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Abstract: In this paper, we establish a model based on real options theory and fractional Brownian
motion (FBM) with jumps to price green bonds, and thus alleviate the externalities of green bonds.
We assume that the floating value of green bonds is linked to the carbon price. The carbon emission
trading mechanism and government subsidy policy are introduced into this model, and the expression
is derived from the stochastic differential utility framework based on the fast Fourier transform
method. Based on the numerical analysis and the simulations, this paper analyzes when governments
are facing financial and carbon emission constraints and how policymakers balance the allocation
between carbon allowances and government subsidies to help green bonds reach the exogenous
equilibrium price. Our results have implications in terms of optimizing the distribution of economic
resources by the reasonable pricing of green bonds. It is in line with the current theme of global energy
conservation and emission reduction, and also has certain guiding significance for the development
of the carbon emission trading market.

Keywords: green bond pricing; externalities; government subsidies; carbon emission trading;
fractional Brownian motion (FBM)

1. Introduction

The accurate pricing of green bonds is of great significance to the financing and devel-
opment of green projects [1]. It can not only bring benefits to the issuer itself and help ease
the financial pressure [2] but more importantly, improve the asset allocation efficiency of an
environmentally friendly industry and promote sustainable development [3,4]. However,
green bonds exhibit strong positive externalities compared to other bonds [5], which implies
that the green bond market may face external investment loss, even inhibit its issuance,
and in the end, lead to the efficiency of distributing resources lower than the optimal level
required by Pareto efficiency [6,7]. Therefore, this paper focuses on how to reasonably price
the externalities of green bonds and thus promote the issuance of green bonds.

Given the negative impact of externalities on the green bond market mentioned above,
the introduction of the carbon emission trading mechanism can theoretically internalize the
externalities of green bonds [8]. Compared with other bonds usually invested in common
projects, green bonds generally invest in green projects such as green energy projects and
emission reduction projects. These green projects can effectively reduce greenhouse gas
emissions, improve environmental quality, and increase environmental benefits [9]. The
carbon emission trading market provides market-oriented means for the financing of these
green projects [10]. Therefore, companies gain extra revenue by selling their allowance,
effectively reducing project costs, shortening the capital payback period, and promoting
energy conservation, emission reduction, and sustainable economic development [11]. In
reality, due to the large gap in carbon emissions among different green projects and the
difficulty in detecting their emission levels, it is difficult for the government to allocate
the initial carbon allowances effectively and thus hard to realize the goal of emission
reduction [9]. Meanwhile, to encourage firms to curb the intensity of carbon emission levels
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through technological innovation, the government usually adopts the modest tightening
principle to allocate carbon allowances to high-carbon emission firms and forces them
to take responsibility for the control of greenhouse gas emissions before the specified
time [8,12]. In addition, it has been proven that the carbon emission trading market is not
fully efficient [13–15], so it is hard to solely rely on carbon emission trading mechanisms to
fully compensate for the positive externalities of green bonds.

Government intervention policies can play a role in correcting the “failure” of the
market [16]. The government subsidy policy is a complementary mechanism to the carbon
emission trading mechanism, referring to the internalization of externalities [17,18]. By
introducing government subsidies, green bond issuers are encouraged to carry out emission
reduction projects when carbon emission trading is nascent [19] and bring about potential
sustained social welfare [20,21]. There are quite a lot of government subsidy policies aiming
at sustainable development. For example, Uddin et al. [22] prove that introducing relevant
green policies in China’s green bond market will cause changes in green bond prices.
Keeley et al. [23] prove that government policies can significantly increase FDI support
for renewable energy projects. Huang et al. [24] study the optimal subsidy amount of the
Chinese government for environmental protection and energy-saving projects.

Unlike conventional bonds which are usually used to finance more commercially viable
traditional projects, green bonds support green projects with more uncertain risks, so it is
necessary to consider risk factors in green bond pricing analysis [25]. As with conventional
bonds, green bonds also face default risks. The main purpose of green bonds is to support
green projects, and defaults occur if the issuer fails to fulfil commitments to complete
environmental projects [26,27]. Ehlers et al. [28] highlight that green bond issuers will still
face default risks even if all the cash flow income generated by issuing green bonds is
invested in green projects. In addition, compared with conventional bonds, green bonds are
more susceptible to environmental risks such as acute weather events or permanent natural
disasters and should be significantly considered in the pricing process [5,29]. Apart from
environmental risks, transition risks should also be taken into consideration. Transition
refers to the rapid transition to a low-carbon economy and the future uncertainty caused
by changes in regulatory policies [5,29–34].

In our research, we adopt real options theory to calculate the value of the uncertain
risks of green bonds, as mentioned above. Real options theory, proposed by Professor
Myers [35], is a valuation method that applies option pricing theory to non-financial assets
or real assets [36]. Compared with traditional valuations such as the discounted cash flow
method which is a one-time, static decision-making process, real options could reflect
the value brought by uncertainty in the investment process of projects [37]. Although
green bonds are financial products, they are invested in green projects such as clean
energy projects and carbon emission reduction projects. Real options theory has also
been widely used in different fields including evaluating the option value contained in
green projects [38–40]. In our paper, we regard the uncertain risk factors of green projects
as potential investment opportunities, which is equivalent to the potential option value
of purchasing a call option whose underlying asset is the green project itself. A unique
dimension of our paper is that we introduce real options theory into the green bond pricing
model by evaluating the green project’s value.

