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Abstract: Extended warranty services have become increasingly important for both manufacturers
and retailers, offering avenues for new profit sources and growth opportunities. Focusing on the
multiple effects of product quality, this study develops a two-period supply chain decision model to
analyze the effects of product quality, pricing, and inventory management in the context of extended
warranty services. Using a Stackelberg dynamic game model, this study examines the interaction
between a manufacturer and a dominant retailer who provides extended warranties. The results
indicate significant differences in optimal decisions between centralized and decentralized supply
chains, especially concerning pricing and inventory control. Introducing a “quality cost-sharing”
contract enhances product quality and improves coordination, leading to increased profits for both
the manufacturer and the retailer. Numerical simulations confirm that the cost-sharing contract
effectively balances product quality improvements with supply chain profitability.

Keywords: extended warranty; product quality; joint pricing; coordination strategy

1. Introduction

In the era of electronic information and big data, competition in the market is intensify-
ing. Consumers today not only demand high product quality but also value comprehensive
after-sales services. As a result, the “product + service” model is being promoted to better
meet these evolving consumer expectations [1]. Among after-sales services, both basic
warranty services and extended warranty services play a crucial role. Extended warranty
services, which provide coverage beyond the standard warranty period, have become
particularly important in certain industries, such as home appliances and automobiles, and
their adoption is expanding into other fields [2].

Extended warranty services not only enhance customer satisfaction but also increase
the added value of products, offering enterprises a competitive edge [3]. For manufac-
turers and retailers, the ability to provide extended warranties has created new market
opportunities, as more consumers are willing to pay additional fees for higher value and
prolonged product protection [4]. However, this has also introduced challenges related to
pricing and coordination among supply chain members, as extended warranty services
come with risks of adverse selection and moral hazard due to information asymmetry [5].
The literature on extended warranty services and pricing is extensive. However, relatively
few studies address the joint pricing of products and extended warranties in the context of
supply chain coordination. Prior research highlights the need for collaboration between
manufacturers and retailers to optimize pricing strategies and inventory management [6,7].
In this study, we address this gap by examining the joint pricing and inventory strategies
for products and extended warranty services within a two-period supply chain system.
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The objective of this study is to develop a decision-making framework that maximizes
the profits of both manufacturers and retailers by coordinating product pricing and ex-
tended warranty service pricing. Specifically, we aim to answer the following questions:
(1) How does product quality affect the pricing and profitability of extended warranties?
(2) How can manufacturers and retailers optimize their pricing strategies to achieve better
coordination in the supply chain? By analyzing these questions, we provide practical in-
sights for enterprises seeking to improve their market competitiveness through optimized
pricing and coordination strategies.

This paper is structured accordingly. Section 2 contains a review of the extant literature.
A two-period supply chain decision model for product extended warranty service is
provided in Section 3. Section 4 discusses the supply chain coordination contract model
based on extended warranty service. In Section 5, the numerical simulation and analysis
are design and developed. Finally, in Section 6, this paper presents our conclusions and
suggestions for future research.

2. Literature Review

With the rapid growth of the extended warranty market, numerous studies have
focused on analyzing extended warranty services, particularly within supply chains com-
prising manufacturers and retailers. These studies have examined how extended warranty
pricing interacts with factors such as product quality, warranty duration, and consumer
behavior. To address these topics, researchers have often employed game theory and
modeling techniques to derive optimal decision-making strategies.

2.1. Product Extended Warranty

Extended warranty services have been adopted by sales agencies as a marketing
strategy to attract consumers and boost sales. Recently, these services have been exten-
sively promoted in various sectors, such as home appliances and automobiles. Day et al.
conducted some of the earliest research on extended warranties abroad, defining them
as parts and labor services provided by the manufacturer after the standard warranty
period. They categorized service providers into three groups: suppliers, retailers, and
third-party organizations [1,2]. Kim et al. suggest that offering extended warranties before
the purchase decision can be an effective way to increase warranty sales [3]. Chen et al.
explore decision-making issues within the supply chain under various information environ-
ments and power structures, proposing a backward induction algorithm to achieve optimal
results [4]. Wu et al. and Zheng et al. provide a numerical example to demonstrate the
effectiveness of their approach, along with a graphical representation to support practical
maintenance implementation [5,6]. Their findings indicate that retailers can achieve similar
profit levels by enhancing customer satisfaction and product sustainability through repair
actions [7]. Liu et al. find that a retailer’s extended warranty does not necessarily harm the
manufacturer’s profit and that there is an optimal extended warranty length that maximizes
the manufacturer’s profit [8]. Li et al. propose that both the platform and manufacturer
can achieve a win–win situation by offering extended warranties simultaneously, but only
if the potential market size is sufficiently large [9]. Cui et al. suggest that e-commerce
platforms are unlikely to offer extended warranties if the manufacturer’s base warranty
period is long [10]. Zhang et al. show that manufacturers prefer to offer transferable
extended warranties when the service cost is low and non-transferable warranties when the
cost is high [11]. Wang et al. develop a dynamic integration model to determine optimal
product and two-dimensional extended warranty prices in a multi-stage dynamic market
environment, aiming to maximize the dealer’s expected discounted profit throughout the
product life cycle [12,13]. He et al. construct three game-theoretic models to compare
retail prices, supply chain profits, and customer-perceived service quality of extended
warranties [14].
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2.2. Extended Warranty Pricing Strategy

