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Abstract: To ensure the safety of bridges during horizontal rotation, we propose a method through
which it is possible to evaluate the stability of structures in real time by measuring the vibration
acceleration of the rotating structure. First, the vibration characteristics collected during the horizontal
rotation of a typical high-speed railway bridge were compared with the results of a finite element
analysis. Second, the analytic formula to calculate the ratio of vibration acceleration and the pier-
bottom-section bending moment for the rotating structure was deduced by considering the beam and
pier as an infinite-degree-of-freedom rod. Then, the results of the analytical formula were compared
with those of the finite element calculation. Overall, the results showed that the bending moment of
the pier bottom (which was related to the stability of the rotating bridge) was affected only by the
two asymmetrical vibration modes. The analytic formula built by considering the beam and pier
as an infinite degree-of-freedom rod with equal cross-section effectively described the relationship
between the vibration acceleration and pier-bottom-bending moment. Finally, the vibration of the
rotating bridge was simplified to the superposition of the first two asymmetric vibration modes in the
facade. Based on our findings, we were able to provide a formula and some check tables to calculate
the permissible value of vibration acceleration for typical high-speed railway bridges.

Keywords: horizontal rotation; construction monitoring; vibration; acceleration; stability

1. Introduction

With the reconstruction and upgrading of the traffic infrastructure, the demand for
overpass bridges is steadily increasing. The horizontal rotation construction method has the
advantages of site adaptability, fast construction, safety, reliability, and minimal disturbance
to underpass traffic [1–5]; therefore, it is the preferred design and construction scheme
for overpass-crossing railways (especially high-speed railways) [5]. The main structural
systems of rotation construction bridges are a continuous bridge, a T-rigid frame bridge, and
a cable-stayed bridge. Continuous or T-rigid frame bridges are best suited for spans <150 m,
while cable-stayed bridges are ideal for spans >200 m. In the last ten years, the number of
bridges built by the rotation construction method have linearly grown, while the swivel
weight has exponentially grown. About 50–80 overpass bridges are built by the rotation
construction method in China every year; the span of the swivel bridge is approaching
400 m and the maximum swivel tonnage is about to exceed 50,000 tons. Notably, the
rotating structure is in a state of transient equilibrium, in which a single point is supported
by a spherical hinge. Therefore, the structure will inevitably vibrate during the horizontal
rotation caused by uncertain factors (e.g., environmental wind, ground vibration caused
by vehicles, and slideway geometric imperfections) [6–9]. This vibration affects the safety
of the structure and even causes its collapse if the exciting frequency nears the natural
frequency of the rotating structure [10–13].

To ensure construction safety during horizontal rotation, it is necessary to monitor the
stability of the rotating structure in real-time. The monitoring of the construction process,
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which involves checking the cross-section strain, the beam alignment, and performing
unbalance weighting tests, is rather mature. However, there is still no relatively mature and
recognized scheme for the safety monitoring of the rotation process. There are suggestions
for monitoring the strain response of the key beam section, the monitoring of rotation
speed, as well as the inclination angle of the structure during the rotation. However, these
variables cannot directly and quickly reflect the overall stability of the rotating structure.

The monitoring and the evaluation technology of rotating structures’ stability need fur-
ther development to ensure the safety of all bridge projects. Structure vibration monitoring
has many special advantages; for example, the measure result is not sensitive to the material
discreteness of the sensors’ local position, and sensors are easy to install and recycle [14–18].
The results obtained from the study of bridge vibration have been used in bridge health
monitoring and for the control of construction-stage vibration in cable bridges [19–23].
The vibration response of the rotating structure should be tested when monitoring the
horizontal rotation bridge projects during construction [24,25]. However, the relationship
between the stability and vibration of the rotating structure has not been studied in detail
yet, and it is difficult to use the vibration test results to quantitatively evaluate the risk
of overturning the rotating structure. Such results can only be used, in combination with
subjective experience, to qualitatively estimate the safety of the rotating structure. This
will result in potential safety hazards. Therefore, determining the relationship between
the stability and the vibration response of the rotating structure is necessary to monitor
its safety.

The overturning of the rotating structure will occur when the overturning moment
caused by the vibration will be equal to the stabilization moment provided by the rotating
structure. This stabilization moment can be easily calculated. The key research point is
hence to establish the relationship between the overturning moment and the vibration
response of the rotating structure. In this paper, the vibration acceleration of the rotating
structure was used as a monitoring variable to calculate the overturning moment.

