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Abstract: The advancement of artificial intelligence (AI) has become a crucial element in autonomous
cars. A well-designed AI architecture will be necessary to attain the full potential of autonomous
vehicles and will significantly accelerate the development and deployment of autonomous cars in the
transportation sector. Promising autonomous cars for innovating modern transportation systems
are anticipated to address many long-standing transporting challenges related to congestion, safety,
parking, and energy conservation. Choosing the optimal AI architecture for autonomous vehicles is a
multi-attribute decision-making (MADM) dilemma, as it requires making a complicated decision
while considering a number of attributes, and these attributes can have two-dimensional uncertainty
as well as indiscernibility. Thus, in this framework, we developed a novel mathematical framework
“complex intuitionistic fuzzy rough set” for tackling both two-dimensional uncertainties and indis-
cernibility. We also developed the elementary operations of the deduced complex intuitionistic fuzzy
rough set. Moreover, we developed complex intuitionistic fuzzy rough (weighted averaging, ordered
weighted averaging, weighted geometric, and ordered weighted geometric) aggregation operators.
Afterward, we developed a method of MADM by employing the devised operators and investigated
the case study “Selection of optimal AI architecture for autonomous vehicles” to reveal the practi-
cability of the devised method of MADM. Finally, to reveal the dominance and supremacy of our
proposed work, a benchmark dilemma was used for comparison with various prevailing techniques.

Keywords: artificial intelligence (AI) architecture; autonomous vehicles; complex intuitionistic fuzzy
rough set; MADM method

1. Introduction

For a multitude of reasons, the design of artificial intelligence (AI) systems for au-
tonomous vehicles is critical. With the potential to transform transportation and make
it safer, more effective, and environmentally friendly, autonomous vehicles represent a
revolutionary technical development. These vehicles’ ability to sense their surroundings,
make judgments, and maneuver through the intricate and dynamic real-world environment
is largely dependent on the design of the AI system. To reduce the chance of accidents, the
AI architecture in autonomous vehicles has to be built with redundancy and fail-safes. An
autonomous vehicle’s AI system needs to be reliable and capable of handling unexpected
situations because a mistake might have serious repercussions. To guarantee the safety of
both passengers and other road users, safety-critical capabilities such as object identification,
collision avoidance, and emergency braking must be incorporated into the AI architecture.
Scalability and flexibility are also crucial factors to take into account. To enable the ongoing
development of the AI system as it learns from fresh data and experiences, the architecture
should provide over-the-air upgrades. Since autonomous technology is anticipated to be
incorporated into a wide range of vehicles, including personal automobiles, commercial
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trucks, and even drones, this flexibility also extends to diverse vehicle platforms. AI may
be deployed more easily in a variety of applications with the help of a flexible architecture.

The multi-attribute decision-making (MADM) technique is one of the most valuable
and dominant techniques for evaluating awkward and unreliable information in genuine
life dilemmas. MADM plays an important role in real-life decision-making (DM) situations;
it gives the best options and results for different alternatives under certain attributes that
need to be evaluated when making a decision. When evaluating alternatives, sometimes
it can be challenging to express the evaluation value of an attribute as a real number. To
address this difficulty, Zadeh [1] initiated the mathematical framework known as fuzzy
set (FS) theory as an extension of crisp set theory. Pawlak [2] developed the mathematical
framework known as the rough set (RS) theory as a means of addressing ambiguity and
uncertainty in knowledge representation and data processing. It offers a method for dealing
with uncertain or insufficient data without depending on conventional probability theory
or fuzzy logic. RS structures consist of upper and lower approximations. It separates a
universe of items into sets with varying degrees of indiscernibility, where indiscernibility
is the inability to tell one object from another based on the available information. This
theory was first put out in 1982. Later, as a fuzzy expansion of RSs, Dubois and Prade [3]
suggested the idea of fuzzy RSs (FRSs) by substituting fuzzy relations for binary relations.
Using the idea of truth grade from fuzzy logic in the RS framework, an FRS offers a more
potent framework. Later on, Cornelis et al. [4] introduced the notion of intuitionistic FRSs
(IFRSs) by combining the concepts of intuitionistic fuzzy sets (IFSs) and RSs.

1.1. Motivation and Contribution

An autonomous car relies heavily on AI architecture to perceive the environment,
make decisions, and control the car. Selecting an AI structure for autonomous vehicles is
a complex system that involves integrating various techniques, algorithms, and systems.
Over the years, we have seen companies debating over which AI architecture should be
used. There are a lot of high-level overviews of the key components in an autonomous ve-
hicle AI architecture, such as types of sensors, perception and object detection, localization
and high-definition mapping, DM and motion-planning frameworks, control systems and
machine learning approaches, safety and ethical considerations, scalability, and flexibility.
A detailed discussion of these key components is provided as follows:

• Data fusion, perception, and object detection: These refer to combining the data from
multiple sensors (vision system, lidar system (light detection and ranging), radar
system (detection of objects and their speed, even in poor visibility), and ultrasonic
sensor for short-range object detection) to produce a more accurate and reliable repre-
sentation of the vehicle’s surrounding. The AI architecture should be able to use these
sensors’ data efficiently and develop a fusion algorithm to improve perception and
DM. By combining the information from these multiple sensors, autonomous vehicles
can create an exceptionally flexible and redundant cognitive framework, thereby re-
ducing the potential risk associated with wrong decisions in critical DM scenarios. In
real-time, the AI structures need to be able to detect and accurately identify different
objects, such as pedestrians, road hurdles, speed breakers, other cars, lane markings
and traffic signs, and other static elements in the environment. For this, sophisticated
computer vision and deep learning algorithms are needed.

• Localization and mapping: The localization system in the vehicles uses a combination
of a global positioning system (GPS) and inertial measurement units (IMUs) for
precise positioning. Autonomous vehicles often use high-definition (HD) maps that
provide detailed information about the road network, pedestrians, road hurdles,
speed breakers, lane markings, and traffic signs in the environment. These maps are
combined with real-time sensor data to build a comprehensive understanding of the
vehicle’s surroundings. The AI architecture should be able to accurately localize the
car within its environment and maintain a detailed map of the environment, including
static and dynamic elements, to support efficient navigation and DM.
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The below figure, Figure 1, represents the data fusion algorithm of autonomous
vehicles.
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• Decision-making and motion-planning framework: The DM system is the brain of
autonomous vehicles. It uses the information from the perception, localization, and
mapping systems to plan the vehicle’s trajectory and make decisions about when
to accelerate, brake, or change lanes. This system relies on advanced algorithms to
navigate the vehicle safely and efficiently.

• Control system and machine learning approach: The AI DM system interconnects
with the vehicle control system, which translates the high-level decisions into precise
commands that control the vehicle’s steering, acceleration, and brakes. Machine
learning is the backbone of autonomous vehicles; the perception and DM modules,
including deep neural networks, rely on advanced machine learning techniques to
improve their performance and adapt to new situations.

The below figure, Figure 2, represents the AI architecture of an autonomous vehicle.
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• Safety, reliability, and scalability: The AI architecture must be designed with safety and
ethical principles in mind, ensuring that autonomous vehicle actions and decisions
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prioritize the safety of pedestrians and other road users. AI systems develop rigorous
testing and validation processes, including simulation and real-world trials, and they
ensure that robust fail-safe mechanisms are in place to handle unexpected situations.

The selection of the best AI architecture for autonomous vehicles involves a holistic
approach that prioritizes safety, performance, and adaptability. By focusing on these
key components, developers can create more dynamic and efficient autonomous systems.
Despite a considerable amount of research efforts, there are still challenging issues in AI
structures for autonomous car perception, object detection, localization and high-definition
mapping, DM, and motion-planning frameworks. Many AI methods have been applied to
improve the AI structures of autonomous cars and help them make human-like decisions
in different situations, such as following other cars, steering, and path planning. However,
such applications are inherently limited by the data’s availability, quality, complexity, and
uncertainty. If the data collected from different sensors of autonomous vehicles contain
extra fuzzy information along with roughness, then there is no tool that can handle that
type of information. Then, the information collected from these sensors can be noisy,
incomplete, and affected by different environmental factors. Moreover, from the literature
review, we observed that the FS, FRS, and IFRS theories are restricted by their limitations
and conditions. For decision makers, an IFRS is the best tool for handling truth-grade (TG)
and false-grade (FG) information in the form of lower and upper approximations, but IFRSs
cannot handle the additional fuzzy information (second dimension) in the form of lower
and upper approximations. Similarly, other existing theories cannot model the information
that contains additional fuzzy information. Therefore, this era requires the development
of a new mathematical framework that can handle second-dimension (additional fuzzy
information or complex fuzzy information) TG and FG information in the form of lower
and upper information. Motivated by this research gap, in this article, we developed the
concept of complex IFRSs (CIFRSs), and then, based on this newly defined relation, we
devised a new novel mathematical framework called a CIFRS that can not only handle
the TG and FG in its structure, but can also tackle two-dimensional uncertainties and
indiscernibility. Moreover, we developed elementary operations such as the complement,
union, intersection, and algebraic operations (sum, product) of the deduced CIFRSs. For
comparing the two complex intuitionistic fuzzy rough numbers (CIFRNs), we developed
the accuracy and score function. As aggregation is a fundamental mathematical tool to
convert the overall information into a single value, based on this observation, we developed
complex intuitionistic fuzzy rough (CIFR) weighted averaging (CIFRWA), CIFR ordered
weighted averaging (CIFROWA), CIFR weighted geometric (CIFRWG), and CIFR ordered
weighted geometric aggregation operators (AOs), and investigated their properties in detail.
According to the application point of view, we used the MADM technique based on CIFR
information for the selection of optimal AI architecture for autonomous vehicles.

