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Abstract: In order to design sustainable urban transport systems, the inclusion of the behaviors
of different stakeholders is imperative. In this study, we formulated the interactions of behaviors
between transport operator, landowner, workplace, residence, route and mode choices, and loca-
tion of firms and businesses through a combined unified model of land-use and transport system.
The commuters have two mode choices for traveling: private car and public bus. They are inclined to
choose a transit mode with minimum traveling costs. We combined two models, maximization of
operator profit constrained by bus frequency, while maintaining the formulation of other stakeholders
through an assignment sub-model. The resulting formulation is bi-level, which is optimally solved
for a small-sized instance containing two zones. The findings suggest that if the bus fare is reduced,
the demand of public bus is increased. However, the operators’ profit is optimized within a certain
range of fares and is lowered when the fare is too low or too high. It is determined that maximum
bus frequency does not guarantee maximum profit to the service operator. The impacts of traveling
costs on residence choice behavior suggest that if link fares are more, many of people opt not to travel
between different zones. The analysis results presented in this paper are calculated for two types of
link fares: a fixed fare (30 currency), and a range of link fare (5 to 100 currency). Different variants of
the same formulation can be applied for real settings to better comprehend the nature of the model
and its applications.

Keywords: transport; transport modeling; optimization; public transport; operator profit; unified
equilibrium model

1. Introduction

In recent decades, the growing demand for transportation has threated the sustainabil-
ity of the cities because of excessive dependence on personalized automobiles. The increase
in the private automobiles cannot efficiently cover the increased demand for transporta-
tion because of the associated concerns of traffic congestion, environmental pollution,
and other health and safety issues [1]. Many measures can be adopted to restrict the
growing demand for cars in urban areas. Public transport is one of the most important
measures to reduce the dependency on personalized automobiles. In comparison with
the performance of private cars, public transit systems (public bus) can outperform them
in an environmentally friendly, efficient, and more sustainable manner [2]. For example,
the use of public transport can be encouraged by improving the level of service (LOS),
reducing the travel costs of commuters, providing government subsidies, re-adjusting the
bus fares, or providing ‘Park and Ride’ (P & R) facilities which are gaining considerable
attention among public transport systems to alleviate traffic congestion—especially in city
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centers [3–5]. However, in most cases, the mode choices are made under the assumption
based on the maximization of utility. While the transport system does not only include
travelers, but public transport companies (service operators) and governments. However,
in many cases, public transport operators/companies traditionally balance their revenues
and expenses. These public transport operators try to maximize their revenues at the
expense of increased fares, which eventually deteriorate the quality of the service and as a
result, people prefer to use personalized vehicles for commuting [6]. In practice, the full
advantage of these public transit systems is not taken because of the imbalanced trade-offs
between the commuters and the public transport service operators. It is necessary to devise
a strategy with a strong connection between different stakeholders and their conflict of
interests should be taken into consideration very carefully. This can be accomplished by
the effective use of the strategies which open new opportunities to further benefit users,
as well as operators, while ensuring that each stakeholder does not exceed the desired
costs of traveling and operating the service, respectively. The potential users are likely
to find the use of public bus attractive if fares are low and level of service is high [7].
Alternatively, service operators will discontinue the service if operation costs exceed the
revenue. Therefore, an optimal combination of fares and LOS (bus frequency) is needed to
be determined for the optimization of the total benefits of the users and service operators.

The sustainability of urban transit systems also depends upon how well connected
the connections between different stakeholders are in the system to better explain their
behavior in decision making. It influences the dependence of different decision-makers
and related equilibrium results. For example, in a public transport system, it is neces-
sary to consider the interaction between users as well as service operator for finding a
fare system which benefits both stakeholders [8]. A review of the literature reveals that
whenever it comes to the design and improvement of the public transport systems in
urban settings, it is complex and needs many factors to be considered [6,9]. For example,
the efficiency of urban public transport depends upon the traveling costs and operating
frequency (LOS). By adjusting the service frequency (LOS), the demand of the users can be
accommodated and service revenues can be optimized, which depends upon the number
of users using the public transport system [10]. The traveling costs can be saved signifi-
cantly if the re-organization of bus fares and bus frequency is done to accommodate the
actual demand [7,11]. However, the re-structuring of the bus fare and transit route fre-
quencies is one of the main aspects in the design and sustainable operations of the transit
network [2,9,11–13]. The optimization and design of urban transit fare structures has been
studied by many researchers from the perspectives of transport economics [14] and network
equilibrium [15]. Harris et al. [16] proposed a fare elasticity model for the prediction of
ridership and revenue from fare changes. Cummings et al. [17] studied the change in
the ridership in the city of Chicago before and after the implementation of a fare changes
strategy in the transit system. Wang et al. [18] inferred that fare structure significantly
affects the demand of the users in public transport systems, with low fares causing deficit
and high fares affecting social welfare. Similarly, Jin et al. [19] confirmed that increasing
the fare structure can suddenly reduce the demand, service frequency, and ridership of
public transport systems if attractive competing transport modes are available to the users.
Lam and Zhou [20] presented that optimal fare and service frequency significantly affect
the demand and route choice behavior of the users in a transport system. Since fares are
one of the important parameters which affect the operators’ profit and users’ travel choices;
therefore, the implementation of fare differentiation is one of the important aspects for
practical implementation.