To enhance the market impact of extended warranty services, numerous scholars have
investigated pricing strategies. Salmasnia et al. propose an optimized after-sales model
that includes four factors: the basic warranty period, extended warranty period, preventive
maintenance level, and preventive maintenance issues. They consider both manufacturer
and buyer satisfaction to compare the optimization results of these factors [15,16]. Zheng
et al. find that there is no absolute difference between traditional and flexible extended
warranties; the effectiveness depends on the manufacturer’s warranty cost efficiency and
the total warranty period [17]. Ai et al. examine the direct sale of extended warranty
services by manufacturers to consumers, achieving Pareto improvements through quantity
discount contracts for retailers, whether in competitive environments or not [18]. Zhang
et al. explore pricing and warranty decisions in a dual-channel supply chain from the
perspective of product quality signals, analyzing how the proportion of direct sales channel
buyers and online review quality signals affect supply chain entities [19]. Ma et al. develop
a model involving the three largest online direct retailers to study the impact of extended
warranty services on product pricing, creating both a single-period static game model and
a dynamic game model with two delays [20]. Gupta et al. design a new price curve for
optimal extended warranty policies, addressing perfect, minimal, and imperfect repairs for
both one-dimensional and two-dimensional problems [21]. Qu et al. propose a reference
budget model to determine a feasible budget range [22]. Liu et al. introduce a new trend in
warranty policies, the complementary extended warranty, which offers customers a free
extended warranty if they register online before the base warranty expires [23]. Vafaeinejad
et al. demonstrate that optimal warranty length and trade-in price depend on factors, such
as production costs, failure distributions, innovation, and strategy levels [24]. Zhu et al.
investigate the impact of limited maintenance capacity and explore the joint optimization
of capacity investment and marketing strategy [25]. Zhang et al. present a systematic
warranty–reliability–price combination decision model for repairable products with a
two-dimensional free replacement–repair warranty [26]. Taleizadeh et al. emphasize the
importance of considering the covariance among different model claims when offering
optimal warranty policies and pricing strategies in online channels [27]. Liang et al. focus
on SHapley Additive exPlanations value, which was performed to explain the impact of
variables in the model on the incidence. [28]. Cui et al. focus on fixed point theory which is
used to analyze properties of the CNO's optimal charging pricing problem. [29].

2.3. Coordination Contract

A supply chain contract refers to the relevant clauses that ensure coordination between
buyers and sellers, optimizing sales channel performance through appropriate information
and incentives. It primarily addresses two issues affecting overall supply chain efficiency:
the double marginalization resulting from members pursuing self-interest maximization
and the bullwhip effect caused by information asymmetry. Pasternack was the first to
propose optimal wholesale prices and return policies for perishable goods [30]. Zhang et al.
develop a side-payment self-enforcing contract aimed at reducing the green innovation
risk faced by risk-averse manufacturers, acknowledging the inefficiencies of decentralized
models under risk aversion [31]. Yu et al. introduce contracts, such as the altruistic prefer-
ence joint two-part tariff contract and the altruistic preference joint profit-sharing contract,
which can effectively coordinate poverty alleviation supply chains [32]. Both Zhang et al.
and Yu et al. examine how a manufacturer can implement a reward contract to achieve
supply chain coordination when a retailer’s service effort has a showrooming effect. Peng
et al. introduce a side-payment self-enforcing contract which is designed to reduce the
green innovation risk of risk-averse manufacturers [33]. Zhang et al. demonstrate that the
manufacturer's reward contract increases retail prices and benefits the retailer but may hurt
the manufacturer [34]. Luo et al. suggest that adjusting contract and financing parameters
only alters profit distribution among members without affecting overall system coordina-
tion, particularly in the context of empty container leasing decisions and the coordination
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challenges of dual-channel container transportation services under stochastic demand
and financial constraints on carriers [35]. Liang et al. construct a multi-objective integer
programming model to reach the comprehensive sustainability and global optimization of
disassembling multiple end-of-life products [36]. Zhu et al. highlight the significant impact
of channel power structures, remanufacturing cost savings, and dual price sensitivity on
supply chains and corporate profits [37]. Pnina propose a practical coordinating contract
that modifies the current industry standard to protect restaurant margins by ensuring a
minimum revenue per delivery order, allowing flexible revenue allocation between the
restaurant and the platform [38]. Bo et al. explore optimal two-period coordination and
ordering through options and wholesale contracts within the supply chain [39]. Fu et al.
formulate a stochastic multiobjective hybrid open shop scheduling problem that consists of
open shop and parallel-machine models [40]. Ma et al. analyze the fuel economy improve-
ment levels and the production of traditional internal combustion engine vehicles versus
new engine vehicles using a game-theoretic approach [41]. Wang et al. indicate that altruis-
tic preferences could enhance profits and system efficiency for small and medium-sized
manufacturers but may reduce retailer profits [42]. Lin et al. construct five Stackelberg
game models based on the differences of supply chain information transparency and power
structure [43].

