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Abstract

:

Corona Virus Disease 2019 (COVID-19) is now treating the health of millions of people worldwide. The Chinese government now applies nucleic acid testing as a tool to detect patients from healthy people to control the spread of COVID-19. However, people may come to the nucleic acid testing stations simultaneously, leading to long queues and wasting time. In this paper, we proposed the reserved nucleic acid testing method, which could be easily implemented via Web applications associated with nucleic acid testing. Its key idea is to assign people to different pre-scheduled time slots so that the number of people arriving at a certain time slot can be controlled under the capacity, and thus congestion can be relieved. The key question is how to assign people in a fair manner. We propose a concise model to formalize and analyze the minimum total envy and pairwise fairness assignment problem for a variety of reservation-based applications, including nuclear acid testing. Its objective is to maximize the sum of each person’s utility under the capacity constraints of time slots. The decision variables are the time slot assignment of each person. We show that the envy-freeness solution is usually unavailable. However, we can minimize the total envy through appropriate arrangements and realize pairwise fairness with equal-chance shuffling.
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1. Introduction


Corona Virus Disease 2019 (COVID-19) can cause a series of illnesses, such as the common cold and severe acute respiratory syndrome. To deal with COVID-19, different measures had been taken [1]. One of these measures is influenza vaccination which can not only reduce the number of infected people, but also effectively reduce the mortality of severe patients with COVID-19. However, due to the high financial cost and the growing anti-vaccine movement, the vaccination rates in many countries remain low.



The Chinese government is now using another measure, nucleic acid testing, to detect and isolate patients from healthy people to control the spread of COVID-19 [2,3,4]. Nucleic acid testing is now worldwide accepted as the “gold standard” for the diagnosis of COVID-19 due to its high sensitivity and specificity. In April 2022, the Chinese government announced that the Chinese people had done 11.5 billion times nucleic acid testing (an average of 8 times per person).



After a large population of people is tested, the detected patients will be quarantined before they are cured [5]. The spread of the disease can be noticeably slowed down. For example, the Chinese government to set up thousands of nucleic acid testing stations in provincial capitals and cities to deal with the cluster outbreaks of the Omicron variant in many Chinese cities in March 2022. More than 10 million inhabitants take nucleic acid testing per day until outbreaks are finally controlled [6].



The success of such a measure lies in the exhaustive nucleic acid test for every needed people. However, the vast number of people in Chinese cities makes the exhaustive nucleic acid test hard to carry out in practice. Although the Chinese government has established thousands of testing stations, people still need to wait in queues for a long time during rush hours. Figure 1 shows a long waiting queue outside a temporary nucleic acid testing station. This testing station is located in Tsinghua University, Beijing, China. Since it is impossible to build too many nucleic acid testing stations, people highly expect a better arrangement of their testing time schedule so as to avoid congestions.



This paper proposed a new model, aiming to determine all people’s detailed testing plans through reservations before their departure. The orders are reasonably arranged during the peak demand period to avoid disorder and congestion by making reservations in advance. We propose a mathematical model to guarantee a fair assignment considering people’s intentions. Specially, our objective is to maximize the sum of each person’s utility under the capacity constraints of time slots. The decision variables are the time slot assignment of each person. We start from the simple cases in which each person is assumed to take the test individually at a single testing station. Then, we extended the model to consider group testing cases and multiple testing stations.



The fairness concept considered in this work is the envy-free assignments [7], where every person does not want to exchange its assigned time slot with any other agent’s assigned time slot. However, we construct counterexamples to show that envy-freeness solution is usually unavailable. Furthermore, we can minimize total envy through appropriate arrangements and realize pairwise fairness with equal-chance shuffling. This indicates that the proposed model is useful in practice.



The rest of this paper is arranged as follows. In Section 2, we introduce the mathematical model of fair assignment for reserved transportation. In Section 3, we extend the model to consider group testing cases and multiple testing stations. The definition of fairness is also discussed. In Section 4, we provide several numerical experiments to illustrate the new model. In Section 5, we conclude the whole paper and discuss future study directions.




