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Abstract: A virtual rail train (VRT) is a multi-articulated vehicle as well as a novel public trans-
portation system due to its low economic cost, environmental friendliness and high transit capacity.
Equipped with all-wheel steering (AWS) and a tracking control method, the super long VRT can travel
on urban roads easily. This paper proposed a tracking control approach using only interoceptive
sensors with high scene adaptivity. The kinematic model was established first under reasonable
assumptions when the sensor configuration was completed simultaneously. A hierarchical controller
consists of a front axle controller and a rear axle controller. The former applies virtual axles theory to
avoid motion interference. The latter generates a first-axle reference path with path segmentation
and a data updating method to improve storage and computational efficiency. Then, a fast curvature
matching rear axles control method is developed with an actuator time delay considered. Finally, the
proposed approach is verified in a hardware in loop (HIL) simulation under various situations with
predefined evaluation standards, which shows better tracking performance and applicability.

Keywords: virtual rail train; interoceptive sensors; tracking control; all-wheel steering

1. Introduction

Due to the rapid urbanization in China over the past two decades, traditional public
transportation systems can barely meet the growing and various demands of citizens. Buses
and subways are the most common low- and high-transit-capacity systems. Many debates
about which to develop lasted for decades until the appearance of medium-transit-capacity
systems (MTCS), which do not terminate but heat the arguments [1].

MTCSs carry a maximum of 5000~30,000 persons per hour per line, in contrast with
buses (less than 5000) and subways (larger than 30,000) [2,3]. Unlike buses and subways,
MTCSs do not have unified forms as well as professional names. Here, several main
categories are listed, like light rail transit (LRT), monorail vehicles (straddle or suspended,
SMV), low-to-medium-speed maglev trains (MLT), rubber tire trams (RTT), bus rapid transit
(BRT) and VRT. Figure 1 shows the real image and Table 1 shows some key features [4–7].

LRT, SMVs and MLTs depend on expensive and complex infrastructure, even com-
parable to subways. They are often treated equally as simplified subways by the public.
Originating from traditional tram, RTTs can only travel along a fixed guide monorail em-
bedded in the road with extra catenary power supply. As public transportation develops
and optimizes, some RTTs are terminated in cities like Shanghai, Tianjin and Zhuhai, China.
BRT and VRTs can be seen as super buses that can travel any urban road with the lowest
construction cost. Compared with RTTs, VRTs provide the same capacity with a lower cost.
Compared with BRT, VRTs provide a higher capacity with the same cost. Outstanding
cost-effectiveness has made VRTs popular for big city suburbs and middle city urban areas
in recent years.
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Figure 1. Various MTCSs: (a) LRT; (b) SMV (straddle); (c) MLT; (d) RRT; (e) BRT; (f) VRT. 
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VRT 32 × 2.6 3~4 300/12,000 NR + RT + OG EV/HEV 50 Exclusive/Mixed 

NR: no rail, SR: steel rail, GR: guide rail, MR: maglev rail, SW: steel wheel, RT: rubber tire, LM: 
linear motor, OG: on ground, UG: underground, ET: elevated track, AC: alternating current, DC: 
direct current, EV: electric vehicle, HEV: hybrid electric vehicle, CPS: catenary power supply, RPS: 
rail power supply. 

Usually, a driver takes control of the first axle and the other modules will follow the 
path automatically as if the VRT is running on a real rail. A virtual rail has two meanings: 
a head module tracking predefined path and other modules tracking head module. The 
former is like an autonomous driving problem similar to that of regular cars and the latter 
is our concern. Without tracking control, VRTs cannot move anymore with off-tracking, 
severe tire wear, tail swing and even structure interference. This key technology is 
achieved by sensors, external infrastructure (not real rails) and algorithms, which are our 
main considered factors. 

Figure 1f shows a special kind of VRT (Autonomous rail Rapid Transit (ART) pro-
duced by CRRC Zhuzhou Institute Co., Ltd.), which is our interest for its most typical and 
broad applications. The structure consists of three modules, two articulated joints, six 
AWS axles in which head/tail axles are driven axles and two driving cabs at the head and 
tail without backing up. There also exist other VRTs, and we tried to define some common 

Figure 1. Various MTCSs: (a) LRT; (b) SMV (straddle); (c) MLT; (d) RRT; (e) BRT; (f) VRT.

Table 1. Key features for various MTCSs.

