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Abstract: Classification of Hyperspectral Images (HSIs) has gained attention for the past few
decades. In remote sensing image classification, the labeled samples are insufficient or hard to
obtain; however, the unlabeled ones are frequently rich and of a vast number. When there are no
sufficient labeled samples, overfitting may occur. To resolve the overfitting issue, in this present
work, we proposed a novel approach for HSI feature extraction, called robust regularized Block
Low-Rank Discriminant Analysis (BLRDA), which is a robust and efficient feature extraction method
to improve the HSIs’ classification accuracy with few labeled samples. To reduce the exponentially
growing computational complexity of the low-rank method, we divide the entire image into blocks
and implement the low-rank representation for each block respectively. Due to the symmetric matrix
requirements for the regularized graph of discriminant analysis, the k-nearest neighbor is applied
to handle the whole low-rank graph integrally. The low-rank representation and the kNN can
maximally capture and preserve the global and local geometry of the data, respectively, and the
performance of regularized discriminant analysis feature extraction can be apparently improved.
Extensive experiments on multi-class hyperspectral images show that the proposed BLRDA is a very
robust and efficient feature extraction method. Even with simple supervised and semi-supervised
classifiers (nearest neighbor and SVM) and randomly given parameters, the feature extraction method
achieves significant results with few labeled samples, which shows better performance than similar
feature extraction methods.

Keywords: hyperspectral image; regularized block low-rank discriminant analysis; semi-supervised
discriminant analysis; low-rank representation; feature extraction

1. Introduction

With the advancement of remotely-sensed hyperspectral imaging instruments, Hyperspectral
Images (HSIs) have gained widespread attention throughout the globe. HSI contains enriched
information due to the presence of various bands (almost more than hundreds) [1]. HSI provides
the comprehensive spectral information of the materials’ physical properties. This ubiquitous
technique is applied in agricultural monitoring [2,3], forestry [4], ecosystem monitoring [5], mineral
identification [6,7], environmental pollution monitoring [8] and urban growth analysis [9,10]. For the
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HSIs’ classification, good results usually entail many labeled samples. The images are deemed as
high-dimensional points that lie in or nearly in low-dimensional manifolds. Recently, numerous
dimensionality reduction algorithms have proposed preserving the local manifold structure of the data,
such as Locally Linear Embedding (LLE) [11], Isomap [12] and Laplacian Eigenmap [13]. The main
limitation is the lack of sufficient labeled training data since identifying and labeling samples comprise
a daunting task. The main drawback of the machine learning approach is overfitting [14,15] due to the
limited number of training data when dealing with small sample problems in highly dimensional and
nonlinear cases, which is referred to as the “Hughes phenomenon” [16,17].

To resolve the issue above, semi-supervised learning was proposed to utilize both labeled
data and the information conveyed by the marginal distribution of the unlabeled samples to
boost the algorithmic performance [18–20]. Graph embedding means that each node is mapped
to a low-dimensional feature vector and tries to maintain the connection between vertices [20]. Cai et al.
proposed Semi-supervised Discriminant Analysis (SDA), which is a novel method that takes advantage
of labeled and unlabeled samples [21]. Nevertheless, the semi-supervised learning algorithmic
performance relies profoundly on the graph construction process. The k-nearest neighbor [12] and
Locally Linear Embedding (LLE) neighbors [13,22], as well as other traditional methods depend mainly
on the pair of Euclidean distances. However, these methods are not robust to noise as a result of
using Euclidean distances to find the pairwise weights. Yan et al. proposed the l1 graph for SSL
(Semi-supervised learning) [23]. Zhu et al. presented a series of novel semi-supervised learning
approaches arising from graph representation [18,24,25]. Belkin and Niyogi [26] proposed a regression
function that fits the label of the labeled data while maintaining the smoothness of the data. Jebara et
al. provided a b-matching graph for SSL, which ensures that each node has the same number of edges
in the balanced graph [22]. Zhou et al. [18] conducted semi-supervised learning with local and global
consistency.

Low-rank representation is proposed to construct an undirected graph (LR-graph) [27–29], which
jointly receives the graph of all of the data according to the low-rank constraint [27–29]. The graph
regards as finite a group of samples in which one sample is associated with a vertex and the weight
represents two connecting vertexes’ similarity [20,30,31]. In [32], Zhang et al. introduced the HSI
restoration Low-Rank-based Recovery Method (LRMR), which can remove various noises. Veganzones
et al. revealed an approach that partitions the image into patches and resolves the fusion issue of each
patch by low-rank representation individually [33]. According to LRR (Low-rank Representation) and
the Learned Dictionary (LD), a hyperspectral anomaly detector has been put forward, which assumes
that the hyperspectral image can disintegrate into a low-rank and a sparse matrix, respectively,
representing the background and anomalies [34]. To resolve the failure to preserve spatial information
problem, a Tensor Sparse and Low-rank Graph for Discriminant Analysis (TSLGDA) is proposed [35].
In [36], He et al. suggested a spatial-spectral mixed-noise removal method for the HSI. The proposed
Sparse and Low-rank Graph-based Discriminant Analysis (SLGDA) incorporates sparsity and low-rank
to simultaneously preserve both local and global information [30]. Qi et al. presented a multi-task joint
sparse and low-rank representation model for high-resolution satellite image interpretation [37].

The calculation of the LRR graph is a grave concern; because the growing data points subsequently
issue the pixels in HSIs, the computational complexity of LRR grows exponentially. To resolve the
issues above, we explore the low-rank structure via block theory. Figure 1 shows the formulation of
the proposed regularized block low-rank discriminant analysis feature extraction for HSI classification.
As shown in Figure 1, we preprocess the hyperspectral image first by the Image Fusion and Recursive
Filtering feature (IFRF), which removes the redundant information simultaneously [17]. The IFRF
feature method is to select better bands, which eradicates the noise and redundant information
concurrently. However, our goal is to improve the graph adjacency between the pixels for the
regularization term of regularized discriminant analysis. Consequently, inspired by the LRR algorithm,
we aim to exploit the low-rank structure. LR uses all samples as the dictionary, where each sample is
represented as a linear combination of the dictionary. The low-rank hypothesis is a global constraint,
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which guarantees that data points in the same subspace are clustered in the same class [29]. When all
samples distribute into independent subspaces, the coefficients of the low-rank assumption reveal the
membership of these samples: the within-cluster affinities are dense, and the between-cluster affinities
are all zeros.
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Figure 1. Formulation of the proposed regularized block low-rank discriminant analysis feature
extraction for Hyperspectral Image (HSI) classification. IFRF, Image Fusion and Recursive Filtering;
SDA, Semi-supervised Discriminant Analysis.

Afterward, divide the processed image into blocks (subsets) by pixels and implement the low-rank
representation on each block image. Eventually, we combine the subsets’ feature representation with
a complete feature graph. Further, the k-nearest neighbor is applied to handle the integral low-rank
graph to satisfy the symmetric matrix requirements for the regularized graph of discriminant analysis.
Additionally, at the same time, k-nearest neighbor preserves the local information of the image [38].
Furthermore, process the semi-supervised discriminant analysis for feature extraction, which takes
advantage of the labeled samples and the distribution of the whole samples. Finally, implement
the supervised and semi-supervised classifier methods. We perform comprehensive experiments
on several real multi-class HSIs. We summarize the main contributions of the paper in the
following paragraphs.

• From the inspiration of LRR and the semi-supervised discriminant analysis algorithm,
we proposed a robust feature extraction method, regularized block low-rank discriminant analysis.
The block LRR solves the growing computational complexity problem of LRR, which captures the
global structure of the data.

• After image fusion and recursive filtering, we implement our proposed regularized block low-rank
discriminant analysis feature extraction method. The kNN approach simultaneously addresses
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two issues such as SDA’s symmetric requirements and capturing the local information of the HSIs.
Consequently, the BLRDA method maximally preserves the local geometry of the data.