First, the actual rotating structure’s vibration data collected for a typical high-speed
railway bridge were compared with the structural dynamic characteristics calculated by
the finite element method (FEM) to determine the general vibration rule of the rotating
structure. Then, an analytic formula for calculating the pier-bottom bending moment of the
rotating structure through the vibration acceleration of the beam end or of the pier top was
deduced, which can be used to understand the vibration characteristics of the structure in
the rotation process and analyze the internal causes of overturning. Then, the results of the
analytical formula are compared with the finite element results to verify the correctness of
the analytical formula. Finally, we obtained a simplified formula and provided reference
tables to calculate the permissible value of vibration acceleration for typical high-speed
railway bridges.

2. Main Construction Process of Horizontal Rotation Bridges

At present, the horizontal rotation construction method is mainly used for the building
of continuous or T-rigid frame bridges. As shown in Figure 1, the special construction pro-
cess of the horizontal rotation construction method includes rotating system construction,
unbalanced weighting and balance counterweight before rotation, trial rotation, and formal
rotation and monitoring.
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system. The design and construction quality of the rotating system is very important to 
ensure the success of rotation construction. 

  

Figure 1. The special construction process of horizontal rotation construction method. (a) Rotat-
ing system construction, (b) Unbalanced weighting, (c) Balance counterweight, (d) Trial rotation,
(e) Formal rotation, (f) Monitoring.

As shown in Figure 2, the rotating system is composed of a down turntable, a spherical
hinge, an up turntable, supporting legs, a ring road, and a rotating traction system. The
design and construction quality of the rotating system is very important to ensure the
success of rotation construction.

Although the rotating structure is usually designed as a symmetrical structure, errors
are inevitable during the construction process. In order to ensure a successful construction
of the rotating structure, the eccentricity of the rotating structure and the static friction
coefficient of the spherical hinge need to be measured by unbalanced weighing after the
construction of the rotating structure is completed. The eccentric effect of the rotating
structure can be eliminated by balance counterweight. When the structure is formally
rotated, the steel strand embedded in the up turntable is stretched by the jack placed at the
reaction pedestal; a symmetrical force couple is exerted on the rotating structure, so that it
rotates horizontally (Figure 3). In order to ensure the stability and safety of the rotating
process, the vibration response of the rotating structure should be monitored in real time.
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Figure 3. Tensile diagram of the rotating system.

3. Vibration Characteristics Analysis of the Rotating Structure

In this study, the vibration characteristics of the rotating structure of the Shang-Yuan
Bridge were tested during its horizontal rotation. This bridge belongs to the Datong-Xi’an
high-speed railway, across the Shuo-Huang railway. The design speed of the Datong-Xi’an
high-speed railway is 350 km/h, and its superstructure consists of a 60 m + 100 m + 60 m
continuous, prestressed concrete box girder. The rotating structure pier is a circular end
type hollow pier, pier height is 20 m, pier body outside according to 30:1 slope, pier body
inside according to 80:1 slope, pier top section height is 4 m, width is 9 m, section moment
of inertia is 39.233 m4; the main beam is box section, the cantilever end section height of
the main beam is 4.604 m, the roof thickness is 0.354 m, the web thickness is 0.6 m, the
bottom plate thickness is 0.4 m, the moment of inertia of the section is 37.95 m4, the root
section height of the main beam is 7.204 m, the roof thickness is 0.554 m, the web thickness
is 1 m, the bottom plate thickness is 1.2 m, the moment of inertia of the section is 174.44 m4;
moreover, the size of upper turntable is 16.4 m × 10.8 m × 3.7 m, the diameter of upper
spherical hinge 4.1 m, the diameter of the bottom spherical hinge 3.8 m, and the centerline
diameter of the slide way 4.5 m.

3.1. Vibration Modal Analysis

The vibration mode of the rotating structure of the Shang-Yuan Bridge was analyzed
using a finite element model. A two-dimensional finite element model was built based only
on the vibration modes in the facade. The translational displacement of the bottom joint
of the pier was constrained, and the rotational displacement was relaxed to simulate the
connection of the upper and lower turntable. The vertical translational displacement of one
end of the upper turntable is constrained to simulate the supporting leg. The first three
order vibration modes are shown in Figure 4, while the detailed parameters are shown
in Table 1.
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Table 1. Results of the vibration mode analysis.