Similar to [41], we assume that the floating value of green bonds is linked to the carbon
price. As the uncertainty of the proceeds of green projects supported by green bonds is
mainly affected by the carbon price, the fluctuation of the carbon emission trading price is
closely linked with the value of green bonds [42]. Environmental risks are an important
factor affecting the level of corporate carbon emissions [29,33,43,44]. Changes in corporate
carbon emissions will increase the uncertainty of carbon prices [45], which will inevitably
affect the price of green bonds. Meanwhile, different types of policy uncertainty will also
increase the volatility of carbon emission trading prices, thus affecting the proceeds of green
projects [32,46]. So, it is necessary to consider more about the characteristics of carbon
emission trading markets.
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More and more scholars are finding that many financial markets including the carbon
emission trading market show the features of jumps [5,46–48]. Apart from jump charac-
teristics, the carbon price also has fractional characteristics that often do not obey random
walks and shows long-term correlation characteristics such as leptokurtosis and fat tail
distribution [49–52]. Given that, many scholars explore the pricing of green assets includ-
ing green bonds based on the uncertainty of carbon returns. For example, Tang et al. [53]
explored price carbon revenue bonds using stochastic processes to predict future income.
Frunza et al. [48] studied price carbon emission options through generalized hyperbolic
distributions with jumps. Chevallier et al. [54] priced the carbon future prices and analyzed
the jumping factors through high-frequency data. Agliardi et al. [5] used an exponential
jump-diffusion model to price green bonds based on uncertainty in corporate earnings
and climate-related risks. Based on the research described above, this paper considers the
behaviour of carbon emission prices following the FBM with double exponential jump
processes. The jump-diffusion model is combined with the real options framework to
explore green bond prices.

Given that environmental regulations have a significant impact on the price of green
bonds, it is believed that both the carbon emission trading mechanism and government
subsidy policy could internalize the positive externalities of green bonds to some extent.
However, the effects of the combination of them remain controversial. The following two
key questions are proposed in this paper as follows:

(i) When the government faces the carbon emission constraint but can still provide suffi-
cient allowances to green bond issuers, can the green bond price reach the equilibrium
price under the condition of realizing the optimal allocation of public resources only
through a carbon emission trading mechanism?

(ii) When the government faces the carbon emission constraint and provides insufficient
allowances to the issuer so that the carbon emission trading system cannot fully work,
can the government subsidy policy help the green bond price reach the ideal level
again? What is the best solution for the government to solve this problem?

To answer the aforementioned questions and complement the existing research, we
establish a green bond pricing model based on a fractional Brownian motion with double
exponential jumps, in which the carbon emission trading mechanism and the subsidy
policy are introduced through a real options framework. We separate the value of green
bonds into the floating value and fixed value in green bond pricing analysis. In this way,
we could take into account both the uncertain risks associated with green bonds and the
conventional factors such as duration and leverage employed in many studies on bond
prices [55,56]. By solving the results of the models using the fast Fourier transform method
and conducting numerical analysis and simulations, we investigate in-depth the impact of
them internalizing the negative externality of issuing green bonds.

This paper contributes to the research on green bonds as follows. Our paper enriches
the research content of the integration of green bond risks and environmental regulations
into the pricing of green bonds. We also significantly add to a growing literature on the
study of finding optimal strategies for combining market mechanisms and government
intervention policies on green bond prices to help green bonds reach the equilibrium
price [18], thus improving social resource allocation efficiency.

The rest of this paper is organized as follows. The pricing model of green bonds
is proposed in Section 2. Section 3 shows numerical results and sensitivity tests. The
concluding remarks are drawn in Section 4.

2. The Model

In 2014, the World Bank launched the first floating-rate green bond (For more infor-
mation on World Bank Green Bonds, please see the World Bank’s dedicated green bond
investor page at: https://treasury.worldbank.org/greenbonds (accessed on 1 March 2023).
Referring to its pricing structure, two parts of the value of green bonds are considered to
build our model: fixed value and floating value. The fixed value part reflects the value of

https://treasury.worldbank.org/greenbonds
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green bonds as a bond itself, and the floating value part represents the value of its “green”
label, which together determine the price of green bonds. For ease of understanding, we
detailed the meaning of symbols in Table 1.

Table 1. Explanations of symbols in formulas.

Notations Explanation Notations Explanation

QH Risk-neutral measure St Spot asset price
r Drift rate without jumps σ Volatility of asset price

BH
t Fractional Brownian motion H Hurst parameter

Nt Poisson process λ Intensity of Poisson process
Yj Jump size with i.i.d m Mean of jump size
p Probability of upwards q Probability of downwards

η1
Mean of the exponential distribution of

upward η2
Mean of the exponential distribution of

downward
T Maturity time CT(k) Call option price

S(T) Initial asset price s Log of initial asset price
K Strike price k Log of trike price

qT(s) Intensity of log asset price α Parameter of damping factor
τ Integral size of trapezoid rule h Spacing size of fast Fourier transform

2.1. Modeling of Green Bond’s Fixed Value

Similar to traditional bonds, green bonds are fixed-income bonds to some extent in
which lenders receive an agreed level of financial compensation over time [19]. Therefore,
we assume it is a zero-coupon bond for the fixed value part and directly price it using the
discounted cash flow model.