1.2. Aims and Objectives

This study aimed to develop a new framework, “CIFRSs”, to overcome the existing
problems in the theory of IFRS for the selection of the finest AI architecture for autonomous
cars by using CIFR AOs to effectively combine and evaluate various performance metrics
and criteria. The specific objectives were as follows:

• To define and develop the theory of CIFRSs.
• To define and develop different operators, such as the average AOs and geometric

AOs, in the framework of CIFRSs.
• To apply a newly defined framework to assess multiple AI architectures based on

a wide range of performance indicators, and utilize the AOs to combine diverse
evaluation criteria into a single, meaningful value.

• To select a suitable MADM method based on the problem characteristics and data
availability.

• To develop an MADM algorithm for aggregation and evaluation to handle large
datasets and complex AI architectures.
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• To examine the comparative study of the proposed methods with the present notions
to show the supremacy and efficiency of the established work.

By achieving these objectives, this research will contribute to the development of a
systematic and reliable approach for the selection of optimal AI architectures, leading to
the improved performance and safety of autonomous vehicles.

1.3. Study Framework

The remaining article is designed as follows. In Section 2, we review the background
study and notion of IFSs, complex FSs (CFSs), FRSs, and IFRSs and discuss their related
operations. In Section 3, we demonstrate the definition of a complex intuitionistic fuzzy
relation, which will help us further demonstrate the definition of a CIFRS. Section 3 is
focused on the basic operating rules for CIFRNs. In Section 4, we develop several new AOs
based on CIFRSs and discuss their properties using basic operations. Section 5 is based on
an MADM algorithm and an application for delivered work to show the reliability and
functioning of the developed notions. Section 6 is about the comparative study, and some
conclusions for further research are given in Section 7.

2. Background of the Study

Security and data privacy are two very important issues. Large volumes of data are
gathered by autonomous vehicles concerning their environment, occupants, and internal
processes. Strong security features are required in the architecture to guard against cyber-
attacks and unwanted access to these data. To increase public confidence in autonomous
vehicles, privacy protection for its users is crucial. Another important component is inter-
operability. Autonomous vehicles need to connect with infrastructure, other vehicles, and
traffic control systems to function. By providing standardized protocols and interfaces for
communication, the AI architecture should be created to support a more organized and
effective transportation environment. Ma et al. [5] devised various applications of AI in
the creation of autonomous vehicles. For autonomous vehicles, Khayyam et al. [6] used AI
and the IoT. Pereira et al. [7] originated architecture for autonomous vehicles. Kurzidem
et al. [8] discussed a methodology to examine architectures in autonomous vehicles. The
challenges, opportunities, and applications of intelligent automation and autonomous
vehicles were examined by Bathla et al. [9]. Zong et al. [10] devised an architecture design
for an autonomous vehicle. By employing blockchain and AI, Bendiab et al. [11] discussed
the challenges and solutions to the security of autonomous vehicles.

In crisp set theory, there are only two possibilities in the form of yes or no, or (0) or
(1), for each element from the universe of discourse, but FSs include the TG and have
more possibilities from a unit closed interval. With time, many researchers have given
their ideas in different fields of life using the FS theory framework. Esogbue et al. [12]
demonstrated the application of the FS theory to the optimal flood control problem arising
in water resource systems. Guiffrida and Nagi [13] developed FS theory applications in
production management research. Driankoy and Saffiotti [14] created various techniques
based on fuzzy logic for autonomous vehicles. Wang et al. [15] investigated the lateral
control of autonomous vehicles by employing fuzzy logic. Awad et al. [16] developed
a model by employing fuzzy logic for the path tracking of autonomous vehicles. FSs
ignore FG characteristics and instead address uncertainty through TGs. This restriction
falls short of capturing all the uncertainty that exists in real-world situations. To overcome
this limitation, an IFS was developed by Atanassov [17] that includes FGs in addition to
TGs, and their sum should be in the unit closed interval. This allows for a more thorough
depiction of uncertainty in DM and the modeling of uncertain information. Later on,
different valuable applications in IFSs have been explored by researchers in different fields.
Dengfeng et al. [18] proposed new similarity measures of IFSs and their application to
pattern recognition. De et al. [19] developed an application of IFSs in medical diagnoses.
Garg and Rani [20] introduced novel distance measures for IFSs based on various triangle
centers of isosceles triangular fuzzy numbers and their applications. Xu [21] introduced IF
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AOs and Xu and Yager [22] proposed some geometric AOs based on IFSs. Jia and Wang [23]
introduced Choquet integral-based IF arithmetic AOs in multi-criteria DM. An extended
MAIRCA method for coronavirus vaccine selection in the age of COVID-19 based on IFSs
was proposed by Ecer [24]. Even though FSs and IFSs are very useful and dominant, they
do have some limitations because they do not cover the two-dimensional information in a
single set. Later on, Ramot et al. [25] derived the major idea of CFSs, which contain the TGs
in the form of complex numbers and cover the two-dimensional information in a single
set. The complex fuzzy (CF) function contains two main terms, the phase term and the
amplitude term, whose range is in the complex plane’s unit circle. Tamir et al. [26] also
invented the notion of CFSs in the cartesian structure, where TGs have real and unreal
parts that are placed in the complex plane’s unit square. A few operations for CFSs were
developed by Zhang et al. [27]. Hu et al. [28] devised distances of CFSs and the continuity
of their operations. Rehman [29] investigated probability AOs under the setting of CFSs.
Cornelis et al. [4] introduced the notion of intuitionistic FRSs (IFRSs) by combining the
concepts of IFSs and RSs. To examine intuitionistic fuzzy rough (IFR) approximation
operators, Zhou and Wu [30] constructed a generic framework that used both constructive
and axiomatic techniques. Also, Zhou and Wu [31] developed the idea of rough IFSs and
IFRSs, and demonstrated their logical study in detail. The idea of an IF relation was defined
by Bustince and Burillo [32]. By using the IF relation and the idea of two universes, Zhang
et al. [33] examined the general framework of IFRSs. By using topology, Yun and Lee [34]
defined and examined some properties of the IFR approximation operator and IF relations.
Zhang [35] proposed the generalized IFR approximation operators based on IF coverings
by combining the theories of RSs and IFSs. Yahya et al. [36] developed a novel approach to
the IFR frank AO-based and evolution-based distance from the average solution (EDAS)
method for MADM. Chinram et al. [37] examined the EDAS method for MADM based
on IFR AOs. Ahmmad et al. [38] utilized the IFR Aczel–Alsina average AOs and their
applications in medical diagnoses. Mahmood et al. [39] examined confidence level AOs
based on IFRSs with an application in medical diagnoses. Mahmood et al. [40] derived the
analysis and prioritization of the factors of the robotic industry with the assistance of the
EDAS technique based on IFR Yager AOs.

Preliminaries

In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs.
Also, their related operations and properties are discussed.

Definition 1 [17]. Let U be a universal set; IFS € on set U is given as

€ =
{(

š*, M€

(
š*
)

, N€

(
š*
))∣∣∣š* ∈ U

}
, (1)

in which M€ : U → [0, 1] represents the TG and N€ : U → [0, 1] represents the FG of š∗ ∈ U to
the set € such that 0 ≤ M€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized
by € = (M€, N€).

Definition 2 [17]. For two IFNs, €1 =
(

M€1 , N€1

)
and €2 =

(
M€2 , N€2

)
, the following are true:

1. €1 ∪ €2 =
(

max
(

M€1

(
š*
)

, M€2

(
š*
))

, min
(

N€1

(
š*
)

, N€2

(
š*
)))

;

2. €1 ∩ €2 =
(

min
(

M€1

(
š*
)

, M€2

(
š*
))

, max
(

N€1

(
š*
)

, N€2

(
š*
)))

;

3. €c
1 =

(
N€1 , M€1

)
, where €c

1 represents the complement of €1;
4. €1 ⊕ €2 =

(
M€1 + N€2 − M€1N€2 , M€1N€2

)
;

5. €1 ⊗ €2 =
(

M€1N€2 , M€1 + N€2 − M€1
N€2

)
;

6. λ€1 =
(

1 −
(
1 − M€1

)λ, Nλ
€1

)
;

7. €λ
1 =

(
Nλ

€1
, 1 −

(
1 − M€1

)λ
)

.
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Definition 3 [26]. Let U be a universal set; CFS € on set U is given as

€ =
{(

š*, M€

(
š*
))∣∣∣š* ∈ U

}
=
{(

š*,φ€

(
š*
)
+ ι
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4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€

(
š*
))∣∣∣š* ∈ U

}
(2)

in which M€(š∗) represents the complex TG and φ€,
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Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€ ∈ [0, 1], ι =
√
−1. For easiness, the CFN

is symbolized by € =
(

φ€ + ι
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Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€
)
.

Definition 4 [26,29]. For two CFNs, €1 =
(

φ€1 + ι
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€1

)
and €2 =

(
φ€2 + ι
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In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 
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Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)
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Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
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)
, the following

are true:

1. €1 ∪ €2 =
(
max

(
φ€1 ,φ€2

)
+ ιmax

(

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 30 
 

Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€1 ,

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 30 
 

Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€2

))
;

2. €1 ∩ €2 =
(
min

(
φ€2 ,φ€2
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(
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((
1 −φ€1
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+ ι
(
1 −
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4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€1

))
, where €c

1 represents the complement of €1;
4. €1 ⊕ €2 =

((
φ€1 +φ€2 −φ€1φ€2

)
+ ι
(
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Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€2 −
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
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4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 
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Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

€1
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e ) be a fuzzy approximation space and let set A be the FS in U. Then,

the upper and lower approximation of A w.r.t. (U, R∗
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R*
e

(
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(
ì*
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Then, the pair R∗
e (A) =

(
R∗

e (A), R∗
e (A)

)
is called the FRS.