2.4. Analysis of Current Research Status

While significant advancements have been made in understanding extended war-
ranties, gaps remain in addressing joint pricing and inventory strategies within the product
extended warranty context. Most studies have focused on pricing strategies or product
quality independently, but few have explored how these factors interact with inventory
management over multiple periods. This paper establishes a decision-making framework
to maximize the profits of manufacturers and retailers by coordinating product pricing
and extended warranty service pricing. It mainly studies the impact of product quality
on the pricing and profitability of extended warranty, optimizes the pricing strategies of
manufacturers and retailers to achieve better supply chain coordination, and improves
market competitiveness by optimizing pricing and coordination strategies.

This paper contributes to the literature by developing a two-period supply chain model
that incorporates both product quality and inventory considerations, using a Stackelberg
game to derive optimal strategies. The model also introduces a cost-sharing coordination
contract to evaluate performance improvements after coordination, offering insights into
optimal pricing and inventory management strategies in the extended warranty context.

3. Supply Chain Decision Model for Two-Period Product Extended Warranty Service
3.1. Core Assumptions

This paper considers a two-period product service supply chain in which manufactur-
ers produce products and wholesale them to retailers, and retailers provide products and
extended warranty services to consumers, in which each enterprise aims to maximize its
own interests. The manufacturer produces and provides products with a product cost of c
and a product quality level of q.

In this model, the product involves two period of sales. In the first sales period, the
manufacturer first provides the product to the retailer at a wholesale price of w1. The
quantity of product purchased by the retailer is Q, which is determined by the product
demand Dp1 and the inventory I to be sold in the second period. After that, the retailer sells
the product to the consumer, where the product price is pp1 and the extended warranty
service price is ps1. The unit product inventory cost is h. In the second sales period, the
manufacturer determines the wholesale price w2 based on the decision made in the first
sales period, and the retailer determines the product price pp2 and the extended warranty
service price ps2 in the second period. Assume that the product quality is continuous and
its quality increases with the increase in the improvement cost of the input, as shown in
Figure 1, assuming c ≤ w1 ≤ pp1, c ≤ w2 ≤ pp2.
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Figure 1. The process of the proposed model.

Retailers provide extended warranty services to consumers during both sales periods,
and consumers can choose product services on their own. If the extended warranty service
is purchased and the product fails, the unit product extended warranty service cost of the
required repair and maintenance is cs, which is borne by the retailer.

Assume that consumers only purchase one product at most in a sales period and
have only one opportunity to purchase the extended warranty service. Ds1 and Ds2 are
the extended warranty service demands in the first and second periods, respectively. Ds1δ
and Ds2δ represent the number of products that fail in the period and can enjoy extended
warranty service, respectively, where δ represents the product failure rate. Assume that
there is a linear relationship between product failure rate and product quality, expressed as
δ = 1− ηq, where η represents the failure coefficient. Assume that the cost of improving the
product quality for the manufacturer is C(q), C(q) = 1

2 kq2, where k is the manufacturer’s
quality cost coefficient, and when k > 0, the product quality is observable.

Assume that if in regular use, consumers can experience the product value as v. Since
consumers have different degrees of product use, it is assumed that v follows a uniform
distribution of [0, 1]. In the second period, since the product has gone through a sales
period, consumers will have a new cognitive evaluation of the product. If the evaluation of
the product changes by a coefficient of a, the product value follows a uniform distribution
of [0, a] in the second period.

In the first period, if the product works normally, the utility it brings to the consumer is
v; if the product fails, it will cause the consumer to lose utility v. Consumers who purchase
extended warranty services will receive repair services once the product fails, thus avoiding
the utility loss caused by the failure. The utility obtained by consumers is affected by the
normal use value of the product and the monetary value paid for purchasing the product
and the extended warranty service.

In the first period, the utility of the consumer purchasing only the product is as follows:

Up1 = v − δv − pp1 (1)

The utility of consumers purchasing both the product and the extended warranty
service is as follows:

Us1 = v − pp1 − ps1 (2)

Consumers are then faced with three choices: when Max
{

Up1, Us1, 0
}
= Up1M, only

purchase the product; when Max
{

Up1, Us1, 0
}

= Us1, purchase both the product and
the extended warranty service; when Max

{
Up1, Us1, 0

}
= 0, choose not to purchase the

product or the extended warranty service.
From Up1 ≥ 0, v ≥ v1 =

pp1
1−δ

From Us1 ≥ 0,v ≥ v2 = pp1 + ps1
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From Us1 ≥ Up1,v ≥ v3 = ps1
δ

When δ
(

pp1 + ps1
)
≥ ps1, as shown in the Figure 2, there exists v1 ≥ v2 ≥ v3.

Sustainability 2024, 16, x FOR PEER REVIEW 6 of 19 
 

The utility of consumers purchasing both the product and the extended warranty 
service is as follows: 𝑈௦ଵ = 𝑣 − 𝑝ଵ − 𝑝௦ଵ (2)

Consumers are then faced with three choices: when 𝑀𝑎𝑥൛𝑈ଵ, 𝑈௦ଵ, 0ൟ = 𝑈ଵM, only 
purchase the product; when 𝑀𝑎𝑥൛𝑈ଵ, 𝑈௦ଵ, 0ൟ = 𝑈௦ଵ, purchase both the product and the 
extended warranty service; when 𝑀𝑎𝑥൛𝑈ଵ, 𝑈௦ଵ, 0ൟ = 0, choose not to purchase the prod-
uct or the extended warranty service. 