2. The Fair Assignment Problem


2.1. The Basic Problem and the Solving Method


In this paper, the possible arrival times of people to a certain nucleic acid testing station are discretized into several time slots and are indexed by  j ,   j = 1 , … , m  . For each time slot, we can assume special capacity    c j    (positive integers) to constrain the maximum number of people arriving at time slot  j . We do not require all    c j    to be equal.



There are  n  people to be scheduled. Each person has his/her own preference of time slots. Let us use a weighting vector     w  i  ∈  R n    to specify the time slot preference of people  i ,   i = 1 , … , n  . Such a weighting vector can be viewed as a person’s utility for an assignment. If an element    w  i , j     of vector     w  i    is larger than another element    w  i , k    , then the  i  th person prefers to arrive at time slot  j  rather than time slot  k . We require    w  i , j   ≥ 0   for   i = 1 , … , n  ,   j = 1 , … , m   and     ∑  j = 1  m    w  i , j     = 1  ,   ∀ i  , to maintain a normalized weights of a person for different time slots.



As illustrated in Figure 2, the time slots are listed in chronological order. The preferences of two persons are illustrated with red color and blue color, respectively in bar plot style. In other words, each bar stands for the preference value    w  i , j     that the  i  th person arrives at time slot  j . The higher a bar is, the higher preference this person give its preference to a special time slot.



We set a vector decision variable     x  i  ∈  R n    to indicate the assigned time slot for the  i  th person. Each element of vector     x  i    can be either  0  or  1 . Since each person is unit-demand, it must be assigned to only one time slot. So, we have     ∑  j = 1  m    x  i , j     = 1  ,   ∀ i  .



The fair assignment aims to maximize the total preferences/utilities of all people. The normality of the weighting coefficient vectors enables us to treat the preferences of different people equally and guarantee that their preferences/utilities are additive. So, we can formulate the basic mathematical programming model as follows:


   Problem   ( I ) :   max     ∑  i = 1  n     w  i T    x  i      



(1)






   s . t .     ∑  j = 1  m    x  i , j     = 1   ,   ∀ i   



(2)






     ∑  i = 1  n    x  i , j     ≤  c j    ,   ∀ j   



(3)






    x  i , j   ∈  {  0 , 1  }    ,   ∀ i , j   



(4)







We can also view the above problem as a special kind of assignment problem [8,9], where  n  people will be assigned to     ∑  j = 1  m    c j      time slots. We can use Hungarian algorithm [10] to solve Problem (I). However, when we consider some more complex scenarios (e.g., group reservation that will be discussed in Section 3.1), the assignment problem formulation will be quite complicated to analyze the envy property. So, in the rest of this paper, we will carry out our discussion in the formulation of Problem (I).



Noticing the intrinsic sparse structure of the decision variables (all elements of     x  i    should be 0 except one element), we can relax the binary variable constraints and obtain a relaxed mathematical programming model as follows:


   Problem   ( II ) :   max     ∑  i = 1  n     w  i T    x  i      



(5)






   s . t .     ∑  j = 1  m    x  i , j     = 1   ,   ∀ i   



(6)






     ∑  i = 1  n    x  i , j     ≤  c j    ,   ∀ j   



(7)






   0 ≤  x  i , j   ≤ 1   ,   ∀ i , j   



(8)







Problem (II) is a linear programming problem and can be quickly solved by either the simplex method or the interior point method [11]. There are lots of mature software/toolbox that we can be used to solve such linear programming problems.



Moreover, the constraints coefficient matrix in Problem (II) is a unimodular matrix, and the right-hand side of the constraints are all integers. Similar to the proof for the totally unimodular matrix for bipartite graphs and assignment problem [12,13], we can prove that the constraints coefficient matrix for constraints (5)–(8) is totally unimodular. A linear programming problem (in standard form) with a totally unimodular coefficient matrix yields an optimal solution in integers for any objective vector and any integer vector on the right-hand side of the constraints [14,15].



