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Abstract: Wave–current interaction in coastal regions is significant and complicated. Most wave
models consider the influence of ocean current and water depth on waves, while the influence of
the gradient of the sea bottom slope is not taken into account in most research. This study aimed to
analyze and quantify the contribution of storm tidal currents to coastal ocean waves in a case where
sea bottom slope was not ignored. Fourier analysis was applied to solve the governing equation and
boundary conditions, and an analytic model for the calculation of the variation of amplitude of wave
orbital motion was proposed. Ocean currents affect ocean waves through resonance. In this paper,
an implemented instance of this analytic model was given, using the Shengsi area during Typhoon
Malakas as an example. The results suggest that vertical variation in the amplitude of wave orbital
motion is remarkable. The impact of wave–current interaction is noticeable where the gradient of the
sea bottom slope is relatively large.

Keywords: current–wave interaction; sea bottom slope; coastal ocean waves; typhoon impacts

1. Introduction

Numerical simulation is one of common research methods used in oceanography.
Accurate simulation results regarding ocean current and waves are useful for offshore engi-
neering, sea transportation and aquaculture. Interactions exist between ocean motions that
have differences in physical characteristics and time-space scales (turbulence, wave-like
motion, eddy-like motion and circulation), e.g., wave–current interaction, turbulence–wave
interaction, etc. [1–3]. One focus of such research is to investigate the interactions between
(slowly varying) ocean current and (highly varying) waves. As depth and current are
treated as being slowly varying, unsteady and inhomogeneous in small-scale (coastal)
areas, the wave–current interaction in coastal regions is very complicated. The propagation
of waves along with strong currents changes the wave characteristics in terms of refraction,
bottom friction and blocking. In turn, the mean flow is affected by the addition of momen-
tum and mass fluxes due to waves. Wave–current interaction has significant impact on
coastal dynamics, storm surges and sediment transport, especially during extreme weather
conditions (e.g., tropical cyclones) when wind-induced currents and tidal currents are
stronger [4–6]. In the present paper, we focus on the influence of ocean currents on coastal
waves in storm conditions.

Wave-current interaction has been studied extensively since the mid-twentieth cen-
tury [7–10]. Several theories regarding mechanisms of interaction mechanisms have been
established. With respect to the impact of waves on currents, Longuet-Higgins and Stew-
art [11–14] introduced the concept of radiation stress, which permits the straightforward
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calculation of the interaction of waves with steady currents. Subsequently, Whitham [15]
and Bretherton and Garrett [16] introduced the idea of wave action conservation, e.g., the
idea that wave action density, defined as N = E/σ, is conserved during propagation along
its wave characteristic in the presence of an ambient current. Wave propagation velocities
are associated with the conditions of water depth and current, e.g., their temporal and
spatial gradients [17–20].

In addition, Yuan et al. [2] established an ocean dynamic system with four sub-systems
and derived their governing equation sets. They divided ocean motions into four types:
turbulence, wave-like motions, eddy-like motions and circulation. Yuan et al. [2] suggested
that larger-scale motions affect smaller motions through advection transport and shear
instability and that they are influenced by mixing, which is induced by smaller-scale
motions in the form of transport flux residue.

Nowadays, numerical modeling is regarded as one of the most powerful tools for use
in the assessment of the wave–current interaction. The classic theory regarding interactions
between wave and current has been extended into wave–current coupling numerical
models in the past two decades. There are two widely used formulations that calculate
the impact of waves on currents in the 3D-primitive equations: (i) the radiation–stress
gradient [21–24], (ii) the vortex force formalism [25–28], and (iii) wave-induced mixing in
the upper ocean [29–31]. In turn, the effect of current on wave is accounted for using flow
characteristics of water level (which changes the water depth) and current velocity [32].

There are two methods used for coupling between the ocean wave model and ocean
current model: one-way coupling and two-way coupling. During bidirectional coupling
(i.e., two-way coupling), the ocean current model transfers the information regarding water
level and current velocity to the wave model; then, the wave model transfers information
regarding wave height, wave direction and mass fluxes to the current model. This exchange
will repeat multiple times with the forward integration of models. In this study, we take
the impact of current on coastal waves into account and do not consider the feedback (i.e.,
one-way coupling is considered).