In this paper, we define a green bond’s fixed value as a zero-coupon bond with a
face value of C, which can be directly priced using the discounted cash flow model. In a
risk-neutral world, the initial price of a zero-coupon bond is the present discounted value
of C, where C is the face value, i is the discounted rate, and T is the mature time. Thus, the
theoretical fixed value of the green bond, PG, is calculated as follows:

PG = C/(1 + i)T (1)

2.2. Modeling of Green Bond’s Floating Value

The two most important “green” factors that affect a green bond’s issue price are
the uncertain risks faced during the implementation of green projects and the revenue
attributed to the environmental benefits. Therefore, this paper introduces real options
theory to price the floating value of green bonds from both risk and revenue perspectives.
It is worth mentioning that as the green bond market is still in an early stage, there are
only a few instances of green defaults [3]. For simplicity, our paper mainly focuses on risks
connected with the uncertainty of carbon prices without consideration of default risk.

2.2.1. Real Options Framework

The idea of real options originates from the theory of traditional financing options so
that the green bond can be priced under the framework of real options using the pricing
method of financial options. Based on the model of financial options, the present value of
the future investment income of the project, the future investment cost of the project, the
investment period of the project, and the volatility of the project value can be presented
respectively by the price of the underlying asset, the exercise price, the period of the option
and the volatility of the underlying asset. Then, the option value (the floating value of
the green bond) of the investment in the green project can be obtained. Table 2 shows the
correspondence between the main variables of financial options and real options.
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Table 2. Key variables between financial options and real options.

Variable Financial Options Real Options

C Option price Option value of projects
S Spot price of assets Spot value of projects
K Strike price Investment cost of projects
T Mature time Investment period of projects
r Risk-free rate Risk-free rate
σ Volatility of assets Volatility of project value

This paper focuses on green bonds which are issued to support carbon emission
reduction projects based on technological upgrades of energy conservation and emission
reduction. The projects mentioned above mainly participate in the mandatory carbon
emission reduction trading market, and the trading objects are mainly carbon emission
allowances. Since the transaction price of carbon trading is determined by the demand
and supply of greenhouse gas emissions, a reasonable carbon emission price can help
the carbon emission trading market to develop better. Given this, in terms of the present
value of investment revenue and investment cost of projects supported by green bonds, we
select the carbon emission trading market price as the carbon trading income price of green
projects, which is more transparent and easier to access compared with the carbon income
information of green environmental protection projects.

In what follows, the present value of the investment revenue and the investment cost
of the projects supported by green bonds are determined. Assume the government first
gives the issuer with carbon allowance Qc. If a green project’s actual amount of carbon
emissions surpasses its allowance, it needs to buy carbon emissions right from the market
to offset its excess carbon emissions. If the project keeps its actual carbon emissions below
its allowance, it can sell the rest of its granted allowance on the trading market. Then, let us
consider the following two situations:

1. Introduction of carbon emission trading mechanism:

For the carbon emission reduction projects supported by green bonds, the revenue
mainly consists of two parts: the revenue from selling products and the emission reduction
revenue from selling excess carbon allowances in the carbon emission trading market.
Therefore, the present value of the investment revenue can be expressed as

S = peqe +Pc[Qc − (v − a)qe], (2)

where pe is the price of a unit product, qe is the annual output, and pc is the spot price of
the carbon allowances in the carbon emission trading market. Let Qc be the annual initial
carbon allowances distributed to the issuer by the government, v is the annual carbon
emission per unit product before the implementation of emission reduction technologies,
and a is the annual carbon emission reduction per unit product after applying emission
reduction technologies, then v− a denotes the annual net carbon emissions per unit product
of the project after the application of emission reduction technologies. In addition, since we
only consider the type of green bonds that are issued for the emission reduction project with
emission reduction technological innovation, we assume that the annual carbon emission
per unit product, v, satisfies v > a, that is, the project will still generate positive net carbon
emissions after the technological transformation.

The investment cost of the green project can be divided into fixed cost and the in-
vestment cost of emission reduction linked to carbon emission reduction. Therefore, the
investment cost of the project can be expressed as follows:

K = f+
1
2

wqea2, (3)
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where f is the annual fixed asset input cost, 1
2 wqea2 represents the annual investment cost

of facilities related to the implementation of emission reduction technologies, which is
related to the unit’s annual output (qe), the annual unit carbon emission reduction (a), and
the annual unit emission reduction cost coefficient (w), and satisfy the properties of the
general cost function.

2. Introduction of government subsidies:

When emissions trading is nascent, losses caused by the externalities of issuing green
bonds may not be fully compensated. It is a good choice to introduce government sub-
sidies based on the carbon emission trading mechanism. By complying with the carbon
emission trading market, they can jointly reduce the cost of green projects and promote the
sustainable operation of green projects, which benefits the welfare of the entire society.