From 𝑈ଵ ≥ 0, 𝑣 ≥ 𝑣ଵ = భଵିఋ 
From 𝑈௦ଵ ≥ 0,𝑣 ≥ 𝑣ଶ = 𝑝ଵ + 𝑝௦ଵ 
From 𝑈௦ଵ ≥ 𝑈ଵ,𝑣 ≥ 𝑣ଷ = ೞభఋ  
When 𝛿൫𝑝ଵ + 𝑝௦ଵ൯ ≥ 𝑝௦ଵ, as shown in the Figure 2, there exists 𝑣ଵ ≥ 𝑣ଶ ≥ 𝑣ଷ. 

 
Figure 2. Utility analysis of product and extended warranty service with 𝑣ଵ ≥ 𝑣ଶ ≥ 𝑣ଷ. 

When 𝑣 > 𝑣ଶ, consumers purchase both the product and its extended warranty ser-
vice, so the product demand is equal to the extended warranty service demand, we can 
obtain the following: 𝐷ଵ = 𝐷௦ଵ = 1 − 𝑝ଵ − 𝑝௦ଵ (3)

It can be seen from the function that it has nothing to do with the product failure rate, 
which is one of the necessary factors to consider when purchasing a product. The function 
does not conform to reality and is discarded. 

When 𝛿൫𝑝ଵ + 𝑝௦ଵ൯ < 𝑝௦ଵ, as shown in the Figure 3, there exists 𝑣ଵ < 𝑣ଶ < 𝑣ଷ. 

 
Figure 3. Utility analysis of product and extended warranty service with 𝑣ଵ < 𝑣ଶ < 𝑣ଷ. 

Figure 2. Utility analysis of product and extended warranty service with v1 ≥ v2 ≥ v3.

When v > v2, consumers purchase both the product and its extended warranty service,
so the product demand is equal to the extended warranty service demand, we can obtain
the following:

Dp1 = Ds1 = 1 − pp1 − ps1 (3)

It can be seen from the function that it has nothing to do with the product failure rate,
which is one of the necessary factors to consider when purchasing a product. The function
does not conform to reality and is discarded.

When δ
(

pp1 + ps1
)
< ps1, as shown in the Figure 3, there exists v1 < v2 < v3.
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When v > v3, consumers choose to buy both products and extended warranty services;
when v1 ≤ v ≤ v3, consumers only choose to buy products. It can be concluded that the
demand functions of products and extended warranty services are as follows:

Dp1 = 1 −
pp1

1 − δ
(4)

Ds1 = 1 − ps1

δ
(5)

Similarly, the demand functions for products and extended warranty services in the
second period are as follows:

Dp2 = a −
pp2

1 − δ
(6)

Ds2 = a − ps2

δ
(7)
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In this paper, the subscript “m” represents the manufacturer, the subscript “r“ rep-
resents the retailer, the superscript “C” represents the centralized supply chain, and the
superscript “D” represents the decentralized supply chain. The superscript “*” represents
the optimal.

3.2. Model Construction and Solving
3.2.1. Centralized Decision-Making Model

Under the centralized decision-making model, manufacturers and retailers make
corresponding decisions as a single entity, jointly determining the prices pp1, ps1, pp2, and
ps2 of products and their extended warranty services in the first and second periods, as
well as the product quality q. Accordingly, the profit function of the second period under
this model is as follows:

πC
2 =

(
pp2 − c

)
Dp2 + (ps2 − csδ)Ds2 (8)

The profit function of the entire sales process is as follows:

πC
1 =

(
pp1 − c

)
Dp1 + (ps1 − csδ)Ds1 −

1
2

kq2 + πC
2 (9)

Under centralized decision-making, the manufacturer first confirms the product qual-
ity, and then the retailer determines the product price and extended warranty service price
based on the manufacturer’s decision. Both parties make decisions in turn, and the same
operation is performed in the second period, with the goal of maximizing overall profits.
The overall decision-making sequence is shown in Figure 4.
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The reverse induction method is used to find the optimal solution for each price. First,
by solving the profit function (1) of the second period of the entire supply chain, the optimal
product price pC∗

p2 and the optimal extended warranty service price pC∗
s2 can be obtained.

Based on these two optimal responses, the supply chain entity makes decisions in the first
period with the goal of maximizing profits. Substituting pC∗

p2 and pC∗
s2 into Equation (2) and

solving it, the optimal product price pC∗
p1 , the optimal extended warranty service price pC∗

s1 ,

and the product quality qC∗ in the first period can be obtained.
The optimal solutions obtained are as follows:

pC*
p1 = 1

2 c + 1
2 η

(
A + csη(a−cs+1)

6k + c2
s η2(a−cs+1)2

36k2 A

)
pC*

s1 = 1
2 (cs + 1)

(
1 − η

(
A + csη(a−cs+1)

6k + c2
s η2(a−cs+1)2

36k2 A

))
pC*

p2 = 1
2 c + 1

2 aη

(
A + csη(a−cs+1)

6k + c2
s η2(a−cs+1)2

36k2 A

)
pC*

s2 = 1
2 (a + cs)

(
1 − η

(
A + csη(a−cs+1)

6k + c2
s η2(a−cs+1)2

36k2 A

))
qC* = A + csη(a−cs+1)