Ocean wave models, such as WAVEWATHCH [1], WAM4 [33], SWAN [34] and MAS-
NUM [35–37], are based on the wave action/energy balance equation. For the case of deep
water, source function is represented as a superposition of relevant processes, including
dominant processes such as wind input, non-linear wave–wave interaction and wave break-
ing dissipation source functions. However, more mechanisms should be distinguished for
the case of shallow water.

The dissipation of wave energy due to wave–bottom interactions can be caused by
various mechanisms such as percolation, bottom motion and bottom friction [38]. The
source function of bottom friction is widely used in wave models. The formulations of
bottom friction in different wave models are analogous.

For instance, the bottom friction term Sds,b [39] used in SWAN can generally be
expressed as:

Sds,b = −Cb
σ2

g2sin h2kd
E(σ, θ) (1)

where, E(σ, θ) represents the wave energy spectrum. d, σ, θ and k denote water depth,
frequency, wave direction and wave number, respectively. g is represents gravitational
acceleration. Cb is the bottom friction coefficient. However, this expression represents the
dominant mechanism for continental shelf seas with sandy bottoms. In spite of this issue,
this source term of the dissipation of wave energy seems to perform well in many different
conditions as long as a suitable value of Cb is chosen [32,40]. Significantly, the effect of a
mean current on the wave energy due to the gradient of the bottom slope is not taken into
account in wave models. Nevertheless, bottom topography is generally complicated in
coastal regions and large bottom slope gradients exist in natural conditions.

The MASNUM wave model, which was developed based on the LAGFD-WAM
regional model [35,36], also has a bottom friction term analogous to that in SWAN. It
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should be noted that the MASNUM wave model, based on the wave energy balance
equation, contains a wave–current interaction source function [37].

In shallow water, the orbital motions of water particles, induced by surface waves,
extend down to the sea floor. This gives rise to an interaction between the surface waves
and the bottom of the sea [32,38]. If waves propagate over a slowly varying current and a
quickly varying depth (i.e., the local bottom slope gradient is large), what is the effect of
the current on coastal waves, and how does the near-bottom orbital velocity of the waves
change? This mechanism is not understood. It should be noted that the ambient/mean
current can be a tidal current, ocean current, local wind-generated current, river current or
a wave-generated current.

As the scales of gravity waves (101 m–104 m scale grade) are smaller than those of
ocean circulation (about 106 m scale grade), gravity waves are treated as perturbations
relative to large-scale motions. For gravity waves (e.g., (i) surface gravity waves, (ii) internal
gravity waves and (iii) inertial gravity waves, etc.), gravity is the common restoring force.
Thus, Yuan et al. [41] proposed a unified linear theory of wavelike perturbations for gravity
waves in the presence of the factors imposed by large-scale circulation and found the
solution using Fourier integrals. This unified wave theory can serve as the theoretical basis
for a dynamical explanation of local wave characteristics (e.g., surface gravity wave) under
a fairly general ocean with arbitrary topography and vertical and horizontal current shear.
However, the gradient of bottom topography in the horizontal y-axis direction is omitted
in the paper [41]. This led to a loss of the information related to the mechanisms related to
wave–current–bottom interaction.

In this study, we replenish the formulation of the gradient of bottom topography and
re-derive the solution of surface gravity waves on the basis of previous work by Yuan
et al. [41]. An analytic model is proposed to estimate the variation of the orbital velocity of
waves due to currents and bottom gradients.

Shengsi County, located in the East China Sea, is composed of 404 islands. The aquatic
resources of the Shengsi Islands, which lie in the center of the famous Zhoushan Fishing
Ground, are very rich [42]. Historically, typhoons have caused serious disasters to China’s
coastal areas and seriously affect the safety of navigation and port security in the Zhoushan
sea area. During extreme weather conditions (e.g., typhoons), currents become stronger;
therefore, wave–current interaction is more significant than usual. Furthermore, the bottom
topography in that region is complex and its spatial gradients, i.e., the local bottom slopes,
are large. Therefore, the Shengsi area is an ideal region to quantify the impact of currents
on waves using the analytic model we proposed.