• Extensive experiments on several multi-class HSIs demonstrate that our proposed BLRDA
method is a novel feature extraction method not yet evident in the literature. It can enhance
the performance of hyperspectral image classification significantly. Given simple supervised
and semi-supervised classifiers, the feature graph achieves significant performance in the HSIs’
classification with few labeled samples. Moreover, the BLRDA feature extraction method is much
more robust than similar methods.

We organize the remaining part of our paper as follows. We start with a preliminary introduction
in Section 2. Section 3 deciphers the HSI classification based on regularized block low-rank discriminant
analysis. To check the reproducibility of our proposed method, several experiments on real-world
hyperspectral images are carried out in Section 4. In Section 5, we provide the discussion. Conclusions
are presented in Section 6.

2. Preliminary

2.1. Regularization

To avoid the overfitting issue, regularization is implemented. Regularization means adding some
rules (restrictions) to the objective function that needs training, which amends the solution space and
reduces the possibility of finding the wrong solution, so that it does not inflate itself. The constraint is
interpreted as a priori knowledge (the regularization parameter is equivalent to introducing the prior
distribution to the parameter).

The regularization constraint has a guiding role. When optimizing the error function, it tends to
choose the gradient reduction direction. Subsequently, the final solution tends to conform to a priori
knowledge (such as the general l-norm a priori knowledge, indicating that the original problem is
more likely to be relatively simple and tends to produce sparse parameters).

Regularization has roughly two functions. From the model modification point of view, it is used
to balance the two terms in the learning process such as bias-variance, fitting ability-generalization
ability, loss function-generalization ability and empirical risk-structural risk. From the model solution
point of view, regularization provides the possibility of a unique solution. Eventually, least
squares fitting may produce an infinite solution, but adding l1 or l2 regularization terms can
lead to unique solutions.

In practice, overfitting [14,15] may happen due to limited training samples [16]. To address the
overfitting issue, semi-supervised learning was proposed to utilize both labeled samples and unlabeled
samples to enhance algorithmic performance. The priori assumption of consistency is the key of SSL,
which indicates that nearby points may have the same label or similar embeddings [18]. Cai et al.
proposed Semi-supervised Discriminant Analysis (SDA), which takes advantage of both labeled and
unlabeled samples [21].

The semi-supervised learning algorithmic performance relies profoundly on the graph
construction processes. Hence, inspired by low-rank representation, we aim to improve the semi-
supervised discriminant analysis feature extraction method via a novel regularized low-rank-based
graph term. Furthermore, we narrated a brief outline of two important techniques, semi-supervised
discriminant analysis and the low-rank representation algorithm.
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2.2. Overview of Semi-supervised Discriminant Analysis

Semi-supervised Discriminant Analysis (SDA) is derived from Linear Discriminant
Analysis (LDA). LDA is a supervised method that minimizes within-class covariance while maximizing
between-class covariance. The objective function of LDA is as follows:

aopt = arg max
a

aTSba
aTSwa

(1)

where Sb is defined as the between-class scatter and Sw is the within-class scatter matrix.
Overfitting may occur when there are not enough training samples. A possible solution to deal

with overfitting could be learned on both labeled and unlabeled data by imposing a normalizer [21].
Applying the notion of the regularized graph, a smoothness penalty is incorporated into the objective
function of linear discriminant analysis, and the overfitting problem is solved. The labeled samples
in the SDA algorithm are to maximize the different classes’ separability. The graph adjacency of
all of the samples is used to estimate the fundamental geometric information, which is called the
regularized graph.

Given a set of samples [x1, · · · , xm, xm+1, · · · , xm+l ], where N = m + l, the first m samples are
labeled as [y1, · · · , ym], and the remaining l samples are unlabeled. There are c classes. A rejection
matrix a is obtained here in the SDA method [21], which can present the prior assumption of consistency
according to a regularization term.

aopt = arg max
a

aTSba
aTSta + αJ (a)

(2)

Here, St is defined as the total class scatter matrix. α is the parameter that balances the complexity
and empirical loss of the model. The regularized graph J (a) controls the learning complexity of the
hypothesis family.

Given a set of examples, Sij is the graph adjacency that represents the model of the relationships
of nearby data points. Typically, the k-nearest neighbor graph is used to calculate the neighbor points’
relationship, where an edge between the nearest neighbor is the weight of each other.

The model can easily incorporate the priori knowledge in the regularization term J (a), as follows:

J (a) = ∑
ij

(
aTxi − aTxj

)2
Sij

= 2 ∑
i

aTxiDiixi
Ta− 2 ∑

ij
aTxiSijxT

j a

= 2aTX (D− S)XTa

= 2aTXLXTa

(3)

The column (or row, since S is symmetric) sum of S, i.e., Dii = ∑j Sij is the diagonal matrix D.
The Laplacian matrix [23] is L = D− S. Then, the SDA’s objective function with regularization term
J (a) is:

aopt = max
a

aTSba
aT (St + αXLXT) a

(4)

We obtain the projective vector a by maximizing the generalized eigenvalue problem where d is
the weight matrix’s rank for the labeled graph.

Sba = λ
(

St + αXLXT
)

a (5)
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2.3. Low-Rank Representation

The low-rank representation is first proposed to construct a graph (LR-graph) [23], which jointly
receives the graph according to the low-rank constraint. It can efficiently catch the global structures of
the data [39].

Suppose X = [x1,x2, · · · ,xn] ∈ Rm×n is the samples set. Each column is an object sample.
Therefore, we represent the feature matrix X on a given dictionary A [29] as:

X = AZ (6)

where Z = [z1,z2, · · · ,zn] ∈ Rl×n is the low-rank coefficient matrix and zi is the representation
coefficient of xi. zi is a linear combination, which is called the representation coefficient. The so-called
low-rank representation is a matrix for this coefficient.

For example, in HSIs, samples of the same category exhibit similar spectra, while samples from
different groups do not present similar spectra. Due to the apparent intra-class similarity and inter-class
dissimilarity, each sample can be represented well by others in the same class, while not by others
in another class. Therefore, when being represented on the dictionary A, samples from the i-th class
xi will produce a significant representation on the Ai component and small factors on other parts
Aj (j 6= i). The appropriate permutations on columns of X, Z will exhibit apparent diagonal-block
structure, as shown in Figure 2.

… … …= × +

Feature 𝐗 Dictionary𝐀 LRR coefficient 𝐙 Error 𝐄

Figure 2. The representation with a diagonal-block structure.

However, the actual labels of samples are unknown in X; it is intractable to directly reveal the
block-diagonal structure in Z. Nevertheless, the underlying block-diagonal structure enables Z to
be low-rank [40]. Therefore, we exploit the low-rank property of Z instead of the block-diagonal
structure implicitly. Furthermore, each sample can be well represented due to the intra-class similarity.
The following low-rank framework [29] searches the lowest rank solution:

min
Z

rank(Z)

s.t.X = AZ
(7)

Due to the discrete nature of the rank function, the above optimization problem is onerous to
sort out. It is evident from the literature that by matrix completion methods (e.g., [41]), the optimization
problem is changed to a convex problem:

min
Z
‖Z‖∗

s.t.X = AZ
(8)

where ‖·‖∗ is the nuclear norm (i.e., trace norm) [42], which is the matrix’s singular values’ summation.
A more reasonable function is proposed by taking into consideration the noise or corruption in
real-world situations, where the residual matrix is often sparse.
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min
Z,E
‖Z‖∗ + λ‖E‖l

s.t.X = AZ + E
(9)

where ‖·‖l can be the l2,1-norm or l1-norm. Here, the l2,1-norm is chosen as the error term, which

is ‖E‖2,1 = ∑n
j=1

√
∑n

i=1

(
[E]ij

)2
. λ is to balance the low-rank and the error term. Here, the

inexact Augmented Lagrange Multipliers (ALM) method [43,44] is applied to obtain the optimization
solution Z∗.