However, most of the existing studies consider travel time and cost-related attributes
as explanatory variable to determine the quality of the transit service for attracting users
and maximizing the operators’ profit. Most of the research studies which investigated
the travel pattern of the users tried to minimize the operators’ as well as users’ costs as a
common objective function. The models which jointly optimized different objectives using
combination of different variables are shown in Table 1.
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Table 1. Pertinent Models for the Design of Transit Network.

Authors Objective Function Transit Mode Decision Variables Passenger Demand

Spasovic and Schonfled (1993) [21] Min. of operator and user cost Bus Route length, headway, spacing, stop spacing Uniform and linear
Wirasinghe and Seneviratne (1986) [22] Min. of operator and user cost Rail Route length General, inelastic

Chang and Schonfeld (1993) [23] Min. of operator and user cost Bus Route spacing, zone length, headway Uniform, inelastic
Byrne (1976) [24] Min. of operator and user cost Bus and rail Route spacing, headway, and lengths Uniform, inelastic

Holroyd (1976) [25] Min. of operator and user cost Bus Route spacing Uniform, inelastic
Byrne and Vuchic (1972) [26] Min. of operator and user cost Bus Route spacing and headway Uniform, inelastic

Hurdle (1973) [27] Min. of operator and user cost Bus Route density and frequency General linear, inelastic
Kocur and Hendrickson (1982) [28] Max. operator profit, Max. user profit, etc. Bus Route spacing, fare and headway Uniform elastic

Kuah and Perl (1988) [29] Min. of operator and user cost Feeder bus to rail Route spacing, stop spacing, and headway General inelastic
Chang and Schonfeld (1989) [30] Max. operator profit, Min. user profit, etc. Bus Route spacing, fare and headway Irregular elastic

Spasovic et al. (1994) [31] Max. operator profit, Max. social welfare Bus Route length, route spacing, fare and headway Uniform elastic
Li et al., (2009) [32] Max. operator profit, Min. user profit, etc. Bus and rail Route length, fare Uniform elastic

Chien and Tsai (2007) [33] Max. operator profit, Min. user profit, etc. Rail Route length, fare, and headway Uniform elastic
Rob Van Nes (2002) [34] Max. operator profit, Max. social welfare Bus and car Route length, route spacing, Uniform and linear
Wang et al. (2021) [18] Max. operator profit, Max. social welfare Bus Route length, headway, and fare Uniform elastic
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As it is evident from the literature mentioned above, most of the researchers tried
to model the relationships between service operators and commuters. However, in this
study, the land-use choices based on link fare are also discussed. The method proposed in
this research study recognizes the interactions between different stakeholders for the opti-
mization of service operators’ profit with bus frequency as a decision variable. While the
role of stakeholders is modeled in the sub-assignment nested logit model. This research
study covers several objectives, such as (a) maximization of service operator profit, (b) min-
imization of users’ traveling costs, (c) interaction behavior between different stakeholders
in the transport system, and (d) sensitivity of the model against important variable such
as link (bus) fare. Additionally, the relationship between mode choice (private car and
public bus) and land-use changes are also evaluated, which makes this study unique from
the existing body of the literature. Therefore, it is necessary to choose a combination of
bus fare to benefit the whole system to meet the needs of the relevant stakeholders and
factors for its critical development as a sustainable transportation system. In this research
paper, the profit of service operators and the travel costs of commuters are solved in bi-level
optimization manner. This paper utilized bi-level optimization for the efficient design of
urban bus transit system. In the upper level of optimization, the profit of the bus operator is
maximized which is subject to the bus frequency. However, in the lower level of optimiza-
tion, the users’ cost is minimized as a sub-assignment model. The other behaviors—such
as workplace, residence, route and mode choice, and firms and landowners’ behavior—are
also formulated.

The rest of the research paper is divided into following sections; after the introductory
section and literature review, Section 2 presents the model formulation and the behavior
of different stakeholders, Section 3 describes the simulation results of simple example
problem. Finally, Section 4 summarizes the conclusions and future research directions
are presented.

2. Model Assumptions and Behavioral Formulation
2.1. Modeling Assumptions and Hypothesis

For the sake of simplicity, a simple transit network is considered in this research study
and some of the modeling assumptions which are adopted are presented as follows:

• A1: Each user first chooses a workplace, then residence place and then route or mode
choice is made. Before starting a journey, each user chooses a travel strategy (i.e.,
private car or public bus), depending upon minimum travel costs. Figure 1 shows the
workers’ choice structure.

• A2: Only commuting trips are considered in this modeling process in the peak time
period for simplicity purposes. The overall traffic demand qij is given between any
Zones i and j.

• A3: In this modeling process, firms, households, and landlords are considered ho-
mogenous. Each of the decision maker is considered homogenous for the sake of
simplicity and their behavior is modeled as multinomial (or nested) logit structure.
From each household, a single worker makes a commuting round trip daily.

