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Abstract

:

While many individuals make investments to gain financial stability, most individual investors hold under-diversified portfolios that consist of only a few financial assets. Lack of diversification is alarming especially for average individuals because it may result in massive drawdowns in their portfolio returns. In this study, we analyze if it is theoretically feasible to construct fully risk-diversified portfolios even for the small accounts of not-so-rich individuals. In this regard, we formulate an investment size constrained mean-variance portfolio selection problem and investigate the relationship between the investment amount and diversification effect.
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1. Introduction


Achieving financial sustainability is a basic goal for everyone and it has become a shared concern globally due to increasing life expectancy. Low financial sustainability may refer to individuals with low financial wealth, as well as investors with a lack of financial literacy. Especially for individuals with limited wealth, financial sustainability after retirement is a real concern because of uncertainty in pension plans arising from relatively early retirement age and change in the demographic structure (see, for example, [1,2]). One form of attaining financial independence is through investment in financial assets. Even though high-net-worth individuals can easily receive professional management services, that is not the case for most individuals, which leads to poor risk management that can have a direct impact on their lifestyle after retirement. Regarding low financial sustainability due to financial illiteracy, investment in funds (e.g., mutual funds) are often recommended. Even though funds provide exposure to stock markets, sectors or countries, understanding detailed fund structure and selecting appropriate funds may be more difficult than choosing among familiar companies for investors without much experience [3].



Without professional advice, the investment behavior of individuals is known to be highly influenced by familiarity, which leads to concentrated investments that are not diversified. Diversifying investments is one of the fundamental approaches for reducing risk and the power of diversification shows that even the risk of an equally-weighted portfolio decreases with a larger number of assets. Diversification is particularly important for individual investors who are not-so-rich, because drawdowns are much more critical compared to high-net-worth individuals or institutional investors [4].



Therefore, it is critical to analyze whether it is possible to form well-diversified portfolios with a small portfolio size. In this study, we investigate the relationship between portfolio size and risk, but we focus on an alternative measure of portfolio size: the total amount of investment (i.e., portfolio budget). The number of securities in a given portfolio may represent the size of the portfolio to some degree, but we believe that the total nominal amount of investment is more suitable for analyzing the viability of small account diversification and more representative of individuals’ financial strength. Another key contribution of our formulation is computing the optimal allocation in terms of the number of shares (quantity) instead of portfolio weights. This properly enforces budget restrictions by incorporating asset price (e.g., limitations on investing in stocks trading at high prices).



In our analysis, diversification benefit is examined through efficient portfolios in the mean-variance framework. That is, instead of analyzing the average performance of randomly constructed portfolios as in most of the previous studies, we study the maximum level of risk diversification of constrained mean-variance efficient portfolios since the mean-variance framework exploits risk diversification by incorporating correlations between asset returns. This is especially important because mean-variance analysis is the fundamental approach in portfolio allocation [5] as well as automated investment management for individual investors [6].



The remainder of the paper is organized as follows. The literature review is included in Section 2. Section 3 introduces our proposed formulation for constructing optimal portfolios with budget constraints. Section 4 presents the empirical results on the effect of portfolio size. Further discussion on investment with small accounts is included in Section 5, and Section 6 concludes the paper.




2. Literature Review


While the notion of diversification often expressed as ‘don’t put all your eggs in one basket’ predates modern portfolio theory, Markowitz [7] pioneered portfolio optimization through his mean-variance model, which presented a theory for analyzing the effects of diversification when risks are correlated and provided a framework for measuring the benefits of diversification [8]. The mean-variance model computes portfolio risk using the variance of returns and portfolio variance can be reduced by investing in multiple assets with low correlation.



The mean-variance framework has since led to numerous extensions as well as applications in practice [9]. Konno and Yamazaki [10] propose mean-absolute deviation portfolio optimization that can be formulated as a linear program. Other measures of risk, such as lower semi-absolute deviation [11] and conditional value-at-risk [12], are also suggested. As for improving practicality, constraints for the tracking error of portfolios are incorporated by Jorion [13] and cardinality constraints using regularization are studied in Brodie et al. [14]. Moreover, robust portfolio models are introduced to reduce the sensitivity of mean-variance portfolios [15].