2.4. Image Fusion and Recursive Filtering Feature

Initially, we extracted the spatial information of the HSI by using Image Fusion and Recursive
Filtering (IFRF), which is one of the easiest approaches to image fusion [17]. The IFRF feature of an
HSI contains the main information of the HSI, which eradicates noise and redundant information
simultaneously. It plays a vital role in identifying objects and can be used to discriminate between
different classes in the classification problem [17]. Hence, we preprocess the HSI first by IFRF to
eliminate noise and redundant information.

Let us suppose R = (r1, r2, · · · , rD) ∈ RM×D represents the original hyperspectral image,
which has D-dimensional bands and M pixels in the i-th band of the whole image represented
by ri. We have attempted to spectrally partition the whole hyperspectral image (hyperspectral bands)
into multiple subsets. Each subset is composed of several K continuous bands. Here, we define N as
the number of subsets. Further, we can get N = bD/Kc, where bD/Kc indicates the floor operation
that computes the biggest integer no larger than D/K. The i-th (i ∈ (1, 2, · · · ,N )) subset is shown
as follows:

Pi =

{
(ri, · · · , r(i+K)), i f (i + K) ≤ D
(ri, · · · , rD), otherwise.

(10)

Afterward, fuse the adjacent bands of each subset by image fusion method (the averaging method).
For example, the i-th image fusion feature Fi, i.e., the i-th fusion band, is computed as follows,

Qi =
∑Ni

n=1 Pi
n

Ni
(11)

Here, Pi
n refers to the n-th band in the hyperspectral image’s i-th subset. Ni is the i-th subset’s band

number. After image fusion, we remove the noise pixels and redundant information for each subset.
Then, we obtain the i-th feature by recursive filtering on the above fusion band Qi.

Oi = RF δs ,δr (Q
i) (12)

Here,RF indicates the recursive filtering transform method. δs is defined as the filter’s spatial
standard deviations, and δr is the range standard deviations [45]. After image fusion and recursive
filtering, we obtain the feature image O = [O1, · · · , ON ] ∈ RM×N . Let X = OT = [x1, x2, · · · , xM] ∈
RN×M be the preprocessed features vector, where xi represents a pixel with N band numbers
(dimension) in the hyperspectral image.

3. Methodology

In the above section, we study the classic regularized discriminant analysis, semi-supervised
discriminant analysis and the LRR, which can efficiently capture the global structures of the data.
Furthermore, the labeled samples, as well as the unlabeled samples can be exploited simultaneously
by depicting the underlying block-diagonal structure of Z. Considering this, we have attempted to
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decipher in our present work the robust regularized block low-rank discriminant analysis feature
extraction method. We have comprehensively provided insight into the optimization method based
on the inexact ALM algorithm. The framework of the HSI classification applying the proposed graph
incorporation is found in the following part of this section.

3.1. Regularized Block Low-Rank Discriminant Analysis

The HSI features’ vector X = [x1, x2, · · · , xM] ∈ RN×M, N is the channel number (data
dimension), and M is the pixels number (sample or object number). Determining an appropriate
subspace for classification is an important task. The low-rank representation feature graph is
an onerous task; the operating time increases exponentially with a growing number of samples.
Hence, we explore the low-rank structure via block theory, which divides the whole image into blocks
for low-rank representation.

We choose the block size as S pixels in each block partition. Let {g1, g2, · · · , gm} represent m
blocks’ set index of the image, where there are S pixels in each gi. To formulate the matrix X, according
to {g1, g2, · · · , gm}, we can put the vectors belonging to the same blocks together in the form of
X = {Xg1 , Xg2 , · · · , Xgm}, A = {Ag1 , Ag2 , · · · , Agm} and E = {Eg1 , Eg2 , · · · , Egm}. Further, the LRR
optimization problem for each block is converted into the following form:

min
Zgi ,Egi

∥∥Zgi

∥∥
∗ + λ

∥∥Egi

∥∥
l

s.t. Xgi = Agi Zgi + Egi

(13)

where we choose the l2,1-norm as the error term ‖·‖l , which is
∥∥Egi

∥∥
2,1 = ∑n

j=1

√
∑n

i=1

([
Egi

]
ij

)2
.

Here, we use the inexact ALM method [43,44] as the optimal solution Zgi
∗.

For properly optimizing problem (13), by presenting an auxiliary variable Ji regarding Zgi
∗,

we convert it to the similar issue as follows [29]:

min
Zgi ,Egi ,Ji

‖Ji‖∗ + λ
∥∥Egi

∥∥
2,1

s.t. Xgi = Agi Zgi + Egi ,

Zgi = Ji

(14)

Incorporating an intermediate variable Ji, we minimize the augmented Lagrange function as
follows via the inexact ALM method [43]:

L(Zgi ,Egi , Ji,Y1,Y2) = ‖Ji‖∗ + λ
∥∥Egi

∥∥
2,1 + tr[Y1, Xgi −Agi Zgi − Egi ] + tr[Y2, Zgi − Ji]

+
µ

2
(
∥∥Xgi −Agi Zgi − Egi

∥∥2
F +

∥∥Zgi − Ji
∥∥2

F)
(15)

where Y1, Y2 and µ > 0 are Lagrangian multipliers and the penalty parameter, respectively.
To minimize the problem (15), we update the variables Zgi , Ji, Egi , Y1 and Y2 alternately with
others fixed. Meanwhile, the sub-problem is convex regarding all the variables; it can supply a relevant,
unique solution. The inexact ALM is applied to update the variables Ji, Zgi and Egi iteratively.
The optimization process outline is given in the following Algorithm 1.

After the block low-rank representation, we get Zgi ∈ RS×S . Then, we combine
these feature representation subsets with a whole feature graph Z = {Zg1 , Zg2 , · · · , Zgm} =

[z1, z2, · · · , zM] ∈ RS×M.
The combined low-rank graph is composed of multiple blocks graph Z, which is asymmetric.

Traditionally, the symmetrization process is used to determine the mean value of its transposition
by itself to satisfy the symmetric requirement of SDA. However, the graph adjacency matrix Z is not
a square matrix. Our previous work shows that the k-nearest neighbor is an effective symmetrization
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process that can significantly improve the performance of SDA [38]. Hence, the kNN algorithm
integrally handles the combined low-rank graph, which addresses two issues, such as addressing the
symmetrization process and further maximally preserving the local information of the image by the
kNN’s property.

The samples zi and zj are considered as neighbors if zi is among the k-nearest neighbor of zj or zj
is among the k-nearest neighbor of zi. Here, we use the Heat kernel weighting [13] method to assign
weights for S as follows:

Sij =

 exp
(
−‖zi−zj‖2

2σ2

)
,

0,

i f zi ∈ Nk
(
zj
)

or zj ∈ Nk (zi)

otherwise.
(16)

where Nk (zi) denotes k neighbors of zi in (16).
Therefore, the BLRDA method can achieve high-quality feature representations for classification.

Algorithm 1 Resolving function (15) by the inexact ALM.

Input: Mapped data graph Xgi , regularization parameter α for local affinity. Zgi = Ji = 0, Egi = 0,
Y1 = 0, Y2 = 0, µ = 10−6, µmax = 106, ρ = 1.1 and ε = 10−8.