Definition 6 [37]. Let U be a nonempty and finite universe of discourse and R∗
e be an IF re-

lation on U; then, we can say that (U, R∗
e ) defines the IF approximation space. Then, for a

set A = {(ì∗, φA(ì
∗),LA(ì

∗))|ì∗ ∈ U} ∈ IFS(U), we can denote and define the upper and
lower approximation of A w.r.t. (U, R∗

e ) as
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Definition 7 [37]. For two IFRNs, R∗
e (A) =

(
R∗

e (A), R∗
e (A)

)
and R∗

e (B) =
(

R∗
e (B), R∗

e (B)
)

,
the following are true:

1. R*
e(A) ∪ R*

e(B) =
(

R*
e(A) ∪ R*

e(B), R*
e(A) ∪ R*

e(B)
)

;

2. R*
e(A) ∩ R*

e(B) =
(

R*
e(A) ∩ R*

e(B), R*
e(A) ∩ R*

e(B)
)

;

3. R*
e(A)c =

(
R*

e(A)c, R*
e(A)c

)
, where R*

e(A)c and R*
e(A)c represent the complement of

the IF rough approximation operators R*
e(A) and R*

e(A);

4. R*
e(A)⊕ R*

e(B) =
(

R*
e(A)⊕ R*

e(B), R*
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e(B)
)

;

5. R*
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e(B) =
(

R*
e(A)⊗ R*

e(B), R*
e(A)⊗ R*

e(B)
)

;

6. λR*
e(A) =

(
λR*

e(A), λR*
e(A)

)
;

7.
(

R*
e(A)

)λ
=

((
R*

e(A)
)λ

,
(

R*
e(A)

)λ
)

.

3. Complex Intuitionistic Fuzzy Rough Set

In this section, we demonstrate the definition of complex intuitionistic fuzzy (CIF)
relations that will help us further demonstrate the definition of a CIFRS. In the overall
discussion throughout the article, U represents the universal set and R∗

e represents the
CIF relation.

Definition 8. Assume that U is the universal set; then, any CIF subset R∗
e of U × U is

called a CIF relation and is given by R∗
e = {(š, ì), (W(š, ì),
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(š, ì) : U × U → [0, 1] + ι[0, 1] sat-
isfy 0 ≤ e(š, ì) + g(š, ì) ≤ 1 and 0 ≤ f (š, ì) + h(š, ì) ≤ 1.

Definition 9. Let U be a nonempty and finite universe of discourse and R∗
e be a CIF relation

on U; then, we can say that (U, R∗
e ) defines the CIF approximation space. Then, for a set

A =
{(

ì∗, φA(ì
∗) + ι
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(ì∗),LA(ì
∗) + ι℘A(ì

∗)
)∣∣ì∗ ∈ U

}
∈ CIFS(U), we can define the upper

and lower approximation of A w.r.t. (U, R∗
e ), denoted by

R*
e(A) =

{(
š*, M

R*
e

(
š*
)

, N
R*

e

(
š*
))∣∣∣š* ∈ U

}
R*

e(A) =
{(

š*, MR*
e

(
š*
)

, NR*
e

(
š*
))∣∣∣š* ∈ U

}
where

M
R*

e

(
š*
)
=
∨

ì*∈U

[
e
(

š*, ì*
)∨

φA

(
ì*
)]

+ ι
∨

ì*∈U

[
f
(

š*, ì*
)∨
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R*
e(A) =
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e(A), R*
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e
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)
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e

(
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)
>,< MR*

e

(
š*
)
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e

(
š*
)
>
)∣∣∣š* ∈ U

}
(3)
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e ) .For simplicity, we will say that

R∗
e (A) = (R∗

e (A), R∗
e (A)) = (< M

R*
e
(š*), N

R*
e
(š*) >,< MR*

e
(š*), NR*

e
(š*) >) =

((φ
R*

e
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Remark 1. A CIFRS is signified by a TG MR∗
e = φA(ì
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(ì∗) and FG NR∗
e = LA(ì

∗) +
ι℘A(ì

∗). If we remove the imaginary parts from both the TG and FG, then the CIFRS will convert
into an IFRS. Also, if we remove the FG, then the IFRS will convert into an FRS. This shows that
the CIFRS is a modification of the FRS.

Example 1. Let U = {š∗1 , š∗2 , š∗3 , š∗4} be a universal set; CIFR is defined in Table 1 as follows:

Table 1. CIFR.

R*
e š*

1 š*
2 š*

3 š*
4

š*
1

(
(0.3 + ι0.4),
(0.5 + ι0.2)

) (
(0.6 + ι0.4),
(0.3 + ι0.5)

) (
(0.3 + ι0.4),
(0.2 + ι0.3)

) (
(0.2 + ι0.6),
(0.5 + ι0.3)

)
š*

2

(
(0.4 + ι0.2),
(0.5 + ι0.6)

) (
(0.2 + ι0.3),
(0.7 + ι0.2)

) (
(0.5 + ι0.6),
(0.5 + ι0.4)

) (
(0.7 + ι0.8),
(0.2 + ι0.1)

)
š*

3

(
(0.6 + ι0.3),
(0.3 + ι0.7)

) (
(0.3 + ι0.4),
(0.5 + ι0.4)

) (
(0.4 + ι0.3),
(0.3 + ι0.6)

) (
(0.3 + ι0.4),
(0.6 + ι0.3)

)
š*

4

(
(0.7 + ι0.4),
(0.2 + ι0.6)

) (
(0.5 + ι0.7),
(0.4 + ι0.2)

) (
(0.5 + ι0.6),
(0.4 + ι0.3)

) (
(0.5 + ι0.6),
(0.5 + ι0.3)

)

Now, we assume that A = {(š*
1, 0.2 + ι0.5, 0.4 + ι0.3), (š*

2, 0.3 + ι0.4, 0.4 + ι0.3),
(š*

3, 0.4 + ι0.7, 0.3 + ι0.2), (š*
4, 0.5 + ι0.6, 0.3 + ι0.2)} is a CIFS over U.

R*
e(A) =

{(
š*, M

R*
e

(
š*
)

, N
R*

e

(
š*
))∣∣∣š* ∈ U

}
R*

e(A) =
{(

š*, MR*
e

(
š*
)

, NR*
e

(
š*
))∣∣∣š* ∈ U

}
Now, to find R*

e(A) and R*
e(A), we have

M
R*

e

(
š*

1

)
=
∨

ì*∈U

[
e
(

š*, ì*
)∨

φA

(
ì*
)]

+ ι
∨

ì*∈U

[
f
(

š*, ì*
)∨
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And the lower complex intuitionistic fuzzy approximation is
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Basic Operations and Properties of Complex Intuitionistic Fuzzy Rough Set
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Next, we defined some other operations on CIFRNs.



World Electr. Veh. J. 2024, 15, 402 11 of 28

Definition 12. Let R∗
e (A) =

(
R∗

e (A), R∗
e (A)

)
for a CIFRS and λ > 0; then,

1.
λR∗

e (A) =
(

λR∗
e (A), λR∗

e (A)
)

λR∗
e (A) =

{(
x,
(

1 −
(

1 − φR∗
e
(A)

)λ
, 1 −

(
1 −
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Definition 13. The score function for the CIFRN R∗
e (A) =

(
R∗

e (A), R∗
e (A)
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4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
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7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
+ φR∗

e +
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e + LR∗

e
+ ℘R∗

e
+ LR∗

e + ℘R∗
e

)
, AF(R∗

e (A)) ∈ [0, 1]. (12)

4. Aggregation Operators Based on CIFRSs

In this section, we develop several new AOs based on CIFRSs and discuss their
properties using basic operations.

Definition 14. Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a collection of CIFRNs

and
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

=
(
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

s

)T
be the weight vector (WV) with

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1; then, a CIFRWA operator is defined as

CIFRWA(R∗
e (A1), R∗

e (A2), . . ., R∗
e (As)) =

(
⊕s

t=1
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR∗
e (At),⊕s

t=1

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t R∗
e (At)

)
=
((
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1R∗
e (A1)⊕
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R∗
e (A2)⊕ . . . . . ⊕
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The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

sR∗
e (As)

)
,
(
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1R∗
e (A1)⊕

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R∗
e (A2)⊕ . . . . . ⊕
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

sR∗
e (As)

)) (13)

Based on the above definition, the results for the CIFRWA operator are as follows.

Theorem 1. By employing the above equation, we obtain the CIFRNs and

CIFRWA(R∗
e (A1), R∗

e (A2), . . ., R∗
e (As)) =

(
⊕s

t=1
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR∗
e (At),⊕s
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎜⎜⎜
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(

s

∏
t=1

(
LR∗

e (At)
)
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Proof. We proved the above equation by using a well-known method of mathematical
induction (MI), assuming that, for s = 2, we have

R∗
e (A1) =

(
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 
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in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
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5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A1)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
+ i
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℘R∗

e
(A1)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A1)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
,((

LR∗
e (A1)

)
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⎜⎜⎜
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⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
+ i
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℘R∗
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𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R∗
e (A2),
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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e (A2)
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1 −
(

1 − φR∗
e
(A2)

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A2)

)
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e
(A2)

)
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⎝⎜⎜
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,


(

1 −
(

1 − φR∗
e (A2)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A2)

)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e (A2)

)
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i
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℘R∗

e (A2)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)




CIFRWA(R∗
e (A1), R∗

e (A2))

=
(
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1R∗
e (A1)⊕
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R∗
e (A2),
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1 R∗
e (A1)⊕
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2 R∗
e (A2)

)

=




(

1 −
(

1 − φR∗
e
(A1)
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
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1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A1)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
+ i

((
℘R∗

e
(A1)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A1)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
,((

LR∗
e (A1)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1

)
+ i

((
℘R∗

e (A1)
)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A2)

)
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e
(A2)

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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⎜⎜⎜
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A2)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e (A2)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i

((
℘R∗

e (A2)
)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(

1 − φR∗
e
(A2)

)
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𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2
+ i

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
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5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A1)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(

1 −
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Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(A2)

)
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e
(A1)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(
LR∗

e
(A2)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i

((
℘R∗

e
(A1)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(
℘R∗

e
(A2)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,


1 −

(
1 − φR∗

e (A1)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(

1 − φR∗
e (A2)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2
+ i

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A1)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(

1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (A2)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
,((

LR∗
e (A1)

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
(
LR∗

e (A2)
)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2

)
+ i

((
℘R∗

e (A1)
)
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(

2
∏
t=1
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Proof. We proved the above equation by using a well-known method of mathematical 
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⎜⎜⎜
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have .