So, the optimal solution of Problem (II) should also be one of the optimal solutions of Problem (I), and their optimal values are equal. It should be pointed out that Problem (I) may exist some different optimal solutions though their optimal values are equal.



Moreover, we can naturally derive the following lemmas.



Lemma 1.

Problem (I) has a feasible solution if and only if


   n ≤   ∑  j = 1  m    c j      



(9)









Proof. 

The necessary condition is obvious. The sufficiency condition can be proved by constructing a feasible assignment solution as follows: assign the first    c 1    people to time slot  1 , then assign the first    c 2    people of the remaining people to time slot  2 , repeat such operations until all people have been assigned to a certain time slot. We can reach a feasible solution. □





Lemma 2.

For the optimal assignment obtained by solving Problem (I), there exits not a person (i.e., people  i ,   i = 1 , … , n  ) who can be reassigned from time slot  j to time slot  k with    w  i , j   <  w  i , k    . Meanwhile, keep the capacity constraint of time slot  k unviolated.





Proof. 

We can easily prove this lemma by contradiction. If such a reassignment is valid and the capacity constraint of time slot  k  will not be unviolated, the new assignment is feasible and will also have a larger objective value, which contradicts our assumption of the optimal assignment. □






2.2. Envy-Freeness and Minimum Total Envy


The programming model formulated above maximizes the total preferences/utilities of all people. In the rest, we will analyze whether this leads to fair assignments of different people.



One frequently used definition of fairness is envy-freeness [7]. Focusing on this work, we define envy-freeness to mean: when the optimal assignment solution of Problem (I) is obtained, every person does not want to exchange time slots with any other person. More specially, we have the following definition.



Definition 1.

For an assignment, the i th person who is assigned to time slot  j is said to envy another person assigned to time slot  k , if    w  i , j   <  w  i , k    ,   i = 1 , … , n  ,   j , k = 1 , … , m  .





Theorem 1.

Envy-freeness may not exist for the above problem setting.





Proof. 

We can easily find a counterexample. Suppose there are two time slots available and two people (Person A and Person B) are competing for them. The maximum capacity of each time slot is just  1 . If the weighting coefficient vector for Person A is     [ 0.8 ,   0.2 ]  T   , and the weighting coefficient vector Person B is     [ 0.6 ,   0.4 ]  T   ; the optimal solution of Problem (I) should be assigning Person A to the first time slot and assigning Person B to the second time slot. However, Person B obviously envies Person A and wants to exchange with Person A. Even if the weighting coefficient vectors for two people are the same (say both     [ 0.8 ,   0.2 ]  T   ), there exists no envy-free assignment solution, since only one person will be assigned to the first time slot. □





So, the fairness concept we focus on in this work is the minimum total envy assignment. It is hard to enumerate all possible exchange pairs for a certain problem setting and counter the values of total envy. So, we turn to examine the possible reduction of the total envy caused by transferring one assignment solution to another assignment solution. We have the following definition, lemma, and theorem.



Definition 2.

Group exchange operation. A feasible assignment solution can be transferred to another feasible assignment solution by exchanging a few people’s time slots in a cyclic manner.





For example, given three people (Person A, Person B, and Person C) assigned to three different time slots, we can get two possible exchanges: (a) Person A reassigned to Person B’s previous time slot, Person B reassigned to Person C’s previous time slot, and Person C reassigned to Person A’s previous time slot; (b) Person A reassigned to Person C’s previous time slot, Person B reassigned to Person A’s previous time slot, and Person C reassigned to Person B’s previous time slot.



Lemma 3.

Given any two feasible assignment solutions, we can always transfer from one assignment solution to another by first exchanging a few groups of people’s time slots sequentially and then reassigning a few people’s time slots to some under-crowed time slots.





Proof. 

