if

1. foreachv € X;NK, [N(v) NK| = «a(v) + B(v) and |[N(v) N KN X;| = a(v), and
2. foreachv € K\ X;, [N(v) NK| =d.

Let G/ # denote the uncertain graph G[X;" \ (a=1(0) N p71(0))]. We define a constrained version
of the PROBABILISTIC-CORE-RF problem as follows. Given a set K, the probability that the set K is an
(«, B)-constrained d-core in Qf"’g is given by:

0a(a, 8,6, K) = Y. P(H)I'(H,B,K,d),
HEGH

where I'(H, &, B, K, d) is an indicator function that takes value 1 if and only if K is an («, B)-constrained
d-core of H. The optimization version of the («, §)-constrained PROBABILISTIC-CORE-RF problem
seeks to find the set K such that p;(«, B, gf"ﬁ ,K) is maximized. The solution for («, B)-constrained
PROBABILISTIC-CORE-RF problem for different values of 7, « and § on G are partial solutions which
are used to come up with a recursive specification of the optimum value. The dynamic programming
(DP) formulation on the nice tree decomposition (X, 7') results in an FPT algorithm with treewidth as
the parameter.

The dynamic programming formulation maintains a table T; at every node i € X. Each row in the
table T; is a pair of functions « and g such thatw, 8 : X; — {0,1,...,d}. The column corresponding
to the row (a,B) is a pair (Solution,Value) which consists of a set S, 5 and a probability value.
Further, the set S, g is an optimal solution for the («, B)-constrained PROBABILISTIC-CORE-RF problem
on the instance <gf”3 ).

Intuitively, the functions « and 8 defined on X; stand for the “in-bag-degree” and “out-bag-degree”
constraints, respectively, for each vertex v € X;. We maintain the candidate solutions in the table
for different values of the functions « and B. We allow the candidate solutions that are infeasible
at current stage and those vertices which are not satisfied with degree d will get neighbors from
nodes at a higher level in the tree decomposition. The optimal solution for the instance (G, d) of the
PROBABILISTIC-CORE-RF problem can be obtained from the table T, where r is the root of the tree
decomposition 7.

4

5.3.1. Dynamic Programming

We now present the dynamic programming formulation on the different types of nodes in 7. Let
i € T be a node with bag X;. For a pair of functions &, 8 : X; — {0,1,...,d}, we show how to compute
the table entry T;[«, B] in each type of node as follows.

Leaf node. Let i be a leaf node with bag X; = @. We have one row in the table T;. Leta,: © —
{0} be the pair of functions corresponding to the row and the value of the table entry is given as:

Tila, B] = (2,0.0).

Insert node. Let i be an insert node with a child j, and let X; = X; U {v} for some v ¢ X;. The row
T;[a, B] is computed based on the value of a(v) and B(v). If B(v) > 0, then the row T;[a, f] becomes
infeasible since N(v) N Xf C X;. That s,

Tia, B] = (©,0.0).

In the rest of the cases we have f(v) = 0. We define g’ : X; — {0,1,...,d} to be a function
such that '(u) = B(u) for all u € X;. When a(v) = 0, then the vertex v will not be in the solution
Sap- Leta’ : X; — {0,1,...,d} be a function such that a’(u) = a(u) for all u € X;. The value
of the row T;[a, B] is same as Tj[a’, B'] since v is excluded. When a(v) > 0, then v is part of S, 4.
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Let U = (N(v) N X;) \ «~1(0). Then, we have |U| > a(v). Otherwise, no feasible solution exists for the
row T;[a, B]. That is, degree constraint of v will not be met in any feasible solution. Assume |U| > a(v).
Let Y C U be a subset of U of size a(v), and q(v,Y) = [I,ey p(uv). The vertices in Y that are the
neighbors of v contribute degree a(v) to v. Then, each vertex u € Y will lose a degree from «(u) in the
node j. Define ay : X; — {0,1,...,d} tobe

~fa(u) ifugy
rr(u) = {a(u) -1 ifuey.

Let
W = argmax q(v,Y)Tj[ay, p'].Value
YCU,|Y|=a(v)
be the best a(v) neighbors of v such that the solution obtained from the table T; is maximized.
Then, the recursive definition of the row T;[«, p] is given as,

Tila, B] = (Tj[ocw, B'].Solution U {v},q(v, W)T]-[zxw, B'].Value).