Vibration
Mode

Mode Shape Vibration
Frequency (Hz)

Sum of the Modal Participating
Mass Ratios (%)

Mode Directional
Factor (%)

DX RY DZ DX RY DZ

1 Vibration of the main beam
along the bridge 0.7278 27.31 68.44 0.00 28.52 71.48 0.00

2 First-order symmetric
bending of the main beam 2.4994 27.31 68.44 33.32 0.00 0.00 100.00

3 First-order antisymmetric
bending of the main beam 2.9827 81.53 85.36 33.32 76.21 23.79 0.00

4 Second-order antisymmetric
bending of the main beam 8.3363 84.00 86.70 33.32 64.84 35.08 0.08

Note: DX = translational freedom degree along the bridge, DZ = vertical translational freedom degree,
RY = rotational freedom degree around the Y axis.

3.2. Analysis of the Vibration Tested Data Obtained from the Shang-Yuan Bridge’s
Rotating Structure

The vibration sensor 891-4, made by the Institute of Engineering Mechanics (CES), was
used to test the vibration of the bridge’s rotating structure. This sensor was installed at the
end of a cantilever of the rotating structure to measure the vertical vibration time history.
The vibration test lasted 1780s, during which all horizontal rotation processes occurred.
The sampling frequency was 255 Hz. The time and frequency domain distributions of the
tested vibration data are shown in Figure 5.

Three peaks of frequency in the discrete Fourier spectrum clearly corresponded to the
first three order vibration modes of the rotating structure (see Table 1 and Figure 5b). No
peaks were observed after those corresponding to the first three order vibration modes.
Therefore, the contribution of the higher order mode was ignored. Figure 4b shows how
the second order mode was symmetric and provided little contribution to the pier-bottom
bending moment of the rotating structure. As a matter of fact, the stability of the rotating
structure was mainly affected by the first two asymmetrical vibration modes (i.e., the first-
and third-order vibration modes).
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4. Derivation of the Relationship between the Pier-Bottom Bending Moment M and
the Acceleration a

We deduced the analytical formula for calculating the pier-bottom bending moment M
based on the acceleration a in the first two asymmetrical vibration modes. The first step was
to simplify the rotating structure to a T-shape structure (Figure 6). In particular, the pier and
the girder of the rotating structure were simplified to an infinite freedom degree straight
rod with infinite axial stiffness. The shear deformations of the pier and of the girder were
ignored. The top of the pier and the gravity center of the girder were connected by rigid rod;
moreover, the bottom of the pier was hinged to the ground and connected with a rotational
spring with stiffness k. For convenience, in the formula the pier is indicated as “rod 1” and
the right cantilever beam as “rod 2”. Since it was assumed that the deformations of the left
and right cantilevers were antisymmetric in the first antisymmetric vibration mode, the left
cantilever was not numbered. The original position of rod 1 in the local coordinate system
was at the pier bottom. The positive direction x1 corresponded to the up direction, while
the positive direction of y1 corresponded to the right direction. The original position of rod
2 in the local coordinate system was at the cantilever’s support. In this case, the positive
direction x2 was the right direction, while the positive direction y2 was the down direction.
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According to the vibration regulation of the infinite freedom degree system, the
displacement of any point on rods 1 and 2 in the directions y1(x1, t) and y2(x2, t) can be
described by the following formula when considering an asymmetrical vibration mode [26]:

y1(x1, t) = Y1(x1) sin(ωt + θ) (1)

y2(x2, t) = Y2(x2) sin(ωt + θ) (2)

where ω is the mode circular frequency, θ is the phase angle, t is the time, and Y(x) is a
shape function.

New parameters (λ1 and λ2) were defined as follows:

λ4
1 =

ω2m1

E1 I1
(3)

λ4
2 =

ω2m2

E2 I2
(4)

where m1 is the unit length mass of the pier, L1 is the height of the pier, I1 is the inertia
moment of the pier section, E1 is the elasticity modulus of the pier concrete, m2 is the unit
length mass of the cantilever, L2 is the length of the cantilever, I2 is the inertia moment of
the cantilever section, and E2 is the elasticity modulus of the cantilever concrete.

The general solutions of the shape functions Y1(x1) and Y2(x2) in a specified vibration
mode can be described as follows:

Y1(x1) = C1 cosh λ1x1 + C2sinhλ1x1 + C3 cos λ1x1 + C4 sin λ1x1 (5)

Y2(x2) = C5 cosh λ2x2 + C6sinhλ2x2 + C7 cos λ2x2 + C8 sin λ2x2 (6)

where C1–C8 are undetermined coefficients.
Notably, the rotating structure should satisfy the following boundary conditions.