CIFRWA
(

R∗
e (A1), R∗

e (A2), . . ., R∗
e

(
A
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR∗
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⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −
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=
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⎜⎜⎜
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⎛
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⎠⎟
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⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
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⎜⎜⎜
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⎜⎜⎜
⎛
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𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
LR∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
℘R∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,


(

1 −
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e (At)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛
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ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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⎠⎟
⎟⎟⎟
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⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
LR∗

e (At)
)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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(

R*
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e
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A
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR*
e(At),⊕
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𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −
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Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
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⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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⎠⎟
⎟⎟⎟
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⎟⎟⎟
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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⎜⎜⎜
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Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
LR∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
℘R∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,


(

1 −
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e (At)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −
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Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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⎜⎜⎜
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⎛
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⎟⎟⎞ ,
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𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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⎠⎟
⎟⎟⎟
⎟⎟⎟
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
LR∗

e (At)
)
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The accuracy function for the CIFRN is given as 
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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)
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1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Proof. We proved the above equation by using a well-known method of mathematical 
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Proof. We proved the above equation by using a well-known method of mathematical 
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World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

)
+ i

((
℘R∗

e

(
A

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

))

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)(
1 −

(
1 − φR∗

e

(
A
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
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4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎟⎟⎟
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

)

−
(

1 −
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)(
1 −

(
1 −
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R∗
e

(
A
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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LR∗

e
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Proof. We proved the above equation by using a well-known method of mathematical 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)(
1 −

(
1 − φR∗

e

(
A
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⎜⎜⎜
⎜⎛⎝⎜⎜
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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)


+i


(

1 −

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 30 
 

Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+

(
1 −

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

)

−
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⎟⎟⎟
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 −
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the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
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7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)(
1 −

(
1 −
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
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Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-
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Proof. We proved the above equation by using a well-known method of mathematical 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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LR∗

e
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
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℘R∗

e

(
A
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e
(At)

)
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
(

1 − φR∗
e

(
A
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 
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6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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e
(At)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have 
∏
t=1

(
1 − φR∗

e (At)
)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
(

1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e

(
A
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1

)
,

((

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
LR∗

e (At)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
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Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
℘R∗

e (At)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

) )
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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=
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
1 − φR∗

e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
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⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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Next, suppose that it is true for 𝔰 = Ⱪ. 
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⎛
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
LR∗

e
(At)

)
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The accuracy function for the CIFRN is given as 
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4. Aggregation Operators Based on CIFRSs 
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erties using basic operations. 
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 14 of 30 
 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
℘R∗

e
(At)

)
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟
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⎝⎜⎜
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,


(
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
1 − φR∗

e (At)
)
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞ ,

⎝⎜
⎜⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱ଶ
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱ଶ

𝔱ୀଵ ൱ ⎠⎟
⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

 

Next, suppose that it is true for 𝔰 = Ⱪ. 

CIFRWA ቀ𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗൫𝐴Ⱪ൯ቁ = ൬⊕𝔱ୀଵⱩ Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵⱩ Ꙍ𝔱 𝑅∗(𝐴௧)൰

=

⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎜⎜
⎛

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞ ,

⎝⎜
⎜⎜⎛ቌ1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ + 𝔦 ቌ1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ ,

ቌෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ
𝔱ୀଵ ቍ + 𝔦 ቌෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱Ⱪ

𝔱ୀଵ ቍ ⎠⎟
⎟⎟⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎟⎟
⎞

 

 

Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
LR∗

e (At)
)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have +1
∏
t=1

(
℘R∗

e (At)
)
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)



This shows that it holds true for s =
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Now, we have to show that it is true for 𝔰 = Ⱪ + 1; we have + 1. Hence, it will hold true for all s ≥ 0. □

From the above theorem, R∗
e (At) and R∗

e (At) are CIFRNs. So, by Definitions 4 and
5, ⊕s

t=1
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR∗
e (At) and ⊕s

t=1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t R∗
e (At) are also CIFRNs. Therefore, the CIFRWA is also

a CIFRN.

Theorem 2 (idempotency property). Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a

collection of CIFRNs with WV

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
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Proof. We proved the above equation by using a well-known method of mathematical 
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)T
,
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1], and ∑s
t=1
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1.

If R∗
e (At) = R∗

e (A) ∀ (t = 1, 2, 3 . . . , s), where R∗
e (A) =

(
R∗

e (A), R∗
e (A)

)
, then

CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
= R*

e(A) (15)

Proof. Let us assume that R*
e(At) = R*

e(A)∀(t = 1, 2, 3 . . . , s); then,

CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
=
(
⊕s

t=1
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR*
e(At),⊕s

t=1
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR*
e(At)

)

=




(

1 −
s

∏
t=1

(
1 −φ

R*
e
(At)

)
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
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5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
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1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞ ,
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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)
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(A)

)∑s
t=1
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

=
(
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1] and
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1. If R*
e(At) ≤ R*

e(Bt), R*
e(At) ≤ R*

e(Bt), then

CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤ CIFRWA

(
R*

e(B1), R*
e(B2), . . . , R*

e(Bs)
)

(16)

Proof. Assume φ
R*

e
(At) ≤ φ

R*
e
(Bt),
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≥

s

∏
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R*
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

Similarly,

1 −
s

∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

)
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤ 1 −

s

∏
t=1

(
1 −
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
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Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(Bt)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
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4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
,

s

∏
t=1

(
LR*

e
(At)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎝⎜⎜
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⎞

⎠⎟
⎟⎟⎟
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Proof. We proved the above equation by using a well-known method of mathematical 
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≥

s

∏
t=1

(
℘R*

e
(Bt)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

Hence,

CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤ CIFRWA

(
R*

e(B1), R*
e(B2), . . . , R*

e(Bs)
)

.

Theorem 4 (boundedness property). Let R∗
e (At) =

(
(R∗

e (At))
+, (R∗

e (At))
−
)
(t = 1, 2, 3 . . . , s)

be a collection of CIFRNs where (R∗
e (At))

+ =

(
min
t

R∗
e (At), max

t
R∗

e (At)

)
and (R∗

e (At))
− =(

max
t

R∗
e (At), min

t
R∗

e (At)

)
; then,

(
R*

e(At)
)−

≤ CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤
(

R*
e(At)

)+
(17)

Proof. As
(

R*
e(At)

)+
=


((

max
t

φ
R*

e
(At)+ ιmax

t
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
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7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

)
,
(

min
t
L

R*
e
(At)+ ιmin

t
℘

R*
e
(At)

))
,((

max
t

φR*
e
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are true: 
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ≥
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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t

{φR*
e
(At)}) ≤ 1 −

s

∏
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Similarly,

min
t

{
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

}
≤ 1 −

s

∏
t=1

(
1 −
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤ max

t

{
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R*
e
(At)

}
(19)

Next, for every t = 1, 2, 3 . . . s, we have

min
t

{
LR*

e
(At)

}
≤ LR*

e
(At) ≤ max

t

{
LR*

e
(At)

}
s

∏
t=1

(
min
t

{
LR*

e
(At)

})
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⎜⎜⎜
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⎝⎜⎜
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
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∏
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⎠⎟
⎟⎟⎟
⎟⎟⎟
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤

s

∏
t=1

(
max

t

{
LR*

e
(At)

})
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Proof. We proved the above equation by using a well-known method of mathematical 
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∏
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(
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e
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤ max

t

{
φ

R*
e
(At)

}
(22)

min
t

{
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
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Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

}
≤ 1 −

s

∏
t=1

(
1 −
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⎝⎜
⎜⎜⎜
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⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤ max

t

{

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 30 
 

Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
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R*
e
(At)

}
(23)

min
t

{
L

R*
e
(At)

}
≤

s

∏
t=1

(
L

R*
e
(At)

)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
≤ max

t

{
L

R*
e
(At)

}
(24)

min
t

{
℘

R*
e
(At)

}
≤

s

∏
t=1

(
℘

R*
e
(At)

)
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t
≤ max

t

{
℘

R*
e
(At)

}
(25)

From Equations (18)–(25), we have(
R*

e(At)
)−

≤ CIFRWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤
(

R*
e(At)

)+
□

Definition 15. Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a collection of CIFRNs,

and
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⎞
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Proof. We proved the above equation by using a well-known method of mathematical 
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=
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1] and ∑s
t=1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1. Then, a
CIFROWA operator is determined as
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CIFROWA
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
=
(
⊕s

t=1
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 
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⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜
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⎞
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⎝⎜⎜
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⎠⎟
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  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))

=




(

1 −
s

∏
t=1

(
1 −φ
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −

s

∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(

s

∏
t=1

(
L

R*
e

(
A

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 21 of 30 
 

൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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Based on the above definition, the results for the CIFRWG operator are as follows: 
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⎜⎜⎜
⎜⎛⎝⎜⎜
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⎟⎞
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎟⎞
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Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞ ,
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⎟⎞
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𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −

s

∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e

(
A
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
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⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 
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⎜⎛ ⎝⎜⎜
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⎞
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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⎜⎜⎜
⎜⎛⎝⎜⎜
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⎞
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⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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(s)) is a permutation of (1, 2, . . . ,s) such that R*
e

(
A
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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(t−1)

)
≥ R*

e
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A
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞
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⎟⎟⎟
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  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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(t)

)
∀t.

Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonicity,
and boundedness.