Forget node. Let i be a forget node with a child j, and let X; = X; \ {v} for some v € X;. From the
definition of the tree decomposition, it follows that N(v) C Xj+. Since N(v) C X;r, either v is part of
solution with constraint a(v) + B(v) = d or v is not part of solution. Let U = (N(v) N X;) \ a~1(0).
For each 0 < a < min(d, |U|) and Y C U of size a, we define a,y, B,y : X; — {0,1,...,d} such that

a(u) ifu#tvandu ¢y

agy(u) =S a(u)+1 ifu#vandu€yY
a ifu=uo,

and

B(u) ifu#tvandu ¢y

Bay(u) = Bu)—1 ifu#vandueyY
d—a ifu=mo,

For 0 < a < min(d,|U]|), let
®g, Ba = arg max Ti[as,y, Bay]-Value.

"‘ﬂ,l//.Ba,Y:Yg U,|Y|:H

Lett = argmax Tj[ag, Ba].-Value. Then the value of the row T;[a, B] is equal to Tj[at, Bt].
0<a<min(d,|U|)
Join node. Let i be a join node with children j and g such that X; = X; = X,. For a function

« defined on X;, we consider the function a for the child node X; and for the other child node X,
consider the function &’ : X; — {0,1,...,d} such that a(u) = 0 for all u € X;. Since B considers
the neighbors from outside X;, each vertex v € X; with f(v) > 0 will get the d-core neighbors from
the set X;" \ X;. Since X;" \ X; = (X]Jr \ Xj) U (X{ \ Xg) and both the sets are disjoint, we divide
B(v) into two parts. For each vertex v € X;, we try all possible ways of dividing B(v) into two parts.
For x: X; — {0,1,...,d} such that for each v € X;, 0 < x(v) < B(v), we define By : Xj — {0,1,...,d}
and B} : Xg — {0,1,...,d} tobe Bx(v) = x(v) and B.(v) = B(v) — x(v). Let

y= arg max Tjla, Bx].Value - Tg[a', B].Value
x:X;—{0,1,....d}|VoeX;,0<x(v)<B(v)
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Then, the recursive definition of the row Tj|«, f] is given as,
Ti[a, B] = (Tj[zx, ,By].Solution U Tg [/, ,B/y].Solution, Tj[a, ,By].Value Ty [, ﬁly].Value).

5.3.2. Correctness and Running Time

Lemma 7. Let i be a node in T. For every pair of functions o, p : X; — {0,1,...,d}, the row Tj[a, ] is
computed optimally.

Proof. Let i be a node in 7. We claim that for each pair of functions «, : X; — {0,1,...,d},
the row T;[w, B] computes the optimal solution for the instance Qf"ﬁ of the (&, B)-constrained
PROBABILISTIC-CORE problem. That is, the set S, g = Tj[«, B].Solution is an optimal solution for
the above instance. Let A = X;\ (a~1(0) N p~1(0)). We show that for any S = A U Z for some
ZC X\ X,

pa(a,B,G1,) < palw, B,G{", S p).

The proof is by induction on the height of a node in 7. The height of a node i in the rooted tree 7
is the distance to the farthest leaf in the subtree rooted at i. The base case is when i is a leaf node in 7
and height is 0. For a leaf node i with X; = @, the row witha, f: @ — {0,1,...d} completes the proof
of the base case. Let us assume that the claim is true for all nodes of height at most # — 1 > 0. We now
prove that if the claim is true at all nodes of height at most & — 1, then it is true for a node of height .
Let i be a node of height /. Clearly i is not a leaf node.

When i is an introduce node. Let j be the child of i, and X; = X; U {v} for some v ¢ X;.
If B(v) > 0, then no feasible solution exists since N(v) N (X;" \ X;) = @. This is captured in our
dynamic programming. In the further cases, we consider f(v) = 0. Let L = N(v) N X;. Consider the
case when «(v) = 0. That is, the vertex v is not part of the solution. The recursive definition of the
dynamic programming gives

Sup = Tila, B].Solution = Tj[a’, B'].Solution

where &’ and B’ are as defined in the dynamic programming. A feasible solution to the row Tj[x, f]
should be feasible for the row T;[a’, B']. Otherwise, the degree constraints are not met by the solution.
For the solution S = AU Z,

pale,B,G; 7 ,9) < pale,B,G] 7, S0 p)
since j is a node at height # — 1 and by our induction hypothesis. Also,
pa(o, .G} ,) = palw, 8,617, )
since v ¢ S. Then, we have
pa(e, 8,97,8) = pa(a, 8,977 ,9) <pale, B, G, Sup) = pale, B, 67, Sup).