Name Size
(L × W, m)

Vehicle
Marshalling

Unit/Line
Capacity

Running Form
(Rail, Wheel, Road) Power

Construction
Cost

(million¥/km)
Right of Way

Bus 12.0 × 2.5 1 80/3000 NR + RT + OG EV/HEV / Mixed

Subway 120 × 2.8 4~8 1460/44,000 SR + SW + UG/ET AC + CPS/RPS 600 Exclusive

LRT 80 × 2.6 4~6 900/25,000 SR + SW + UG/ET AC + CPS/RPS 300 Exclusive

SMV 70 × 2.6 4~6 700/18,000 GR + RT + ET AC + RPS 200 Exclusive

MLT 75 × 2.8 4~6 800/20,000 MR + LM + OG/ET DC + RPS 250 Exclusive

RTT 30 × 2.5 3~4 300/12,000 GR + RT + OG AC + CPS 100 Exclusive

BRT 18 × 2.6 2 180/7000 NR + RT + OG EV/HEV 50 Exclusive/Mixed

VRT 32 × 2.6 3~4 300/12,000 NR + RT + OG EV/HEV 50 Exclusive/Mixed

NR: no rail, SR: steel rail, GR: guide rail, MR: maglev rail, SW: steel wheel, RT: rubber tire, LM: linear motor, OG:
on ground, UG: underground, ET: elevated track, AC: alternating current, DC: direct current, EV: electric vehicle,
HEV: hybrid electric vehicle, CPS: catenary power supply, RPS: rail power supply.

Usually, a driver takes control of the first axle and the other modules will follow the
path automatically as if the VRT is running on a real rail. A virtual rail has two meanings:
a head module tracking predefined path and other modules tracking head module. The
former is like an autonomous driving problem similar to that of regular cars and the latter
is our concern. Without tracking control, VRTs cannot move anymore with off-tracking,
severe tire wear, tail swing and even structure interference. This key technology is achieved
by sensors, external infrastructure (not real rails) and algorithms, which are our main
considered factors.

Figure 1f shows a special kind of VRT (Autonomous rail Rapid Transit (ART) produced
by CRRC Zhuzhou Institute Co., Ltd., Zhuzhou, China), which is our interest for its most
typical and broad applications. The structure consists of three modules, two articulated
joints, six AWS axles in which head/tail axles are driven axles and two driving cabs at
the head and tail without backing up. There also exist other VRTs, and we tried to define
some common features including multi-articulated bodies, active steering, rubber tires and
virtual rail tracking. Figure 2 shows other types of VRTs in commercial operation with the
main difference described [8]. We will talk about the tracking control of various VRTs and
other active steering articulated vehicles. After that, some topics are discussed, and our
reach is introduced.
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Figure 2. Various VRTs: (a) AutoTram, five axles, one driving cab, second axle fixed as a driven
axle; (b) Digital Rail-guided Train (DRT), four double-axle bogies; (c) Super Rail rapid Transit (SRT),
four bodies articulated like two BRTs connected tail to tail.

Wagner proposed a kinetic feedforward–feedback (FF-FB) tracking controller for early
Autotram with two semi-trailers [9]. An FF controller depends on the desired kinematics
from the desired path and an FB controller uses an inverse vehicle model to suppress
disturbance. This approach is extended to an improved Autotram (Figure 2a) and six-axle
Autotram with the axle virtualization method [10,11]. The author also designed another
extended Ackermann-steering tracking control method in which there is steady circle
steering together with a first-order inertial process instead of the desired path. The simpler
approach is efficient enough to execute in a vehicle electronic control unit (ECU). Wagner’s
extended Ackermann-steering controller was considered to steer too early, which resulted
in the latter modules moving to the inner side of a curve [12]. A Time delay unit was
added to the first-order inertial to overcome this problem, and it works. Peng and Xiao also
proposed similar methods for ART aiming at optimizing the transient process by adding
time delay or increasing the order of the inertial unit [13,14]. But the time delay predicted
by the current speed may not work well when speed changes frequently, considering the
amazing vehicle length. A higher-order inertial unit can also perform limited improvement
compared to a first-order inertial unit.

Zhang emphasized reference path generation as the first urgent problem ignored by
most researchers [15,16]. A segmentation path generation method utilizes data compression
and filtering to reduce data length efficiently. Then, two controllers for front axles and
rear axles are designed. The front axles controller is a coordinated steering controller. The
rear axles controller is a preview feedback steering controller to realize path following. He
also proposed an adaptive tracking control method for all semi-trailers based on lateral
deviation and yaw error [17]. However, there is no precision analysis about the generated
path, which can be as high as 0.5 m in [18]. A road line recognition-based FF-FB tracking
control method for DRT is described with up to 14 cameras around the vehicle [19]. FF
control is achieved by road curve and FB control uses a proportional–integral (PI) controller
based on lateral deviation. Wang [20] proposed a reconfigurable dynamic model of SRT
with the relationship between generalized forces and tires. Improved model predictive
control (MPC) is designed to allocate generalized forces and steering angles, which are
calculated from generalized forces.

Leng [21] proposed the optimal acceleration tracking control method for a gantry
virtual track train (GVTT) with a locking mechanism between vehicle modules. A local
tracking objective function was used to calculate the optimal acceleration and steering
angles. In another work [22], he achieved the decoupling of the axles’ motion and applied
an adaptive preview proportional–integral–differential (PID) algorithm to tracking control.