Definition 16. Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a collection of CIFRNs

and
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 
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⎞ ,
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

s

)T
be the weight vector (WV) with
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⎜⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1] such that

∑s
t=1
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1; then, a CIFRWG operator is defined as

CIFRWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
=

(⊗s
t=1
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

(
R*

e(At)
)
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⎞
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t
,
⊗s

t=1
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

(
R*

e(At)
)
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
=
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1R*
e(A1)

⊗
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R*
e(A2)

⊗
. . . ..

⊗
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

sR*
e(As)

)
,
(
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

1R*
e(A1)

⊗
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2R*
e(A2)

⊗
. . . ..

⊗
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

sR*
e(As)

))
Based on the above definition, the results for the CIFRWG operator are as follows:

Theorem 5. By employing the above equation, we obtain the CIFRNs and

CIFRWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
=

(⊗s
t=1

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)
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𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
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1 −
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∏
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
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Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)




(27)

Proof. Similar to Theorem 1. □

Theorem 6 (idempotency property). Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a

collection of CIFRNs with WV
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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⎜⎜⎜
⎜⎛⎝⎜⎜
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

2, . . . ,

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1.

If R∗
e (At) = R∗

e (A) ∀ (t = 1, 2, 3 . . . , s), where R∗
e (A) =

(
R∗

e (A), R∗
e (A)

)
, then

CIFRWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
= R*

e(A) (28)

Theorem 7 (monotonicity property). Let
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R*
e(At) =

(
R*

e(At), R*
e(At)

)
=

(φR*
e
(At) + i
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 
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3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
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5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At),LR*

e
(At) + i℘

R*
e
(At)

)
,(

φR*
e
(At) + i
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1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
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7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
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Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(Bt),LR*

e
(Bt) + i℘

R*
e
(Bt)

)(
φR*

e
(Bt) + i
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

=
(
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Proof. We proved the above equation by using a well-known method of mathematical 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1] and

∑s
t=1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1. If R*
e(At) ≤ R*

e(Bt), R*
e(At) ≤ R*

e(Bt), then

CIFRWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤ CIFRWG

(
R*

e(B1), R*
e(B2), . . . , R*

e(Bs)
)

(29)

Theorem 8 (boundedness property). Let R∗
e (At) =

(
(R∗

e (At))
+, (R∗

e (At))
−
)
(t = 1, 2, 3 . . . , s)

be a collection of CIFRNs where (R∗
e (At))

+ =

(
min
t

R∗
e (At), max

t
R∗

e (At)

)
and (R∗

e (At))
− =(

max
t

R∗
e (At), min

t
R∗

e (At)

)
; then,

(
R*

e(At)
)−

≤ CIFRWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
≤
(

R*
e(At)

)+
(30)

Definition 17. Let R∗
e (At) =

(
R∗

e (At), R∗
e (At)

)
(t = 1, 2, 3 . . . , s) be a collection of CIFRNs,

and
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t ∈ [0, 1] and
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∑
t=1
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t = 1. Then, a complex

intuitionistic fuzzy rough ordered weighted geometric (CIFROWG) operator is determined as

CIFROWG
(

R*
e(A1), R*

e(A2), . . . , R*
e(As)

)
=
(⊗s

t=1
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR*
e

(
A
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⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
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𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

)
,
⊗s

t=1
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
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⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
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⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
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  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(

1 −
s

∏
t=1

(
1 −L
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e
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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4. Aggregation Operators Based on CIFRSs 
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
s

∏
t=1

(
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e

(
A
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
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⎜⎜⎜
⎜⎜⎜
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𝔱ୀଵ ൱ ⎠⎟⎟
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൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
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  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
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⎜⎜⎜
⎜⎛ ⎝⎜⎜
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𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞
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⎝⎜⎜
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𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
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  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 
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Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 
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  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(27)

  

(t)

))
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)




(31)

where (
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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(s)) is a permutation of (1, 2, . . . , s) such that R∗
e

(
A
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (26)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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൫𝑅∗(𝐴௧)൯ି ≤ CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ ≤ ൫𝑅∗(𝐴௧)൯ା 

□ 

Definition 15. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs, and Ꙍ = (Ꙍଵ, Ꙍଶ, . . . , Ꙍ𝔰)்  be the WV with Ꙍ𝔱 ∈ [𝟢, 1] 𝑎𝑛𝑑 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1.  Then, a CIFROWA 
operator is determined as CIFROWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯,⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛ ⎝⎜⎜

⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞

,
⎝⎜⎜
⎛൭1 − ෑ ൬1 − φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱 ଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱 ଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

Definition 16. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)் be the weight vector (WV) with Ꙍ𝔱 ∈ [𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ =1; then, a CIFRWG operator is defined as CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ= ൬ቀꙌଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , (Ꙍଵ𝑅∗(𝐴ଵ)⨂Ꙍଶ𝑅∗(𝐴ଶ)⨂. . . . . ⨂Ꙍ𝔰𝑅∗(𝐴𝔰))൰  
Based on the above definition, the results for the CIFRWG operator are as follows: 

Theorem 5. By employing the above equation, we obtain the CIFRNs and CIFRWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ቆ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ቀ𝑅∗(𝐴௧)ቁꙌ𝔱 , ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 ൬𝑅∗(𝐴௧)൰Ꙍ𝔱ቇ

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
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𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞
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(t)

)
∀ t.

Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonicity,
and boundedness.

5. A Method of MADM in the Setting of CIFR Information

In the following section, we demonstrate an MADM technique using the AOs in the
structure of CIFRNs.

Assume that there are
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

alternatives and
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 

attributes. Let

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 26 of 30 
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 

(36)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

(

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 26 of 30 
 

Ăଵ = ቀ൫(𝟢. 585 + 𝗂𝟢. 460), (𝟢. 238 + 𝗂𝟢. 441)൯, ൫(𝟢. 628 + 𝗂𝟢. 262), (𝟢. 209 + 𝗂𝟢. 475)൯ቁ Ăଶ = ቀ൫(𝟢. 568 + 𝗂𝟢. 415), (𝟢. 297 + 𝗂𝟢. 278)൯, ൫(𝟢. 777 + 𝗂𝟢. 545), (𝟢. 173 + 𝗂𝟢. 242)൯ቁ Ăଷ = ቀ൫(𝟢. 675 + 𝗂𝟢. 524), (𝟢. 239 + 𝗂𝟢. 242)൯, ൫(𝟢. 275 + 𝗂𝟢. 681), (𝟢. 454 + 𝗂𝟢. 252)൯ቁ Ăସ = ቀ൫(𝟢. 653 + 𝗂𝟢. 213), (𝟢. 218 + 𝗂𝟢. 252)൯, ൫(𝟢. 633 + 𝗂𝟢. 444), (𝟢. 265 + 𝗂𝟢. 438)൯ቁ 

(35)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 
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Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 

(36)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-
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5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-
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and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

= 1. The decision maker or expert will identify the evaluated

values of the considered
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

alternatives based on the interpreted attributes. These values will be
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in the structure of CIFRNs, i.e., M =
(

Ω
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
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dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

+ iL
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
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5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 

+ i℘

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 23 of 30 
 

CIFROWG൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⨂𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗൫𝐴ⱺ(𝔱)൯, ⨂𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗൫𝐴ⱺ(𝔱)൯൰ 

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛ ൭ෑ ൬φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭1 − ෑ ൬1 − ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛ ൭ෑ ൬φோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬Ƅோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭1 − ෑ ൬1 − ℒோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − ℘ோ∗ ൫𝐴ⱺ(𝔱)൯൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  

 

(31)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

, which will be used to con-

struct a CIFR decision matrix. To tackle this MADM dilemma, we interpreted the underly-
ing algorithm.

5.1. Algorithm

We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs
by employing CIFRWA and CIFRWG operators.

Step 1: The attributes may come in two types in each MADM process, a benefit type
and a cost type. Thus, there is a requirement for normalization, and for that, the formula
below is given.

Ω
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

+ iL
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
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5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
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dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 
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We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

+ i
(

1 − ℘
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 

))for cost type of attribute

Step 2: By employing the

CIFRWA(R∗
e (A1), R∗

e (A2), . . . , R∗
e (As)) =

(
⊕s
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

tR∗
e (At),⊕s

t=1

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t R∗
e (At)

)

=




(

1 −
s

∏
t=1

(
1 − φR∗

e
(At)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
1 −

s

∏
t=1

(
1 −
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e
(At)

)
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Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
,(

s

∏
t=1

(
LR∗

e
(At)

)
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4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 
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= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 

t

)
+ i

(
s

∏
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⎜⎜⎜
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⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
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⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
Definition 2 [17]. For two IFNs, €ଵ = ൫𝛭€భ, 𝑁€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝛭€మ, 𝑁€మ൯, the following are true: 

1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R∗
e (At)

)
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=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,
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𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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Preliminaries 
In this sequel, we recalled some basic notions linked to IFSs, CFSs, FRSs, and IFRSs. 

Also, their related operations and properties are discussed. 

Definition 1 [17]. Let 𝑈 be a universal set; IFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗), N€(š∗)൯|š∗ ∈ 𝑈ൟ, (1)

in which Μ€: 𝑈 → [𝟢, 1] represents the TG and N€: 𝑈 → [𝟢, 1] represents the FG of š∗ ∈ 𝑈 to 
the set € such that 𝟢 ≤ Μ€(š∗) + N€(š∗) ≤ 1. For easiness, the IF number (IFN) is symbolized 
by € = (Μ€, N€). 
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1. €ଵ ∪ €ଶ = ቀmax ቀΜ€భ(š∗), M€మ(š∗)ቁ , min ቀN€భ(š∗), N€మ(š∗)ቁቁ; 

2. €ଵ ∩ €ଶ = ቀmin ቀΜ€భ(š∗), M€మ(š∗)ቁ , max ቀN€భ(š∗), N€మ(š∗)ቁቁ; 
3. €ଵ = ൫N€భ, M€భ൯, where €ଵ represents the complement of €ଵ; 
4. €ଵ ⊕ €ଶ = ൫Μ€భ + N€మ − Μ€భN€మ,  Μ€భN€మ൯; 
5. €ଵ ⊗ €ଶ = ൫Μ€భN€మ, Μ€భ + N€మ −  Μ€భN€మ൯; 
6. 𝜆€ଵ = ቀ1 − ൫1 − Μ€భ൯ఒ, N€భఒ ቁ ; 
7. €ଵఒ = ቀN€భఒ , 1 − ൫1 − Μ€భ൯ఒቁ. 