1. The displacement of the pier bottom (rod 1) should be 0 (i.e., Y1(0) = 0); therefore:

C1 + C3 = 0 (7)

2. The bending moment at the free end of the cantilever (rod 2) should be 0 (i.e.,

E2 I2
..
Y2(L2) = 0); therefore:

C5 cosh λ2L2 + C6sinhλ2L2 − C7 cos λ2L2 − C8 sin λ2L2 = 0 (8)

3. The shear force at the free end of the cantilever (rod 2) should be 0
(i.e., E2 I2

...
Y2(L2) = 0); therefore:

C5 sinhλ2L2 + C6 cosh λ2L2 + C7 sin λ2L2 − C8 cos λ2L2 = 0 (9)

4. The vertical displacement at the supported end of the cantilever (rod 2) should be 0
(i.e., Y2(0) = 0); therefore:

C5 + C7 = 0 (10)

5. The rotation of the pier top (rod 1) should be equal to that of the cantilever (rod 2) at

the supported end (i.e.,
.

Y1(L1) =
.

Y2(0)); therefore:

C1λ1sinhλ1L1 + C2λ1 cosh λ1L1 − C3λ1 sin λ1L1 + C4λ1 cos λ1L1 − C6λ2 − C8λ2 = 0 (11)

6. The horizontal forces on the superstructure should balance each other.
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When considering the superstructure containing two cantilevers as an isolator, the
following formula should be satisfied according to Newton’s second law:

F = ma (12)

where the horizontal force F is equal to the shear force at the pier top:

F = E1 I1
...
Y1(L1) sin(ωt + θ) (13)

Therefore, the mass of the isolator can be calculated as follows:

m = 2m2L2 + ms (14)

where ms is the additional mass, which is used to guarantee the gross mass, and the
rotational inertia of the superstructure are same as those of the actual structure after its
simplification to a prismatic straight rod.

The acceleration of the isolator can be calculated by the following formula:

a =
∂2
(

y1 + hk
∂y1
∂x1

)
∂t2 = −ω2

[
Y1(L1) + hk

.
Y1(L1)

]
sin(ωt + θ) (15)

where hk is the distance from pier top to the section gravity center of the cantilever.
If Equations (13)–(15) are substituted into Equation (12), then:[

E1 I1λ3
1sinhλ1L1 + ω2(2m2L2 + ms) (cosh λ1L1+ hkλ1sinhλ1L1)]C1

+
[
E1 I1λ3

1 cosh λ1L1+ω2(2m2L2 + ms)(sinhλ1L1 + hkλ1 cosh λ1L1)]C2
+
[
E1 I1λ3

1 sin λ1L1+ω2(2m2L2 + ms) (cos λ1L1− hkλ1 sin λ1L1)]C3
+
[
ω2(2m2L2 + ms)(sin λ1L1+ hkλ1 cos λ1L1)− E1 I1λ3

1 cos λ1L1
]
C4 = 0

(16)

7. According to the moment balance at the pier top (i.e.,

E1 I1
..
Y1(L1) + hkE1 I1

...
Y1(L1) = 2E2 I2

..
Y2(0)), then:

E1 I1λ2
1(cosh λ1L1+ hkλ1sinhλ1L1)C1

+E1 I1λ2
1(sinhλ1L1 + hkλ1 cosh λ1L1)C2

+E1 I1λ2
1(hkλ1 sin λ1L1− cos λ1L1)C3

−E1 I1λ2
1(sin λ1L1+ hkλ1 cos λ1L1)C4

−2E2 I2λ2
2C5 + 2E2 I2λ2

2C7 = 0

(17)

8. According to the moment balance at the pier bottom (i.e.,

E1 I1
..
Y1(0) sin(ωt + θ) = −k

.
Y1(0) sin(ωt + θ)), then:

E1 I1C1λ2
1 + kC2λ1 − E1 I1C3λ2

1 + kC4λ1 = 0 (18)

where k is the rotating stiffness of the upper turntable.
Equations (7)–(11) and Equations (16)–(18) form an equation that can be used to

calculate C1–C8. The determinants of the equation set are shown below:
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1
0
0
0

λ1sinhλ1L1[
E1 I1λ3

1sinhλ1L1 + ω2(2m2L2 + ms)
×(cosh λ1L1+ hkλ1sinhλ1L1)]

E1 I1λ2
1(cosh λ1L1+ hkλ1sinhλ1L1)

E1 I1λ2
1

0
0
0
0

λ1 cosh λ1L1[
E1 I1λ3

1 cosh λ1L1 + ω2(2m2L2 + ms)
×(sinhλ1L1+ hkλ1 cosh λ1L1)]