Comparing any two feasible assignment solutions, we can search whether there exists any possible exchange based on Lemma 1 and Lemma 2. As shown in Figure 3, we can view two assignment solutions as two groups of nodes, and each node denotes one person who has been reassigned to another time slot. Linking the nodes that represent the same person in two groups, we can get a number of edges that bridge two groups. Our search is to find the possible cycles that lie in these bridges. □





For example, we find an exchange group of four people in Figure 3. In Assignment Solution A, person 1 is assigned to the (j + 1)th time slot, person 2 is assigned to the (j + 2)th time slot, person 3 is assigned to the (j + 5)th time slot, person 4 is assigned to the (j + 6)th time slot. In Assignment Solution B, person 1 is assigned to the (j + 2)th time slot, person 2 is assigned to the (j + 5)th time slot, person 3 is assigned to the (j + 6)th time slot, person 4 is assigned to the (j + 1)th time slot. So, we can switch the assignment of these four persons in Assugnment Solution A to formulate a different yet still feasible solution Assignment Solution B. Such a cycle search could be done by using the classical Hungarian algorithm (Kuhn, 1955) for the standard assignment problem. Since the search algorithm is beyond our main theme, we do not discuss it further.



If we find such an exchange, we make all the encountered people an exchange group. Then, we repeat searching in the unmarked people until all possible exchange groups have been marked. Since the number of people is limited, the first-stage marking process ends in finite rounds. Then, we search whether there is a person in the yet unmarked people who have been reassigned individually. If such a person could be found, we make them reassigned. Then, we repeat searching in the unmarked people until all possibly reassigned people have been marked. Noticing that the number of people is limited, the second-stage marking process ends in finite rounds, too.



Definition 3.

Reduction of total envy. A feasible group exchange is said to reduce the total envy, if the number of encountered people who exchange with their envied people is larger than the number of the encountered people who become envious.





Lemma 4.

For the optimal assignment obtained by solving Problem (I), no two people can exchange their time slots to simultaneously keep all people’s total preferences/utilities unchanged and reduce their total envies.





Proof. 

We still prove this lemma by contradiction. Suppose there are two people, say person  p  and person  q ,   p , q = 1 , … , n  ,   p ≠ q  . In the optimal assignment, they are assigned to time slot  j  and time slot  k ,   j ≠ k  , respectively. So, we have


   w  p , j   +  w  q , k   ≥  w  p , k   +  w  q , j    



(10)







Otherwise, we can exchange them for a new assignment with a larger objective value.



On the other side, if these two people both envy each other’s time slot and can be exchanged to reduce the total envy, we must have


    w  p , j   <  w  p , k       and    w  q , k   <  w  q , j     



(11)







However, Inequality (11) contradicts Inequality (10), because of the cyclic manner. □





Lemma 5.

For the optimal assignment obtained by solving Problem (I), there is no feasible group exchange that encounters   s   people (   s = 2 , … , n   ) to simultaneously keep the total preferences/utilities of all people unchanged and reduce their total envies.





Proof. 

The proof is quite similar to that for Lemma 2. Noticing the cyclic manner of a feasible exchange, we easily reach the conclusion. □





Theorem 2.

The optimal assignment obtained by solving Problem (I) leads to the minimum total envy. In other words, there are no other assignments to which can be transferred from the optimal assignment, and any of the related group exchanges can reduce the total envy.





Proof. 

Suppose a few group exchanges exist between the optimal assignment and other different assignments. Based on Lemma 3, Lemma 4 and Lemma 5, neither of such group exchanges can reduce the total envy. □





Based on Theorem 2, we can see that the solution of Problem (II) guarantees to keep an appropriate envy balance between people.