Let the government give a subsidy level of k to the investment cost of the green project,
under our assumptions, k ∈ (0, 1]. The government can change the subsidy amount by
adjusting the subsidy coefficient, k, which is an exogenous variable. The investment cost of
the project becomes

Kp = f +
1
2

wqe(1− k)a2. (4)

2.2.2. Option Pricing Model

One of the assumptions in our model is the consideration of the uncertain risks that
may affect the price of green bonds to jump downward or upward. Referring to the
pricing pattern of Agliardi et al. [5] using a jump-diffusion model to depict environmental
risks to price green bonds, and the characteristics of the carbon price show fractal and
jump characteristics [5,46–49,51,52], we use asymmetric FBM with jumps in this section to
describe the carbon price and then combine the theory of real options to price the green
bonds. Given that the uncertainty of green bond price arises from the uncertainty of the
value of green projects, the investment value of projects also conforms to the asymmetric
FBM with jumps. Many scholars have confirmed that the carbon emission trading market
is not completely efficient, and the carbon trading price has great uncertainty.

According to real options theory, we define the present value of the carbon emission
reduction project as the spot price of the underlying asset, S. The strike price K of the
option is defined as the investment cost of the carbon emission reduction project. Since
the random fluctuation of the asset value of projects is mainly caused by the change in
the carbon trading price, which is a single-factor model about the carbon trading price,
set other uncertain factors as fixed values; the fluctuation of the price of carbon emission
price is the most important factor affecting the value of carbon emission reduction projects.
Under this condition, we directly assume the volatility of carbon emission price as the
volatility of the value of projects.

Let St represent the spot price of the underlying asset, and it follows FBM with random
jumps. Under the risk-neutral probability measure QH , it follows the underlying stochastic
process of the form:

dSt

St
= (r− λm )dt + σdBH

t +
(
Yj − 1 )dNQ

t , (5)

where the drift rate r without jumps and volatility σ are assumed to be constants, {BH
t : t ≥ 0}

is a FBM with Hurst parameter H ∈ (0, 1). (Yj − 1)dNQ
t is the jump part of the jump-

diffusion model, which is used to describe the price jump of green bonds affected by risks.
{(Yj − 1), j ≥ 1} is a series of independent and identically distributed nonnegative random
variables used to describe the random jump amplitude, {Nt : t ≥ 0} denotes a Poisson
process with parameter λ used to describe the amplitude of the random jump size of the
underlying asset price. It is worth mentioning that the three randomnesses discussed above
are assumed to be independent without interference.
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The first two terms of this equation: (r − λm)dt + σdBH
t represent the diffusion part of

the jump-diffusion model with the drift term r − λm, where m denotes the mean of jump
size and follows the equation:

m = EQ(Y− 1), (6)

then λm represents the average growth rate of the price of carbon emission rights attributed
to all random jumps.

Considering changes in the global economic environment and unstable environmental
risks including sudden natural disasters and temporary government policy changes, the
carbon emission price may jump downward or upward, and so does the value of the green
projects supported by green bonds. According to Kou [57] who described the probability
distribution of jump sizes in the double exponential jump-diffusion model (DEJM for short),
we assume that the jump amplitude Yj follows asymmetric exponential distribution with
the probability density function given by

f (y) = pη1e−η1y I{y≥0} + qη2e−η2y I{y<0}, (q ≥ 0, η1 ≥ 1, η2 ≥ 0), (7)

where p + q = 1 are upward jump and downward jump, η1 and η2 are the positive
mean and negative mean of the jump amplitude, respectively. Combine Equation (7) with
Equation (6), and we have

m = EQ(Y− 1) =
pη1

η1 − 1
+

qη2

η2 + 1
− 1. (8)

If we apply Itô′s lemma to Equation (5), we can obtain the log price of the underlying
asset as follows:

lnS(T) = lnS0 + (r− λm)T − 1
2

σ2T2H+σBH(T)+∑N(T)
j=1 Yi. (9)

2.2.3. The Characteristic Function

We continue to derive the expression of the characteristic function to the log of asset
price s = lnS(T) in this part.

The characteristic function ϕ(u) of the log of asset prices under QH is defined by:

ϕ(u; s, tm) = EQ
[
eius
]
= EQ

[
eiulnS(T)

]
. (10)

Since
{

Yj − 1
}

, {BH
t : t ≥ 0}, and {Nt : t ≥ 0} are assumed to be independent of each

other, we can calculate the expectations of these product terms separately. According to the
definition of the characteristic function, the characteristic function of log prices in Equation
(9) can be described as follows:

ϕ(u) = eiulnS0+iurT−iuλmT− iuσ2T2H
2 ·EQ

[
eiuσBH(T)

]
·EQ

[
eiu ∑

N(T)
j=1 Yj

]
, (11)

where

EQ
[
eiuσBH(T)

]
= e

(iu)2σ2T2H
2 , (12)

EQ
[

eiu ∑
N(T)
j=1 Yj

]
= e

pη1
η1−iu +

qη2
η2+iu−T , (13)

m =
pη1

η1 − 1
+

qη2

η2 + 1
− 1. (14)

2.2.4. Deduction of Pricing Formula

In this part, we use the Fourier transform method (also known as the characteristic
function) to deduce the option pricing formula of the floating value of green bonds. Firstly,
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we transform the option pricing formula into an expression including the expression of
the characteristic function by using the characteristic function of the logarithm of the
underlying asset price. Then, the expression of the option price can be obtained within a
single Fourier inversion.