K.-H. MOON [23,24] tested the Phileas (BRT) controller in HIL mode to acquire the
real input–output response. A new tracking control method based on the test data is
proposed to improve the original one. The key point is to adjust the steering center of
each module according to the speed, first-axle angle and articulated angle. It also provides
many engineering details to work better in the real world. Jujnovich [25] developed
a combined tracking controller including different low and high speed PID controllers
for heavy articulated trucks. Side-slip angles are calculated as the controller input from
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kinematics at a low speed or estimated from dynamics at a high speed. Oreh [26] proposed
a fuzzy controller based on the desired articulation angle and speed level to steer the trailer
wheels of heavy trucks. Ritzen [27] designed nonlinear kinematic control strategies for a
tractor–trailer robot using feedback linearization and backstepping methods.

In previous works, virtual rail was constructed in various forms so that the desired
vehicle state or state error can be obtained to develop algorithms. Interoceptive or extero-
ceptive sensors [28] are used, and some applications are listed below. There is one thing to
make clear: items 1~3 may not only use exteroceptive sensors.

1. Computer vision-based deviation measurements need cameras installed, a clear lane
line and proper lighting conditions;

2. A magnetic guidance system with magnetic markers buried in the road surface and
vehicle magnetic sensors;

3. Precise navigation systems like a differential global positioning system (DGPS) or
integrated navigation system (INS);

4. Estimation method based on interoceptive sensors.

Tracking control with only interoceptive sensors is more fundamental for several
reasons. First, VRTs usually travel on specific lines with extra infrastructures. But the ability
to run on any urban roads like buses is also necessary. Then, exteroceptive sensors are more
likely affected and even fail in some scenes when interoceptive sensors can always work
well. Finally, the interoceptive sensors-based tracking control method can become a critical
part of the advanced approach with powerful exteroceptive sensors.

In fact, ART has the DGPS or computer vision tech inside mainly for ADAS functions
and line scheduling management. Phileas relies on special road-buried magnetic markers to
realize auto guiding. Siemens opti-guide TEOR uses cameras to run on its own transit-only
corridors like LRT. All of the above can run out of fixed lines without DGPS, cameras or
magnetic virtual rails with interoceptive sensors. The interoceptive sensors-based method
somehow can be seen as a feedforward control method. It has no conflicts with the
advanced feedback approach, which leads to higher performance or safety.

Interoceptive sensor-based methods are not perfect anyway. For example, dead
reckoning in path generation has an inherent drift problem caused by model uncertainties
and integration calculation without an external reference. Fortunately, VRT tracking control
only uses short time estimation and local results, which avoid unbounded drift. Some
estimation methods can perform better than dead reckoning with a high complexity like
Kalman filters. Other no-path methods seem too rough and experience-dependent.

Dynamic or kinematic models are another question for tracking control. Generally,
dynamic models take account of more factors, which is more valid in various conditions.
However, tremendous, highly qualified model parameters make it difficult to realize in real
time control, or only simplified dynamic models with low precision can be used. For more
complex VRTs whose highest speed is less than 70 km/h and running scenarios are smooth
motion as public vehicles, dynamic models can be used to analyze extreme responses like
vehicle braking and yaw stability in the designing period. A kinematic model is more
proper for developing a tracking control method for its simple structure.

The main contributions for VRT tracking control for this paper are listed below:

• Only kinematic models and interoceptive sensors are used to ensure the most funda-
mental driving function.

• Time delay or inertial unit optimization by experience in previous VRT control are
replaced with standard process.

• Inaccurate reference paths, computational and storage pressure for ECU and even
actuator delay are discussed and solved.

The paper is organized as follows. Section 2 introduces the vehicle kinematic model
and possible sensor configurations. Front axles virtualization control is developed in
Section 3, which simplifies the whole control structure. Section 4 realizes a reference path
generation, storage and updating process as the basis of rear axles tracking control in
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Section 5. In Section 6, HIL simulation and related results are shown and discussed to verify
the effectiveness of our approach. Finally, some conclusions are summarized in Section 7.

2. Vehicle Kinematic

A single-track kinematic model of a VRT is proposed under the following assumptions [29]:

1. Only plane movement is considered, and vertical movement is ignored;
2. The left and right wheels can be seen as a single wheel. Wheel slip is ignored, which

means that the wheel speed coincides with the wheel plane;
3. Vehicle modules are treated as rigid bodies;
4. Head and tail axles are active driven axles under the control of a traction control

system with a speed coordination mechanism. Thus, only one valid vehicle speed
is used;

These assumptions come from the reality that VRTs run on urban roads with solid,
flattened surfaces. High-speed driving (>40 km/h) only occurs on relatively straight roads,
and the turning speed is less than 30 km/h or lower on a road curvature radius less than
50 m. Under these conditions, wheel slip can be neglected, and a kinematic model can be
applied with proper precision. The structure of a single-track kinematic model of a VRT is
shown in Figure 3, and related parameters are listed in Table 2. The main coordinate systems
used here are the global coordinate system (GCS) and vehicle coordinate system (VCS).
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Table 2. Kinematic model signs and parameters.