2.3. Improve Pairwise Fairness between People


Lemma 2 indicates that we can keep relative fairness between two people in the optimal assignment solution, if Inequality (9) holds strictly unequal. However, let us consider two people, say people  p  and people  q ,   p , q = 1 , … , n  ,   p ≠ q  . In the optimal assignment, they are assigned to time slot  j  and time slot  k ,   j ≠ k  , respectively. If we have    w  p , j   =  w  q , j   >  w  q , k   =  w  p , k    , we call these two people are identical-but-unequally-treated in this situation.



Clearly, exchanging these two people may change neither total preferences/utilities nor total envy. This can also be explained that multiple solutions may exist, yielding the same optimal value for Problem (I). However, assigning which people to time slot  j  may arise strong feelings of unfairness. So, we suggest introducing a random choice mechanism to determine which people will win a better time slot if we detect identical-but-unequally-treated people pair(s) in the optimal assignment solution in Problem (I).



Definition 4.

Pairwise fairness. An optimal assignment solution is said to have pairwise fairness if the assignment of any identical-but-unequally-treated people group to better time slots is randomly determined with an equal probability among people.





To reach pairwise fairness, we provide the following algorithm (Algorithm 1), which is somewhat similar to the Fisher-Yates shuffle algorithm [16].



	Algorithm 1: Shuffle Algorithm for Pairwise Fairness



	Step 0: Suppose we have obtained the optimal assignment solution, and all people are sorted according to their indices. Set   p : = 1  .

Step 1: Start from person  p . Sequentially scan each of the    (  p + 1  )    th to the  n  th remaining people to check whether we have an identical-but-unequally-treated people pair. Once we detect an identical-but-unequally-treated people pair, say person  q , it generates a random number uniformly distributed between 0 and 1. If this random number is larger than 50%, we exchange the time slots assigned to person  p  and person  q ; otherwise, keep the current assignment. Go on until the rest of the people have been scanned.

Step 2: Set   p : = p + 1  . If   p = n  , exit the algorithm; otherwise, go to Step 1 for another round of scan.








Assuming that we can generate a random number in   O ( 1 )   time, the above algorithm has a time complexity of   O (  n 2  )  .



Theorem 3.

The shuffle algorithm will not change the total envy, but the yielded optimal assignment solution has pairwise fairness.





The proof is quite straightforward and is thus omitted here.





3. Extensions and Discussions


3.1. Group Reservation Extensions


The formulation of Problem (I) neglect the group reservations which might be common in practice. Indeed, some people have to take care of their dependent members of the family (older parents, disabled, kids, etc.). So, they will make a group reservation for nucleic acid testing.



To handle such cases, we set a vector decision variable     x  i    to indicate the assigned time slot for the  i  th group of people. So, we modify the mathematical programming model as:


   Problem   ( III ) :   max     ∑  i = 1  n    g i    w  i T    x  i      



(12)






   s . t .     ∑  j = 1  m    x  i , j     = 1   ,   ∀ i   



(13)






     ∑  i = 1  n    g i   x  i , j     ≤  c j    ,   ∀ j   



(14)






    x  i , j   ∈  {  0 , 1  }    ,   ∀ i , j   



(15)




where    g i    denotes the group size of the  i  th group of people and is a known constant for this mathematical programming model. When a person goes alone to take the nucleic acid testing, the group size is 1.



The coefficients in Inequality (14) does not formulate a totally unimodular coefficient matrix, if there exists any    g i  ≥ 2  . Generally, we cannot reach a relaxed linear programming model that has the same optimal solution. So, we have to use the software/toolbox for integer programming to get the optimal solution.



It is easy to verify that Theorem 1 and Theorem 2 presented in Section 2.2 still hold for Problem (III). In other words, the solution of Problem (III) guarantees to keep an appropriate envy balance between people. In addition, we can still apply the Shuffle Algorithm for Pairwise Fairness proposed in Section 2.3, where only the identical-but-unequally-treated groups of people pair may be exchanged their time slots with equal probability.