1: while No convergence do
2: Fix other variables and update Ji;

Ji = arg min 1
µ ‖Ji‖∗ + 1

2

∥∥Ji − (Zgi+Y2/µ)
∥∥2

F
3: Fix other variables and update Zgi ;

Zgi = (I + Agi
TAgi )

−1(Agi
T(Xgi − Egi ) + Ji + ((Agi

TY1 − Y2)/µ))
4: Fix the others and update Egi ;

Egi = arg min λ
µ

∥∥Egi

∥∥
2,1 +

1
2

∥∥Egi − (Xgi −Agi Zgi + Y1/µ)
∥∥2

F
5: Update the multipliers as follows:

Y1 = Y1 + µXgi −Agi Zgi − Egi ,
Y2 = Y2 + µ

(
Zgi − Ji

)
6: Update parameter µ by µ = min (ρµ, µmax);
7: Examine convergence conditions∥∥Xgi −Agi Zgi − Egi

∥∥
∞ < ε and

∥∥Zgi − Ji
∥∥

∞ < ε

8: end while
Output: The Laplacian regularized low-rank representation graph Zgi .

3.2. BLRDA Feature Extraction for HSI Classification

The semi-supervised discriminant analysis method can successfully solve the overfitting problem
with few labeled samples. Given a set of samples {(xi, yi)}l

i=1 with c classes and unlabeled samples
{xi}m

i=l+1, the lk is the samples of the k-th class. The algorithmic procedure of HSI classification by
applying the regularized block low-rank discriminant analysis feature extraction method for both
supervised and semi-supervised classification is stated below:

Step 1 Construct the adjacency graph: Construct the block low-rank and kNN graph S in
Formula (16) for the regularization term. In addition, calculate the graph Laplacian L = D− S.

Step 2 Construct the labeled graph: for the labeled graph, construct the matrix as:

W =

[
Wl×l 0

0 0

]
(17)

Define Ĩ =

[
I 0
0 0

]
, where I ∈ l×l is an identity matrix.
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Step 3 Eigen-problem: Calculate the eigenvectors for the generalized eigenvector problem:

XWXTa = λX
(
Ĩ + αL

)
XTa (18)

where [x1, · · · , xm, xm+1, · · · , xm+l ]. The W is of rank d, and we will have d eigenvectors denoted as
{a1, a2, · · · , ad}.

Step 4 Regularized discriminant analysis embedding: Let the transformation matrix A =

[a1, a2, · · · , ad] ∈ RM×d. Finally, embedding the samples into a d-dimensional subspace,

x→ z = ATx (19)

we can obtain the between-class scatter Sb and the total class scatter matrix St.

XWXT = XlWl×lX
T
l = Sb

XĨXT = XlX
T
l = St

Therefore, the Eigen-problem in Formula (18) is the same as the Eigen problem in Formula (5),
and we can obtain the projective matrix A:

SbA = λ
(

St + αXLXT
)

A (20)

where S is the graph after kNN, i.e., Sij is the graph of nearby data points’ relationships. L = D− S is
the Laplacian matrix [23]. Dii = ∑j Sij is the diagonal matrix D.

Then, graph S can be embedded into the d-dimensional subspace as the SDA embedding matrix Φ.

Φ = ATS (21)

Step 5 HSIs’ Classification: Finally, perform the supervised and semi-supervised classifier
nearest neighbor and SVM classifier for classification. The classifiers mentioned above are simple and
ubiquitously-used classifiers.

4. Experiments and Analysis

To investigate the performance of the BLRDA feature extraction method, we have conducted
extensive experiments on several real multi-class hyperspectral images. In this section, we have
incorporated the hyperspectral images used in the present study and illustrated the performance of
our proposed methods. We performed the experimental analysis on Intel Core CPU 2.60 GHz and
8 GB RAM machines.

4.1. Experimental Setup

4.1.1. Datasets

We evaluate the proposed method on three hyperspectral images, namely the Indian Pines
image, the Pavia University scene and the Salinas image (http://www.ehu.eus/ccwintco/index.php/
Hyperspectral_Remote_Sensing_Scenes).

• The Indian Pines image is for the agricultural Indian Pine test site in Northwestern Indiana,
which was obtained by the sensor AVIRIS. There are 145 × 145 pixels and 224 spectral bands
between the wavelength range 400 nm and 2500 nm. The image scene comprises two-thirds
agriculture and one-third forest or other natural perennial vegetation. It includes two major
dual-lane highways, a rail line, as well as some low-density housing, other built structures
and smaller roads. There is minuscule coverage, approximately less than 5%, because of some of

http://www.ehu.eus/ccwintco/index.php/Hyperspectral_Remote_Sensing_Scenes
http://www.ehu.eus/ccwintco/index.php/Hyperspectral_Remote_Sensing_Scenes
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the crops present; corn and soybeans are in the early stages of growth in June. The ground truth
is divided into sixteen classes and is not all mutually exclusive. Twenty water absorption bands
(Nos. 104–108, 150–163 and 220) were removed. The Indian Pines image’s color composite and
the ground truth image are demonstrated in Figure 3.

• The Pavia University scene was obtained from an urban area surrounding the University
of Pavia, Italy on 8 July 2002. It was recorded by a Reflective Optics System Imaging Spectrometer,
which has a 1.3-m spatial resolution and spectral coverage ranging between 0.43 and 0.86 µm.
There are 115 bands of size 610 × 340 in the image. After removing 12 channels, 103 channels are
left for testing. The Pavia University scene’s color composite and the corresponding ground truth
image are shown in Figure 4.

• The Salinas image was obtained from Salinas Valley, CA, USA, by the AVIRIS sensor. It has a
high spatial resolution with 3.7-m pixels. The image includes 224 bands and comprises 512 lines
with 217 samples. Similar to the Indian Pines image, 20 water absorption bands, including
[108–112], [154–167] and 224, were discarded. This image is available only as at-sensor radiance
data. The image contains vegetables, bare soil, vineyard fields, and so on, with 16 classes. Figure 5
shows the color composite and the corresponding ground truth of the Salinas image.

Alfalfa

Corn-notill

Corn-mintill

Corn

Grass-pasture

Grass-trees

Grass-pasture-mowed

Hay-windrowed

Oats

Soybean-notill

Soybean-mintill

Soybean-clean

Wheat

Woods

Buildings-Grass-Trees-Drives

Stone-Steel-Towers

(c)

(a) (b)

Figure 3. Indian Pines dataset. (a) Three-band color composite of the Indian Pines image. (b,c) Ground
truth image and reference data.



Remote Sens. 2018, 10, 817 12 of 26

(a) (b) (c)

Asphalt

Meadows

Gravel

Trees

Painted metal sheets

Bare Soil

Bitumen

Self-Blocking Bricks

Shadows

Figure 4. Pavia University scene dataset. (a) Three-band color composite of the Pavia University scene.
(b,c) Ground truth image and reference data.

(a) (b) (c)

Brocoli_green_weeds_1

Brocoli_green_weeds_2

Fallow

Fallow_rough_plow

Fallow_smooth

Stubble

Celery

Grapes_untrained

Soil_vinyard_develop

Lettuce_romaine_4wk

Lettuce_romaine_5wk

Lettuce_romaine_6wk

Lettuce_romaine_7wk

Vinyard_untrained

Vinyard_vertical_trellis

Corn_senesced_green_weeds

Figure 5. Salinas dataset. (a) Three-band color composite of the Salinas image. (b,c) Ground truth
image and reference data.

4.1.2. Evaluation Criteria

To evaluate the proposed method of HSIs, we give some evaluation criteria as follows.
Classification Accuracy (CA) refers to the pixels in the image classification in each class. In the

field of remote sensing classification, the confusion matrix [46] is frequently used, which is defined in
the form: M = [mij]n×n, where mij denotes that the number of pixels labeled by j should belong to
class i. n is the class number. The reliability of classification depends on the diagonal values of the
confusion matrix. Higher values of the confusion matrix are suggested for favorable results.