Generally, theories and formulations on portfolio optimization can be applied at the individual asset level or asset-class level and the models are not restricted to specific investor types. Nonetheless, achieving diversification through portfolio optimization has been primarily adopted by asset managers and not average individual investors. Individuals are observed to invest in assets with high familiarity. More specifically, Kenneth and Poterba [16] investigate domestic ownership of the world’s five largest stock markets and find that individual investors lack international diversification. Furthermore, individuals show strong interest in domestic firms that are located nearby [17,18,19]. For average individuals, familiarity often leads to investment in few numbers of stocks and this causes major concern due to lack of risk diversification. Goetzmann and Kumar [20] find that U.S. individual investors held four stocks on average during the 1991 to 1996 period, and Polkovnichenko [21] reveals that many individuals that invest directly in stocks hold only one or two stocks based on the Survey of Consumer Finances data during the 1983 to 2001 period.



These observations clearly show how individuals hold under-diversified portfolios and the diversification levels of concentrated portfolios have been observed by several studies. These studies focus on the effect of portfolio size on reducing investment risk through diversification, where most studies observe the number of securities in a portfolio as a representation of portfolio size. Evans and Archer [22] state that one can achieve a diversified portfolio with only ten stocks. Fisher and Lorie [23] find that investment in eight stocks demonstrates most of the benefits of investing in a larger number of stocks. On the other hand, Elton and Gruber [24] argue that the decrease in risk from adding stocks beyond 15 appears to be significant. In addition, at least 30 stocks are suggested by Statman [25], over 300 stocks are observed by Statman [26], and a minimum of 20 stocks are recommended by Chong and Phillips [27] for forming a well-diversified portfolio. These findings are not converging towards a certain number but rather reveal the difficulty in observing a definitive relationship between the number of stocks and diversification. The main contribution of our study is that we analyze the relationship between portfolio size and risk where portfolio size is measured as the total investment amount.



Recently, automated services commonly referred to as robo-advisors began also serving investors with small accounts for providing investment diversification. Goal-based management for individuals is also popular, which refers to portfolio models that address multiple investment objectives of individuals [28,29]. As these services are mostly based on quantitative approaches [6,30], it is essential to investigate if it is theoretically possible to gain diversification effects with small investment amount.




3. Quantity-Based Optimal Mean-Variance Portfolio with Limited Size


The construction of an optimal mean-variance portfolio with a limited investment amount is based on the traditional mean-variance model of Markowitz [7]. The traditional mean-variance formulation finds the portfolio with minimum variance while having expected return above a required level. Since long-term investments often avoid short positions, we focus on the formulation with no-shorting constraints expressed by the non-negativity restrictions on weights,
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where



	n ∈ ℤ≥0
	:number of candidate securities,



	w ∈ ℝn
	:portfolio weight vector,



	μ ∈ ℝn
	:mean return vector of n securities,



	Σ ∈ ℝ n × n
	:covariance matrix of n securities,



	μ0 ∈ ℝ
	:minimum required expected return,



	1 ∈ ℝn
	:vector of ones.








While the above formulation finds the optimal allocation as portfolio weights that sum to one, we reformulate the problem so the optimal allocation is expressed as the number of shares to hold for each security. Thus, purchasing a fraction of a share is not allowed and investors can buy securities only in a non-negative integer number of shares. While this constraint is not necessary in all investment situations, it is a better reflection of reality for investors with small investment amounts. With a specified investment budget  B , the portfolio weight  w  can be rewritten as
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and the notation  ∘  denotes the Hadamard product (or element-wise product). By substituting the expression for portfolio weight w, the original Markowitz problem with no-shorting constraints can now be expressed as the following,
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The above formulation given by (1) finds the optimal allocation in terms of the quantity of each security to purchase when there exists an overall budget on the investment. Since it finds a portfolio with minimum risk for a given level of expected return, the resulting allocation is an efficient portfolio within the mean-variance framework. Therefore, the proposed formulation given by (1) captures the budget constraint of individual investors and the composition of the optimal portfolio will reveal the relationship between portfolio size and risk diversification. In other words, diversification levels can be observed for various investment amounts to analyze the necessary budget size for achieving diversification benefits. Optimal mean-variance portfolios constructed from formulation (1) are further analyzed in the following section.