This completes the case when (v) = 0 and a(v) = 0.
Now we consider the case where a(v) > 0. In the solution S = A U Z, we need «(v) neighbors of
U in the d-core where the set U = (N(v) N X;) \ («71(0) N B~1(0)). Let Sj = S\ {v}. There exists a

Y C U of size a(v) such that the probability p;(«, B, G;X"S ,S) can be written as follows:

0a(0,8,G%,5) = palav, 8,677, 5)) T] plowo).

ueY
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The solution S; is compatible for the row Tj[ay, f'] where the vertices in Y are neighbors of v and
degree constraint of these vertices is decreased by 1 in & such that it will be satisfied by the edge from
v. Since W in the dynamic programming is optimal over all possible a(v) sized subsets of W, we have

pa(e,8,G17,8) = palay, B, G5, 8) [T p(wo) < palaw, B, 67, Tjlaw, B').So1ution) [ p(uv)
ueY uecW

Ti[aw, B'].value H p(uv) = Tj[a, B].Value.
uew

IN

This completes the argument of the case when i is an introduce node.

When i is a forget node. Let j be the child of i, and X; = X; \ {v} for some v € X;. We consider
two cases depending on whether v belongs to S. We first consider the case when v ¢ S. Consider the
functions ag g and By @ as defined in the recursive computation of forget node. Since v ¢ S, v will get
zero degree constraint in both functions « and B, and other vertices will have same constraints as «
and B values. Then, the probability p,;(«, B, G;«X’ﬁ ,S) can be written as follows:

pala, B, G? fs ) = pa(20., Boo, G?O’Q’ﬁw, S).

Since j is a node at height # — 1, we have

pd(Dé, ‘B, G?"B, S) = P4 ((XO,@, ,BO,(Z)/ G;-XO’@"BO’@, S) < Tj[ﬁ(o[@, ‘BQ,@] Value

< Tj[at,lBt].Value = T;[a, B].Value

Secondly, we consider the case when v € S. Let U = (N(v) N X;) \ a~1(0). Since v is in Xjbuto
is not in its parent node X;, v should have degree d in the («, §)-constrained PROBABILISTIC-CORE
problem. Then, a(v) =aand f(v) =d —aforan0 < a < d. Let Y C U of size a be the set of vertices
that have an edge to v to compensate the degree constraint (v) at v. Then, each vertex u € Y will
gain a degree constraint «(u) and lose a degree constraint f(u). Using the integer 4 and the set Y,
the probability p4(«, B, Qf"ﬁ ,S) can be written as follows:

pa(@, B,G7,8) = palaay, Bay, G, 9).

Since j is a node at height 1 — 1, we know that the row Tj[a,y, B,,y] is computed optimally. That is,

pd(zxa,y, ﬁu,Y/ g;cﬂ,y,ﬁ,,,y’ S) S Tj[auly, ,Ba,y}.Value S T] [oct, ,Bt}.Value = Ti [Dé, ﬁ].Value

This completes the argument of the case when i is a forget node.

When i is a join node. Let j and g be the children of i, and X; = X; = X,. The set S \ X; can be
partitioned into sets S; and Sg where S; = (S\ X;) N Xjand Sg = (S\ X;) N Xg. Let U = {u € X; |
a(v) >0} and S; = X; \ a1(0). For each vertex u € U, the degree constraint a(u) should be satisfied
by the edges from U to u. Since X; = X; = X, the degree constraint a(u) is either satisfied in the node j
or node g and not in both. Without loss of generality we assume that the degree constraint « is satisfied
in the node j and no zero degree constraint « in the node g. Then we define o Xg — {0, 1,...,d } to
be for every vertex v € X;, ' (v) = 0. For each vertex v € X; with f(v) > 0, the degree constraint 5(v)
can be satisfied by the sets S; and S¢ together. There exists an integer x(v) such that x(v) neighbors in
the core are obtained from the set S; and B(v) — x(v) neighbors in the core are obtained from the set Sq.
Then, there exists a function x : X; — {0,1,...,d} such that for each vertex v € V, 0 < x(v) < B(v).
Using the function x, the probability p,(«, B, gf"ﬂ ,S) can be given as follows:

pa(e, 8,97, 8) = pala, B, G, 81 US)) - pa(e, B, Gg 7,8, U Sy)
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The functions By and B, for the given function x are defined in the description of dynamic
programming. Since both j and g are nodes at height at most /s — 1, by induction hypothesis, the rows
Ti[aj, Bx] and Tg[a’, B'] are computed optimally. Therefore, we have

pa(e,B,G7,S) = pala,Bs, Q;(’ﬁx,si USs)) . pa(e, B, Gy Pr, 50U S,)
Tjla, Bx].Value . Ty[a', B ].Value
Tj[a, By].Value . Tg[o/, ,B{j].Value = Ti[a, B].Value