The three primary indicators we used include the Overall Accuracy (OA), Average Accuracy
(AA) and the kappa coefficient [47]. For the three metrics, OA refers to the percentage of pixels
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correctly classified. AA measures the average correctly-classified pixels’ percentage of each class.
To make the measurements more objective, the kappa coefficient is used to estimate the percentage
of correctly-classified pixels. Whereas OA and AA check how many of all pixels are classified
correctly, assuming that the reference classification (ground truth) is true, here it is assumed that both
classification and reference classification are independent class assignments of equal reliability; how
well they agree is what is measured. The big advantage of the kappa coefficient over overall accuracy
is that the kappa coefficient considers chance agreement and corrects for it. Chance agreement means
here the probability that classification and reference classification agree by mere chance. Assuming
statistical independence, we obtain for this probability the estimation [48,49].

4.1.3. Classifier Settings

We conduct a series of experiments to test and verify the proposed BLRDA feature extraction
method under the supervised and semi-supervised classifiers.

• The Support Vector Machine (SVM) classifier is a commonly-used supervised learning model for
classification and regression analysis.

• Nearest Neighbor (NN) is used as the semi-supervised classifier, which stores all available samples
and classifies new samples based on similarity measures (e.g., distance functions).

4.1.4. Comparative Algorithms

To explain the significant improvement achieved by using the regularized block low-rank
discriminant analysis feature extraction method in the hyperspectral images’ classification, several
comparative methods are shown in the paper. For fairness, these comparative graphs incorporate the
regularized discriminant analysis algorithm, which is shown below,

• BSDA (Block Sparse Representation Discriminant Analysis) method [43]: The Sparse
Representation (SR)-graph considers the sparse representation by resolving the problem: â =

arg min
a
‖y− Xa‖1. The weight of the graph is Wij =

∣∣∣ai
j

∣∣∣.
• BKDA (Block k-Nearest Neighbor Discriminant Analysis) method [43]: Euclidean distance is

employed as our similarity measure, and the Gaussian kernel is adopted for the k-nearest neighbor
and kNN feature graph. The nearest neighbor number is set as five here.

• BLEDA (Block Locally Linear Embedding Discriminant Analysis) method [11]: Neighbors in
Locally Linear Embedding (LLE) consider reconstructing a sample from its neighbor points and
then minimizes the l2 reconstruction error.

min∑
i

∥∥∥∥∥xi −∑
j

Wijxj

∥∥∥∥∥
2

s.t. ∑
j

Wij = 1
(22)

Wij = 0 if xj does not belong to the neighbors of xi. The nearest neighbor number k is set as five.
• Image Fusion and Recursive Filtering (IFRF) method mentioned in Section 2.4.

4.2. Supervised and Semi-Supervised HSI Classification Results

To examine the performance of the combined BLRDA feature extraction method, we perform
experiments on the three HSIs. Ten independent runs of each algorithm are evaluated by resampling
the training samples in each run. We have chosen the mean values as the results. Unlike most of the
existing supervised and semi-supervised HSI experiments, we test the performance of all comparative
methods using only a small part of the label samples. In a practical scenario, the labeled samples
are difficult to capture, and the unlabeled ones are usually present in substantial numbers. Table 1
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provides the training and testing data for all classes. For the Indian Pines image, the Pavia University
scene and the Salinas image, the training set is approximately 6%, 4% and 0.4%, which are minimal
sets compared to the entire dataset. Subsequently, the training sets are chosen randomly. Considering
the classes with a meager number of samples, we have incorporated a minimum threshold of training
samples. Here, we set the minimum threshold of training samples for each class as five, which can
eradicate the difference between the classes with a low number of samples. In our experiments,
the filter’s spatial standard deviations and range standard deviations are δs and δr with 200 and 0.3,

respectively. The parameter σ in k-nearest neighbor Sij = exp
(
−‖zi−zj‖2

2σ2

)
is 0.1, which is provided

randomly. Hence, the following results are not under the best parameters, which shows the robustness
and superiority of our method.

Initially, we utilize different graph construction methods to get the regularized graph of the given
hyperspectral images. Then, the SDA algorithm is implemented for feature extraction. Furthermore,
the NN method and SVM classifier are applied for final classification in the derived low-dimensional
feature subspace. Tables 2–4 show the detailed classification results for CA, OA and AA, as well
as the kappa coefficient obtained from various methods, where the bold numbers suggest the
best results for different graph algorithms. Figures 6–8 show the classification results (randomly
selected from our above experiments) acquired by several methods for the three hyperspectral images
associated with the corresponding OA values. It has been observed that the results in the figures are
random for each method and do not have comparability. These results reveal the supervised and
semi-supervised classification results of different feature extraction methods. From these results, we
can see the following.

In most cases, our proposed BLRDA feature extraction method brings about the highest
classification accuracy. Therefore, it significantly improves the classification performance of
hyperspectral images, which indicates that the BLRDA method is a superior HSI feature extraction
method for both NN and SVM classifiers. Consequently, our feature extraction method is robust to
both supervised and semi-supervised classification.

Table 1. Training and testing samples for the three hyperspectral images.

Class
Indian Pines Image Pavia University Scene Salinas Image

Train Test Sample No. Train Test Sample No. Train Test Sample No.

C1 8 38 46 271 6360 6631 14 1995 2009
C2 91 1337 1428 752 17,897 18,649 20 3706 3726
C3 55 775 830 90 2009 2099 13 1963 1976
C4 20 217 237 128 2936 3064 11 1383 1394
C5 34 449 483 59 1286 1345 16 2662 2678
C6 49 681 730 207 4822 5029 21 3938 3959
C7 7 21 28 59 1271 1330 20 3559 3579
C8 34 444 478 153 3529 3682 51 11,220 11,271
C9 7 13 20 43 904 947 30 6173 6203

C10 64 908 972 19 3259 3278
C11 153 2302 2455 10 1058 1068
C12 41 552 593 13 1914 1927
C13 18 187 205 9 907 916
C14 81 1184 1265 10 1060 1070
C15 29 357 386 35 7233 7268
C16 11 82 93 13 1794 1807

Total 702 9547 10,249 1762 41,014 42,776 305 53,824 54,129

From Tables 2 and 4, we reach the same conclusion that the proposed approaches BLRDA
+ NN and BLRDA + SVM are preferable to the other methods, particularly BLRDA + SVM.
For example, with our methods, the Corn-notill, Corn-mintill, Grass-pasture, Grass-pasture-mowed
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Oats Soybean-notill and Buildings-Grass-Trees-Drives classes are significantly improved. For the Pavia
University scene, BLRDA + SVM gives better results. The traditional graph construction methods
(such as kNN-graph and LLE-graph) may perform well in some classes, but they are not as stable as
our algorithm.

Table 2. Supervised and semi-supervised classification results for the Indian Pines image. BLRDA,
Block Low-Rank Discriminant Analysis. BSDA, Block Sparse Representation Discriminant Analysis.
BKDA, Block k-Nearest Neighbor Discriminant Analysis. BLEDA, Block Locally Linear Embedding
Discriminant Analysis. IFRF, Image Fusion and Recursive Filtering.