Definition 3 [26]. Let 𝑈 be a universal set; CFS € on set 𝑈 is given as € = ൛൫š∗, Μ€(š∗)൯|š∗ ∈ 𝑈ൟ = ൛൫š∗, φ€(š∗) + 𝜄Ƅ€(š∗)൯|š∗ ∈ 𝑈ൟ (2)

in which Μ€(š∗)  represents the complex TG and 𝜑€, Ƅ€ ∈ [𝟢, 1], 𝜄 = √−1.  For easiness, the 
CFN is symbolized by € = (𝜑€ + 𝜄Ƅ€). 
Definition 4 [26,29]. For two CFNs, €ଵ = ൫𝜑€భ + 𝜄Ƅ€భ൯ 𝑎𝑛𝑑 €ଶ = ൫𝜑€మ + 𝜄Ƅ€మ൯, the following 
are true: 
1. €ଵ ∪ €ଶ = ൫max൫φ€భ, φ€మ൯ + 𝜄 max൫Ƅ€భ, Ƅ€మ൯൯; 
2. €ଵ ∩ €ଶ = ൫min൫φ€మ, φ€మ൯ + 𝜄 min൫Ƅ€భ, Ƅ€మ൯൯; 
3. €ଵ = ቀ൫1 − φ€భ൯ + 𝜄(1 − Ƅ€భ)ቁ, where €ଵ represents the complement of €ଵ; 

4. €ଵ ⊕ €ଶ = ቀ൫φ€భ + φ€మ − φ€భφ€మ൯ + 𝜄൫Ƅ€భ + Ƅ€మ − Ƅ€భƄ€మ൯ቁ ; 
5. €ଵ ⊗ €ଶ = ቀ൫φ€భφ€మ൯ + 𝜄൫Ƅ€భƄ€మ൯ቁ ; 
6. 𝜆€ଵ = ൬ቀ1 − ൫1 − φ€భ൯ఒቁ + 𝜄 ቀ1 − ൫1 − Ƅ€భ൯ఒቁ൰ ; 
7. €ଵఒ = ቀ൫φ€భ൯ఒ + 𝜄൫Ƅ€భ൯ఒቁ. 

Definition 5 [3]. Let (𝑈, 𝑅∗) be a fuzzy approximation space and let set 𝐴 be the FS in 𝑈. Then, 
the upper and lower approximation of 𝐴 w.r.t. (𝑈, 𝑅∗) is denoted and defined by 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 𝑅∗(𝐴) = ቄ൬š∗, Μோ∗ (š∗)൰ |š∗ ∈ 𝑈ቅ 
where Μோ∗ (š∗) = ⋁ɬ∗∈[𝑒(š∗, ɬ∗)⋀φ(ɬ∗)] Μோ∗ (š∗) = ⋀ɬ∗∈ൣ൫1 − 𝑒(š∗, ɬ∗)൯⋁φ(ɬ∗)൧ 

Then, the pair 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ is called the FRS. 

Definition 6 [37]. Let 𝑈 be a nonempty and finite universe of discourse and 𝑅∗ be an IF relation 
on 𝑈;  then, we can say that (𝑈, 𝑅∗)  defines the IF approximation space. Then, for a set 𝐴 =

R*
e
(At)

)

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 12 of 30 
 

Definition 13. The score function for the CIFRN 𝑅∗(𝐴) = ൬𝑅∗(𝐴), 𝑅∗(𝐴)൰ = ൬ቀ𝜑ோ∗ +𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ , ቀ𝜑ோ∗ + 𝜄Ƅோ∗ , ℒோ∗ + 𝜄℘ோ∗ ቁ൰ is given as 

𝑆ி൫𝑅∗(𝐴)൯ = 18 ቀ4 + 𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ − ℒோ∗ − ℘ோ∗ − ℒோ∗ − ℘ோ∗ ቁ , 𝑆ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1].  (11)

The accuracy function for the CIFRN is given as 

𝐴ி൫𝑅∗(𝐴)൯ = 18 ቀ𝜑ோ∗ + Ƅோ∗ + 𝜑ோ∗ + Ƅோ∗ + ℒோ∗ + ℘ோ∗ + ℒோ∗ + ℘ோ∗ ቁ , 𝐴ி൫𝑅∗(𝐴)൯ ∈ [𝟢, 1]. (12)

4. Aggregation Operators Based on CIFRSs 
In this section, we develop several new AOs based on CIFRSs and discuss their prop-

erties using basic operations. 

Definition 14. Let 𝑅∗(𝐴௧) = ൬𝑅∗(𝐴௧), 𝑅∗(𝐴௧)൰ (𝑡 = 1,2,3 … , 𝔰) be a collection of CIFRNs and Ꙍ = (Ꙍଵ, Ꙍଶ, Ꙍଷ . . . , Ꙍ𝔰)்  be the weight vector (WV) with Ꙍ𝔱 ∈[𝟢, 1] 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∑ Ꙍ𝔱𝔰𝔱ୀଵ = 1; then, a CIFRWA operator is defined as CIFRWA൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰ 

= ቆቀꙌଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)ቁ , ൬Ꙍଵ𝑅∗(𝐴ଵ) ⊕ Ꙍଶ𝑅∗(𝐴ଶ) ⊕. . . . .⊕ Ꙍ𝔰𝑅∗(𝐴𝔰)൰ቇ  (13)

Based on the above definition, the results for the CIFRWA operator are as follows. 

Theorem 1. By employing the above equation, we obtain the CIFRNs and 

𝐶𝐼𝐹𝑅𝑊𝐴൫𝑅∗(𝐴ଵ), 𝑅∗(𝐴ଶ), . . . , 𝑅∗(𝐴𝔰)൯ = ൬⊕𝔱ୀଵ𝔰 Ꙍ𝔱𝑅∗(𝐴௧),⊕𝔱ୀଵ𝔰 Ꙍ𝔱 𝑅∗(𝐴௧)൰

=
⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜

⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ,
൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ⎠⎟⎟

⎞ ,

⎝⎜⎜
⎛൭1 − ෑ ൬1 − 𝜑ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ + 𝔦 ൭1 − ෑ ൬1 − Ƅோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ ,

൭ෑ ൬ℒோ∗ (𝐴௧)൰Ꙍ𝔱𝔰
𝔱ୀଵ ൱ + 𝔦 ൭ෑ ൬℘ோ∗ (𝐴௧)൰Ꙍ𝔱𝔰

𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
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Based on the above definition, the results for the CIFRWA operator are as follows. 
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⎝⎜
⎜⎜⎜
⎜⎜⎜
⎜⎛⎝⎜⎜
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𝔱ୀଵ ൱ ⎠⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎟
⎟⎞

  (14)

Proof. We proved the above equation by using a well-known method of mathematical 
induction (MI), assuming that, for 𝔰 = 2, we have 
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operators to the supposed decision information provided in matrix M, all the aggregated

values of alternatives
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(35)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 

(36)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

,
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This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
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(31)

where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 
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5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 
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Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
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ΩҨɱ =
⎩⎪⎨
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Step 2: By employing the 

)
can be derived.

Step 3: The score values of the aggregated outcomes were investigated by

SF(R∗
e (A)) = 1

8

(
4 + φR∗

e
+
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Step 4: In this step, the alternatives were ranked by employing the score values and
achieving the optimal alternative.

Step 5: End.

5.2. Case Study

Choosing the optimal AI architecture for autonomous vehicles is essential for a vehicle
manufacturing company that specializes in these vehicles. The company’s main goal is
to develop cutting-edge autonomous vehicles that put superior performance, safety, and
efficiency first. Four potential AI architectures and four crucial attributes were determined
to help achieve these goals and direct the DM process.

Alternatives (AI architectures)
Ă1 : Recurrent neural networks (RNNs): The potential for processing sequential data

is provided by RNNs, which is necessary for making accurate trajectory predictions and
motion planning in autonomous vehicles.

Ă2 : Convolutional neural networks (CNNs): CNNs are well known for their ability
to analyze images and identify objects, which is in line with the need for the visual input
from cameras and other sensors in autonomous vehicles to be accurately interpreted.

Ă3 : Graph neural networks (GNNs): In order to simulate complicated road networks
and comprehend the spatial interactions between items on the road—a crucial aspect of
autonomous systems—GNNs are made to operate with graph-structured data.

Ă4 : Hybrid neural networks (HNNs): By combining many neural network designs,
HNNs might possibly offer a comprehensive solution for a range of autonomous driving
issues. However, the implementation’s complexity needs to be weighed against the goals
of the business.

Attributes
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5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 
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ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 

1: Accuracy: This is a critical component. Accurate and dependable decision-making
abilities of the chosen AI architecture are necessary to guarantee the enhanced performance
and safety of autonomous vehicles in a variety of driving conditions.
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ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

2: Computational efficiency: The demands of production revolve around compu-
tational efficiency. In order to facilitate prompt answers on the road and improve the
overall efficiency of autonomous car manufacturing, the AI architecture must handle
data effectively.
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

3: Robustness: This is a crucial need. To ensure the safety of passengers and other
road users, autonomous vehicles must exhibit a dependable performance in inclement
weather, limited visibility, and the presence of unforeseen road obstructions.
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute
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Step 2: By employing the 

4: Scalability: Being scalable is essential to production. To ensure the scalability of
autonomous vehicle manufacturing, the AI architecture must be able to adapt to and handle
increasing complexity, facilitate future upgrades, and accommodate a variety of vehicle
kinds and configurations.