We note that the formulation given by (1) is a mixed-integer quadratic programming problem, which is a complex problem for finding the global optimum, and CPLEX solver is used for optimization. As the variance of budgeted portfolios gradually decreases towards the variance of the mean-variance portfolio without budget constraints as presented in Figure 1, Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6, this pattern shows that the CPLEX solver finds portfolios close to the optimal solution (see Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6).




4. Empirical Analysis on the Impact of Portfolio Size


The main objective of portfolio diversification is to diversify risk and hence reduce the overall risk of a portfolio. Therefore, we examine the risk of a portfolio as measured by the variance of returns. Furthermore, to see the impact of investment budget on portfolio risk, we solve the problem given by (1) repeatedly with various levels of minimum required expected annual returns,


   μ 0  =  {  0.01 , 0.03 , 0.05 , 0.07 , 0.09 , 0.1  }   








and various levels of budget,


  B =  {  100 , 500 , 1 k , 2 k , 3 k , 5 k , 10 k , 50 k , 100 k , 500 k , 1 m , 5 m , 10 m , 50 m , 100 m , 500 m , 1 b , I n f  }    ( USD ) .  











Here, the highest level of budget is classed as having an infinite budget and this problem becomes the same as solving the original mean-variance model without budget constraints. The classical Markowitz model allows fractional allocations and fractions become viable allocation amounts when multiplied by an infinitely large budget.



The analysis is based on the stock markets of six developed countries: US, UK, Germany, France, Canada, and Japan. For each country, we select 50 stocks each year with the largest market capitalizations at the beginning of the year among the constituents of the country’s most representative stock market index. Our focus on forming portfolios with the largest individual stocks reflects the general behavior of average investors of investing in familiar companies. We note that extending the candidate stocks will help with achieving risk diversification, especially with a small budget. This will be further discussed in Section 5.



Table 1 lists the market indices that are used in our analysis. Weekly price data are retrieved from Datastream and all values are converted to US dollars for ease of comparison using weekly foreign exchange rates data (USD/GBP, USD/EUR, USD/JPY). The empirical analysis is performed on an annual basis from 2001 to 2019.



Figure 1, Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6 present our results on the standard deviation of portfolio returns that invest in stocks of the six countries, for various levels of budget. The minimum required budget necessary for constructing fully risk-diversified portfolios are marked with empty circles, where fully risk-diversified portfolios are classified as portfolios with less than one percent difference in portfolio variance, which is the objective value of the portfolio problem, compared to the optimal mean-variance portfolio without budget constraints. The optimal portfolio with no size constraint is the reference point because it is considered the maximally risk-diversified portfolio for a given level of required return. While results for odd years are only shown in these figures, findings for even years are similar to that of adjacent years, and a summary of the entire period is presented in Figure 7 and Figure 8. Achieving positive expected returns was impossible during 2008 in UK and these cases are denoted as “infeasible” in our results.



The results reveal three significant findings. First, it is very clear from Figure 1, Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6 that having a larger portfolio does not help in reducing risk through diversification after a certain point. This is clearly evident in all six countries. Additionally, it is interesting to note that more money is necessary for constructing fully risk-diversified portfolios when the required return is smaller. This is likely because the optimization problems are tightly constrained when the required returns are large so that these problems do not have much opportunity to explore different solutions to reduce risk through diversification. On the other hand, less constrained problems are able to consider more candidates to reduce risk because they do not have to match large returns.



Second, it is possible for an average investor to form fully risk-diversified portfolios. The minimum required budgets for achieving full risk diversification with different minimum required returns are summarized in Figure 7. Diversification is most expensive in the United Kingdom where a balance above $50,000 is necessary to achieve full risk diversification. However, in the United States, Germany, and France, fully risk-diversified portfolios can be constructed with $2000 to $500,000, and only $1000 to $100,000 in Canada and Japan. While results are dependent on the minimum required return and the country, almost all risk reduction is achieved with a portfolio size between $10,000 and $100,000.



Third, individual investors can achieve diversification benefits by investing in only a small number of stocks. In order to further validate the practicality of managing a small portfolio, we compare the number of securities that form optimal portfolios for various portfolio sizes. Figure 8, which shows the number of candidate assets in optimal portfolios at different levels of budget, exhibits that the required number of individual stocks in an optimal portfolio each year varies between one and 16. Although there appears to be some variability, the overall number of candidate assets required for forming a diversified portfolio is confirmed to be relatively small.