• A4: A firm chooses its location based on random profit, Vi − λwi − γr′i + εi, where Vi
is the production of the firm in Zone i, λ is the number of workers in each firm, Wi is
wage in Zone i, γ is the area of land used by each firm, r′i is the rent for commercial
lot in Zone i, and εi is an error term.

• A5: The profit of public bus operator is measured as a function of number of passen-
gers, route length, fare rate (currency/km), operation cost, and number of vehicles.

• A6: The transport service revenue is proportionate to passenger-km (bus passenger
flow) traveled but operations costs depend upon vehicle-km traveled.

The proposed model has quite a good number of variables. However, in this research
study, a simple transit network case is solved in order to understand the behavior of
the model (Figure 2). Solving a simple case example is important to know the behavior
of the model for a larger transport network. Because of the implications of a simple
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network can help in determining the transit policy for a larger and real-case network. It is
pertinent to mention here that extending this model to a larger transport network is possible;
however, because of the computational costs, it can be a challenging task. Additionally,
the exact estimation of the input parameters is inevitable for concrete policy suggestions.
The proposed model can be applied to evaluate the total benefit of the transport system
which have different stakeholders by reducing users’ minimum travel costs and optimizing
the benefit (revenue) of the public transport operator. This model can be applied to modify
the service frequency on the public transport routes to optimize the transport system
performance. Different variants of the same formulation can be applied for real settings to
better comprehend the nature of the model and its applications.
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2.2. Behavioral Formulation
2.2.1. Work Choice Behavior of Employees

The work choice location behavior of the employee depends upon the maximum wage
and minimum expected cost of travel between different zones. It is important to consider
that the minimum expected cost, σi, is estimated based on the rent in Zone i and commuting
costs between pair ij.

yi = N
exp{−θ3(σi − wi)}

∑l∈Z exp{−θ3(σl − wl)}
∀i ∈ Z (1)

where, yi is the number of employees commuting in zone i, N is the total number of
employees in all zones, σi is expected minimum cost in Zone i (log-sum value of residence
choice behavior), wi is the wage rate, θ3 is the logit parameter, and Z is a set of Zones.
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2.2.2. Residence Choice Behavior of Employees

The residence choice shows the number of workers who reside in Zone j but work in
Zone i and it depends upon the rent and commuting cost between ij.

qij = yi

exp
{
−θ2

(
rj + σ′ij

)}
∑l∈Z exp

{
−θ2

(
rl + σ′il

)} ∀(i, j) ∈ Z× Z (2)

σi = −
1
θ2

ln ∑
l∈Z

exp{−θ2(rl + σil)} ∀i ∈ Z (3)

where, qij is the demand of the residents traveling between Zone i and j, rj is the rent in
Zone j, σ′ij is the expected commuting cost between Zone i and j (log-sum value of route
and mode choice behavior), and θ2 is the logit parameter.

2.2.3. Route and Mode Choice Behavior of Employees

The users always try to choose the mode (private car or public bus), which minimizes
traveling costs. The route flow of path k can be formulated as

fijk = qij
exp{−θ1cijk }

∑k∈Kij
exp{−θ1cijk }

∀k ∈ Kij ∀(i, j) ∈ Z× Z (4)

σ′ij = −
1
θ1

ln ∑
k∈Kij

exp{−θ1cijk } (5)

where, fijk is the flow of commuting from zone j to zone i in route k. cijk is the measured
travel cost of route k, Kij is the path set between Zone pair (i, j) and θ1 is a logit parameter.
If private car is chosen as a preferred mode, the route set is defined as, Kij,car and Kij,bus
otherwise in the case of public bus. The costs of traveling by using private car and public
bus are given as

cijk =


∑

a∈Aij,k

ta(xa) + Pk if k ∈ Kij,car

∑
a∈Aij,k

ta(xa) + Xk +
30
vk

if k ∈ Kij,bus
(6)

where, ta(xa) is the travel time of link a and Aij,k is the link set of path k = c, p. This travel
times are the function of link travel volume xa for considering the road congestion. Pk is
the driving and traveling costs for private car including the fuel cost, car parking cost
(currency), and maintenance cost. Xk is the bus fare, and vk is the frequency of bus service.
Kij,car and Kij,bus are the path set of private car and public bus, respectively. The link travel
time (BPR) functions ta(xa) can be formulated as follows:

Free flow time,

ta(xa) = t0,a

{
1 + αa

(
xa

Ca

)βa
}

(7)

where, t0,a is free flow travel times, Ca is the capacity of link a, and αa, βa are the parameters
related to congestion effects.

xa = ∑
i∈Z

∑
j∈Z

∑
k∈Kij

δijk,a fijk (8)

In Equation (8), δijk,a is a link-route incidence indicator, which is 1 if link a belongs to
route k between OD pair ij, and 0 otherwise.