Further, for each attribute, the considered weights were (0.3, 0.1, 0.2, 0.4). Based on
these attributes, the company assessed each AI architecture and gave each alternative an
assessment score in the framework of a CIFRS to create a CIFR decision matrix, which is
revealed in Table 2.



World Electr. Veh. J. 2024, 15, 402 23 of 28

Table 2. Complex intuitionistic fuzzy rough numbers.
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Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-
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5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-
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5.1. Algorithm 
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by employing CIFRWA and CIFRWG operators. 
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5. A Method of MADM in the Setting of CIFR Information 
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Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 
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where ൫ⱺ(1), ⱺ(2), ⱺ(3), . . . , ⱺ(𝔰)൯  is a permutation of (1, 2, . . . , 𝔰)  such that 𝑅∗൫𝐴ⱺ(𝔱ିଵ)൯ ≥𝑅∗൫𝐴ⱺ(𝔱)൯ ∀ 𝔱. 
Similar to Theorems 1–4, CIFROWA also satisfies the properties of idempotency, monotonic-

ity, and boundedness. 

5. A Method of MADM in the Setting of CIFR Information 
In the following section, we demonstrate an MADM technique using the AOs in the 

structure of CIFRNs. 
Assume that there are Ῡ  alternatives and ϸ  attributes. Let ĂҨ(Ҩ =1,2, . . . , Ῡ), ₿ɱ(ɱ = 1,2, . . . , ϸ) , and Ϣ = ൫Ϣଵ, Ϣଶ, . . . , Ϣϸ൯்  be the WV of attributes with Ϣϸ ∈ [𝟶, 1] ∀ ϸ and  ∑ Ϣɱϸɱୀଵ = 1. The decision maker or expert will identify the evalu-

ated values of the considered Ῡ alternatives based on the interpreted attributes. These 
values will be in the structure of CIFRNs, i.e., ℳ = ൫ΩҨɱ൯Ῡ×ϸ = ቀ൫MҨɱ, NҨɱ൯, ൫MҨɱ, NҨɱ൯ቁῩ×ϸ = ൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ +𝗂℘Ҩɱቁ൰Ῡ×ϸ, which will be used to construct a CIFR decision matrix. To tackle this MADM 

dilemma, we interpreted the underlying algorithm. 

5.1. Algorithm 
We demonstrated the algorithm to solve MADM problems in the structure of CIFRSs 

by employing CIFRWA and CIFRWG operators. 
Step 1: The attributes may come in two types in each MADM process, a benefit type 

and a cost type. Thus, there is a requirement for normalization, and for that, the formula 
below is given. 

ΩҨɱ =
⎩⎪⎨
⎪⎧൬ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ , ቀ𝜑Ҩɱ + 𝗂ℒҨɱ, ƄҨɱ + 𝗂℘Ҩɱቁ൰ for beneϐit type of attribute

൮൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ +  𝗂 ቀ1 − ℘Ҩɱቁ൰ ,൬1 − 𝜑Ҩɱ + 𝗂൫1 − ℒҨɱ൯, 1 − ƄҨɱ + 𝗂 ቀ1 − ℘Ҩɱቁ൰ ൲ for cost type of attribute  

Step 2: By employing the 

4

Ă1


(
(0.3 + ι0.7),
(0.5 + ι0.2)

)
,(

(0.4 + ι0.3),
(0.4 + ι0.2)

)



(
(0.4 + ι0.5),
(0.3 + ι0.4)

)
,(

(0.7 + ι0.3),
(0.1 + ι0.5)

)



(
(0.7 + ι0.2),
(0.1 + ι0.6)

)
,(

(0.3 + ι0.3),
(0.5 + ι0.6)

)



(
(0.7 + ι0.3),
(0.2 + ι0.7)

)
,(

(0.8 + ι0.2),
(0.1 + ι0.8)

)


Ă2


(
(0.4 + ι0.1),
(0.5 + ι0.3)

)
,(

(0.8 + ι0.4),
(0.1 + ι0.3)

)



(
(0.2 + ι0.3),
(0.3 + ι0.4)

)
,(

(0.4 + ι0.3),
(0.5 + ι0.4)

)



(
(0.6 + ι0.4),
(0.3 + ι0.4)

)
,(

(0.2 + ι0.8),
(0.7 + ι0.2)

)



(
(0.7 + ι0.6),
(0.2 + ι0.2)

)
,(

(0.9 + ι0.5),
(0.1 + ι0.2)

)


Ă3


(
(0.6 + ι0.3),
(0.2 + ι0.7)

)
,(

(0.3 + ι0.5),
(0.4 + ι0.3)

)



(
(0.2 + ι0.4),
(0.3 + ι0.5)

)
,(

(0.4 + ι0.4),
(0.5 + ι0.6)

)



(
(0.6 + ι0.4),
(0.4 + ι0.2)

)
,(

(0.1 + ι0.7),
(0.3 + ι0.2)

)



(
(0.8 + ι0.7),
(0.2 + ι0.1)

)
,(

(0.3 + ι0.8),
(0.6 + ι0.2)

)


Ă4


(
(0.8 + ι0.3),
(0.1 + ι0.6)

)
,(

(0.4 + ι0.7),
(0.6 + ι0.3)

)



(
(0.2 + ι0.5),
(0.6 + ι0.3)

)
,(

(0.2 + ι0.6),
(0.5 + ι0.3)

)



(
(0.3 + ι0.1),
(0.5 + ι0.4)

)
,(

(0.6 + ι0.2),
(0.4 + ι0.5)

)



(
(0.7 + ι0.1),
(0.2 + ι0.1)

)
,(

(0.8 + ι0.2),
(0.1 + ι0.6)

)


Through the steps below, this MADM was tackled.
Step 1: The data given in Table 2 are of the benefit type, so there was no need to

normalize it.
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each

alternative was

Ă1 = (((0.585 + i0.460), (0.238 + i0.441)), ((0.628 + i0.262), (0.209 + i0.475)))
Ă2 = (((0.568 + i0.415), (0.297 + i0.278)), ((0.777 + i0.545), (0.173 + i0.242)))
Ă3 = (((0.675 + i0.524), (0.239 + i0.242)), ((0.275 + i0.681), (0.454 + i0.252)))
Ă4 = (((0.653 + i0.213), (0.218 + i0.252)), ((0.633 + i0.444), (0.265 + i0.438)))

(35)

Step 3: The obtained score values of SF

(
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 

(36)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

)(
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comparisons is essential for comprehending the importance and effectiveness of any 
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comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

= 1, 2, 3, 4
)

were ranked with the following score values
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

= 1, 2, 3, 4
)

of the overall CIFRNs:

Ă2 > Ă3 > Ă4 > Ă1.

From the ranking, it was observed that Ă2, or the “convolutional neural network”,
was the optimal AI architecture for autonomous vehicles.

Step 5: End.
If we used the CIFRWG operator, then the results of the above problem were as follows:
Step 1: The data given in Table 2 are of the benefit type, so there was no need to

normalize it.
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each

alternative was

Ă1 = (((0.513 + i0.375), (0.298 + i0.543)), ((0.527 + i0.255), (0.291 + i0.618)))
Ă2 = (((0.506 + i0.302), (0.332 + i0.295)), ((0.593 + i0.488), (0.319 + i0.253)))
Ă3 = (((0.603 + i0.459), (0.255 + i0.404)), ((0.247 + i0.631), (0.483 + i0.283)))
Ă4 = (((0.543 + i0.163), (0.296 + i0.365)), ((0.534 + i0.325), (0.386 + i0.477)))

(36)
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 
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Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
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newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

)(

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 26 of 30 
 

Ăଵ = ቀ൫(𝟢. 585 + 𝗂𝟢. 460), (𝟢. 238 + 𝗂𝟢. 441)൯, ൫(𝟢. 628 + 𝗂𝟢. 262), (𝟢. 209 + 𝗂𝟢. 475)൯ቁ Ăଶ = ቀ൫(𝟢. 568 + 𝗂𝟢. 415), (𝟢. 297 + 𝗂𝟢. 278)൯, ൫(𝟢. 777 + 𝗂𝟢. 545), (𝟢. 173 + 𝗂𝟢. 242)൯ቁ Ăଷ = ቀ൫(𝟢. 675 + 𝗂𝟢. 524), (𝟢. 239 + 𝗂𝟢. 242)൯, ൫(𝟢. 275 + 𝗂𝟢. 681), (𝟢. 454 + 𝗂𝟢. 252)൯ቁ Ăସ = ቀ൫(𝟢. 653 + 𝗂𝟢. 213), (𝟢. 218 + 𝗂𝟢. 252)൯, ൫(𝟢. 633 + 𝗂𝟢. 444), (𝟢. 265 + 𝗂𝟢. 438)൯ቁ 

(35)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 

(36)

Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

= 1, 2, 3, 4
)

were

SF
(
Ă1
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 571, 𝑆ி൫Ăଶ൯ = 𝟢. 664, 𝑆ி൫Ăଷ൯ = 𝟢. 621, 𝑆ி൫Ăସ൯ = 𝟢. 596 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 
If we used the CIFRWG operator, then the results of the above problem were as fol-

lows: 
Step 1: The data given in Table 2 are of the benefit type, so there was no need to nor-

malize it. 
Step 2: Using the CIFRWA operators, the determined aggregated outcome of each 

alternative was Ăଵ = ቀ൫(𝟢. 513 + 𝗂𝟢. 375), (𝟢. 298 + 𝗂𝟢. 543)൯, ൫(𝟢. 527 + 𝗂𝟢. 255), (𝟢. 291 + 𝗂𝟢. 618)൯ቁ Ăଶ = ቀ൫(𝟢. 5𝟢6 + 𝗂𝟢. 3𝟢2), (𝟢. 332 + 𝗂𝟢. 295)൯, ൫(𝟢. 593 + 𝗂𝟢. 488), (𝟢. 319 + 𝗂𝟢. 253)൯ቁ Ăଷ = ቀ൫(𝟢. 6𝟢3 + 𝗂𝟢. 459), (𝟢. 255 + 𝗂𝟢. 4𝟢4)൯, ൫(𝟢. 247 + 𝗂𝟢. 631), (𝟢. 483 + 𝗂𝟢. 283)൯ቁ Ăସ = ቀ൫(𝟢. 543 + 𝗂𝟢. 163), (𝟢. 296 + 𝗂𝟢. 365)൯, ൫(𝟢. 534 + 𝗂𝟢. 325), (𝟢. 386 + 𝗂𝟢. 477)൯ቁ 
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Step 3: The obtained score values of 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the CIFRNs ൫ĂҨ൯(Ҩ =1, 2, 3, 4) were 𝑆ி൫Ăଵ൯ = 𝟢. 490, 𝑆ி൫Ăଶ൯ = 𝟢. 586, 𝑆ி൫Ăଷ൯ = 𝟢. 565, 𝑆ி൫Ăସ൯ = 𝟢. 5𝟢5 
Step 4: The values ĂҨ(Ҩ = 1, 2, 3, 4)  were ranked with the following score values 𝑆ி൫ĂҨ൯(Ҩ = 1, 2, 3, 4) of the overall CIFRNs: Ăଶ > Ăଷ > Ăସ > Ăଵ. 
From the ranking, it was observed that Ăଶ, or the “convolutional neural network”, 

was the optimal AI architecture for autonomous vehicles. 
Step 5: End. 