E1 I1λ2
1(sinhλ1L1+ hkλ1 cosh λ1L1)

kλ1

1
0
0
0

−λ1 sin λ1L1[
E1 I1λ3

1 sin λ1L1 + ω2(2m2L2 + ms)
×(cos λ1L1− hkλ1 sin λ1L1)]

E1 I1λ2
1(hkλ1 sin λ1L1− cos λ1L1)

−E1 I1λ2
1

0
0
0
0

λ1 cos λ1L1[
ω2(2m2L2 + ms) (sin λ1L1+ hkλ1 cos λ1L1)

−E1 I1λ3
1 cos λ1L1

]
−E1 I1λ2

1(sin λ1L1+ hkλ1 cos λ1L1)
kλ1

0
cosh λ2L2
sinhλ2L2

1
0
0

−2E2 I2λ2
2

0

0
sinhλ2L2
cosh λ2L2

0
−λ2

0
0
0

0
− cos λ2L2

sin λ2L2
1
0
0

2E2 I2λ2
2

0

0
− sin λ2L2
− cos λ2L2

0
−λ2

0
0
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(19)
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C1–C8 cannot equal to 0 at the same time; therefore, the determinant should be 0.
An equation for calculating the circular frequency (ω) can be obtained by substituting
Equations (3) and (4) into Equation (19). The ω of each order vibration mode can be
solved using this equation; furthermore, the normalized solution of the undetermined
coefficients C1–C8 can obtained by substituting the ω of the concerned vibration mode into
Equation (19).

According to engineering experience, the vertical acceleration at the free end of the
cantilever and the horizontal acceleration along the girder at the pier top are more suitable
to be monitored. The formulas providing the maximum values of horizontal acceleration
at the pier top and of vertical acceleration at the free end of the cantilever in a specified
vibration mode are shown below:

ah = ω2
[
Y1(L1) + hk

.
Y1(L1)

]
= ω2[C1 cosh λ1L1 + C2sinhλ1L1 + C3 cos λ1L1 + C4 sin λ1L1
+hk(C1λ1sinhλ1L1 + C2λ1 cosh λ1L1− C3λ1 sin λ1L1 + C4λ1 cos λ1L1]

(20)

av = ω2Y2(L2) = ω2[C5 cosh λ2L2 + C6sinhλ2L2 + C7 cos λ2L2 + C8 sin λ2L2] (21)

The maximum bending moment at the pier bottom in a specified vibration mode can
be calculated as follows:

Mmax = E1 I1
..
Y1(0)

= E1 I1
(
C1λ2

1 cosh 0+C2λ2
1sinh0− C3λ2

1 cos 0− C4λ2
1 sin 0

)
= E1 I1C1λ2

1 − E1 I1C3λ2
1

(22)

Furthermore, the ratio of the vertical acceleration at the end cantilever (av) and the
horizontal acceleration at the pier top (ah) to the bending moment of the pier bottom can be
obtained by substituting ω and C1–C8 into Equations (20)–(22):

µ =
ah

M1i
(23)

µ′ =
av

M1i
(24)

5. Verification by the FEM

To verify the reliability of the analytical formulas described above, we considered a
typical high-speed railway continuous bridge and four finite element models with span
combinations 40 m + 64 m + 40 m, 48 m + 80 m + 48 m, 60 m + 100 m + 60 m, and
70 m + 125 m + 70 m. The calculated and the simulated results were then compared.

The superstructures of the models were built based on the blueprint of a standard double-
line continuous bridge of a high-speed railway with a design speed of 350 km/h. The substruc-
tures in the models were instead based on the actual project of the Zhengzhou–Xuzhou high-
speed railway. The elastic modulus of the pier concrete was 31,500 MPa, the bulk density
25,000 N/m3, and the standard compressive strength 20.1 MPa. Meanwhile, the concrete
of the upper turntable and of the continuous beam had an elastic modulus of 35,500 MPa,
a bulk density of 25,000 N/m3, and a standard compressive strength of 32.4 MPa. At the
center of the upper turntable, the translation motion in the X, Y, and Z directions and the
rotation in the X and Z directions were constrained to simulate the constraint conditions of
the spherical hinge. At the edge of the upper turntable, the translational motion in the Z
direction was constrained to simulate the action of the rotational spring (k). A time history
analysis was conducted using the FEM. The forced displacement load of the sine function
was applied on the position of the upper turntable bracing. The amplitude of the forced
displacement load was 1 mm, and the frequency of the load corresponded to the vibration
mode frequency of the rotating structure. The parameters of the materials were obtained
from the design code of the Chinese railway bridge [27,28].
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The geometric parameters of four typical continuous bridges are shown in Table 2.
We considered pier heights of 10 m, 20 m, 30 m, and 40 m; moreover, the av/M and ah/M
ratios were calculated by Equations (23) and (24), respectively.