Parameters Description Value

Ai ith(i = 1 ∼ 6) axle /
Ji ith(i = 1 ∼ 2) hinge joint /
δi ith(i = 1 ∼ 6) axle steering angle From angle sensor
θi ith(i = 1 ∼ 2) hinge joint angle From angle sensor
ωi ith(i = 1 ∼ 3) module angular velocity From calculation or gyro
li ith(i = 1 ∼ 3) module axle distance l1 = l3 = 6.0 m, l2 = 6.5 m
li f ith(i = 1 ∼ 3) module front overhang l1 f = 1.8 m, l2 f = l3 f = 2.5 m
lir ith(i = 1 ∼ 3) module rear overhang l3r = 1.8 m, l1r = l2r = 2.5 m

px, py, ψ1 A1 center position and yaw angle in GCS /
v0 Linear velocity of the first wheel From tachometer

The steering angle δi comes from the steering by wire (SBW) system. The original
measurement may not be the steering angle of the axle center, and it should be transferred
according to Ackermann steering geometry. The linear velocity of the first wheel v0 comes
from a tachometer based on the driven motor rotary speed and tire size. For vehicle
symmetry, there is also a tachometer on A6, which is ignored here. A tachometer and angle
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sensor along with its v0, δi, θi are the minimum sensor configurations for tracking control.
But we also added two gyros for comparison with the gyro drift estimated and removed
when the vehicle powers on. All angles are signed with left turning positive and right
turning negative.

The kinematic state vector x is chosen as x =
[
px, py, ψ1, θ1, θ2

]T , which can totally
describe the vehicle position and attitude. The kinematic state function is expressed as

.
x = f (x, v0, δ1, ω1, ω2, ω3) =



.
px.
py.
ψ1.
θ1.
θ2

 =


v0 cos(δ1 + ψ1)
v0 sin(δ1 + ψ1)
ω1
ω1 − ω2
ω2 − ω3

 (1)

The latter module yaw angle ψ2, ψ3 is

ψ2 = ψ1 − θ1, ψ3 = ψ2 − θ2 (2)

The hinge joint angle θ1, θ2 can be obtained directly from sensors. ωi can be obtained
as below, in which vix is the longitude velocity of the ith module. For the first module, we
have v1x = v0 cos δ1. The calculation of v2x, v3x based on the velocity and steering angles is
described in the next chapter. Furthermore, ω1 can also come from gyro.

ωi =
vix(tan δi − tan δi+1)

li
, (i = 1 ∼ 3) (3)

The instantaneous center radius of A1, A2 and the whole first module are R1, R2, Rm1
in the form below when δ1 ̸= δ2. A turning radius is also signed with a left turning positive.

R1 =
l1

cos δ1(tan δ1 − tan δ2)
, R2 =

l1
− cos δ2(tan δ1 − tan δ2)

, Rm1 =
l1

tan δ1 − tan δ2
(4)

According to (4), only when δ2 = −δ1 will A2 have the same turning radius as well
as the same path as A1. But using this strategy directly will lead to a dangerous rear
swing out problem, which should be solved later. For a VRT’s low and medium traveling
speeds, anti-phase or zero-phase steering can be applied, which means δ1δ2 ≤ 0, as the
latter module [30]. We will then start designing our hierarchical controller based on front
axles virtualization.

3. Front Axles Virtualization Control

There are a total of seven independent control inputs (one driven speed, six steering
angles) and five state variables, which may lead to conflict. Thus, two redundant control
inputs must cooperate with others or the control will fail. Intuitively speaking, the driven
speed is independent and A1, A6 steering is relatively free to steer with less constraints
compared to the axle’s neighbor to hinge joints (A2, A3 or A4, A5).We can imagine a disaster
when A2, A3 steer oppositely with a terrible internal force in the hinge joint. Thus, two
redundant control inputs should be chosen from one axle separately in A2, A3 or A4, A5. In
fact, the intuitive result exists in some theoretical evidence in [31,32] where the dynamic
relative gain array method is used to analyze the effect of turning for every single axle.
A3, A5 are chosen as coordinated control axles according to their relatively low effect levels
for turning, which are also called virtual axles.

Virtual axles refer to axles that only provide ground support instead of a vehicle
turning function, as if they can be canceled when handling the turning motion of a vehicle.
According to the definition above, we can remove A3 first and analyze the moving direction
of the A3 mount point to realize the axles’ virtualization. Figure 4 shows the motion
decomposition of the A3 axles’ virtualization. For convenient expression, the process is
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divided into two steps; the first step is for the first module in the right part of Figure 4, and
the other is for the second module in the left part.

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 18 
 

There are a total of seven independent control inputs (one driven speed, six steering 
angles) and five state variables, which may lead to conflict. Thus, two redundant control 
inputs must cooperate with others or the control will fail. Intuitively speaking, the driven 
speed is independent and 1 6,A A  steering is relatively free to steer with less constraints 
compared to the axle’s neighbor to hinge joints ( 2 3,A A  or 4 5,A A ).We can imagine a dis-
aster when 2 3,A A  steer oppositely with a terrible internal force in the hinge joint. Thus, 
two redundant control inputs should be chosen from one axle separately in 2 3,A A  or 

4 5,A A . In fact, the intuitive result exists in some theoretical evidence in [31,32] where the 
dynamic relative gain array method is used to analyze the effect of turning for every single 
axle. 3 5,A A  are chosen as coordinated control axles according to their relatively low ef-
fect levels for turning, which are also called virtual axles. 