This paper is organized as follows. A derivation of the analytic model is given in
Section 2.1. Ocean data related to the Shengsi area during Typhoon Malakas are described
in Section 2.2. The applied results of the analytic model are presented in Section 3. Finally,
a discussion and conclusions are presented in Sections 4 and 5.

2. Materials and Methods

Based on the unified linear theory [41], an analytic model with respect to the variation
of the orbital motion of waves near the sea floor due to currents is derived in Section 2.1.
Terms of gradient of bottom topography is reserved during the derivation.

Ocean data regarding the Shengsi area during Typhoon Malakas are presented in
Section 2.2. These data can be used to estimate the variation of the orbital motion of waves
on the basis of the analytic model we proposed.

2.1. Analytic Model Derivation

The scales of gravity waves are smaller than that of ocean circulation. Compared
with large-scale motions or oceanic background, gravity waves seem to be wavelike
perturbations. Variables (velocity components, pressure, density and surface elevation) in
the governing equations can be decomposed in terms of the mean motion and wavelike
perturbations.
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The symbols {U1, U2, U3, P, ρ, Z} represent two horizontal velocities, vertical velocity,
pressure, density and surface elevation of the mean motion. This study is preliminary
research. For simplicity, we set velocity components of mean flow, U1 and U3, to zero.

The symbols {u1, u2, u3, p, ρ, h} represent two horizontal velocities, vertical velocity,
pressure, density and surface elevation of wavelike perturbations.

The governing equations and boundary conditions for the perturbation motions can
be written as follows:

u1

R
+

∂u1

∂x1
+

∂u2

∂x2
+

∂u3

∂x3
= 0 (2)

∂u1

∂t
− Fu2 = − ∂

∂x1

(
p
ρ0

)
(3)

∂u2

∂t
+

(
F +

∂U2

∂x1

)
u1 +

∂U2

∂x3
u3 = − ∂

∂x2

(
p
ρ0

)
(4)

∂u3
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= − ∂

∂x3

(
p
ρ0

)
− g
(

ρ

ρ0
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(5)

∂
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(
ρ

ρ0
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+

∂

∂x1

(
ρ

ρ0

)
u1 +

∂

∂x3

(
ρ

ρ0

)
u3 = 0 (6)(

p
ρ0

)
x3=0

=

(
pA
ρ0

)
+ g
(

ρ

ρ0

)
x3=0

h (7)

(u3)x3=0 −
∂h
∂t

= 0 (8)

(u3)x3=−H +
∂H
∂x1

(u1)x3=−H +
∂H
∂x2

(u2 + U2)x3=−H = 0 (9)

where x1 and x2 represent the horizontal coordinates. x3 represents the vertical coordinate.
F ≡ f + 2U2

R , ∂U2
∂x1
≡ ∂U2

∂x1
− U2

R . R is the curvature radius of the mean flow path. f is the
Coriolis parameter. H represents the bottom topography, ρ0 is the basin mean water density,
and pA is the surface air pressure. More details can be found in the literature [41].

It should be noted that we preserved the complete information regarding bottom
topography. In the bottom boundary condition, i.e., Equation (9), gradients of bottom
topography (i.e., ∂H

∂x1
and ∂H

∂x2
) are accounted for.

In the sense of the generalized function, any arbitrary function can be written as the
Fourier integral forms. Therefore, we express the perturbation variables and mean flow as
their Fourier integrals as follows:

u1 =
x

k1,k2

µ1(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (10)

u2 =
x

k1,k2

µ2(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (11)

u3 =
x

k1,k2

µ3(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (12)

(
p
ρ0

)
=

x

k1,k2

φ(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (13)

(
ρ

ρ0

)
=

x

k1,k2

β(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (14)

h =
x

k1,k2

η(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (15)
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U2 =
x

k1,k2

µ(U2)(x3, k1, k2)exp{i(k1x1 + k2x2 −ωt)}dk1dk2 (16)

where
{

µ1, µ2, µ3, φ, β, η, µ(U2)

}
are the Fourier transforms of {u1, u2, u3, p/ρ0, ρ/ρ0, h, U2},

respectively. {k1, k2, ω} represent horizontal components of wave number and complex
frequency, respectively. The real part of ω = ωR + iωI, i.e., ωR, is the physical frequency.