IN A

where y is the optimal distribution of the degree which results in the T;[«, f].Value, as defined in the
recursive formulation at a join node. This completes the argument for the case when i is a join node.
Hence the lemma. [

For a possible world H C G, the degree of a vertex v € V(H) is at most the degree of v in
G = (V,E). A vertex with degree less than d in G cannot be an element of a core in any possible world.
Thus, those vertices can be excluded throughout the algorithm. Such a pruning results in either the
pruned graph being an empty graph or the minimum degree of the pruned graph is becoming at least
d. We state the following Lemma from Koster et al. [48].

Lemma 8 (Koster et al [48]). Fora graph G = (V,E) with |V| > 2, 5(G) < tw(G).
In the following lemma, we analyze the running time of the dynamic programming algorithm.
Lemma 9. The PROBABILISTIC-CORE-RF problem can be solved optimally in time 20(twlogtw) ,O(1)

Proof. For each node i in 7, our dynamic programming generates a table T; with (d + 1)%% = O(d?!¥)
rows. Each row Tj[a, B] for some o, §: X; — {0,1,...,d} is computed in our dynamic programming
based on the type of node i. When i is leaf node, a single row exists in T; and that is computed in O(1)
time. When i is introduce node, we consider two cases that «(v) = 0 and «(v) > 0. If «(v) = 0, then the
functions a; and B; can be computed in time O(tw). If a(v) > 0, the set U’ can be found by enumerating
all a(v) sized sets in U. This will take O(|Y|f(?)) time and using the upper bound on values we get
O(tw?). Tt follows that if 7 is an introduce node, then T;[a, 8] can be computed in time O(tw?). When i
is a forget node, for each value of 0 < a < min(d, |U|), we enumerate all a sized subsets of Y.
This requires O (tw"k) time. When i is join node, we need to compute the optimal distribution of B(v)
for each vertex v € X;. This requires O(d'?) time. From Lemma 8, we know that d < tw, we upper
bound the value d by tw. Overall, a row T;[a, B] can be computed in time O(tw'?). The entire table T;
can be computed in time O (tw3®) = 20(fwlogtw) The nice tree decomposition (X, 7') has O(n - tw)
many nodes and a table on each node can be computed in time O(20(wlogt));,O0)  An optimal
solution to the PROBABILISTIC-CORE-RF problem on the input uncertain graph G will be obtained
from the table of the root node r. That is, Ty[a : @ — {0},B : @ — {0}].Solution is the optimal
solution. [

The preceding lemmas results in the following theorem.

Theorem 3. The PROBABILISTIC-CORE problem admits an FPT algorithm for the parameter tw.

6. Discussion

There are many natural questions related to the parameterized complexity of algorithms on
uncertain graphs under different distribution models. The following are some open questions.

1.  Are there efficient reductions between distribution models so that we can classify problems
based on the efficiency of algorithms under different distribution models? This question is also
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of practical significance because the distribution models are specified as sampling algorithms.
Consequently, the complexity of expectation computation on uncertain graphs under different
distribution models is an interesting new parameterization. Further, one concrete question is
whether the LRO model is easier than the RF model for other optimization problems on uncertain
graphs. For the two case studies considered in this paper, that is the case.

While our results do support the natural intuition that a tree decomposition is helpful in
expectation computation, it is unclear to us how traditional techniques in parameterized
algortihms can be carried over to this setting. In particular, it is unclear to us as to whether
for any distribution model, a kernelization based algorithm can give an FPT algorithm on
uncertain graphs.

We have considered the coverage and the core problems on uncertain graphs under the LRO and
RF models. However, we have not been able to get an FPT algorithm with the parameter treewidth
for MAX-EXP-COVER-1-RF. Actually, any approach to avoid the exponential dependence on
(A . tw ) would be very interesting and would give a significant insight on other approaches to
evaluate the expected coverage.

Even though the INDIVIDUAL-CORE-RF problem and PROBABILISTIC-CORE-RF problem are
similar, we have not been able to get an FPT algorithm for the INDIVIDUAL-CORE-RF problem
with treewidth as the parameter. Even for other structural parameters such as vertex-cover
number and feedback vertex set number, FPT results will give a significant insight on the
INDIVIDUAL-CORE problem.
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