Virtual axles refer to axles that only provide ground support instead of a vehicle turn-
ing function, as if they can be canceled when handling the turning motion of a vehicle. 
According to the definition above, we can remove 3A  first and analyze the moving di-
rection of the 3A  mount point to realize the axles’ virtualization. Figure 4 shows the mo-
tion decomposition of the 3A  axles’ virtualization. For convenient expression, the pro-
cess is divided into two steps; the first step is for the first module in the right part of Figure 
4, and the other is for the second module in the left part. 

 
Figure 4. Axles’ virtualization. 

In the right part of Figure 4, 1Jv  is the joint 1J  velocity and 11Jδ  is the angle be-
tween 1Jv  and the first module, which is negative here. We have 

1 2 1 1 1 1
11 1 1 1 1 2

1 1 1 1

tan( ) tan tan tanr r r
J

l A F l l lJ OF a a
OF l l

δ δ δ
+  +

= −∠ = − = − − 
 

 (5) 

Although (5) is obtained when 1 0δ > , it can be verified as correct in other condi-
tions. In the left part of Figure 4, 12Jδ  is the angle between Jv  and the second module, 
expressed as 

12 1 11J Jδ θ δ= +  (6) 

Then, the rotation of the second module is determined by 12Jδ  and 4δ .The angle 
between the velocity on 3A  and the second module 3Cδ  should be the steering control 
output value of 3A . 

23 2 2
3 12 4

2 2 2 2 2 2

tan( ) tan tan tan
+ +

f
C J

f f

lA F la a
O F l l l l

δ δ δ
 

= = +  
 

 (7) 

Figure 4. Axles’ virtualization.

In the right part of Figure 4, vJ1 is the joint J1 velocity and δJ11 is the angle between vJ1
and the first module, which is negative here. We have

δJ11 = −∠J1O1F1 = −a tan(
l1r + |A2F1|

|O1F1|
) = −a tan

(
l1r
l1

tan δ1 −
l1 + l1r

l1
tan δ2

)
(5)

Although (5) is obtained when δ1 > 0, it can be verified as correct in other conditions.
In the left part of Figure 4, δJ12 is the angle between vJ and the second module, expressed as

δJ12 = θ1 + δJ11 (6)

Then, the rotation of the second module is determined by δJ12 and δ4.The angle
between the velocity on A3 and the second module δ3C should be the steering control
output value of A3.

δ3C = a tan(
|A3F2|
|O2F2|

) = a tan

(
l2

l2 + l2 f
tan δJ12 +

l2 f

l2 + l2 f
tan δ4

)
(7)

We can obtain δ5C with a similar process on the second and third modules, in which
δJ22 is the angle between the joint J2 velocity and the second module and δJ23 is the angle
between the joint J2 velocity and the third module.

δJ22 = −a tan
(

l2r

l2
tan δ3 −

l2 + l2r

l2
tan δ4

)
(8)

δJ23 = θ2 + δJ22 (9)

δ5C = a tan

(
l3

l3 + l3 f
tan δJ23 +

l3 f

l3 + l3 f
tan δ6

)
(10)

Some may notice that the calculations above only care about the velocity orientation
instead of the amplitude. The reason for this is that the velocity amplitude naturally satisfies
constraints with A2 ∼ A5 passive wheel rotation. In order to achieve delay compensation,
in a later chapter, we will talk about the velocity calculation here. vJ11x is the projection of
vJ1 on the first module’s longitude orientation, which equals v1x.

vJ1 =
vJ11x

cos δJ11
=

v1x
cos δJ11

(11)
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The longitude velocity of the second module v2x = vJ12x can be obtained from vJ1 and
in the same way with v3x. The front axle’s virtualization is completed, and control outputs
are determined, which means A3, A5 can be removed in the following control. We also
obtain access to vix based on the vehicle velocity, steering angles and joint angles.

4. Path Generation and Storage

Some reference or desired characters should be provided to execute A2, A4, A6 tracking
control. Most of the existing algorithms take the reference path in discrete coordinate points
or just take the steady circle state with an unreliable time delay and transition method.
The reference path is often chosen as the history behavior of A1, A2 or even J1, which is
precise enough with exteroceptive sensors. Then, the matching points are used to extract
a state error like lateral or yaw deviation. But things change for interoceptive sensors,
whose integral calculation (dead reckoning) leads to drift as time goes on. Although we
are only concerned with about a 30 m length of the history behavior, the drift is also too
large to ignore. Researchers proposed an optimal estimation method like Kalman filters
to suppress drift, which indeed works with increasing calculation costs. Furthermore, the
efficiency storage of the reference path is also as important as the algorithm complexity for
the vehicle’s ECU.