Sustainability 2022, 14, 139 7 of 17

2.2.4. Firms’ Behavior

For modeling firms’ behavior, we consider that they select the land-use with highest
profit, (higher productivity, lower rent, and lower wage rate). In reality, there exist different
types of firms which are engaging in diverse businesses, but we consider them homogenous.
In other words, we can say that as our prime objective is to observe the land-use so only
firm’s activity is focused. The profit of the firm is measured by Equation (10). Therefore,
the number of firms in Zone i can be calculated

mi =
N
λ

exp{κπi}
∑i∈Z exp{κπi}

∀i ∈ Z (9)

πi = Vi − λwi − γr′i ∀i ∈ Z (10)

where, mi is the number of firms in Zone i, πi is firms’ profit in Zone i, Vi is the production
volume in Zone i, λ is the number of employees in one firm, γ is the land required by one
firm, r′i represents the business rent of firm in Zone i, and κ is a logit parameter.

2.2.5. Landowners’ Behavior

It was formulated that the landowner uses land for the purpose of residence or business.
It was supposed that the area used for residential purpose is one unit. The landowner can
decide the rents and land use assignment for maximizing their random utility. Therefore, the
area of each zone used for different purposes can be determined by the following equations

li = Di
eµri

eµri + eµr′i
∀i ∈ Z (11)

l′i = Di
eµr′i

eµri + eµr′i
∀i ∈ Z (12)

where, li and l′i are the areas of residential and businesses lots in Zone i, Di is the total
area of Zone i, ri (or r′i) is the rent of the residential (or business) area, and µ is the logit
parameter for this choice behavior.

2.2.6. Total Quantity Conditions

As assumed earlier, each zone contains homogeneous type of firms, indicating that
each firm has same number of employees λ. Based on the assumption, the number of
employees can be equilibrated with the urban area, meaning that total number of employees
divided by the total number of firms is equal to the number of employees in each firm.
This assumption equilibrated the supply and demand in each zone.

∑
i∈I

qij = lj ∀j ∈ Z (13)

γmi = l′i ∀i ∈ Z (14)

λmi = yi ∀i ∈ Z (15)

Di = li + l′i ∀j ∈ Z (16)

∑
k∈Kij

fijk = qij ∀(i, j) ∈ Z× Z (17)

∑
j∈Z

qij = yi ∀i ∈ Z (18)

∑
i∈Z

yi = N (19)
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f, q, y, m, l, l′ ≥ 0 (20)

In Equation (20), f, q, y, m, l, l′ represent the vectors of flow, demand, number of
employees, number of firms, residential area, and business area, respectively. It is indicated
that the total number of employees working in Zone i are equal to the number of employees
in one firm in Zone i times number of firms in Zone i. It is pertinent to mention that Zone
i(∈ Z) and Zone j(∈ I).

2.2.7. The Unified Equilibrium Model Formulation of Three Players

Assuming that the conditions for public transportation (vk, Xk) are given; where vk
represent the bus frequency (number of vehicles on route) and Xk represents the bus
fare. The unified equilibrium model (including transportation network, firm location,
residential/workplace location decision, and land/labor market) can be formulated as the
following optimization problem.

min
f,q,y,m,l,l′

S
(
f, q, y, m, l, l′

∣∣v, X
)

(21)

s.t. Equations (13)–(20)

S(f, q, y, m, l, l′|v, X)

= ∑
a∈A

∫ xa
0 ta(u)du + 1

θ3 ∑
i∈Z

∑
j∈Z

∑
k∈Kij

fijk ln
fijk
qij

+ 1
θ2 ∑

i∈Z
∑
j∈Z

qij ln
qij
yi

+ 1
θ1 ∑

i∈I
yi ln yi

N − ∑
i∈Z

miVi +
1
κ ∑

i∈Z
mi ln λmi

N

+ 1
µ ∑

i∈I

(
li ln li

Di
+ l′i ln l′i

Di

) (22)

Note that we have not dealt with rent (ri, r′i) and wage (wi) in this optimization model.
These variables can be derived by solving the dual problem of this problem for satisfying
the Equations (1)–(20). However, in this research study, the authors mainly focused on
the workplace, residence, and commuting (route and mode choice) behaviors of the users.
The behavior of the service operator is also formulated to check the sustainability of the
public transport system. Therefore, the duality problem for the calculation of rent (ri, r′i)
and wage (wi) is not discussed in this research study.

2.2.8. Bus Operator Behavior

The bus frequency vk is controlled by the bus operator which want to maximize the
profit. We assume that the bus operator cannot determine the fare. Therefore, bus operators
will always try to maximize the revenue which is directly related with demand of bus. Here,
the bus frequency affects the travel demands as the waiting time (30/vk at Equation (6)).