Table 2. Geometric parameters of the bridge substructure.

Span Combination (m) 40 + 64 + 40 48 + 80 + 48 60 + 100 + 60 70 + 125 + 70

Pier

Cross-section width (cm) 900 960 900 1000
Cross-section height (cm) 360 360 400 400
Cross-section area (m2) 29.619 31.779 32.566 36.566

Section inertia moment (m4) 29.240 31.573 39.233 44.566

Upper turntable
Radius of the brace slideway (m) 4.0 4.5 4.5 5.0

Thickness of the upper turntable (m) 2.0 2.5 2.5 3.0
Thickness of the down turntable (m) 8.0 9.0 9.0 10.0

The parameters of the analytical formula were calculated as follows.

1. Unit length mass of the pier
m1 = A1 × ρ (25)

where A1 is the section area of the pier and ρ is the density of the pier concrete.

2. Unit length mass of the girder

This was calculated by assuming that the rotational inertia would be equal to that of
the actual girder after it was simplified to a straight rod:

2
3

m2L3
2 =

n

∑
i=1

miLi
2 (26)

where m2 is the equivalent unit length mass of the girder, mi is the mass of the ith cantilever
segment (for a total of n segments on the rotating structure) and Li is the distance from the
gravity center of the ith cantilever segment.

3. Additional point mass (ms)

This point was located at the supported end of the cantilever. Its value was calculated
assuming that the gross mass would be equal to that of the actual girder after it was
simplified to a straight rod. The formula used to calculate ms was the following:

ms =
n

∑
i=1

mi − 2m2L2 (27)

4. Rotating stiffness of the upper turntable

k =
3EI

L
(28)

where E is the elasticity modulus of the upper turntable concrete, I the section inertia
moment of the upper turntable element connecting the pier bottom and the supporter, and
L the length of the upper turntable element.

5. Distance between the pier top and the gravity center of the cantilever section

hk = h0 −
1
2

hz (29)

where h0 is the section height at the cantilever supported end and hz is the section height at
the midpoint of the cantilever.

The parameters of the analytical formula used for the four-span combination continu-
ous bridges are listed in Table 3.
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Table 3. Parameters of the four span combination continuous bridges.

Span Combination (m) 40 + 64 + 40 48 + 80 + 48 60 + 100 + 60 70 + 125 + 70

m1—Unit length mass of the pier (kg/m) 7.5512 × 10+4 8.1019 × 10+4 8.3027 × 10+4 9.3224 × 10+4

E1—Elastic modulus of the pier concrete (N/m2) 3.30 × 10+10 3.30 × 10+10 3.30 × 10+10 3.30 × 10+10

I1—Moment inertia of the pier (m4) 29.240 31.573 39.233 44.566

m2—Equivalent unit length mass of the girder (kg/m) 3.0127 × 10+4 3.3027 × 10+4 4.0094 × 10+4 4.1386 × 10+4

E2— Elastic modulus of the main girder (N/m2) 3.55 × 10+10 3.55 × 10+10 3.55 × 10+10 3.60 × 10+10

I2—Moment inertia of the girder (m4) 28.438 42.669 79.469 108.016

L2—Cantilever length of the girder (m) 31.0 39.0 49.0 61.5

ms— Additional mass (kg) 3.7373 × 10+5 5.7178 × 10+5 8.8476 × 10+5 1.5798 × 10+6

h0—Section height at the cantilever supported end (m) 6.05 6.65 7.85 9.20

hz—Section height at the midpoint of the cantilever (m) 3.79 4.46 5.58 6.37

k—Rotating stiffness of the upper turntable (N·m) 1.4200 × 10+11 2.7734 × 10+11 2.7734 × 10+11 4.7925 × 10+11

The ratio of acceleration to the pier-bottom bending moments, which were obtained
by applying the analytical formula and through the finite element analysis, are shown in
Figures 7 and 8. We noticed the following.
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(c) Span: 60 m + 100 m + 60 m, (d) Span: 70 m + 125 m + 70 m.