In this part, we propose a new path generation and storage method for curvature
matching instead of deviation calculation. It is based on the assumption that drift exists
but cannot change suddenly for its integral calculation. The matching point is relatively
precise and the curvature is what we want. Path segmentation and a first input first output
(FIFO) queue are used to solve the data storage and processing. All of the methods above
are expected to execute the algorithm in the vehicle’s ECU. Here, the A1 center history
path is chosen as the reference path, so the first three state variables are used in model
discretization with a cycle period ∆t = 0.01s.

ψ1/k = ψ1/k−1 + ω1/k∆t
px/k = px/k−1 + v0/k cos(δ1/k + ψ1/k)∆t
py/k = py/k−1 + v0/k sin(δ1/k + ψ1/k)∆t

(12)

Starting with the given initial values, Formula (16) can run cycle by cycle, which is
called dead reckoning. The path we need is the nearest time interval history data whose
total length can cover A1 ∼ A6 at least. The direct use of (16) leads to an uncertain data
length and a huge amount of history data. Flexible data length maintenance is difficult, and
the storage of every single point is unnecessary. The path segmentation data structure and
storage are used here with a fixed data length and less calculation. The path segmentation
length threshold Ls is set as 0.3m, which is a compromise for the algorithm complexity,
storage capacity and precision. The segmentation number Ns (fixed FIFO length) is 100,
which is larger than the quotient between the A1 ∼ A6 distance and Ls. Each element in
FIFO consists of four values, e.g., Ei =

[
Si, ci, pxsi, pysi

]T
(i = 1 ∼ 100), in which i represents

the ith element, Si is the real segmentation length, ci is the mean segmentation curvature
and pxsi, pysi is the segmentation end point coordinate. The algorithm process is described
in Figure 5 with the following steps:

1. Initialization is completed as shown below when the VRT is in a straight parking state.
S0/0, B0/0 are the segmentation curve length and curvature integral variable. N0/0
represents the integral times. ω1/0, δ1/0, v0/0 are initialized with sensor measurements
and calculations.

px/0 = 0, py/0 = 0, ψ1/0 = 0;
Ei =

[
Si, ci, pxi, pyi

]T
= [Ls, 0,−iLs, 0]T

S0/0 = 0, B0/0 = 0, N0/0 = 0
(13)

2. At time k when v0/k = 0, nothing needs to be done but to enter the next cycle period
with k → k + 1 . Otherwise, if v0/k > 0, Formulas (16) and (18) are carried out, where
c1/k is the running curvature of A1.
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S0/k = S0/k−1 + v0/k∆t
B0/k = B0/k−1 + c1/k = B0/k−1 +

ω1/k
v0/k

N0/k = N0/k−1 + 1
(14)

3. Step 2 continues with k → k + 1 in every cycle period until S0/k > Ls and it is time
to execute the FIFO update operation. Dequeue operation removes element E100 and
other elements shift to the nest position in the sequence. E0 with the data below
replaces E1 to complete the enqueue operation.

E0 =
[
S0, c0, pxs0, pys0

]T
=
[
S0/k, B0/k

N0/k
, px/k, py/k

]T

Ei → Ei+1(i = 0 ∼ 99)
(15)

4. Resetting S0/k, c0/k, n0/k to zero and jumping to step 2 with k → k + 1 to start the
next cycle period.
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The generated reference path is a local path stored in a finite fixed data length with
data updates and an abandon mechanism. The path information helps us to realize rear
axles tracking control in the next chapter.

5. Rear Axles Tracking Control

The match point is defined as the nearest point in the reference path for A2, A4, A6,
which should be determined first. The coordinate of A2, A4, A6 is pix, piy(i = 2, 4, 6), with
time k omitted, which can be obtained with a chain calculation. The coordinates of A4 are
listed here.

p4x = p2x − l1r cos(ψ1)− (l2 f + l2) cos(ψ2)
p4y = p2y − l1r sin(ψ1)− (l2 f + l2) sin(ψ2)

(16)

The formula above provides the current position of rear axles without SBW actuator
delay considered. SBW is a complex hydro mechatronic system with an obvious delay
character between the control command and execution in place. Thus, the current position
of the rear axles is not enough, and we should predict the position p̂ix, p̂iy(i = 2, 4, 6) after
delay time Td.

p̂ix = pix +
vjx

cos(δi)
Td cos(ψj + δi)

p̂iy = piy +
vjx

cos(δi)
Td sin(ψj + δi)

i = 2, 4, 6, j = i
2 (17)

Then, the distance between p̂ix, p̂iy(i = 2, 4, 6) and any point in the reference path
can be obtained to find the match point. Traversal is the naivest approach, and here, we
develop a heuristic search method to improve efficiency. The basic idea comes from the
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distance between axles, which can provide tough search information to narrow the search
interval in Figure 6, where the start search and end search points should be determined.
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Three factors should be considered for the end search point, including the maximum
path estimation error, maximum tracking error and real length error between the arclength
and straight length. The maximum path estimation error means a dead reckoning error,
which is larger from A2, A4, A6. Here, we take 0.5 m, 0.75 m, 1.0 m for A2, A4, A6 according
to experience. The maximum tracking error is 0.5 m based on the road width (3.75 m) and
vehicle width (2.65 m). The final factor is difficult to estimate for complex vehicle motion.
Thus, we also take 0.5 m, 0.75 m, 1.0 m for A2, A4, A6. By summing the factors, we obtain
the interval search length for A2, A4, A6, which is 1.5 m, 2.0 m, 2.5 m. By dividing versus Ls
and rounding up, the integers as indexes are obtained.