6k + c2
s η2(a−cs+1)2

36k2 A

Among these, A =

√( c2

4ηk −
c3

s η3(a−cs+1)3

216k3

)2
− c6

s η6(a−cs+1)6

46656k2 − c2

4ηk +
c3

s η3(a−cs+1)3

216k3

1/3

.
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3.2.2. Decentralized Decision-Making Model

Different from the centralized decision-making model, in the decentralized decision-
making model, supply chain enterprises aim to maximize their own interests. As the main
party of the decentralized supply chain, the profit functions of retailers and manufacturers
in the second period are as follows:

πD
r2 = pp2Dp2 + (ps2 − csδ)Ds2 − w2

(
Dp2 − I

)
(10)

πD
m2 = (w2 − c)

(
Dp2 − I

)
(11)

Considering strategic inventory, the profit functions of retailers and manufacturers in
the two periods are as follows:

πD
r1 =

(
pp1 − w1

)
Dp1 + (ps1 − csδ)Ds1 − (h + w1)I + πD

r2 (12)

πD
m1 = (w1 − c)

(
Dp1 + I

)
− 1

2
kq2 + πD

m2 (13)

By analyzing the sales process, we can know that the manufacturer first determines
the product quality q and the product wholesale price w1 in the first period, and then the
retailer determines the product and its extended warranty service prices pp1 and ps1 and
decides the inventory strategy I. Then, in the second period, the manufacturer confirms
the product wholesale price w2, and, finally, the retailer determines the product and its
extended warranty service prices pp2 and ps2. The overall decision-making process is
shown in Figure 5.
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According to the reverse induction method, firstly, the retailer’s profit function (3)
of the second period is solved to obtain the optimal product and extended warranty
service price pD*

p2 , pD*
s2 . Then, it is substituted into the manufacturer’s profit function (4)

of the second period to obtain the optimal solution of the wholesale price wD*
2 ). Then,

pD*
p2 , pD*

s2 , wD*
2 are substituted into the retailer’s profit function (5) to obtain pD*

p1 , pD*
s1 , ID*.

Finally, wD*
1 , qD* are substituted into the manufacturer’s profit function (6). The following

are the equilibrium optimal solutions of each indicator:

pD*
p1 = 4

17 c − 1
17 h + 1

68 η(43 + 9a)
(

B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

)
pD*

s1 = 1
2 (cs + 1)

(
1 − η

(
B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

))
pD*

p2 = 11
34 c + 5

34 h + 1
34 η(3 + 20a)

(
B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

)
pD*

s2 = 1
2 (a + cs)

(
1 − η

(
B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

))
wD*

1 = 8
17 c − 2

17 h + 9
34 η(1 + a)

(
B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

)
wD*

2 = 11
17 c + 10

17 h + 3
17 η(1 + a)

(
B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B

)
ID* = 11

34 a − 5c+20h

34η

(
B+ 3η(a+1)2

136k +
9η2(a+1)4

18496k2B

) − 3
17

qD* = B + 3η(a+1)2

136k + 9η2(a+1)4

18496k2B
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Among these, B =

(√(
27η3(a+1)6

(136 k)3 − 9c2+4ch+8h2

68ηk

)2
− 729η6(a+1)12(

18496 k2)
3 + 27η3(a+1)6

(136 k)3 −

9c2+4ch+8h2

68ηk

)1/3
.

3.3. Model Analysis

The abovementioned models are the optimal solutions of indicators under decentral-
ized decision-making and centralized decision-making models, respectively. The following
mainly analyzes the impact of unit inventory cost and product cost on pricing in decentral-
ized decision-making.

3.3.1. Analysis of Unit Inventory Cost Factors

In the previous section, we have obtained the optimal solutions for the indicators under
the decentralized decision-making model and the centralized decision-making model. The
following mainly analyzes the impact of the two factors, unit inventory cost and product
cost, on pricing in decentralized decision-making:

If 9η2(a + 1)4 < 18496k2B,
∂pD*

p1
∂h < 0, ∂wD*

1
∂h < 0, ∂pD*

s1
∂h > 0, ∂pD*

s2
∂h > 0, ∂ID*

∂h < 0.

If 9η2(a + 1)4 > 18496k2B,
∂pD*

p2
∂h > 0, ∂wD*

2
∂h > 0, ∂pD*

s1
∂h < 0, ∂pD*

s2
∂h < 0.

The proof process is as follows:
∂pD*

p1
∂h = − 1

17 + 1
68 η(43 + 9a) ∂qD*

∂h ,
∂pD*

p2
∂h = 5

17 + 1
34 η(3 + 20a) ∂qD*

∂h , ∂wD*
1

∂h = − 2
17+

9
34 η(1+ a) ∂qD*

∂h , ∂wD*
2

∂h = 10
17 +

3
17 η(1+ a) ∂qD*

∂h , ∂pD*
s1

∂h = −1
2 η(cs + 1) ∂qD*

∂h , ∂pD*
s2

∂h = −1
2 η(a + cs)

∂qD*

∂h ,

∂ID*

∂h = 1
ηq

(
5c+20h

q
∂qD*

∂h − 10
17

)
, ∂qD*

∂h = c+4h
51ηk B−2

(((
27η3(a+1)6

(136 k)3 − 9c2+4ch+8h2

68ηk

)2
−

729η6(a+1)12(
18496 k2)

3

)− 1
2(

27η3(a+1)6

(136 k)3 − 9c2+4ch+8h2

68ηk

)
+ 1

( 9η2(a+1)4

18496k2B − 1
)

. When 9η2(a + 1)4 <

18496k2B, ∂qD*

∂h < 0, then
∂pD*

p1
∂h < 0, ∂wD*

1
∂h < 0, ∂pD*

s1
∂h > 0, ∂pD*

s2
∂h > 0, ∂ID*

∂h < 0. When

9η2(a + 1)4 > 18496k2B, ∂qD*

∂h > 0, then
∂pD*

p2
∂h > 0, ∂wD*

2
∂h > 0, ∂pD*

s1
∂h < 0, ∂pD*

s2
∂h < 0.