1. The trends of acceleration of the pier-bottom bending moment calculated through
the analytical formula were basically consistent with the results of the finite element
analysis. Hence, it is acceptable to calculate the pier-bottom bending moment of the
rotating structure based on the acceleration and using the analytical formula.

2. The ratio of the horizontal acceleration at the pier top (ah) to the pier-bottom bending
moment calculated through the analytical formula was more similar to the simulated
FEM results than to the ratio of the vertical acceleration at the end cantilever (av). It
can be seen from the analysis that, in order to simplify the calculation, the variable
section beam is simplified as an equal section support rod, which makes a certain
difference in the stiffness of the main beam between the analytical formula and
the finite element. This difference affects the vertical acceleration response of the
cantilever end and reduces the calculation accuracy of the analytical formula. As for
the horizontal acceleration at the top of the pier, the main factor affecting its response
is the pier stiffness rather than the girder stiffness. However, both the analytical
formula and the finite element simulation show that the pier is of an equal section, so
the ratio of the horizontal acceleration at the top of the pier calculated by the analytical
formula to the bending moment at the bottom of the pier is closer to the finite element
simulation result.

3. The horizontal acceleration at the pier top (ah) can be used to calculate the bending
moment of the pier bottom and to evaluate the stability of the rotating structure,
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because the horizontal acceleration is not affected by the symmetric vibration mode
of the girder.

6. Recommend Formula for Calculating the Allowable Acceleration

Through the above analyses, we established that the horizontal acceleration at the
pier top (ah) can be used to calculate the pier-bottom bending moment of the rotating
structure. The structure can vibrate in the first- or second-order asymmetric vibration
modes, or even simultaneously in both modes. The maximum allowed acceleration at the
pier top (ah) can be calculated by Equation (30) if the structure vibrates in the first-order
asymmetric vibration mode or calculated by Equation (31) if it vibrates in the second-order
asymmetric vibration mode. Additionally, if the structure vibrates simultaneously in both
modes, it can be assumed that the vibration peak of the first two order asymmetric modes
is superimposed on the absolute value; the phase difference between the first two order
asymmetric modes is not yet clear. Therefore, the maximum allowed acceleration at the
pier top (ah) can be calculated by Equation (32) if the structure vibrates simultaneously
in both modes: to ensure safety during the rotation process, this value can be considered
equal to the minimum value calculated by Equations (30)–(32):

ah1 =
µ1·Ma

ϕ
(30)

ah2 =
µ2·Ma

ϕ
(31)

ah12 =
(µ1 + βµ2)·Ma

ϕ(1 + β)
(32)

where µ1 and µ2 are the ratios of the horizontal acceleration at the pier top to the pier-
bottom bending moment in the first- and second-order asymmetrical vibration mode,
which can be calculated using Equation (23). For a typical high-speed railway bridge, the
values of µ1 and µ2 can be calculated directly from Tables 4 and 5 by linear interpolation.
In Equations (30)–(32), β is the ratio of the pier-bottom bending moment contributed
by the first-order asymmetrical vibration mode to that contributed by the second-order
asymmetrical vibration mode; values between 1–3 are recommended for this parameter.
Ma represents the ultimate bearing moment of the upper turntable, while ϕ is the safety
factor (recommend value = 2.0).

Table 4. Values of µ1 for a typical high-speed railway bridge.

µ1=ah1/M
10−6(m/s2)/(kN·m)

Span Combination (m)

40 + 64 + 40 48 + 80 + 48

Rotating stiffness of the upper
turntable (N·m) 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11

Moment inertia of the pier (m4) 25 90 25 90 25 90 25 90 25 90 25 90

Height of the pier (m)

14 9.33 13.55 8.90 12.76 8.50 11.54 4.39 7.07 4.16 6.56 3.95 5.85
18 9.29 12.67 8.96 12.21 8.66 11.48 4.59 7.04 4.38 6.66 4.20 6.12
22 8.97 11.53 8.74 11.28 8.53 10.89 4.66 6.79 4.48 6.52 4.34 6.14
26 8.49 10.38 8.33 10.25 8.20 10.06 4.63 6.41 4.49 6.23 4.37 5.97
30 7.93 9.30 7.84 9.25 7.76 9.17 4.53 5.98 4.42 5.86 4.33 5.68
34 7.35 8.34 7.30 8.33 7.26 8.32 4.38 5.54 4.30 5.47 4.23 5.37
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Table 4. Cont.