5. Further Discussion


5.1. Discussion on Required Budget


As presented in Section 4, our results show that it is possible to explore full risk diversification with as low as $1000 or $2000 in some cases. Even though other cases require a larger budget, it will be easier to achieve larger diversification effects with a low budget in practice. The analysis in this study uses the largest 50 stocks in each market for forming risk-diversified portfolios. Since the problem restricts the choice of assets to only 50 stocks, it will be much more advantageous to consider more stocks especially under a tight budget because stocks trading at high price are out of reach. For example, an individual with a $1000 budget cannot purchase stocks trading above $1000 (e.g., Amazon, WA, USA) and can only purchase three shares of stocks trading around $300 (e.g., Apple, CA, USA). Moreover, firms with large market capitalization tend to trade at a relatively higher price (e.g., five largest firms in the US all trade at above $100), and thus, our test settings make it more difficult to achieve diversification. Nonetheless, the choice of using the largest 50 stocks is a reasonable representation of individual behavior because most individuals invest in companies they are familiar with [31,32].



In Section 4, the necessary budget for achieving full risk diversification was measured with a threshold of at most 1% difference in portfolio variance with the no-budget optimal portfolio. As shown in panel B of Table 2, if the threshold is increased to 5% or 10%, the required budget decreases and most cases achieves diversification with less than $10,000. More importantly, optimal portfolios with thresholds of 5% or 10% show a trivial increase in portfolio risk. Panel A of Table 2 shows that a 5% threshold results in less than a 1% point increase in portfolio risk, which is not a noteworthy rise that can be discarded even by investment managers. Thus, well-diversified portfolios can be formed with a smaller budget than our results in Section 4 with a slightly relaxed threshold on complete risk diversification.



According to the 2013 Survey of Consumer Finances (SCF) reported by the Federal Reserve, a typical U.S. household in 2013 held $294,300 in stocks, with the median being $27,000 (see Bricker et al. [33] for details on the 2013 SCF). Therefore, it will be possible for an average investor to construct a well-diversified portfolio (if not a fully risk-diversified one), by forming optimal mean-variance portfolios. Finally, the effect of transaction cost will be minimal in our case because the number of assets in a portfolio is small and frequent rebalancing is not necessary.




5.2. Discussion on Investing in Stocks


As mentioned in the introduction, the low financial sustainability addressed in this study includes both low financial wealth and lack of financial literacy. For these individuals, managing risk through efficient diversification is critical but challenging. Receiving professional wealth management service is out of reach due to limited wealth, and exploiting advanced investment models is overwhelming due to limited experience in financial management. Thus, investment in funds is often advised. While investment in funds is indeed a good guideline in general, funds also present concerns. The after-fee efficiency of funds is sometimes questioned [3], and the consistent skill of funds is debatable [34,35,36]. More importantly, finding the ideal fund or a group of funds is just as complex as forming a portfolio of stocks, especially when the candidate funds include actively managed funds.



Therefore, average individuals have largely two possible options. The first approach is passive investment in index funds or exchange-traded funds (ETFs), which provides exposure to overall market movements with relatively low fees. The second option is to invest in a number of familiar stocks so that the investor has enough information on the chosen stocks and also has the opportunity to achieve diversification by investing in several stocks.



As for the first approach, we note that it is also possible to form a portfolio of passive funds. However, the flexibility in choosing individual stocks provides more efficiency in diversifying risk for investments with specific levels of target return. In Table 3, we demonstrate risk levels of portfolios composed of S&P 500 index and US Treasury bond ETFs with the same target returns from our analyses in Section 4. Here, data for iShares from Datastream are used, which is one of the most popular families of ETFs. The two instruments are iShares Core S&P 500 ETF and iShares Short Treasury Bond ETF.



The annualized mean and standard deviation of returns are presented along with the risk levels of portfolios with infinite budget for the years between 2008 to 2019. From these results, indices are shown to have reasonable levels of risk due to their diversified exposure in the market. Nonetheless, it is generally possible to form more efficient portfolios by optimizing stock selection even with a small budget as we have summarized in Figure 1. In Table 3, infeasibility in achieving target returns are left blank such as the case for 2008 when the mean return for S&P 500 was negative. Even though the efficiency of portfolios in individual stocks is observed for in-sample comparisons, it provides insight into achieving risk diversification and supports the contribution of analyzing diversification through investment in stocks for average individuals.