3.2. Multiple Nucleic Acid Testing Stations Extensions


In the above formulated problems, only one testing station is considered, since most people will go to the nearest testing point. For example, during cluster outbreaks of the Omicron variant in many Chinese cities in March 2022, more than 10 million inhabitants go to the nearest testing station located within a 15-min walk from his/her home or office [6].



Sometimes, people may choose between several testing stations to find their faviorest time slot. To handle such cases, we set a vector decision variable     x  i  ( k )   ∈  R n    to indicate the assigned time slot for the  i  th group of people to the  k  th testing station,   k = 1 , … , s  . For each time slot at the  k  th testing station, we can assume special capacity    c j  ( k )     (positive integers) to constrain the maximum number of people arriving at time slot  j .



The mathematical programming model considering both group reservation and station choice can be formulated as:


   Problem   ( IV ) :     max    x  i , j   ( k )   ∈  {  0 , 1  }        ∑  k = 1  s     ∑  i = 1  n    g i    w  i T    x  i  ( k )         



(16)






   s . t .     ∑  k = 1  s     ∑  j = 1  m    x  i , j   ( k )       = 1   ,   ∀ i   



(17)






     ∑  i = 1  n    g i   x  i , j   ( k )     ≤  c j  ( k )     ,   ∀ j , k   



(18)






   x  i , j   ( k )   ,   ∀ i , j , k  



(19)




where Equation (17) indicating each group of people must be assigned to only one time slot at one station; Inequality (18) indicating the number of people arrived at time slot  j  for he  k  th testing station should not exceed the maximum capacity.



Similarly, Theorem 1 and Theorem 2 presented in Section 2.2 still hold for Problem (IV). However, Problem (IV) cannot be relaxed into a linear programming model with the same optimal value. When the number of groups of people and the number of stations increase, the solving complexity of Problem (IV) increases significantly [9,17].




3.3. Discussions of Fairness


In this paper, fairness refers to distributing the benefits and costs to people and the degree to which the distribution is considered fair and appropriate. In some studies, researchers preferred to use ‘equity’ or ‘justice’ as alternatives to ‘fairness’, but their meanings are close [18,19,20]. We adopt the term ‘fairness’ here because our model of fairness is based on the concept of envy-free fairness studied for decades in the literature [7,12,21].



The difficulty of considering fairness in practice partly lies in the difficulty of defining appropriate fairness in both theory and applications. First, the definition and measure of equity in transportation vary significantly with respect to the applied scenarios [22,23]. For example, in the equity of ramp control problems [24], we can use either the weighted sum of the average delay at various on-ramps or the Gini coefficient drawn from Lorenz curves [25]. It is hard to find a common agreement of the criterion for fairness/equity.



As revealed in Arrow’s Impossibility Theorem [26,27], there might be no perfect solution that makes every people satisfied. So, we need to define appropriate fairness that most people could accept. Such definition should lead to mathematical programming problems that can be quickly solved even for large-scale cases since we need to apply them to handle thousands of people.



Fortunately, in this paper, we establish a definition of fairness that meets the above requirements. Moreover, the solution of our model simultaneously maximizes the utility and minimizes total envy. In other words, the maximum utility solution coincides with the fairest solution in our model. We expect more research interests will be drawn in this direction to fathom other definitions for fairness used in transportation.





4. Testing Results


In this section, we present two illustrative numerical tests to demonstrate our algorithms. In the first example, we solve the basic Problem (I) via attacking its linear programming relaxation. In the second example, we consider the more complex Problem (IV).



In the first experiment, 7 people are waiting to be assigned to 4 time slots. The capacities of all time slots are set to 2, 2, 1, 3. The preference of each person is randomly generated and is plotted in Figure 4a after normalization. Figure 4b shows the obtained assignment solution after we solve the corresponding Problem (II). The preferences of people are illustrated in bar plot style. The higher a bar is, the higher preference this person give its preference to a special time slot. The assignments of people are illustrated in sterm plot styple. The little circles at tips of the vertical lines represent the exact value of the assignment for each person. We can see that Person 2, Person 3, Person 4, Person 5, Person 6, and Person 7 are assigned to their most preferred time slots, respectively. People 1 is assigned to its second preferred time slots; since its most preferred time slot has reached capacity. Moreover, the total envy of this solution is 1 (only People 1 envies People 3). It is easy to check that we cannot exchange People 1 with People 3 to reduce the total envy. This result indicates that not every person can be assigned to its favorist time slot. As indicated in Theorem 1, even for a randomly generated scenario, envy-freeness may not exist. However, the above solving algorithm can achieve the minimum total envy.