Let s denote the log of the asset price S(T) at expiry, k denotes the log of the strike
price K, and CT(k) the desired value of a T-maturity of the European call option with strike
K. From the risk-neutral theory, we have:

CT(k) = EQ[e−rT] ∫ ∞
k [S(T)− K]qT(s)ds

= e−rT ∫ ∞
k

(
es − ek

)
qT(s)ds

(15)

where qT(s) is the density of s.
The characteristic function can be regarded as the Fourier transform of the corre-

sponding random variable. Therefore, the Fourier transform of the option price CT(k)
is performed to obtain the expression of the characteristic function of the option price.
Inspired by [58], we introduce an exponential damping factor eαk (α > 0) to make sure the
CT(k) be square integrable:

cT(k) = eαkCT(k) (16)

Using the Fourier transform for cT(k), we immediately obtain its characteristic function:

ψ(ξ) =
∫ ∞
−∞ eiξkcT(k)dk

=
∫ ∞
−∞ eiξkeαke−rT ∫ ∞

k

(
es − ek

)
qT(s)dsdk

=
∫ ∞
−∞ e−rTqT(s)

∫ ∞
−∞

(
es+αk − e(1+α)k

)
eiξkdkds

=
∫ ∞
−∞ e−rTqT(s)

[
e(1+α+iξ)s

α+iξ − e(1+α+iξ)s

1+α+iξ

]
ds

= e−rT ϕ(ξ−(1+α)i)
α2+α−ξ2+(1+2α)iξ

(17)

We assume that u= ξ− (1 + α)i, then the characteristic function expression of cT(k) under
the risk-neutral measure QH can be obtained by plugging Equation (11) in Equation (17), and
the closed-form of the call option CT(k) can be obtained by adopting the Fourier inversion:

CT(k)=
e−αk

2π

∫ ∞

−∞
e−iξkψT(ξ)dξ

=
e−αk

π

∫ ∞

0
<
[
e−iξkψ(ξ)

]
·dξ

(18)

Note: according to the definition of Fourier transform, the use of Fourier transform should
satisfy ψ(0) = ϕ(−(1+α)i)

α2+α
<∞, thus, α needs to satisfy ϕ(−(1 + α)i) = E

(
e−(1+α)i ln S(T)

]
=

E
[
S(T)1+α

]
< ∞.

2.2.5. Fast Fourier Transform for Option Pricing

The formula obtained by Equation (18) contains the Fourier integral, which is hard
to be solved. Since the Fast Fourier transform method can be used to obtain the closed-
form solution for the integral easily, and greatly improves the calculation efficiency while
retaining high calculation accuracy [59], we apply the fast Fourier transform method
integratrated with numerical integral formulas, such as the trapezoid rule and Simpson’s
rule weightings, to derive the approximate solution for European call options of green
bonds. The formula is defined as∫ +∞

0
e−iux ϕ(u)du =

N

∑
j=1

e−i 2π
N (x−1)(j−1)ϕ(j), x = 1, 2, . . . , N. (19)
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We define
ξ j = τ(j− 1), j = 1, 2, . . . , N (20)

where τ is the spacing size, and when τ is small enough, the integration is more accurate.
After plugging Equation (20) into Equation (18), an approximation for CT(k) is given by

CT(k)≈
e−αk

π

[
∑N

j=1 e−iξ jkψ
(
ξ j
)
τ
]

=
e−αk

π

[
∑N

j=1 e−iτ(j−1)kψ
(
ξ j
)
τ
] (21)

The result will return N different values of strike price k. If k is divided into N parts
with the interval length of h, the difference between strike prices, then the values for k are

ku = −b + h(u− 1), u = 1, 2, . . . , N (22)

where b= Nh
2 , and we can obtain that the log of strike prices range from −b to b.

Plugging Equation (22) into Equation (21), we derive that

CT(k) ≈
e−αk

π

[
∑N

j=1 e−iτh(j−1)(u−1)eibξ j ψ
(
ξ j
)
η] (23)

By comparing Equation (23) with Equation (19), we can define:

τh =
2π

N
. (24)

After plugging Equation (24) in Equation (23) and combined with Simpson’s rule
weightings, we can obtain an accurate expression of European call value as

CT(k) ≈
e−αk

π

[
∑N

j=1 e−i 2π
N (j−1)(u−1)eibξ j ψ

(
ξ j
)τ

3

(
3 + (−1)j − δj−1

)
], (25)

where δn is the Kronecker delta and

δn =

{
1, n = 0,

0, otherwises.
(26)

According to the above option pricing model, green bonds’ floating value can be
obtained if we know its strike price, the asset’s spot price, and the value of parameters of
the characteristic function in Equation (11).

3. Simulation Studies

This section aims to explore the coordinated optimization mechanism referring to
carbon allowances and government subsidies under the equilibrium price that realizes
the optimal allocation of public resources obtained in Section 2.2.5. Furthermore, we
also tentatively explore the optimal strategy taken by the government between carbon
allowances and government subsidies. For these purposes, we conduct numerical analysis
and simulations with MATLAB. The sensitivity analysis is also considered in this section.

3.1. Valuation of Fixed Value for Green Bonds

Regarding the fixed value of the green bond as a zero-coupon bond, we can obtain the
theoretical value of this green bond. Suppose that a one-year maturity green bond with
face value of C = 104, and the discounted rate i is 6%, the present discounted value of this
bond is obtained as follows under a risk-neural world would be:

PG = C/(1 + i)T= 104(1 + 6%)−1 = 98.11 (27)
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3.2. Valuation of Floating Value for Green Bonds

To value the floating value of the green bond, we use the option valuation method
mentioned in Section 2.2 to perform numerical experiments.