6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
IFRSs. Following a discussion of a few established theories, we compared them to our new 
proposed work. 
 IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22]. 
 IFR AOs for MCDM by Chinram et al. [37]. 
 IFR Frank AOs for MCDM by Yahya et al. [36]. 
 Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38]. 
 Confidence level AOs based on IFRSs by Mahmood et al. [39]. 
 Yager AOs based on IFRSs by Mahmood et al. [40]. 

)(
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6. Comparison Analysis 
This part presents a comparative study to show the validity, superiority, and effec-

tiveness of our suggested methodologies and proposed work. This is because making 
comparisons is essential for comprehending the importance and effectiveness of any 
newly created work. We were unable to differentiate between the good and the terrible 
without a comparison. As a result, the goal of this study was to compare and investigate 
the decision-making mechanisms of existing models with our proposed work. In this ap-
proach, we used some previously published ideas from the theories of FRSs, IFSs, and 
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 IFR Frank AOs for MCDM by Yahya et al. [36]. 
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of the overall CIFRNs:

Ă2 > Ă3 > Ă4 > Ă1.

From the ranking, it was observed that Ă2, or the “convolutional neural network”,
was the optimal AI architecture for autonomous vehicles.

Step 5: End.

6. Comparison Analysis

This part presents a comparative study to show the validity, superiority, and effec-
tiveness of our suggested methodologies and proposed work. This is because making
comparisons is essential for comprehending the importance and effectiveness of any newly
created work. We were unable to differentiate between the good and the terrible without a
comparison. As a result, the goal of this study was to compare and investigate the decision-
making mechanisms of existing models with our proposed work. In this approach, we used
some previously published ideas from the theories of FRSs, IFSs, and IFRSs. Following a
discussion of a few established theories, we compared them to our new proposed work.

❖ IF AOs by Xu. [21] and geometric AOs based on IFSs by Xu and Yager [22].
❖ IFR AOs for MCDM by Chinram et al. [37].
❖ IFR Frank AOs for MCDM by Yahya et al. [36].
❖ Aczel–Alsina average AOs based on IFRSs by Ahmmad et al. [38].
❖ Confidence level AOs based on IFRSs by Mahmood et al. [39].
❖ Yager AOs based on IFRSs by Mahmood et al. [40].

Next, we employed the already published work that was considered and the inter-
preted theory to aggregate and solve the information revealed in Table 2, which is in
the framework of the CIFRS. The score values and the ranking order after tackling that
information are provided in Table 3.

Table 3. Comparative study between proposed and existing work.

Methods Score Values of Alternatives
Ă1 Ă2 Ă3 Ă4

Rankings

Xu [18]
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Table 3 reveals that only our anticipated theory solved the information presented in 
Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
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Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
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ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 3 reveals that only our anticipated theory solved the information presented in 
Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 3 reveals that only our anticipated theory solved the information presented in 
Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 3 reveals that only our anticipated theory solved the information presented in 
Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and 
cope with this information because of the certain limitations that every existing theory 
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which 
merely aggregated the information containing TGs and FGs, but were not able to aggre-
gate information containing roughness or additional fuzzy information. Chinram et al. 
[37], Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40] 
developed various AOs in the framework of IFRSs that could aggregate information con-
taining the roughness and TGs and FGs, and could also aggregate information in the struc-
ture of FSs, IFSs, and RSs, but could not aggregate information that contains additional 
fuzzy information (second dimension). Further, there is no such AO or MADM technique 
that can aggregate and solve information that contains additional fuzzy information in 
TGs and FGs along with roughness. This implies that our work is more dominant and 
valuable than the existing theories. Furthermore, the anticipated theory can reduce the 
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation 
of the data given in Table 3, which contained different alternatives in the shape of distinct 
colors, showing the ranking results. 
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Table 3 reveals that only our anticipated theory solved the information presented in
Table 2 (i.e., CIFR information), and none of the current work was able to aggregate and
cope with this information because of the certain limitations that every existing theory
contains. For instance, Xu [21] and Xu and Yager [22] devised AOs within IFSs, which
merely aggregated the information containing TGs and FGs, but were not able to aggregate
information containing roughness or additional fuzzy information. Chinram et al. [37],
Yahya et al. [36], Ahmmad et al. [38], Mahmood et al. [39], and Mahmood et al. [40]
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developed various AOs in the framework of IFRSs that could aggregate information
containing the roughness and TGs and FGs, and could also aggregate information in the
structure of FSs, IFSs, and RSs, but could not aggregate information that contains additional
fuzzy information (second dimension). Further, there is no such AO or MADM technique
that can aggregate and solve information that contains additional fuzzy information in
TGs and FGs along with roughness. This implies that our work is more dominant and
valuable than the existing theories. Furthermore, the anticipated theory can reduce the
structure of FSs, RSs, IFSs, and IFRSs. In Figure 3, we present a graphical representation
of the data given in Table 3, which contained different alternatives in the shape of distinct
colors, showing the ranking results.
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Theoretical and Practical Implications

Selecting the finest AI architecture for autonomous cars is necessary for a vehicle
manufacturing company that specializes in these vehicles. Autonomous cars operate in
highly dynamic and uncertain environments. The data collected by sensors are often
noisy, incomplete, and subject to varying environmental conditions. CIFRSs provide a
valuable framework for addressing these challenges. CIFRSs can be a valuable tool in this
context for several reasons. They can help to integrate the data from multiple sensors,
with each sensor having its own uncertainties, into a unified representation. This can
enhance the car’s perception of its surroundings. CIFRSs can improve the accuracy of
object classification, whether they are cars, obstacles, or pedestrians, by considering the
inherent ambiguity in sensor data. CIFRSs can support DM modules in autonomous
cars, such as sensor data fusion, object classification, path planning, fault detection and
diagnoses, obstacles, avoidance, risk assessments, and emergency braking. The application
of CIFRSs in selecting the finest architecture for autonomous vehicles has significant
practical implications. CIFRSs use both complex TGs and FGs in the form of LA and UA
and enhances vehicle safety by improving the accuracy of perception and DM. In case
of accidents, a strong understanding of uncertainty through CIFRSs can help to reduce
or mitigate liability. Therefore, CIFRSs are a valuable tool for researchers to use in the
development of new AI technologies and algorithms for the finest AI architecture.

7. Conclusions

Selecting the best AI architecture for autonomous cars is an MADM problem, as
it involves making a complex choice while considering several factors, some of which
may have two-dimensional ambiguity and/or indiscernibility. CIFRSs have the ability to



World Electr. Veh. J. 2024, 15, 402 26 of 28

consider both complex TGs and FGs in the form of LA and UA. Therefore, in this article,
we first provided a unique mathematical framework for dealing with two-dimensional
uncertainties and indiscernibility: the “CIFRS”. The elementary operations, such as a
union, intersection, complement addition, multiplication, etc., of the anticipated CIFRS are
also provided. After that, we developed certain AOs in the environment of CIFRSs, such
as CIFRWA, CIFROWA, CIFRWG, and CIFOWG operators. Then, using the developed
operators, we anticipated a technique of MADM in the context of CIFRSs and examined
the case study “Selection of optimal AI architecture for autonomous vehicles” to determine
whether the developed method of MADM was workable. We juxtaposed our original
hypothesis with a few contemporary hypotheses in order to illustrate the superiority
and domination.

7.1. Limitations

We noticed that the theory of CIFR information is very dominant and valuable. CIFRSs
combine the concepts of CIFSs and RSs to handle the uncertainty, vagueness, and indis-
cernibility in data. Despite their utility, there are several limitations associated with CIFRSs.
This is because, in various situations, they do not work effectively, for example, if a person
gives information in the form of complex Pythagorean fuzzy sets, complex picture fuzzy
sets, or bipolar complex fuzzy sets.

7.2. Advantages

The proposed AI architecture for autonomous vehicles, using an MADM technique
with CIFR aggregation operators, offers numerous advantages over the existing architec-
tures, including an enhanced decision-making exactness, optimal architecture selection,
flexibility, the enhanced handling of complex decision variables, robustness in real-life
situations, and the complete integration of multiple attributes. These benefits make the
anticipated architecture better suited to the vibrant and uncertain atmospheres in which
autonomous vehicles operate, potentially leading to much safer and efficient autonomous
driving systems across the world.

7.3. Future Work

Our objective for the future is to expand this theory into the framework of bipolar
complex fuzzy sets [41–43], graph theory [44–46], and picture fuzzy sets [47,48].
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