The profit function of bus operator can be formulated as

ξ(vk) = ∑
i∈Z

∑
j∈Z

∑
k∈Kij,bus

fijk(vk)Xk − Ckvk (23)

where, Ck is the bus operation cost per one frequency at route k. Then, the bus operator
behavior (profit maximization) can be formulated as

max
v

ξ(vk|q) (24)

s.t. Equations (4)–(8)

vk ≥
fijk

Cbus
if k ∈ Kij,bus (25)

Here, residence and place of work q, which do not change in the short run, are formu-
lated as given. Equation (25) means the bus capacity constraints, Cbus indicates the capacity
of one bus service.
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2.3. Algorithm

In this paper, we deal with a unified equilibrium that includes public transport oper-
ators by solving two types of optimization problems alternately. Hence, the equilibrium
conditions for an arbitrary set of fares Xk will be derived by the algorithm shown in Figure 3.
It should be noted that this calculation does not guarantee the uniqueness of the solution
and may depend on the initial values. This paper discusses one of the calculated equilib-
rium solutions. The solution algorithm of the combined model of unified equilibrium and
bus operator is shown in Figure 3.

Sustainability 2021, 13, x FOR PEER REVIEW 8 of 17 
 

satisfying the Equations (1)–(20). However, in this research study, the authors mainly fo-
cused on the workplace, residence, and commuting (route and mode choice) behaviors of 
the users. The behavior of the service operator is also formulated to check the sustainabil-
ity of the public transport system. Therefore, the duality problem for the calculation of 
rent (𝑟, 𝑟′) and wage (𝑤) is not discussed in this research study.  

2.2.8. Bus Operator Behavior 
The bus frequency 𝑣 is controlled by the bus operator which want to maximize the 

profit. We assume that the bus operator cannot determine the fare. Therefore, bus opera-
tors will always try to maximize the revenue which is directly related with demand of 
bus. Here, the bus frequency affects the travel demands as the waiting time (30/𝑣  at 
Equation (6)).  

The profit function of bus operator can be formulated as 𝜉(𝑣) =    𝑓(𝑣)𝑋 − 𝐶𝑣∈ೕ,ౘ౫౩∈∈  (23)

where, 𝐶 is the bus operation cost per one frequency at route 𝑘. Then, the bus operator 
behavior (profit maximization) can be formulated as max௩ 𝜉(𝑣|𝒒) (24)

s.t. Equations (4)–(8) 𝑣 ≥ 𝑓𝐶ୠ୳ୱ   if 𝑘 ∈ 𝐾,ୠ୳ୱ (25)

Here, residence and place of work 𝒒, which do not change in the short run, are for-
mulated as given. Equation (25) means the bus capacity constraints, 𝐶ୠ୳ୱ indicates the ca-
pacity of one bus service. 

2.3. Algorithm 
In this paper, we deal with a unified equilibrium that includes public transport op-

erators by solving two types of optimization problems alternately. Hence, the equilibrium 
conditions for an arbitrary set of fares 𝑋 will be derived by the algorithm shown in Fig-
ure 3. It should be noted that this calculation does not guarantee the uniqueness of the 
solution and may depend on the initial values. This paper discusses one of the calculated 
equilibrium solutions. The solution algorithm of the combined model of unified equilib-
rium and bus operator is shown in Figure 3. 

 
Figure 3. The algorithm for solving the unified equilibrium. The asterisk “*” shows the estimated
value of v.

2.4. Sample Transit Network

The model has quite a good number of variables. However, in this study we tried to
explain the model with the help of a simple example for the sake of improving the under-
standing. In this study, two transport modes (private car and public bus) are considered in
the transit network between two Zones i and j, as traffic assignment model. It is considered
that people choose to live in Zone j and they work in Zone i. Zone i is a Central Business
District (CBD) and Zone j is a suburb. The travelers have two options for traveling—i.e.,
private car and public bus—they will always choose an option with minimum traveling
costs. The traffic flow by private car is represented as f21c, while the traffic flow by public
bus is represented as f21p (Figure 2). In addition to this, the cost of traveling by private car
includes the travel time (traveling costs and maintenance cost), fuel cost, and the parking
cost. The travel cost by public bus includes the travel cost, waiting time cost, and fare.
The waiting time in the formulation of travel cost by public bus is done to increase the
realism of the transit network. The simulation results are coded in MATLAB version
2018a and run-on personal computer Intel(R) Core™ i5-4590 CPU 3.30 GHz, 16 GB RAM,
and Windows 10 Education with 64-bit Operating System. A simple example of the sample
transit network to explain the model is shown in Figure 2.

2.5. Parameter Setting

This simple transit network is defined as shown in Figure 2 and other parameters
required for the sake of simulation were set (Table 2). The length of the route between Zone
1 and 2 is same for both car and bus. Bus operation cost is added as 400 which is fixed
and covers the overhead charges, maintenance cost, and the fuel cost of service operation.
The waiting time of bus is set as 30/vk (Equation (6)) and the fare is set between 5 to 100
currencies to check the simulation results between zones for the sake of understanding
the behavior of the model. The total number of households and total number of firms
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in both Zones 1 and 2 are set as 20,000 and 1000, respectively. The residents are free to
choose the mode for commuting between Zone 2 and 1. However, it is assumed that they
will choose the mode which minimizes their traveling cost. In other words, the cheapest
mode of transport is always preferred mode of choice between both zones. The car fuel
cost is set as 10 currencies and it do not include any waiting time, while contrary to that
waiting time cost has been included in the case of bus travel cost to increase the realization
of the transportation network. In each mode, the travel cost basically has three components,
the congestion cost (BPR function), the travel cost (fuel or fare cost or maintenance cost),
and the waiting time cost. It is important to mention that the setting of the parameters is
not exact estimation, therefore, concrete policy recommendations based on these results
are not possible. It is assumed that all the firms have similar numbers of workers, and the
firm sizes are also the same. In this study, we only intend to check the basic behavior of
the model. In order to give concrete policy recommendations, accurate estimation of the
parameters is required. In the upper level of this bi-level optimization, operator profit is
maximized, which is the revenue minus the operation cost of the fleet. In the lower level of
optimization, traffic sub-assignment model is formulated which include the behavior of all
stakeholders. The parameters set for the modeling are shown in Table 2 as follows:

Table 2. Settings of Parameters.