For simplicity of calculation, we set the risk-free interest rate, r = 5%, and asset price
volatility, σ = 20%. As for jump-related parameters, referring to [60], we set λ = 50, p = 40%,
q = 60%, η1 = 5, and η2 = 5. The Hurst parameter H is set to 0.6. For the fast Fourier
transform method, referring to [61], we set N = 212 = 4096 points, log-strike spacing of
h = π

300 . To make sure that E
[
S(T)1+α

]
< ∞, we use α = 2.2. For the strike price K and

spot price S0, they can be calculated from the present value of the investment return and the
investment cost of the green project, respectively, by the real options framework constructed
in Section 2.2.1. Other parameter values related to the green bond-supported project are listed
in Table 3.

Table 3. Parameters for the green bond-supported project.

Variable Value

Product price per unit pe = 8
Annual output per unit qe = 5

Spot carbon emission price per unit pc = 3
Carbon emission amount per unit v = 3

Carbon emission reduction amount per unit a = 1.3
Annual fixed input of asset f = 5

Carbon emission reduction cost per unit w = 5

1. Only carbon emission trading markets exist

We first calculate the floating value of green bonds when there are only carbon emission
trading markets existing without government subsidies. In this situation, it is necessary
to consider the amount of the carbon emission allowances, Qc, issued by the government
to the bond issuer: if the allowances are insufficient, the issuer must purchase carbon
emission allowances from the carbon trading markets; if the carbon emission allowances
are sufficient, then the issuer can trade the excess carbon allowances in the markets to
obtain extra revenue for carbon emission reductions.

Without loss of generality, we assume the exogenous equilibrium price of the floating
income part of green bonds when the optimal allocation of public resources can be realized
and maintained at 6. According to Equation (27), the idealized equilibrium price of the
green bond is 104.11 when we plus the fixed and floating part of green bonds, as shown
in Table 4.

Table 4. Pricing results of the green bond.

Zero-Coupon Bond Price Option Value Green Bond Price

98.11 6 104.11

Next, we explore how introducing carbon emission allowances can realize the equilib-
rium price of green bonds to solve the externality problem.

Figure 1 displays the trend of green bond price changes with the increase in carbon
emission allowances from 0 to 10 units.
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We can notice that (1) when the initial carbon allowance obtained by the green bond
issuer is 0, the price of the green bond is only 98.38; (2) when the carbon emission allowance
is at a low level, the carbon allowance and the option price are in the form of a concave
function, indicating that the increase in carbon allowances has a significant stimulating
effect on the price of green bonds and can encourage issuers to reduce emissions and
improve their economic benefits; (3) when the government continues to issue free carbon
allowances to green projects, the value of the bond price tends to rise as the sufficient
allowances traded in carbon trading markets increase the income of companies, thereby
increasing the expected present value of the projects and thus increasing the floating price
of green bonds in the end; (4) when the carbon emission allowance hit the point of 4.88 units,
then the issuer can obtain excess carbon emission reduction trading benefits so that the
green bond reaches the equilibrium price of 104.11; (5) as the government continues to issue
free carbon allowances to green projects, the bond price will increase linearly, indicating
that the carbon allowances are relatively abundant at this time. The simulative effect of the
carbon allowance policy on the price of the green bond has stabilized. Although increasing
carbon allowances can further increase the price of the green bond, the issuer will reduce
their enthusiasm for emission reduction, and the government will also be under too much
pressure, which is unlikely to achieve the goal of optimizing public resources.

The above results may partly explain that if the government is faced with total carbon
constraints, issuers cannot obtain free initial carbon emission allowances, or the carbon
allowances obtained are insufficient, and thus, the green bonds will not be able to reach the
equilibrium price, leading to the failure to achieve the optimal allocation of resources. If
the initial carbon allowance is not constrained, the government can reasonably increase the
initial carbon allowance distributed to the bond issuer to help the green bond price reach a
certain equilibrium level, to solve the externality of the green bond and realize the goal of
optimal allocation of resources.

2. Introduce government subsidies

In practice, due to the large gap in carbon emissions of different green projects and
the difficulty of detection, it is often difficult for the government to effectively allocate the
initial carbon allowances [9]. Moreover, to encourage companies to carry out technological
innovation and curb the intensity of carbon emission levels, the government usually adopts
the modest tightening principle of allocating carbon allowances to high-carbon companies
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and forces them to fulfil their carbon emission reduction obligations [8,12]. Furthermore,
many scholars have found that the carbon emission trading market is not completely
efficient, and it cannot fully compensate for the positive externalities brought about by the
issuance of green bonds [13–15]. When viewed at the national level, the United Nations
Framework Convention on Climate Change (UNFCCC) usually sets a given total emission
reduction target every year and strives to minimize costs through carbon emission trading.
In the Paris COP 21 climate agreement of December 2015, 195 signatories pledged to limit
global warming to 2 ◦C above pre-industrial levels [62]. Moreover, the E.U. has pledged to
reduce 40% of total greenhouse gas emissions within the E.U. from 1990 levels by 2030. To
achieve this, the E.U. will reduce the number of emission permits available in the European
Emissions Trading System (ETS) [63]. Many institutional investors have also established
coalitions such as “Climate Action 100+” to require more listed companies to reduce their
carbon emissions (see http://www.climateaction100.org/ (accessed on 1 March 2023)).
Therefore, the reality is that companies are usually constrained by carbon allowances and
cannot obtain sufficient initial carbon allowances, so the pure carbon emission trading
mechanism will lead to the inability of green bonds to reach an equilibrium price. In the
context of global emission reduction, there will also be total carbon allowance constraints
at the national level.