Method BLRDA BSDA BKDA BLEDA IFRF BLRDA BSDA BKDA BLEDA IFRF

Classifier NN SVM

1 1 0.9868 0.9423 0.9351 0.9181 1 0.9675 0.9893 0.9919 0.9925
2 0.9646 0.9348 0.924 0.8979 0.8492 0.9561 0.9339 0.928 0.9133 0.9615
3 0.9621 0.9251 0.9321 0.9333 0.8658 0.9629 0.9588 0.9383 0.9148 0.9674
4 0.9237 0.9126 0.9334 0.9498 0.8186 0.9879 0.8822 0.983 0.9689 0.9499
5 0.9736 0.9787 0.9748 0.9639 0.9719 0.9912 0.9737 0.948 0.9629 0.9880
6 0.9916 0.987 0.9808 0.9807 0.9488 0.9963 0.993 0.9968 0.9990 0.9824
7 0.9886 0.8523 0.8115 0.9181 0.5556 1 0.858 0.9569 0.9788 0.7186
8 1 1 1 1 1 1 1 1 1 1
9 0.8884 0.8567 0.8629 0.8881 0.7147 1 0.9643 0.9714 0.9857 0.8865
10 0.9414 0.9569 0.9447 0.9548 0.8705 0.9824 0.9353 0.943 0.9579 0.9534
11 0.9884 0.9757 0.9767 0.9743 0.9239 0.9596 0.9496 0.949 0.9562 0.9670
12 0.9825 0.9578 0.9234 0.9677 0.8124 0.9782 0.9672 0.967 0.9315 0.9543
13 1 1 1 1 0.9815 1 1 0.9989 1 1
14 0.9951 0.9973 0.9954 0.9969 0.9962 0.9996 0.9994 0.9975 0.9963 0.9944
15 0.9731 0.9753 0.9867 0.974 0.9653 0.9929 0.9719 0.967 0.9518 0.9672
16 0.9878 0.9878 0.9878 0.9878 0.9816 0.9877 0.9836 0.9863 0.9781 0.9755

OA 0.9979 0.9662 0.9567 0.9571 0.9112 0.9713 0.9572 0.9568 0.9544 0.9703
AA 0.9967 0.956 0.9453 0.9563 0.8859 0.9966 0.9513 0.9633 0.9645 0.9537

Kappa 0.9976 0.9615 0.9506 0.951 0.8986 0.9967 0.9512 0.9506 0.9480 0.9661

Table 3. Supervised and semi-supervised classification results for the Pavia University scene. BLRDA,
Block Low-Rank Discriminant Analysis. BSDA, Block Sparse Representation Discriminant Analysis.
BKDA, Block k-Nearest Neighbor Discriminant Analysis. BLEDA, Block Locally Linear Embedding
Discriminant Analysis. IFRF, Image Fusion and Recursive Filtering.

Method BLRDA BSDA BKDA BLEDA IFRF BLRDA BSDA BKDA BLEDA IFRF

Classifier NN SVM

1 0.9826 0.972 0.9711 0.966 0.9039 0.9655 0.9423 0.9504 0.9566 0.9756
2 0.9968 0.9929 0.9925 0.9911 0.9833 0.9951 0.9431 0.9937 0.9941 0.9967
3 0.9724 0.9615 0.9345 0.9575 0.8753 0.9641 0.9635 0.9424 0.9439 0.9451
4 0.9906 0.9967 0.9889 0.9939 0.9634 0.9951 0.9946 0.9704 0.9861 0.9817
5 1 1 0.9996 0.9984 0.9966 0.9979 0.9586 0.8561 0.9241 0.94
6 0.9982 0.9973 0.9959 0.9961 0.9795 0.9973 0.9783 0.9989 0.9979 0.9988
7 0.9722 0.9539 0.9502 0.9772 0.8787 0.9731 0.897 0.9659 0.9737 0.966
8 0.9651 0.9436 0.9447 0.9472 0.8510 0.9600 0.9991 0.943 0.9488 0.9569
9 0.9501 0.9661 0.9145 0.927 0.8811 0.9557 0.9352 0.9202 0.9251 0.9573

OA 0.9887 0.9831 0.9801 0.9815 0.9465 0.9847 0.9797 0.9755 0.9771 0.9828
AA 0.9809 0.9762 0.967 0.9731 0.9236 0.9782 0.9636 0.9543 0.9611 0.9687

Kappa 0.9850 0.978 0.9736 0.9754 0.9289 0.9796 0.9731 0.9674 0.9696 0.9772
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Table 4. Supervised and semi-supervised classification results for the Salinas image. BLRDA,
Block Low-Rank Discriminant Analysis. BSDA, Block Sparse Representation Discriminant Analysis.
BKDA, Block k-Nearest Neighbor Discriminant Analysis. BLEDA, Block Locally Linear Embedding
Discriminant Analysis. IFRF, Image Fusion and Recursive Filtering.

Method BLRDA BSDA BKDA BLEDA IFRF BLRDA BSDA BKDA BLEDA IFRF

Classifier NN SVM

1 1 1 1 0.9999 0.9929 1 1 1 0.9983 1
2 1 0.9992 0.9956 0.9999 0.9842 1 0.9948 0.9919 0.998 1
3 0.9992 0.988 0.9976 0.9965 0.9839 0.9997 0.9957 0.9957 0.9871 0.9979
4 0.9772 0.9567 0.9589 0.9455 0.9002 0.9834 0.9387 0.9455 0.9609 0.9449
5 0.9914 0.9996 0.9994 0.9969 0.9732 1 1 0.9983 0.9993 0.9918
6 0.9999 0.9992 0.9996 1 1 1 0.997 0.9992 0.9937 1
7 0.9988 0.9993 0.9993 0.9966 0.9864 0.9971 0.9979 0.9978 0.9946 0.9953
8 0.9927 0.9859 0.9831 0.9878 0.9547 0.9875 0.98 0.9918 0.9882 0.9826
9 0.9981 0.9967 0.9949 0.9924 0.9967 0.9999 0.9969 0.9948 0.9988 0.9993
10 0.9935 0.9969 0.9936 0.9951 0.9850 0.9962 0.987 0.9918 0.9592 0.9933
11 0.9998 0.9967 0.9976 0.9863 0.9222 1 0.9976 0.9944 0.9951 0.9939
12 0.9737 0.9644 0.971 0.9741 0.9308 0.9979 0.9751 0.9868 0.9675 0.9961
13 0.9825 0.9842 0.9907 0.9678 0.8912 1 0.9983 0.9893 0.9886 0.9733
14 0.9627 0.9766 0.9879 0.9845 0.9789 0.9895 0.9862 0.9707 0.9622 0.9697
15 0.9617 0.9677 0.9802 0.9567 0.8273 0.9963 0.91 0.9646 0.9475 0.9869
16 0.9994 1 1 0.9999 0.9970 1 0.9948 0.9994 1 0.9998

OA 0.99 0.9883 0.99 0.9866 0.9500 0.9931 0.9795 0.9893 0.9871 0.9905
AA 0.989 0.9885 0.9911 0.9869 0.9565 0.9946 0.9861 0.9903 0.9887 0.9891

Kappa 0.9888 0.9869 0.9888 0.9851 0.9443 0.9923 0.9771 0.9881 0.9856 0.9894

(a) OA = 0.9757 (b) OA = 0.9643 (c) OA = 0.9572 (d)OA = 0.9589 (e) OA = 0.9318

(f) OA = 0.9782 (g)OA = 0.9611 (h) OA = 0.9605 (i)OA = 0.9541 (j) OA = 0.9727

Figure 6. Supervised and semi-supervised classification results (Indian Pines image) obtained by:
(a) BLRDA + NN; (b) BSDA + NN; (c) BKDA + NN; (d) BLEDA + NN; (e) IFRF + NN; (f) BLRDA +
SVM; (g) BSDA + SVM; (h) BKDA + SVM; (i) BLEDA + SVM; (j) IFRF + SVM.
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(a) OA = 0.9890 (b) OA = 0.9865 (c) OA = 0.9832 (d) OA = 0.9839 (e) OA = 0.9465

(f) OA = 0.9861 (g) OA = 0.9829 (h) OA = 0.9748 (i) OA = 0.9786 (j) OA = 0.9824

Figure 7. Supervised and semi-supervised classification results (Pavia University scene) obtained by:
(a) BLRDA + NN, (b) BSDA + NN; (c) BKDA + NN; (d) BLEDA + NN; (e) IFRF + NN; (f) BLRDA +
SVM; (g) BSDA + SVM; (h) BKDA + SVM; (i) BLEDA + SVM; (j) IFRF + SVM.