From the above conclusions, we can find that when the condition of 9η2(a + 1)4 <
18496k2B is met, the increase in unit inventory cost h will cause the price pD*

p1 and wholesale
price wD*

1 of the product in one period to decrease, while the prices of extended warranty
services in the two periods pD*

s1 , pD*
s2 will increase, and retailers will reduce their own

strategic inventory ID*. This can be explained by the fact that when inventory costs
increase, manufacturers plan to reduce the wholesale price of products in the first period,
and retailers plan to reduce the selling price of products in one period, while reducing
the inventory of products, and ensure sales profits by increasing the pricing of extended
warranty services in two periods and reducing the selling price to increase sales. When
9η2(a + 1)4 > 18496k2B is satisfied, as the unit inventory cost h increases, the product price
pD*

p2 , and wholesale price wD*
2 in the second period increase, and the extended warranty

service prices pD*
s1 , pD*

s2 of the two periods decrease. This can be explained by the fact that
under this condition, the increase in inventory costs makes retailers intentionally increase
the product prices in the second period, and manufacturers also increase the corresponding
wholesale prices to seek balance, reducing the profit reduction caused by the increase in
inventory costs. At the same time, retailers plan to reduce the extended warranty service
prices of products in the two periods to ensure overall profits through the sales of the
products themselves.

3.3.2. Analysis of Product Cost Factors

The following mainly analyzes the impact of product cost on pricing in decentralized
decision-making:
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If 9η2(a + 1)4 < 18496k2B, ∂pD*
s1

∂c > 0, ∂pD*
s2

∂c > 0.

If 9η2(a + 1)4 > 18496k2B,
∂pD*

p1
∂c > 0,

∂pD*
p2

∂c > 0, ∂wD*
1

∂c > 0, ∂wD*
2

∂c > 0, ∂pD*
s1

∂c < 0, ∂pD*
s2

∂c < 0.
The proof process is as follows:
∂pD*

p1
∂c = 4

17 +
1
68 η(43+ 9a) ∂qD*

∂c ,
∂pD*

p2
∂c = 11

34 +
1
34 η(3+ 20a) ∂qD*

∂c , ∂wD*
1

∂c = 8
17 +

9
34 η(1+ a) ∂qD*

∂c ,
∂wD*

2
∂h = 11

17 + 3
17 η(1+ a) ∂qD*

∂c , ∂pD*
s1

∂c = − 1
2 η(cs + 1) ∂qD*

∂c , ∂pD*
s2

∂c = − 1
2 η(a + cs)

∂qD*

∂c , ∂qD*

∂c =

9c+2h
102ηk B−2

(( 27η3(a+1)6

(136 k)3 − 9c2+4ch+8h2

68ηk

)2
− 729η6(a+1)12(

18496 k2)
3

)− 1
2(

27η3(a+1)6

(136 k)3 − 9c2+4ch+8h2

68ηk

)
+

1
)(

9η2(a+1)4

18496k2B − 1
)

. When 9η2(a + 1)4 < 18496k2B, ∂qD*

∂c < 0, then ∂pD*
s1

∂h > 0, ∂pD*
s2

∂h > 0.

When 9η2(a + 1)4 > 18496k2B, ∂qD*

∂h > 0, then
∂pD*

p1
∂c > 0,

∂pD*
p2

∂c > 0, ∂wD*
1

∂c > 0, ∂wD*
2

∂c > 0,
∂pD*

s1
∂c < 0, ∂pD*

s2
∂c < 0.

From the above conclusions, it can be found that when the condition of 9η2(a + 1)4 <
18496k2B is met, the increase in product cost c will cause the increase in product extended
warranty service pricing pD*

s1 , pD*
s2 . This can be explained as being due to the fact that the

cost required for product quality repair and maintenance will increase after the product
cost is increased. In order to ensure sales revenue, retailers increase the price of product
extended warranty service within two periods to make up for the reduced profit caused by
the cost increase. When the condition of 9η2(a + 1)4 > 18496k2B is met, with the increase
in product cost c, it will cause the increase in the product prices pD*

p1 , pD*
p2 and wholesale

prices wD*
1 , wD*

2 , and the decrease in the product extended warranty service prices pD*
s1 ,

pD*
s2 . This can be explained by the fact that under this condition, the increase in product

costs will lead to an increase in product wholesale and sales prices, ensuring the stability
of profits. In order to attract customers and improve market competitiveness, retailers
increase product attractiveness and expand product sales by lowering the price of product
extended warranty services.