Next, we first explore how green bond prices fluctuate when the government subsi-
dizes changes.

Figure 2 shows the changes in green bond prices without an initial carbon emission
allowance. The government grants different subsidy levels to projects according to their
carbon emission reductions, increasing from 0% to 100%. As we can see from Figure 2, the
price of the green bond is positively correlated with the subsidy rate, and when the project
with a subsidy rate of 80.7%, the price of green bonds can reach the optimal equilibrium
price of 104.11.
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The results shown above demonstrated that if the government does not face financial
constraints, the theoretical equilibrium price of green bonds can also be reached under
a certain level of subsidies. Thus, the goal of optimal allocation of public resources can
be achieved. However, the more realistic situation is that some governments may face

http://www.climateaction100.org/


Sustainability 2023, 15, 8422 13 of 20

financial constraints, and some pieces of economic literature have amply proved it. For
example, Bacchiocchi et al. [64] demonstrate that countries with high public debt are often
fiscally constrained in investing in public goods, especially when faced with financial
crises or conflicts between countries. Andersen et al. [65] state that at any given level of
fiscal capacity, the government may be temporarily constrained financially, resulting in an
inability to provide adequate levels of spending on public goods to meet social needs, such
as spending on basic health and education services or investment in economically sound
public infrastructures. They also point out that when a financially strapped government
cannot raise enough money to fund its optimal level of public spending, it is likely to fill
the financial gap with whatever tools are available, including participation in emissions
trading. Therefore, addressing the externalities of green bonds only through government
subsidies will be a big burden for the government. Green bond prices will not reach the
theoretical equilibrium price if governments face fiscal constraints that prevent them from
providing sufficient funds to finance the highest levels of public spending. At this point,
emission trading markets based on carbon allowances will be a good choice.

Furthermore, we analyzed the changes in green bond prices when the government is
under both financial constraints and carbon allowance pressure. It is also discussed that the
changes in green bond prices are under the combined effect of the carbon allowance-based
carbon emission trading mechanism and government subsidies.

Figure 3 shows the changes in green bond prices when the government’s initial free
carbon emission allowances range from 1 unit to 6 units. The government’s subsidy rate for
the green bond-supported project based on its carbon emission reductions varies from 0%
to 100%. Overall, the subsidy level comes with an increase in bond prices. With the increase
in allocated carbon allowances, the relationship between the subsidy rate and the price
becomes more and more linear. In addition, when the initial carbon allowance is insufficient
(lower than the theoretical optimal carbon allowance of 4.88 units we calculated above), we
can always find a suitable subsidy level so that the curve intersects the equilibrium price
level line; and the lower the carbon allowance, the higher the subsidy level required for
green bonds to reach an equilibrium price.
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Figure 3 indicates that (1) when the initial carbon allowance allocated to the issuer
is insufficient, government subsidies can be used as supplementary methods of carbon
emission trading mechanism to assist in internalizing green bond externalities. By reason-
ably raising the level of government subsidies, the bond price can be brought back to the
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equilibrium price, and the effective allocation of public resources is realized; (2) when the
bond price exceeds the equilibrium price with the increase in subsidy level, the effect of
increasing the subsidy does not become obvious. Thus, excessive government subsidies
will also lead to an unreasonable allocation of public resources.

Figure 4 intuitively exhibits the relationship between the impact of carbon emission
allowances and government subsidies on green bond prices. The allowances range from
0 to 5 units, and government subsidy levels range from 0% to 100%. The translucence
surface is the green bond’s equilibrium price surface. The white curve formed by the
intersection of the two surfaces is the combination of government subsidies and carbon
emission allowances that can achieve the equilibrium price. According to Figure 4, we
can see that carbon allowances and government subsidies are in a mutually substitutable
relationship: (1) when the amount of carbon emission allowance is fixed, the price of the
green bond is an increasing function of the government subsidy level. Therefore, in the
early stage, when the initial carbon allowance allocation may be unreasonable or when
the government faces carbon emission allowance constraints, and the issuer cannot obtain
sufficient carbon emission allowances, the government can help the green bond price
reach the equilibrium level by increasing subsidies; (2) when the government subsidy
level is fixed, the bond price is positively correlated with the carbon emission allowance
level, and the government can help the green bond price reach the equilibrium level by
increasing initial allowances when it faces fiscal constraints and cannot provide sufficient
subsidies to the issuer; (3) if the government is faced with both carbon emission allowance
constraints and financial constraints, the policymaker can reasonably choose an appropriate
combination strategy of allowances and subsidies according to the actual situation. Thus,
the green bond price can reach the equilibrium price surface.
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To summarize, the carbon emission trading mechanism based on carbon emission al-
lowances combining government subsidies can effectively solve the externality of green bonds.
When the government faces both carbon allowance constraints and financial constraints,
policymakers can reasonably control the allocation of carbon allowances allocated to green
bond issuers according to governments’ conditions to solve the externalities of green bonds.
Thus, green bonds can achieve the theoretical equilibrium price, thereby reducing the cost of
issuing green bonds and realizing the optimal allocation of public resources.
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3.3. Sensitivity Analysis