Current and wave can be decomposed into current components {CurC1, CurC2, ...,
CurCn, ...} and wave components {WavC1, WavC2, ..., WavCn, ...}, respectively, via Fourier
transformation. According to the resonance theory, the components of wave and current
at same frequency in the phase space resonate. If CurCn and WavCn have the same wave
number, kn, and absolute radian frequency, ωn, in the phase space, there is a resonance
between CurCn and WavCn.

The coordinates of the phase space are shown in Figure 1. In the coordinate system,
arbitrary point M represents a current component, CurCn. The blue ring in Figure 1 denotes
the range in wave number regarding ocean waves, which ranges from KMin = 0.0071 to KMax
= 0.6894. According to Equations (10)–(16), if CurCn is located in the blue ring (e.g., point R)
and the amplitude of CurCn (i.e., µ(U2)

) is not equal to zero, CurCn has an influence on the
orbital velocity amplitude of WavCn (i.e., {µ1, µ2, µ3}) through the resonance mechanism.
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Point M represents location of arbitrary current component. Point R represents one location where
the resonance between wave component and current component in phase space occurs.

Next, we solve these equations for the Fourier transformation functions. First, we
substitute Equations (10)–(16) into Equations (2)–(9). Consequently, we obtain the algebraic
equations µ1 = f (µ3, φ) and µ2 = g(µ3, φ)(refer to Appendix A). Then, we substitute the
equations µ1 = f (µ3, φ) and µ2 = g(µ3, φ) into the bottom condition as follows:

(µ3)x3=−H +
∂H
∂x1

(µ1)x3=−H +
∂H
∂x2

(
µ2 + µ(U2)

)
x3=−H

= 0 (17)

In order to obtain the homogenous boundary condition, we introduce transformation
µ3 = µ3 + δ−Hφ, and solve equations with two unknowns (µ3, φ) (refer to Appendix A). The
deriving procedure is omitted here, which is the same as procedure as in Yuan et al. [41].

In the derivation, we considered the gradient of bottom topography and the back-
ground current. Finally, we obtain the analytic model as follows:

∆µ1 = δ̂−Hδ−H
ωk1

k2
H

exp{kHx3} − exp{−kHx3}
exp{−kH H} − exp{kH H} (18)
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∆µ2 = −δ̂−H
δ−H
kH

∂U2

∂x3

exp{kHx3}+ exp{−kHx3}
exp{−kH H} − exp{kH H} (19)

∆µ3 = δ̂−H
exp{kHx3} − exp{−kHx3}
exp{−kH H} − exp{kH H} (20)

δ−H =

(
k1

ω

∂H
∂x1

+
k2

ω

∂H
∂x2

)
x3=−H

(21)

δ̂−H = − ∂H
∂x2

(
µ(U2)

)
x3=−H

(22)

here, ∆µi = {∆µ1, ∆µ2, ∆µ3}, i = 1, 2, 3, denote the variations of the orbital velocity
amplitude of the arbitrary wave component, WavCn.

In Equations (10)–(12), µi = {µ1, µ2, µ3}, i = 1, 2, 3 a e the Fourier transforms of
{u1, u2, u3}. The symbols {µ1, µ2} denote two horizontal orbital velocity amplitudes of
WavCn. The symbol µ3 represents the vertical orbital velocity amplitude of WavCn. The
unit of measurement for {u1, u2, u3} is m/s. The unit of measurement for the wave number,
k, is m−1. Thus, the unit of measurement for {µ1, µ2, µ3} is m3/s. The unit of measurement
for {∆µ1, ∆µ2, ∆µ3} is also m3/s.