4. Supply Chain Coordination Contract Model Based on Extended Warranty Service
4.1. Basic Assumptions

The previous chapter mainly solved the equilibrium of various indicators under the
two modes of centralized and decentralized decision-making and focused on analyzing
the impact of different cost factors on pricing and inventory in the decentralized decision-
making model. It can be found that there are inconsistent decisions under the two different
models, and for manufacturers, product costs have a certain impact on subsequent decisions.
If the product cost is huge, the profit of the entire supply chain will be affected. Therefore, it
is necessary to design a coordination mechanism so that the supply chain entities can obtain
a common profit increase and let the supply chain companies make a common decision for
the same goal. Retailers can cooperate with manufacturers and consider sharing part of the
product quality costs with manufacturers. This can appropriately improve product quality,
which is conducive to promoting the marketing enthusiasm of supply chain companies.
This paper will use cost-sharing contracts to achieve product supply chain coordination.

The basic assumptions of the model in this chapter are based on the third chapter and
the parameter φ is added. The quality cost sharing contract is designed, where φ is the
cost sharing coefficient, 0 < φ < 1. In this paper, the superscript “t“ means that the supply
chain members do not directly decide the quality cost sharing ratio.
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4.2. Model Building and Solving

In this coordination contract model, the main consideration is cost sharing in the first
period, so the profit function in the second period is the same as that in the decentralized
decision-making model.

πt
r2 = pp2Dp2 + (ps2 − csδ)Ds2 − w2

(
Dp2 − I

)
(14)

πt
m2 = (w2 − c)

(
Dp2 − I

)
(15)

After the introduction of the cost sharing coefficient, retailers need to share the costs
consumed by manufacturers in the process of manufacturing products. Considering cost
sharing, the profit functions of retailers and manufacturers in two periods are:

πt
r1 =

(
pp1 − w1

)
Dp1 + (ps1 − csδ)Ds1 − (h + w1)I − 1

2
φkq2 + πt

r2 (16)

πt
m1 = (w1 − c)

(
Dp1 + I

)
− 1

2
(1 − φ)kq2 + πt

m2 (17)

Consider that supply chain enterprises do not directly decide on the cost sharing coef-
ficient, that is, the product quality cost sharing is not directly determined by manufacturers
or retailers. In the decision-making stage, the manufacturer first determines the product
quality q and the wholesale price w1, and then the retailer determines the product and its
extended warranty service prices pp1, ps1 and inventory strategy I. In the second period,
the wholesale price w2 and the product and its extended warranty service prices pp2, ps2
are decided in turn according to the order of manufacturers and retailers.

Using the reverse induction method, the solution process is similar to that in the
decentralized decision model, and the solution obtained is as follows:

pt*
p1 = 4

17 c − 1
17 h + 1

68 η(43 + 9a)
(

E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

)
pt*

s1 = 1
2 (cs + 1)

(
1 − η

(
E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

))
pt*

p2 = 11
34 c + 5

17 h + 1
34 η(3 + 20a)

(
E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

)
pt*

s2 = 1
2 (a + cs)

(
1 − η

(
E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

))
wt*

1 = 8
17 c − 2

17 h + 9
34 η(1 + a)

(
E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

)
wt*

2 = 11
17 c + 10

17 h + 3
17 η(1 + a)

(
E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

)
It* = 11

34 a − 5c+20h

34η

(
E+ 3η(a+1)2

136k(1−φ)
+

9η2(a+1)4

18496k2(1−φ)2E

) − 3
17

qt* = E + 3η(a+1)2

136k(1−φ)
+ 9η2(a+1)4

18496k2(1−φ)2E

Among these, E =

(√(
27η3(a+1)6

(136k(1−φ))3 − 9c2+4ch+8h2

68ηk(1−φ)

)2
− 729η6(a+1)12

(18496k2(1−φ 2))
3 +

27η3(a+1)6

(136k(1−φ))3 −

9c2+4ch+8h2

68ηk(1−φ)

)1/3
.

5. Numerical Simulation and Analysis
5.1. Numerical Simulation

Given the complexity of the profit function within the contract model, numerical
simulations were employed to analyze the impact of various parameters on different
indicators before and after the implementation of the contract. Experimental data are used
in this paper. To justify the data selection, we utilized the following parameter values:
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a = 10, k = 2, η = 0.1, h = 0.2, c = 0.2, cs = 0.6, and φ = 0.3. These values were chosen
based on a preliminary analysis of the system’s operational range and previous empirical
studies. The experiments were conducted using MATLAB R2022b, where simulations were
performed to visualize the effects of these parameters on various indicators before and after
coordination.

5.2. Analysis and Discussion

In the Figure 6, q1D represents the first period, q1t represents the second period, D
represents decentralized decision-making, and t represents the coordination mechanism.
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In Figure 6, we can see that the product quality after the coordination contract has
been significantly improved compared to the decentralized decision-making. After the
implementation of product cost sharing, retailers share the pressure of manufacturers to
produce products and provide better products. Product quality is also one of the key
factors to attract customers. Good products can help companies expand their market
competitiveness, so it is necessary to implement a product cost sharing contract.