N2e = N2s + 5, N4e = N4s + 7, N6e = N6s + 9 (19)

The final match point indexes for A2, A4, A6 are N2m, N4m, N6m, with N2m expressed below.

Nim = argmin
Nim

(√
( p̂ix − pxNim)

2 + ( p̂iy − pyNim)
2
)

, Nim ∈ [Nis, Nie], i = 2, 4, 6 (20)

We just search a total of 5 + 7 + 9 + 3 = 24 points instead of 300 points to accelerate the
algorithm. The relationship of the steady circle state of A2, A4, A6 in Figure 7 is discussed
below to access the final control output.
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First, it us assumed that R1 = R2 = R4 = R6 = Rs > 0, and we already have
δ2s = −δ1s for A2.

δ2s = −δ1s = −arcsin(
l1

2Rs
) (21)

According to cosine theorem,

R2
J1 = R2

s + l2
1r − 2Rsl1r cos(

π

2
− δ2s) = R2

s + l2
1r + l1rl1 (22)

Then, for A4, we can obtain δ4s below.

δ4s = arccos

(
R2

s + (l2 + l2 f )
2 − R2

J1

2Rs(l2 + l2 f )

)
− π

2
(23)

The same applies for A6 and δ6s.

R2
J2 = R2

s + l2
2r − 2Rsl2r sin(δ4s) (24)

δ6s = arccos

(
R2

s + (l3 + l3 f )
2 − R2

J2

2Rs(l3 + l3 f )

)
− π

2
(25)

For Rs < 0,we just replace Rs with |Rs| and take the negative result of δis. For Rs = ∞,
which means traveling straightly, δis = 0. δis is only relevant to the steady circle radius Rs,
which is convenient in designing our rear axle tracking control. For rear axles, we already
have the curvature stored in match points, which can be transferred into the instantaneous
turning radius directly. Replacing the steady circle radius Rs with the corresponding
instantaneous radius, we obtain the final control outputs for rear axles. For A2, the sign of
the match point curvature is out of consideration.

δ2c = −arcsin(
l1cN2m

2
) (26)

For A4, when cN2m > 0,

δ4c =


arccos

(
cN4m

(l2+l2 f )
2−l2

1r−l1r l1
2(l2+l2 f )

)
− π

2 , cN4m > 0

π
2 + arccos

(
cN4m

(l2+l2 f )
2−l2

1r−l1r l1
2(l2+l2 f )

)
, cN4m < 0

0, cN4m = 0

(27)

The result for δ6c is similar, which is neglected here. The whole controller architecture
is shown in Figure 8.
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Variables in Figure 8 with a single link are input/output variables, while others are
intermediate variables. (3) means using Equation (3) and ω1g means ω1 from gyro. There
exists a toggle switch for choosing the angular velocity sources. In fact, the reference path
stores the curvature rather than the radius, whose purpose is to avoid an infinite radius. A
small threshold can be used in engineering to judge whether the curvature is zero. When
the vehicle speed is more than 40 km/h, the latter axles are locked to 0 by a soft threshold
like Phileas’ steering attenuation strategy in [23,24]. Although using a steady circle radius
to derive the conclusion, the control method applies the instantaneous radius, which is
updated every time for every rear axle. Any transit process like time delay and an inertial
link are naturally considered in the reference path. And even the rear axles’ actuator delay
is also included to improve the vehicle response.

6. Simulation and Results

An HIL simulation is constructed to verify the effectiveness and efficiency of the
algorithm proposed above. The hardware refers to an ECU with an NXP MPC5748 processer,
in which a single core is used to execute our algorithm in 0.01 s of cycle time. The vehicles’
dynamic model runs on the real-time simulation machine. Controller area networks (CAN)
are used to transmit input/output information between two facilities. The simulation is
shown in Figure 9.
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The reference path is shown in Figure 10, including the combination of straight lines,
a single curve and a continuous changing curve, which is representative in the real world.
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The first axle is controlled by a preview driver model whose path is considered as a
real reference path. The initial simulation results at 15 km/h with no gyro are shown
in Figure 11.
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We will first talk about reference path generation precision for both no-gyro and gyro
conditions. Figure 12a shows that the maximum lateral estimation error is about 1.6 m
for no gyro and 0.8 m for a gyro situation after running about 120 m. The yaw error is
about 2◦ for no gyro and 1◦ for a gyro situation. As the time goes on, both the lateral and
yaw estimation error will be out of control (absolute error). Then, we align three paths at
a fixed point (x = 110, for example), and the result is shown in Figure 12b (relative error).
The maximum lateral estimation error is about 0.37 m for no gyro and 0.23 m for a gyro
situation at the end of the VRT. The relative error just considers the error about 30 m along
the vehicle length, and it is under control from diverging. We did not execute alignment,
and it is accomplished within the rear axles’ control implicitly.