(a) General parameters

Parameter Value

Total Population_N 1000

Logit parameter_θ1 0.04

Logit parameter_θ2 0.03

Logit parameter_θ3 0.02

Logit parameter_κ 0.05

Logit parameter_µ 0.2

Firm space_γ 20

Firm labor_λ 10

(b) Zone parameters

Zone Code
i

Zone Size
Di

Zone Production
Vi

1 1000 2000

2 2000 0

(c) Path settings, δijk,a

Path No Residence Firm Car Link Bus Link

1 1 1 0 0

2 2 1 1 0

3 2 1 0 1

4 2 2 0 0

(d) Link parameters

Link Code
a

Link Free Flow Time
t0,a

Capacity
Ca

BPR Alpha
αa

BPR Beta
βa

1 20 100 0.5 3

2 20 50 0 0
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3. Results and Discussions
3.1. Simulations with Fixed Fare (Xk = 30)

As it has been mentioned earlier that the model has quite a good number of variables.
Therefore, in order to improve the understanding of the model, a simple network example
of including two zones has been solved. The simulations are carried out for (a) fixed fare of
30 (currency) and (b) variable fare for a range from 5 to 100 (currency), which is discussed
in the next sub-section. Zone 1 is considered as the CBD while Zone 2 is mainly a suburban
area. The total areas of Zone 1 and Zone 2 are 1000 m2 and 2000 m2, respectively. Both of
these zones are connected via two links, private car and public bus. f 21c and f 21p represent
the flow of private car and public bus between Zone 2 and Zone 1, respectively. The link
flow times between zones are calculated, which are 53.314 and 20 by private car and public
bus, respectively.

The optimization of the model yields the number of variable outputs as listed in
Table 3. It is important to mention here that each firm has uniform number of workers (λ)
and uniform area (γ). Solving the model yields that the total demand of travelers who
commute from Zone 2 to Zone 1, is q21 = 332.766, where the number of people who opt to
use private car and public bus for commuting are 149.352 and 183.414, respectively. It is
apparent from Table 3 that as the travel cost for commuting between Zone 2 and Zone
1 is less in case of public bus; therefore, a greater number of people choose to travel by
public bus. Table 3 also shows other variables which are calculated from the model such as
residential and business areas, residential and business rent, and number of households
and number of employees in Zone 1 and Zone 2. As Zone 1 is treated as a CBD, the business
rent and wage in Zone 1 are higher as compared with Zone 2. Contrary to that, Zone 2 is
treated as suburban; therefore, the residential rent and business rent in Zone 2 are less as
compared with Zone 1. As business rent in Zone 1 is higher, which affects the profit of the
firms (Equation (10)), therefore in order to maximize the profit, many of the firms opt to
choose Zone 2. As the business rent and wage rate in Zone 2 is less, which attracts many of
the firms to choose Zone 2. On the other hand, as the residential rent in Zone 2 is lower,
approximately 56% of the households choose to live in Zone 2. It is pertinent to mention
that wage and rent in both of the zones are calculated endogenously. It can be seen from
Table 3 that both residential and business rent in Zone 1 is higher as compared to Zone 2,
which leads to the fact that many of the households and firms choose Zone 2. The detailed
results of the model output parameters are shown in the following Table 3. This confirms
the fact that this unified model has the ability to model the transportation network and
land use equilibrium problem.

Table 3. Model output results for fixed fare.

Passenger Flow Residence Choice Behavior

Zone 1 flow, f 11 111.489 Zone 1 residential rent, r1 0
Zone 2 to 1 car flow, f 21c 149.352 Zone 1 business rent, r′1 10.378
Zone 2 to 1 bus flow, f 21p 183.414 Zone 2 residential rent, r2 −79.736

Zone 2 flow, f 22 555.745 Zone 2 business rent, r′2 −78.617
Land Use Choice Behavior Zone 1 households 5020

Zone 1 residential area, l1 111 Zone 2 households 14,980
Zone 1 business area, l′1 889 Workplace Choice Behavior

Zone 2 residential area, l2 888 Zone 1 wage, w1 22.458
Zone 2 business area, l′2 1112 Zone 2 wage, w2 0

Mode Choice Behavior Zone 1 employees, y1 8880
Car travel cos t, c21c 63.314 Zone 2 employees, y2 11,120
Bus travel cos t, c21p 58.178 Firm Choice Behavior