In Figure 7, it can be seen that the wholesale price of the product increases with the
increase in the product failure coefficient. There is a negative correlation between the
product failure coefficient and the product failure rate, that is, the larger the product failure
coefficient, the smaller the product failure rate, and the product quality will be improved
accordingly. To increase profits, manufacturers will increase the wholesale price of products.
Considering the strategic inventory of retailers, the wholesale price of manufacturers in the
second period will be lower than that in the first period. This is because retailers will adjust
their purchase volume in the second period under the influence of inventory strategy and
make up for the demand with the inventory volume in the first period. In addition, by
comparison, it can be found that the wholesale price rises after the coordination contract
is carried out. Because retailers and manufacturers share the product quality costs, the
product quality is improved. Accordingly, manufacturers choose to increase wholesale
prices in order to increase profits.
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As shown in Figure 8, the product sales price in the second period is significantly
higher than that in the first period, and the product sales price after the implementation
of the coordination contract is higher than the decentralized decision. This is because as
the user’s evaluation of the product increases, the user’s recognition of the product also
increases, making the product more attractive. After retailers share the cost of product
quality, the cost required increases, so they increase product prices to make up for the loss
of profit caused by sharing. Considering the situation of strategic inventory, due to the
influence of inventory cost factors, the product price in the second period has a significant
change compared with the first period, reducing the cost loss caused by inventory and
expanding the profit space.
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As shown in Figure 9, the price of the product extended warranty service does not
change much before and after the coordination, and as the user evaluation coefficient
increases, the price of the product extended warranty service in the second period increases.
This shows that the implementation of the cost-sharing contract does not affect the change
in the extended warranty service price. When the user’s product evaluation coefficient
is too low, it means that the user received less positive feedback after using the product
in the first period and produced a low impression. Therefore, the retailer will reduce the
price of the extended warranty service in the second period and attract customers to buy
products through the extended warranty service. When the user’s evaluation of the product
exceeds that of the first period, it means that the user has a high degree of recognition of the
product, so the retailer will change the relevant decision, so that the price of the extended
warranty service in the second period will gradually be higher than that in the first period.
The retailer will consider the customer’s evaluation and gradually increase the price of the
extended warranty service based on the customer’s strong willingness to buy.
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Figures 10 and 11 show that cost-sharing contracts will increase retailers’ strategic
inventory appropriately. When the product failure coefficient increases, the retailer’s
inventory will gradually increase, and the change between before and after the coordination
contract will gradually decrease, and it will remain stable after growing to a certain level.
As the product quality cost coefficient increases, retailers will significantly reduce their
strategic inventory. The product failure coefficient is strongly correlated with product
quality. The improvement of product quality helps the sales ability of the product. In this
case, retailers can increase their strategic inventory to meet customers’ product needs in
a timely manner. The increase in the product quality cost coefficient means that retailers
need to spend more extra costs to manufacture products, which means that retailers will
reduce inventory to achieve the purpose of reducing cost expenditures.
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6. Conclusions

This paper develops a two-period product extended warranty service supply chain
decision model and explores how product quality, pricing, and inventory decisions evolve
under centralized and decentralized decision-making structures. Additionally, it introduces
a cost-sharing contract model to assess the impact of retailer participation in product
quality costs.

First, the model compares the equilibrium solutions under centralized and decentral-
ized decision-making. Due to the diversity of strategies, when participants can choose
multiple strategies, each combination of strategies may produce different equilibrium solu-
tions. The coefficients may represent the ratio of costs, benefits, or other relevant parameters,
helping to analyze the economic benefits of different strategies. In non-cooperative games,
each party aims to maximize its own utility, which may lead to multiple equilibrium states.
These equilibria may become more stable under certain conditions. Results indicate dis-
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tinct differences in the optimal solutions between the two, especially regarding pricing,
inventory, and cost fluctuations. The analysis reveals that product and inventory costs
play crucial roles in influencing product pricing, making it essential for manufacturers to
manage production costs and for retailers to maintain efficient inventory control to prevent
profit erosion.

Second, introducing a cost-sharing contract highlights its positive impact on product
quality and coordination within the supply chain. Improved product quality, driven
by shared costs, leads to higher wholesale prices and enables retailers to adjust pricing
based on user evaluations and product failure rates. Retailers can also optimize their
inventory strategy based on the extended warranty pricing and consumer response in
different periods.

The analysis confirms that cost-sharing contracts enhance both product quality and
supply chain coordination, leading to improved pricing and inventory strategies across the
supply chain. Retailers, by leveraging consumer feedback, can adjust warranty pricing and
strategic inventory to balance profit maximization with customer satisfaction.

Future research should focus on extending the model to include multiple supply
chains and exploring interactions between various manufacturers and retailers. Factors,
such as consumer income, preferences, and the presence of substitute products, could also
be integrated into the model to provide a more comprehensive understanding of supply
chain dynamics. Additionally, exploring real-world inventory constraints and supply chain
uncertainties will increase the model’s practical applicability.
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Nomenclature

Variable Description
c Product cost
q Product quality level
Q Quantity of product purchased by the retailer
I Inventory for the second period
h Unit product inventory cost
cs Unit product extended warranty service cost (repair and maintenance cost)
δ Product failure rate
η Failure coefficient
v Product value perceived by consumers
a Coefficient representing product evaluation change in the second period
w1, w2 Wholesale price in the first/second sales period
Dp1,Dp2 Product demand in the first/second period
pp1, pp2 Product price in the first/second sales period
Ds1, Ds2 Extended warranty service demand in the first/second period
ps1, ps2 Extended warranty service price in the first sales period
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