(a) OA = 0.9843 (b) OA = 0.9888 (c) OA = 0.9900 (d) OA = 0.9850 (e) OA = 0.9393

(f) OA = 0.9941 (g) OA = 0.9908 (h) OA = 0.9880 (i) OA = 0.9875 (j) OA = 0.9821

Figure 8. Supervised and semi-supervised classification results (Salinas image) obtained by: (a) BLRDA
+ NN; (b)BSDA + NN; (c) BKDA + NN; (d) BLEDA + NN; (e) IFRF + NN; (f) BLRDA + SVM; (g) BSDA
+ SVM; (h) BKDA + SVM; (i) BLEDA + SVM; (j) IFRF + SVM.
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4.3. Running Time

We analyzed the running times of different models on the Indian Pines scene, Pavia University
scene and Salinas scene images. We used 10 separate runs to calculate the total time. We give the
mean running time. As shown in Table 5, the execution time of the BLRDA method was slightly
longer compared to the others. Although our algorithm is slower than the traditional kNN algorithms,
the performance is much better than these baseline algorithms at an acceptable running time.

Table 5. Run time of different methods on real-word HSIs (units).

Method BLRDA BSDA BKDA BLEDA IFRF BLRDA BSDA BKDA BLEDA IFRF

Classifier NN SVM

Indian Pines 32.05 69.36 19.60 68.03 12.24 7.54 68.78 8.16 67.92 73.87
Pavia U 238.11 385.92 176.01 292.81 17.72 125.41 215.38 140.19 233.12 62.92
Salinas 307.85 297.81 243.32 230.61 8.58 163.50 163.43 125.95 128.94 9.70

4.4. Robustness of the BLRDA Algorithm

In the above subsection, we evaluated the performance of the proposed BLRDA method.
Fully excavating the superiority of the proposed method, we analyze the robustness of the BLRDA in
this subsection. Taking into consideration practical situations, we analyzed the robustness based on
the labeled samples’ size and noise.

4.4.1. Robustness to the Size of Labeled Samples

We analyze the impact of different sizes of training and testing sets in this subsection. We perform
experiments on these three images, namely the Indian Pines image, the Pavia University scene
and the Salinas image. The test was carried out with 10 independent runs for each algorithm.
We have calculated the mean value of the results. Figure 9 shows the supervised and semi-supervised
classification accuracy of HSIs with different feature extraction methods. The figure compares the
overall classification results with different training size samples in each class. The percentage of
training samples (in percentage form) grow from 2–14% for the Indian Pines image, 2–8% for the Pavia
University scene and 0.2–0.8% for the Salinas image.

In most cases, our proposed BLRDA method consistently achieves the best results, which is
robust to the label percentage variations. With the size of the training sample increasing, OA generally
increases in all methods that show a similar trend. When the training sample is fixed, the effectiveness
of the BLRDA method is usually superior to others, in terms of both the NN and SVM classifier.
Similarly, the three classification criteria increase with the number of training samples simultaneously.

It is noteworthy that the method we proposed achieves higher classification accuracy even at very
low label rates, while some other compared algorithms are not as robust as our BLRDA algorithm,
especially when the label rate is low. Due to the high cost and difficulty of labeling data, our proposed
graph for the SDA algorithm is much more robust and suitable for real-world HSIs.
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(a) Indian Pines image with NN
semi-supervised classification
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(b) Pavia University scene with NN
semi-supervised classification
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(c) Salinas image with NN
semi-supervised classification
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(d) Indian Pines image with SVM
supervised classification
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(e) Pavia University scene with SVM
supervised classification
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classification

Figure 9. Supervised and semi-supervised classification accuracy of HSIs with different percentages of
training samples. LLE, Locally Linear Embedding.

4.4.2. Robustness on Simulated Noisy Hyperspectral Images

In the simulated experiment, we evaluated the noise robustness of the BLRDA method on the
three hyperspectral images. Zero-mean Gaussian noise with different variances was added to all bands.
For the Indian Pines image and Salinas image, the variance value ranges from 50–250. In the image of
the Pavia University scene, the variance of noise varies from 100–500. For different bands, the noise
intensity is equal. Figure 10 gives an example of noisy image samples in the Indian Pines image where
the band is randomly selected, which is similar to the other two hyperspectral images.

(a) Original image (b) Noised image with noise variance σ = 250

Figure 10. Noised hyperspectral image example: Three-band color composite of noised Indian Pines image.



Remote Sens. 2018, 10, 817 20 of 26

Compare the performance of different methods in these noisy environments. Ten independent
runs of each algorithm have been evaluated, where the training samples in each run are resampled.
We have calculated the mean value of the results. The labeled sample rates are 6%, 2% and 0.2%,
respectively, as shown in Table 6. Figures 11–13 show the classification results (randomly selected from
our above experiments) for the three noisy hyperspectral images associated with the corresponding
OA values. It has been observed that the results in the figures are random for each method and do not
have comparability. These results reveal the NN classification results of different feature extraction
algorithms with some noise variance σ shown in the caption of these figures. We can see that the results
of our method are robust to noise and labeled sample size. With few labeled samples, our method
BLRDA is more powerful than other methods, which benefits from the robustness of the low-rank
representation to noise and the global property of the LR-graph. As the noise gradually increases,
the performance of some methods drops substantially. Our method is robust to noise and suffers
little performance degradation. Above all, the BLRDA performs very well with respect to all three
experimental hyperspectral images.

(a) OA = 0.9447 (b) OA = 0.8549 (c) OA = 0.8801 (d)OA = 0.8582 (e) OA = 0.8138

Figure 11. NN classification results on noisy Indian Pines image (noise variance σ = 250) obtained by:
(a) BLRDA; (b) BSDA; (c) BKDA; (d) BLEDA; (e) IFRF.

(a) OA = 0.9513 (b)OA = 0.9020 (c) OA = 0.8991 (d)OA = 0.8913 (e) OA = 0.8931

Figure 12. NN classification results on noisy Pavia University scene (noise variance σ = 500) obtained
by: (a) BLRDA; (b) BSDA; (c) BKDA; (d) BLEDA; (e) IFRF.

(a) OA = 0.9366 (b)OA = 0.8593 (c) OA = 0.8621 (d)OA = 0.8433 (e) OA = 0.9021

Figure 13. NN classification results on noisy Salinas image (noise variance σ = 500) obtained by:
(a) BLRDA; (b) BSDA; (c) BKDA; (d) BLEDA; (e) IFRF.
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Table 6. Overall accuracy with varying variance Gaussian noise on three HSIs.

Hyperspectral Images σ BLRDA BSDA BKDA BLEDA IFRF

50 0.9765 0.9485 0.9412 0.9396 0.9061
100 0.9672 0.9300 0.9224 0.9192 0.8847

Indian Pines image (6%) 150 0.9629 0.9005 0.9042 0.8934 0.8667
200 0.9601 0.8843 0.8904 0.8779 0.8387
250 0.9481 0.8627 0.8760 0.8462 0.8163

100 0.9734 0.9607 0.9534 0.9668 0.9099
200 0.9725 0.9626 0.9336 0.9431 0.9018

Pavia University scene (2%) 300 0.9627 0.9525 0.9261 0.9271 0.9085
400 0.9583 0.9361 0.9123 0.9130 0.8913
500 0.9529 0.9279 0.9052 0.9017 0.8952

50 0.9753 0.9642 0.9518 0.9453 0.9238
100 0.9678 0.9280 0.9198 0.9280 0.9147

Salinas image (0.2%) 150 0.9495 0.8996 0.8900 0.8970 0.8958
200 0.9482 0.8726 0.8619 0.8742 0.8899
250 0.9321 0.8679 0.8503 0.8353 0.8720

4.5. Parameters of the BLRDA Graph Effect

We evaluate the parameters for the BLRDA method. We conduct 10 independent runs per
algorithm. We have calculated the mean value of the results. We show the performance of different
block sizes and reduction dimensions in Tables 7 and 8. From Table 7, we can see that the block size
increases for (25, 50, 75 and 100), and the training set is about 6%, 4% and 0.4% for the Indian Pines
image, the Pavia University scene and the Salinas image.