Car use probability, pc
/21 0.449 Zone 1 firms, m1 444

Bus use probability, pp
/21 0.551 Zone 2 firms, m2 556

Bus Operator Model
Optimum frequency, vk 3.668 Operator profit, ξ(vk) 4035.1
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3.2. Simulations with Fare Range

In Figure 3, the solution algorithm of the unified equilibrium problem is shown.
The residence choice behavior depends upon the selection of the work choice place
(Figure 1). However, the choice of mode and route depends upon the generalized travel
cost of private care and public bus as demonstrated in Equations (4)–(8). The generalized
cost can be determined by using Equation (6). However, the cost of travel by public bus
depends upon the number of vehicles (frequency) on the route, which is dependent upon
waiting time. In Figure 4, the difference in the ridership between private car and public bus
is observed against link fare. The link fare is one of the most important factors which impact
the choice of mode [16]. Jin et al. [19] also confirms that the optimal fare structure exist
above the minimum fare which is required to run a public transport structure. The change
in modal shift is observed against link fare from 5 to 100 currencies. As it can be seen,
when the bus fare is minimal, a greater number of users tend to use public transport for
commuting. As the bus fare increases, there is a modal shift from public bus towards
private car. When the link fare is further increased, the ridership of public bus is decreased
while it is proportional to private car use. These simulated results are exactly in alignment
with our assumption/objective of the study to find out if decreasing bus fare has a positive
impact on public bus ridership and negative impact on private car use. These results also
confirm that commuters always try to use the mode choice which minimizes traveling cost.
In other words, it can be inferred that there is strong influence of link fare on the mode
choice behavior of the commuters, who prefer to use the mode choice which minimizes
traveling cost. The relationship of link fare, private car users, and public bus users is shown
in Figure 4.
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Figure 4. Relationship between link fare, bus users, and car users.

The relationship between link fare, bus users, and bus frequency are formulated in
Figure 5. The change in bus frequency and bus users was observed against a range of link
fare from 5 to 100 currencies. The bus frequency is formulated endogenously for achieving
the strategic targets of attracting more commuters towards public bus while maximizing
the profit of the bus operator. This bus frequency calculated from the bus operator model
is incorporated into the unified equilibrium model to determine the costs of travel using
specific mode (public bus or private car) on specific route. The user’s profit is calculated in
terms of their traveling costs (measured in monetary units) between Zone 2 and 1. It can
be seen from Figure 5 that increasing link fare increases the travel cost, which results in a
decrease of public bus users. However, on the other hand, when link fare is lower, a greater
number of commuters tend to use public bus because of lower traveling costs while using
public bus; therefore, the bus frequency is more to accommodate the demand of traveling.
In this situation where the link fare is small, the frequency is mostly determined by the
constraint Equation (25). In other words, the bus company operates only the minimum
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number of buses necessary for its capacity. Figure 5 shows that when the link fare is
42.5 currencies, the bus frequency is 2.671, which shows that—for the range of fare between
30 to 55—the bus operator tries to operate at a lower frequency than in the case where a
higher or lower fare is set. However, when the link fare is 65, then the bus frequency is
locally maximum to accommodate the corresponding demand of traveling from Zone 2 to
Zone 1. These findings also confirm similar results reported by [19]. However, if the link
fare is further increased, the bus frequency keeps on decreasing which confirms that there
is less demand of traveling between Zone 2 to Zone 1. In other words, the use of public bus
would be further decreased if bus fare is increased. These results indicated that if the fares
for bus services are not set appropriately, the service frequency may become extremely low,
deteriorating the service quality of public transport.
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Figure 5. Relationship between link fare, bus users, and bus frequency.

The relationship between the profit of the public transport operator, link fare, and
bus frequency are very interesting. When the link fare is very low, the bus frequency
is more to accommodate the demand of the travelers. As can be seen from Figure 6,
when the link fare is 5 (currency), the corresponding bus frequency is 5.557. In other
words, lower fares attract more commuters; thus, bus frequency is higher to accommodate
that demand. However, the service operator profit is less which may make the service
operations unsustainable. When the link fare is 42.5, the bus frequency is 2.671, yet the
service operator profit is 6189 (currencies). The operator profit is maximal at a fare rate
of 45.5, making it 6208 (currencies) with a corresponding bus frequency of 2.734 vehicles.
It is very interesting to note that when the operator profit is maximum, the bus frequency
is not maximum. In other words, maximum profit does not mean maximum demand
because frequency is determined based on demand in the network. Therefore, finding a
good combination of operator profit and optimum frequency is important for sustainable
operations of public bus. Additionally, it should be noted that demand varies with respect
to travel cost which has link fare as one of the most important components. Therefore,
determining a range of fares is also important for the feasibility of the transportation
system in the network. As previous studies also suggested that users tend to use public
transport if travel costs are lower, and level of service (bus frequency) is greater [33].
Further increasing the link fare from 45.5 (currencies) results in decrease in the operator
profit, which ultimately leads to a decrease in bus frequency because of lower demand for
transportation (Figure 6). This distinctive relationship might be explained in such a way
that much lower or much higher fare makes the operations of the bus service unsustainable
because of exceeding operations and traveling costs, respectively. Therefore, finding the
correct combination of fares which optimizes the service operator profit, accommodates the
demand for traveling between transportation network, and adjusts the service frequency
as per demand is imperative for sustainable operations of the service. With the exact
estimation of parameters, this model has the ability to optimize the overall performance of
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the transportation network. Therefore, the model proposed in this paper may be useful to
search for more appropriate fare conditions while also dealing with land use markets.
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Figure 6. Relationship between link fare, operator profit, and bus frequency.