µ1=ah1/M
10−6(m/s2)/(kN·m)

Span Combination (m)

60 + 100 + 60 70 + 125 + 70

Rotating stiffness of the upper
turntable (N·m) 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11

Moment inertia of the pier (m4) 25 90 25 90 25 90 25 90 25 90 25 90

Height of the pier (m)

14 1.76 3.11 1.67 2.90 1.59 2.61 0.81 1.49 0.76 1.39 0.73 1.26
18 1.90 3.25 1.80 3.05 1.73 2.80 0.88 1.60 0.83 1.49 0.80 1.36
22 1.99 3.29 1.90 3.12 1.83 2.90 0.93 1.66 0.89 1.56 0.86 1.44
26 2.06 3.26 1.97 3.12 1.91 2.94 0.98 1.70 0.94 1.61 0.91 1.50
30 2.09 3.18 2.02 3.06 1.96 2.92 1.02 1.72 0.98 1.63 0.95 1.53
34 2.10 3.07 2.04 2.98 1.99 2.87 1.05 1.71 1.01 1.63 0.98 1.55

Table 5. Values of µ2 for a typical high-speed railway bridge.

µ2=ah2/M
/10−6(m/s2)/(kN·m)

Span Combination (m)

40 + 64 + 40 48 + 80 + 48

Rotating stiffness of the upper
turntable (N·m) 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11

Moment inertia of the pier (m4) 25 90 25 90 25 90 25 90 25 90 25 90

Height of the pier (m)

14 80.80 112.41 65.96 74.62 57.55 52.99 59.77 82.85 49.03 55.83 42.88 40.24
18 56.66 89.35 47.51 60.29 42.35 43.57 42.13 64.05 35.50 43.94 31.71 32.38
22 41.86 70.83 35.88 48.88 32.52 36.20 31.72 50.80 27.27 35.49 24.72 26.69
26 31.80 55.11 27.81 39.15 25.59 29.92 24.90 40.78 21.74 29.05 19.95 22.31
30 24.44 41.53 21.82 30.62 20.37 24.33 20.08 32.81 17.77 23.89 16.47 18.76
34 18.75 29.81 17.12 23.10 16.24 19.28 16.47 26.25 14.76 19.59 13.80 15.78

µ2=ah2/M
/10−6(m/s2)/(kN·m)

Span Combination (m)

60 + 100 + 60 70 + 125 + 70

Rotating stiffness of the upper
turntable (N·m) 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11 1.00 × 10+11 2.00 × 10+11 5.00 × 10+11

Moment inertia of the pier (m4) 25 90 25 90 25 90 25 90 25 90 25 90

Height of the pier (m)

14 41.56 63.17 34.10 42.56 29.79 30.50 30.65 47.34 25.18 31.96 22.01 22.90
18 29.24 46.37 24.69 32.07 22.06 23.76 21.56 34.16 18.25 23.79 16.32 17.73
22 22.15 35.66 19.09 25.20 17.33 19.15 16.37 25.97 14.15 18.53 12.86 14.20
26 17.61 28.36 15.42 20.42 14.15 15.84 13.04 20.54 11.46 14.95 10.54 11.71
30 14.46 23.09 12.82 16.91 11.87 13.35 10.76 16.74 9.57 12.39 8.89 9.88
34 12.15 19.08 10.88 14.21 10.16 11.41 9.09 13.95 8.17 10.48 7.64 8.49

7. Conclusions

To ensure the safety of bridges constructed by the horizontal rotation method during
the rotation process, we deduced an analytic formula to calculate the ratio of vibration
acceleration and the pier-bottom section bending moment for the rotating structure. The
calculation results obtained from the analytic formula were compared with those from the
FEM calculations. Our main conclusions are given below.

1. The vibration of the rotating structure in the facade is mainly influenced by the first
three order vibration modes; meanwhile, the pier-bottom section bending moment
(which is directly related to the rotating structure stability) is only affected by the first
two order asymmetric vibration modes.

2. The analytic formula, which considers the cantilever beam and the pier as an infinite-
degree-of-freedom rod, can describe the relationship between the vibration accelera-
tion and the pier-bottom bending moment.

3. The allowed maximum acceleration at the pier top (ah) should correspond to the
minimum value calculated to ensure safety during the rotation process.
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4. The simplified form of the main beam reduces the accuracy of calculating the vertical
acceleration of the cantilever end by the analytical formula, and a more optimized
simplified form needs further study. Furthermore, the ratio of the pier-bottom bending
moment in the first asymmetric mode to that in the second asymmetric mode is not
sufficient for accurate evaluations and need further research.
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