In summary, investment in funds is recommended for individuals with limited financial wealth or financial literacy. However, selecting a fund with strong after-fee performance requires experience and skill. More importantly, forming portfolios of index-based funds with specific levels of return or risk is challenging. As the main objective of this study is to analyze the risk diversification levels for various target return levels, the focus is on the second approach by investigating the possibility of achieving risk diversification through investment in a small number of individual stocks.





6. Conclusions


We discuss the viability of small account diversification for individual investors with a relatively smaller level of wealth than investors—often classified as high-net-worth individuals. In order to reflect on the more practical situation for small investors, we focus on the amount of investment for examining diversification benefits, instead of the popular choice of using the number of securities in a portfolio. Furthermore, we analyze optimal mean-variance portfolios, rather than evaluating random portfolios to compute the average portfolio risk, where the optimal allocation is computed in terms of the number of shares to incorporate the price of assets.



Our results demonstrate that it is possible for individuals with low financial sustainability to invest in well-diversified portfolios, if not fully risk-diversified ones. We find in the stock markets of six countries that an investment amount around $10,000–100,000 is enough for constructing fully risk-diversified portfolios, which suggests that a substantial investment is not necessary for gaining complete diversification benefits. We also find that it is possible to form well-diversified portfolios with less than $10,000, which is much less than the average amount invested in stocks in the U.S., according to the Federal Reserve. Even with the use of a restricted set of assets and a tight limit on diversification, our findings show that forming a well-diversified portfolio within the mean-variance framework is achievable for average individuals.



Finally, since the proposed quantity-based portfolio formulation with a budget constraint can be applied to any set of candidate assets, it can be used to form and analyze portfolios in certain sectors or industries. This may provide further details on how average individual investors can achieve risk diversification.
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Figure 1. Impact of budget on portfolio risk (US). 
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Figure 2. Impact of budget on portfolio risk (UK). 
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Figure 3. Impact of budget on portfolio risk (Germany). 
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Figure 4. Impact of budget on portfolio risk (France). 
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Figure 5. Impact of budget on portfolio risk (Canada). 
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Figure 6. Impact of budget on portfolio risk (Japan). 
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Figure 7. Minimum required budgets for full risk diversification. 
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Figure 8. Minimum required number of stocks for full risk diversification. 
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Table 1. Stock market indices for the six countries.






Table 1. Stock market indices for the six countries.





	Country
	Stock Market Index





	United States
	S&P 500 Index



	United Kingdom
	FTSE All-Share Index



	Germany
	Prime All-Share Index



	France
	CAC All-Share Index



	Canada
	S&P/TSX Composite Index



	Japan
	Nikkei 225 Index
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Table 2. Comparison of a max-diversified, fully-diversified (threshold of 1%), and well-diversified portfolios (thresholds of 5% and 10%) in the US.






Table 2. Comparison of a max-diversified, fully-diversified (threshold of 1%), and well-diversified portfolios (thresholds of 5% and 10%) in the US.





	
Panel A. Annualized Portfolio Standard Deviation (%)




	

	
2014

	
2015

	
2016




	

	
max-div

	
+1%

	
+5%

	
+10%

	
max-div

	
+1%

	
+5%

	
+10%

	
max-div

	
+1%

	
+5%

	
+10%




	
1%

	
2.06

	
2.07

	
2.11

	
2.16

	
2.72

	
2.73

	
2.78

	
2.85

	
2.48

	
2.50

	
2.54

	
2.60




	
3%

	
6.19

	
6.22

	
6.34

	
6.49

	
8.15

	
8.19

	
8.35

	
8.55

	
7.45

	
7.49

	
7.63

	
7.81




	
5%

	
10.31

	
10.37

	
10.57

	
10.82

	
13.58

	
13.65

	
13.92

	
14.25

	
12.41

	
12.48

	
12.72

	
13.02




	
7%

	
14.44

	
14.51

	
14.80

	
15.14

	
19.02

	
19.11

	
19.49

	
19.94

	
17.38

	
17.47

	
17.81

	
18.23




	
9%

	
18.57

	
18.66

	
19.02

	
19.47

	
24.45

	
24.57

	
25.05

	
25.64

	
22.34

	
22.46

	
22.90

	
23.43




	
10%

	
20.63

	
20.73

	
21.14

	
21.64

	
27.17

	
27.30

	
27.84

	
28.49

	
24.83

	
24.95

	
25.44

	
26.04




	
Panel B. Necessary Portfolio Budget (In Thousands of USD)