Figure 7 shows the relationship between link fare, travel demand from Zone 2 to
Zone 1 and workers in Zone 2. It is interesting to note that when the link fare increases,
the travel demand between Zone 2 to Zone 1 decreases. In other words, it can be said that
increase in link fare compels many of the residents to opt not to travel between Zones. In a
similar pattern, increase in link fare urges the residents to seek work in Zone 2 to avoid
traveling costs. Therefore, it can be seen that the number of Zone 2 residents increases as
link fare increases. Contrary to that, the travel demand from Zone 2 to Zone 1 decreases
with increase of link fare. These results are in agreement with the fact that travelers choose
not to travel if traveling costs are higher between different zones. Again, the results confirm
that this unified transport model has the ability to explain the strong relationship between
land-use choices and transport systems.
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4. Conclusions and Future Work

In this research study, we propose a unified model as a bi-level optimization problem.
In the upper level, the fare of the bus operator is optimized which is constrained with
bus frequency. In the lower level, the travel costs of commuters are minimized as a sub-
assignment traffic model. The simulations are carried out for fixed fare (30 currencies) and
a range of link fare (bus fare) to determine the trade-offs in which the benefits of the users
as well as the public transport company are attained in such a way that users do not need
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to incur higher costs for traveling, as well as the bus operators’ operating costs are not
exceeding their revenues. A simulation of the proposed model for a simple transit network
was done to determine a win-win solution for both users and bus operator company. It is
inferred from the simulation results that an optimal combination of fare and level of service
(bus frequency) is required to maintain a good trade-off between the benefits of the users
and service operators. The results imply that if there is an increase in link fare, the number
of bus users will decrease, and more users will intend to use private cars. Previous research
studies [18–20] also inferred similar findings which suggested that low fares increase the
demand of users while high fares affect the mode and route choice behavior of the users.
It is reported by Lam and Zhou [20] that users’ behavior can be influenced by adopting
different fare policies, which leads to a change in link flows. Conversely, if link fare is
decreased, more people adopt to use the public bus for traveling. The bus frequency is
evaluated endogenously to accommodate the needs of the users (traveling demand) and
it has been determined that it is not necessarily that maximum frequency guarantee the
maximum profit of the service operator. However, it has been confirmed that at optimal
link fare, a greater number of users would like to use public transport instead of private
car. These findings are in agreement with the inferences made by Jin et al. [19]. It suggests
that a reasonable fare is required to be set which maximizes the bus frequency which
implies that a greater number of users are attracted towards the public bus. The results
of the simple network case give a clear understanding that it is very necessary to adjust
the link fare to attract more users and making a sustainable trade-off between conflicting
objectives of users and service operator company. An increase in fare structure above or
below a critical fare point can suddenly and significantly result in the drop of demand
and service quality (frequency) [19]. An optimal fare is necessary for the determination of
operators’ benefit and optimal service frequency [20]. The applications of this model to a
real-world example can yield competing results for exact determination of link fare and
bus frequency (LOS) when stakeholders have conflicting objectives in the transportation
system. Moreover, the impacts of the link fare on land-use changes are also observed.
It has been determined that an increase in travel costs impacts the land-use choices among
the residents. The results also infer that there is a strong relationship between workplace,
residence place, firms’, and landlords’ behavior with respect to the traveling costs.

The main contributions of this study can be summarized in these four conclusions:
(a) land-use and transport systems are studied with combined modeling of route and
mode choice along with residence choice behaviors; (b) the profit of the bus operator is
optimized in a bi-level problem with minimization of users’ cost as a sub-assignment
traffic model; (c) the equilibrium of travel behavior of users both with car and bus are
analyzed to reveal their mode choices and relevant profit of operator at system equilibrium;
(d) the dynamic interactions between users, bus operator, firms, workplace, and residence
choices are studied to output the numerical analysis results at equilibrium under the
influence of link fare. The academic contribution of this study is confirmed with the fact
that land-use behavior is modeled along with the transport system (service operator and
user behavior). As most of the studies do not explicitly model the behavior of land-use with
the stakeholders in the transport system such as service operator and users. This study can
be extended in the future for a larger network to study different variants of the model to
better comprehend the nature of the model and its applications in the transportation system.
However, it is pertinent to mention that extending this model to a larger transportation
network would be a challenging task due to the high computational cost. Besides, different
aims of system optimization can be set to obtain more realistic scenarios and different
policies in the transport system can be analyzed. It would better help in explaining the
mechanisms of how employing a policy can influence the transportation system dynamics
in the next step.
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