We do not provide large scale numerical testing results for the original problem, simply because it is unnecessary. Simplex algorithms and Interior Point Method can easily solve solved the original problem with thousands of people and less than 100 time slot choices. Moreover, we do not need any a nucleic acid testing station to handle over 10 k people in our daily life, since crowded nucleic acid testing stations are prone to aggregated infections.



In the second experiment, we assume there exist 3 groups of people. The group sizes are 2, 2, and 1, respectively. We further assume that there are two testing stations, each of which has four time slots available. The capacities of the times slots are 2, 2, 1, and 1, respectively, for both two testing stations. The preference weighting vector of Group 1 for the first station is (0.3, 0.4, 0.1, 0.2); the preference weighting vector of Group 1 for the second station is (0.4, 0.3, 0.2, 0.1). The preference weighting vector of Group 2 for the first station is (0.3, 0.2, 0.4, 0.1); the preference weighting vector of Group 2 for the second station is (0.2, 0.3, 0.1, 0.4). The preference weighting vector of Group 3 for the first station is (0.25, 0.25, 0.3, 0.2); the preference weighting vector of Group 3 for the second station is (0.25, 0.25, 0.25, 0.25). We formulate an integer programming problem and solve it by using Gurobi 9.0. The optimal solution indicates that Group 1 will be assigned to time slot 2 of station 1; Group 2 will be assigned to time slot 2 of station 2; and Group 3 will be assigned to time slot 3 of station 1. This indicates that our model can handle both group reservation and multiple station choice that may be pervasive in practice.



We solved the extended problem with tens of groups of people and less than 10 time slot choices, by using Gurobi 9.0 academic license within 10 s. However, when the number of groups of people, time slots, and available nucleic acid testing stations ever increases, the solving process becomes too slow.




5. Conclusions


To the best of our knowledge, the model proposed in this paper is the first mathematical model for reserved nucleic acid testing. We highlight reservation fairness. Our studies reveal that we can simultaneously achieve maximum utility and minimum total envy. These results set up a basis for future studies on complex fair assignment problems considering more issues, e.g., time-varying demand/supply, fluctuations, and randomness.



Such a reservation-based assignment plan can be easily carried out in practice. Since mobile phones are pervasive now, we can establish software on people’s mobile phones and let every person characterize its preferences on its mobile phone conveniently. The software can collect all the information and calculate the optimal assignment plan on the cloud. With the aid of wireless communication, mobile application, and cloud computing, we can provide refined management for some complex social problems.



In addition, we do not further discuss the solving algorithm for the integer programming problem formulated in this paper. It is expected that these problems can be solved in a more efficient way by using column generation method [28,29,30]. Constrained by the length limit, we would like to discuss this issue in a dedicated paper.



It should be pointed out that our focus of this paper is to find the best plan for people under given nucleic acid testing supplies. Indeed, governments may use different measures to further control the waiting queue length around nucleic acid testing stations. For example, how to select the locations of testing stations remains to be further studied. The capacities of different time lots can also be optimized to better serve the testing demand under given financial budgets.
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Figure 1. A photo of a long waiting queue outside a temporary nucleic acid testing station. 
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Figure 2. An illustration of the fair assignment problem. 
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Figure 3. An illustration of the relationship between two feasible assignment solutions. 
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Figure 4. A numerical test of the proposed model: (a) the preferences of people; (b) the assignments of people. 
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