The tracking control evaluation indicators are defined below:

• Lateral deviation: a module geometric center path lateral deviation to the first module.
This indicator shows the overall module tracking deviation.

• Swept path width: a vehicle external contour envelope, which is positively correlated
with the lateral deviation, module yaw angle and turning radius and is more compre-
hensive. It is obtained by the path of single-module external rectangle contour corner
points and side middle points, which consist of six paths for a single module. The
road margin width here is 3.75 m.

• The result of no gyro is shown in Figures 13 and 14, with a running speed of 15 km/h.
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The maximum lateral deviation is within 0.25 m for the latter modules. The maximum
swept path width is 3.60/3.36/3.18 for R25/R35/R50, respectively, which is always within
the road margin. The maximum value occurs when the road curvature changes. In order to
test the effect of the delay time Td, we removed the prediction part (Formula (21)) in the
same simulation. Then, the maximum lateral deviation increased to 0.32 m, which means
that the prediction part indeed improved the control effect.

We then simulated different speed conditions without gyro. The maximum speed was
set to 20/25/30 km/h for R25/R35/R50 turning to ensure ride comfort. The minimum
speed was set to 10 km/h for all situations. The maximum lateral deviations are all within
0.25 m~0.3 m, which is better than those of Autotram or ART, with lateral deviations above
0.4 m. The results will be more uncertain when turning with speed change. Our approach
can handle it for the match point changes when speed change. The maximum swept path
results are listed below in Table 3.
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Table 3. Swept path width for different situations.

Speed (km/h) R25 R35 R50

10 3.56 m 3.33 m 3.15 m
15 3.60 m 3.36 m 3.18 m
20 3.66 m 3.43 m 3.20 m
25 - 3.52 m 3.24 m
30 - - 3.34 m

Although the maximum lateral deviation did not change significantly, the maximum
swept path width increased as the speed rose. The reason for this is that the prediction part
only works for rear axles, leaving inadequate compensation for front axles actuator time
delay. This leads to a little swing to the latter module, causing a larger swept path width.
These adverse effects will become weaker as the road curvature decreases because of the
change rate decreasing. In real applications, a large road curvature also owns a wider road
margin, which grantees long vehicle trafficability.

The results using gyro as an angular velocity source did not differ significantly com-
pared with those of a no-gyro situation for the small curvature estimation error. The
minimum sensor configuration is enough for VRT tracking control, which consists of axle
steering angle sensors, hinge joint angle sensors and tachometers. Gyro is optional, which
can barely improve the control effect.
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7. Conclusions

The tracking control approach proposed in this paper is totally based on a kinematic
model and interoceptive sensors. Kinematic model parameters are easy to achieve, and in-
teroceptive sensors lead to more independence for outer infrastructures. Some conclusions
and prospects are listed below:

1. A minimum interoceptive sensor configuration is proposed for VRT. However, it is
worth using gyros as a redundancy solution for vehicle safety. Furthermore, fault
diagnosis and fault-tolerant control can also be developed. The method proposed
here can be seen as a feedforward control method, essentially. Furthermore, advanced
and complex feedback methods with more exteroceptive sensors can be developed
based on this approach to realize high performance, even for an advanced driving
assistance system (ADAS).

2. Kinematic estimation, segment storage and a queue update strategy are applied in
path generation and storage. Fixed-length reference path maintenance is possible,
and data quantity handling in a single time cycle can be compressed to a low level. A
heuristic search method avoids 90% of invalid search points in a reference path. All
efforts make it efficient enough to run on a real vehicle ECU in a 0.01 s time cycle,
with engineering computation available.

3. The path estimation error is analyzed where a curvature instead of a coordinate is used
to overcome the effect of the low precision of an estimated path. Few experience values
are needed in controller design compared to the time delay or inertial unit design in
Autotram or ART. That means the method can be easily modified when the vehicle
structure changes without tremendous tests to obtain proper experience values.

4. Rear axles actuator time delay is considered and compensated, which works well in
simulations. Although the quick response of rear axles helps to improve the time
delay in front axles indirectly, the front axles actuator time delay is expected to be
solved in the future, as well as sensor or CAN bus delay.

5. The final results are better than those of Autotram and ART in lateral deviation, and
the swept path width is always within the road margin, which verifies the effectiveness
of our approach.

6. Despite the advantage above, the model used here is simple, and lots of uncertainties
are not considered. We proposed a curvature threshold and speed soft threshold here
to improve the performance. More necessary if-then rules from simulation or vehicle
testing need to be added in case of extreme conditions. We still cannot find a simple
and effective enough dynamic model for tracking control like the classical 2-DOF
lateral vehicle dynamic control model for cars. This will be the focus area for VRT
tracking control in the future.
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