	

	
2014

	
2015

	
2016




	

	
max-div

	
+1%

	
+5%

	
+10%

	
max-div

	
+1%

	
+5%

	
+10%

	
max-div

	
+1%

	
+5%

	
+10%




	
1%

	
-

	
100

	
50

	
50

	
-

	
500

	
50

	
50

	
-

	
50

	
50

	
10




	
3%

	
-

	
50

	
10

	
5

	
-

	
100

	
10

	
10

	
-

	
50

	
10

	
5




	
5%

	
-

	
50

	
5

	
3

	
-

	
100

	
5

	
5

	
-

	
10

	
5

	
2




	
7%

	
-

	
10

	
3

	
2

	
-

	
50

	
50

	
10

	
-

	
5

	
3

	
2




	
9%

	
-

	
5

	
3

	
2

	
-

	
50

	
3

	
3

	
-

	
5

	
3

	
2




	
10%

	
-

	
10

	
2

	
2

	
-

	
50

	
3

	
3

	
-

	
5

	
2

	
1
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Table 3. Risk of portfolio invested in S&P 500 index and US Treasury index exchange-traded funds (ETFs).
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Panel A. Annualized Monthly Mean Return (%)




	

	
2008

	
2009

	
2010

	
2011

	
2012

	
2013

	
2014

	
2015

	
2016

	
2017

	
2018

	
2019




	
S&P500

	
−47.97

	
19.14

	
12.15

	
−1.31

	
9.21

	
22.87

	
13.18

	
0.05

	
9.37

	
16.20

	
−9.92

	
24.40




	
Treas.

	
0.69

	
−0.04

	
0.05

	
−0.01

	
0.02

	
0.00

	
−0.01

	
−0.01

	
0.07

	
−0.09

	
0.06

	
0.05




	
Panel B. Annualized Monthly Standard Deviation (%)




	

	
2008

	
2009

	
2010

	
2011

	
2012

	
2013

	
2014

	
2015

	
2016

	
2017

	
2018

	
2019




	
S&P500

	
33.04

	
24.97

	
17.59

	
21.47

	
11.71

	
9.15

	
11.22

	
13.75

	
12.49

	
5.52

	
18.65

	
10.74




	
Treas.

	
0.68

	
0.26

	
0.14

	
0.14

	
0.10

	
0.07

	
0.08

	
0.11

	
0.19

	
0.27

	
0.44

	
0.53




	
Panel C. Annualized Portfolio Standard Deviation (%) for Various Target Return Levels




	
Target return

	
2008

	
2009

	
2010

	
2011

	
2012

	
2013

	
2014

	
2015

	
2016

	
2017

	
2018

	
2019




	
1%

	
-

	
1.30

	
1.40

	
-

	
1.26

	
0.40

	
0.85

	
-

	
1.21

	
0.34

	
-

	
0.42




	
3%

	
-

	
3.91

	
4.30

	
-

	
3.81

	
1.20

	
2.55

	
-

	
3.90

	
1.02

	
-

	
1.27




	
5%

	
-

	
6.52

	
7.21

	
-

	
6.35

	
2.00

	
4.26

	
-

	
6.59

	
1.69

	
-

	
2.12




	
7%

	
-

	
9.13

	
10.11

	
-

	
8.90

	
2.80

	
5.96

	
-

	
9.29

	
2.37

	
-

	
2.99




	
9%

	
-

	
11.74

	
13.02

	
-

	
11.45

	
3.60

	
7.66

	
-

	
11.99

	
3.05

	
-

	
3.88




	
10%

	
-

	
13.05

	
14.47

	
-

	
-

	
4.00

	
8.51

	
-

	
-

	
3.40

	
-

	
4.32
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