In general, the classification results increase slightly with the growing block size and the reduced
dimension. It is observed that the increase in block size simultaneously accelerates the running time
considerably. Therefore, we could use the small block size in actual situations for the purpose of
efficiency with minimal classification accuracy loss.

From Table 7, we can conclude that the reduced dimension is robust, which will work on a small
block size. Overall, our proposed BLRDA method is much more robust and excellent for supervised
and semi-supervised classification of HSIs.

Table 7. Classification accuracy of the BLRDA method with different block sizes.

Images
Classifier NN SVM

Block Size OA AA Kappa Time OA AA Kappa Time

Indian Pines image

25 0.9784 0.9673 0.9754 28.06 0.9721 0.9831 0.9681 64.28
50 0.9757 0.9699 0.9712 34.01 0.9728 0.9836 0.9713 69.96
75 0.9762 0.9676 0.9728 40.88 0.9754 0.9791 0.9719 76.70

100 0.9776 0.9725 0.9744 46.39 0.9782 0.9819 0.9751 82.40

25 0.9884 0.9814 0.9846 212.05 0.9833 0.9699 0.9779 295.10
University of 50 0.9887 0.9809 0.9850 238.11 0.9828 0.9687 0.9772 315.92
Pavia image 75 0.9877 0.9817 0.9837 258.57 0.9847 0.9736 0.9796 339.07

100 0.9863 0.9777 0.9818 277.80 0.9854 0.9734 0.9807 378.05

Salinas image

25 0.9963 0.9958 0.9960 315.90 0.9917 0.9922 0.9907 283.85
50 0.9979 0.9967 0.9976 340.80 0.9930 0.9924 0.9923 315.72
75 0.9981 0.9973 0.9979 383.07 0.9930 0.9917 0.9922 353.74

100 0.9985 0.9978 0.9984 412.47 0.9941 0.9938 0.9934 383.43
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Table 8. Classification accuracy of the BLRDA method with different reduced dimensions.

Images
Classifier NN SVM

Dimension OA AA Kappa OA AA Kappa

Indian Pines image

12 0.9976 0.9965 0.9974 0.9720 0.9743 0.9680
14 0.9977 0.9966 0.9974 0.9702 0.9750 0.9660
16 0.9980 0.9968 0.9978 0.9711 0.9772 0.9670
18 0.9980 0.9968 0.9978 0.9688 0.9750 0.9644
20 0.9980 0.9968 0.9978 0.9705 0.9755 0.9663

12 0.9883 0.9800 0.9845 0.9827 0.9690 0.9771
University of 14 0.9885 0.9808 0.9848 0.9823 0.9678 0.9765
Pavia image 16 0.9887 0.9810 0.9850 0.9824 0.9686 0.9767

18 0.9888 0.9812 0.9851 0.9832 0.9698 0.9777
20 0.9890 0.9816 0.9854 0.9835 0.9683 0.9781

Salinas image

12 0.9981 0.9967 0.9979 0.9921 0.9923 0.9909
14 0.9981 0.9969 0.9979 0.9931 0.9918 0.9920
16 0.9983 0.9971 0.9981 0.9919 0.9925 0.9907
18 0.9983 0.9970 0.9981 0.9954 0.9950 0.9946
20 0.9983 0.9970 0.9982 0.9960 0.9954 0.9953

5. Discussion

Classification of HSIs plays a pivotal role in understanding the HSIs. In the present work, we
propose a novel approach for HSI feature extraction, Regularized Block Low-rank Discriminant
Analysis (BLRDA). Our goal is to enhance the classification accuracy of HSIs by the useful feature
extraction method. Experimental results on the three images show that the BLRDA is a competitive
feature extraction method with other comparative methods for HSI classification.

From the supervised and semi-supervised experiments illustrated in Tables 2–4, we observe that
the BLRDA method is an effective feature extraction method, which achieves the highest classification
accuracy compared to the other methods. The performance was remarkable even with simple supervised
and semi-supervised classifiers (nearest neighbor and SVM) and randomly given parameters. In some
case, traditional construct graph methods (such as kNN-graph and LLE-graph) may perform well in
some classes, but they are not as stable as our proposed algorithm. The LR-graph captures the global
data structures better and obtains the representation of all samples under global low-rank constraints,
while the most common k-Nearest Neighbor (kNN) and Locally Linear Embedding (LLE) neighbors use
fixed global parameters to determine the weights of the graph with Euclidean distances whose graphical
structures are associated with noise instability and are sensitive to noise. Additionally, the SR-graph
lacks global constraints, which greatly degrades performance when the data are grossly corrupted.
However, the LR-graph addresses these drawbacks, which jointly receives the graph of the whole data
and is demonstrated to be robust to the noise. Further, the k-nearest neighbor is used to integrally handle
the combined low-rank graph, which performs two functions: preserving the local information of the
image and further satisfying the algorithmic requirements for the subsequent dimension reduction
procedure. Consequently, it significantly improves the classification performance of hyperspectral
images, which indicates that the BLRDA method is a superior HSI feature graph both for supervised
classification and for semi-supervised classification.

We analyzed robustness based on the labeled samples’ size effect and noise effect. In Figure 9,
we discover that the BLRDA method is usually superior to the others in terms of both the NN and SVM
classifier, which is robust to the label percentage variations. Figure 9 also shows that the proposed
method achieves higher classification accuracy even at meager label rates. Some of the other compared
algorithms are not as robust as our BLRDA algorithm, in particular when the label rate is low. Due to
the lack of labeled samples, our proposed method is much more robust and suitable for real-world
HSI classification. As we can see in Table 6 and Figures 11–13, the results of our method are robust to
noise and labeled sample size. As the noise increases, the performance of BLRDA drops very slowly,
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from 0.9765–0.9481 in the case of the India Pines image, which has little effect in practical situations.
However, for the comparative methods BSDA , BKDA, BLEDA and IFRF, overall accuracy drops
quickly with the increase in noise. In addition to the India Pines image, we can see the same results
from these three HSI results. This benefits from the robustness of the low-rank representation to noise,
while k-Nearest Neighbor (kNN) and Locally Linear Embedding (LLE) neighbors use fixed global
parameters with Euclidean distances, which are sensitive to noise. The LR-graph better captures the
global property of the data. Therefore, the BLRDA method is demonstrated to be robust to the labeled
samples’ size and noise, which indicates that it is highly competitive in practical situations.

We evaluate the performance of parameters with different block sizes and reduction dimensions
for the BLRDA method, as shown in Tables 7 and 8. From the tables, we can see that the classification
results increase slightly with the growing block size and reduced dimension. Therefore, we could use
small block sizes in actual situations for the purpose of efficiency, with classification accuracy loss so
minimal that it could be ignored. Moreover, from Table 8, we can conclude that the reduced dimension
is robust in a medium-sized block.

The proposed BLRDA method performs quite well and is competitive with respect to supervised
and semi-supervised classification of HSIs. In future work, we plan to explore further real-world
applications and improve the BLRDA method, thereby making it more efficient. Inspired by
one reviewer, in the future, we could divide the image into blocks by a proper community detection
algorithm [50–53] instead of dividing the image by the regular pixels’ position, which is very
great advice. The way of dividing blocks may impact the subsequent low-rank representation.

6. Conclusions

In this paper, we presented a novel graph for HSI feature extraction, which is referred
to as Regularized Block Low-rank Discriminant Analysis (BLRDA). To reduce computational
complexity, the entire image is divided into blocks, and the low-rank representation for each group
is implemented separately. The global structure of the hyperspectral image can be captured by
low-rank representation. Additionally, the local geometrical structure is preserved by the k-nearest
neighbor algorithm. Therefore, the performance of image classification has been enhanced by the
BLRDA method. Experiments on several real multi-class hyperspectral images indicate that our
proposed BLRDA method is an efficient and robust feature extraction method for both supervised and
semi-supervised classifiers.
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