In this paper, we concentrate on two main factors that affect green bond prices most
to conduct the sensitivity analysis. The first one is the volatility of carbon emission prices.
Since we select the carbon emission price as the underlying price of green projects supported
by green bonds, the volatility of carbon emission price is one of the most important factors
affecting the value of green bonds: the higher the volatility of carbon emission prices,
the greater the uncertainty of green bond prices. Another factor considered is the fixed
investment cost during the implementation of green bond-supported projects. Since the
projects are mainly environmentally friendly projects, the fixed investment cost of the
project and the investment cost of facilities related to emission reduction technologies
will impact the options price. Intuitively speaking, if a project has more fixed costs, the
investment cost of emission reduction technology will be relatively less, which would
influence green bond prices to some extent.

In what follows, we perform the numerical computation to show how the volatility
of carbon emission prices and the size of fixed costs jointly influence the impact of green
bond prices.

Figure 5 displays how green bond prices change with the carbon price volatility
increasing from 10% to 50% with a gradient of 5%, and the fixed cost increases from 0 to
5 with a gradient of 0.5 when there are no carbon allowances and government subsidies.
Not surprisingly, Figure 5 indicates that (1) with all other conditions equal, the green bond
price increases with the increase in carbon emission price volatility, reflecting the value
attributed to the uncertainty of the project value; (2) the green bond price is a decreasing
function of the project’s fixed cost, and this may, at least partly, explain why companies
should invest more in carbon emission-related technologies.
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Next, we separately examine the impact of volatility and fixed costs on bond prices.
Figure 6 shows the trend of bond prices as a function of the subsidy level when

volatility varies from 10% to 50% in a 10% gradient. As the volatility increases, the bond
price also increases. Another phenomenon is that the impact of the volatility change on the
bond price shrinks with the increase in the subsidy level, which shows that increasing the
subsidy level for green bonds will weaken the impact of carbon emission price uncertainty
on bond prices.
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Finally, Figure 7 shows the changing trend of green bond prices with the subsidy level
when the fixed cost varies from 0 to 5 units. We can find that as the fixed cost increases, the
green bond price decreases, indicating that the more the project spends on fixed costs that
are not related to emission reduction technologies, the lower the bond price.
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4. Discussion

From the perspective of green bond externalities, this paper constructs a pricing model
incorporating both the carbon emission trading mechanism and government subsidies
to solve the externalities of issuing green bonds. We derive an approximate expression
for green bond prices and study the coordination mechanism between allowances and
subsidies. As green bonds may face sudden environmental shocks and policy shocks,
the value of green bonds is divided into the fixed income part and floating value part to
separately assess green bond prices. Under the real options framework, the green bond
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pricing model comprising environmental risk is proposed from the FBM with double
exponential jumps model. The expression is derived from the fast Fourier transform
method. Based on the pricing model above, we investigate the influence of different
factors on green bond prices. We further discuss the optimal strategy the government
has taken in different situations and constraints, referring to carbon emission allowances
and government subsidies to meet the equilibrium price of green bonds at which the
externalities are internalized.

Our numerical simulation results indicate that (1) when governments are faced with
the amount of carbon emission constraints but can still provide sufficient carbon emission
allowances, the carbon emission trading mechanism could be introduced to help green
projects supported by green bonds receive extra financial incentives from carbon emission
trading markets, leading to green bonds reaching the ideal equilibrium price under the
conditions of optimal allocation of public resources; (2) when governments are faced with
the amount of carbon emission constraints, and cannot issue sufficient carbon allowances
to green bond issuers, government subsidies could be introduced to reduce green project
investment costs supported by green bonds so that green bonds can achieve the equilibrium
price; (3) when governments are faced with both the financial constraints and the amount of
carbon emissions constraints, policymakers can reasonably control the allocation between
carbon allowances and government subsidies according to the governments’ situation
to solve externalities of green bonds. The results presented in this paper have provided
valuable insights into the impact of the combination of government policies and carbon
emission trading mechanisms on green bond pricing, along with the optimal carbon
emission allowance and government subsidy level under different situations. In this way,
the green bond could reach the equilibrium price under the optimal allocation of public
resources, and the positive externality of issuing green bonds could be solved to some
extent. However, the simulation results are idealistic, and can be extended in several
aspects in future work. In our paper, the equilibrium price of green bonds when public
resources are optimally allocated is given exogenously, so we can empirically explore the
equilibrium price of green bonds based on the actual green bond market in the future.
Furthermore, we mainly focus on risks related to carbon price and have not considered
default risk for simplicity. In addition, the coordinating analyses between carbon emission
allowances and subsidies in this paper merely involve a situation for a single green bond
issuer. To further study, we will consider more factors such as the situation of multiple
issuers and the default risks when the green bond market is entering a more mature stage in
the future. The carbon emission trading mechanism and government subsidies, the carbon
emission tax, and other environmental policy tools could be further discussed together
to solve the externality of green bonds and, as our paper highlights, promote the optimal
allocation of public resources and social welfare.
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