The analytic model (Equations (18)–(22)) indicates that the bottom slope, i.e., the gra-
dient of bottom topography, plays a significant role in wave–current interaction. Obviously,
if the amplitude of the current component µ(U2)

is not equal to zero, the factor δ̂−H in
Equation (22) will lead to variations of {µ1, µ2, µ3}, i.e., {∆µ1, ∆µ2, ∆µ3}may be nonzero
and become remarkable.

Next, we define the overall variation of the orbital velocity amplitude of ocean
waves as ∆µi =

{
∆µ1, ∆µ2, ∆µ3

}
, i = 1, 2, 3. We can obtain ∆µi by integrating ∆µi =

{∆µ1, ∆µ2, ∆µ3}, i = 1, 2, 3 in the phase space, which are expressed as follows:

∆µi =
x

k1,k2

∆µidk1dk2 , i = 1, 2, 3 (23)

We know that the unit of measurement for the wave number, k, is m−1, and the unit of
measurement for {∆µ1, ∆µ2, ∆µ3} is m3/s. Thus, the unit of measurement for ∆µi is m/s.

2.2. Ocean Data

In order to roughly estimate the magnitude of the variations of wave orbital motion
due to wave–current–bottom interaction, i.e., {∆µ1, ∆µ2, ∆µ3} (Equations (18)–(20)) and{

∆µ1, ∆µ2, ∆µ3
}

(Equation (23)), we chose a case in the Shengsi area under extreme weather
conditions. Ocean data of the study domain during Typhoon Malakas are the result of
a storm surge-wave-tide coupled model, SWAN + ADCIRC. The model description and
validation are presented in Sections 2.2.1 and 2.2.2, respectively.

2.2.1. Model Description

The SWAN (Simulating WAves Nearshore) model is a spectral wave model that is
designed for shallow-water areas [34]. The model describes the temporal and spatial evolu-
tion of waves in the nearshore area. The ADCIRC (ADvanced CIRCulation) model [43] is a
hydrodynamic model based on the finite-element difference method and an unstructured
computational grid. The model can be applied to ocean, coast and estuary areas.

The computational domain of the ADCIRC + SWAN model covers the Yangtze River
Estuary with a range of 117◦E~138◦E and 20◦N~37◦N. The unstructured grid has a hor-
izontal resolution varying from 50 km at the open boundary to 2 km in the nearshore
area. The land and island coastlines near the Yangtze River estuary are encrypted, with a
resolution of 200 m. There are 216,950 triangular elements with 113,750 grid nodes. The
bathymetry data are based on the GEBCO (the GEneral Bathymetric Chart of the Oceans,

http://www.gebco.net
http://www.gebco.net
http://www.gebco.net
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http://www.gebco.net, accessed on 17 July 2020) dataset and has been modified by survey
data around the Yangtze Estuary.

Eight tidal constituents (M2, S2, N2, K2, K1, O1, P1 and Q1) from the global tidal
model TPXO7.2 (http://volkov.oce.orst.edu/tides/otps.html, accessed on 17 July 2020)
were used to calculate elevations as open boundary forces for the ADCIRC model. The
lateral boundary conditions for the SWAN model were the radiation boundary conditions.
Both models were run from stationary initial conditions. The wind field was provided by
the European Center for Medium Range Weather Forecasts, with a spatial resolution of
0.125◦ × 0.125◦ and a time resolution of 6 h. Model parameters of SWAN and ADCIRC
(Tables 1 and 2) were calibrated in the China Seas in previous studies [44–48].

Table 1. Model settings for SWAN.

Parameters of SWAN Calibrated Model Setting in the Study Domain

Nonlinear wave–wave interactions
In deep water, quadruplet wave–wave interactions.
In shallow water, quadruplet and triad wave–wave
interactions.

Bottom-induced dissipation Bertotti and Cavaleri, 1994 [39].
Wind input source Cavaleri and Malanotte-Rizzoli, 1981 [49]; Jassen, 1991 [50].
Others Default.

Table 2. Model settings for ADCIRC.

Parameters of ADCIRC Calibrated Model Setting in the Study Domain

Bottom friction coefficient 0.002.

Open boundary
Eight tidal constituents from the global tidal model
TPXO7.2
(M2, S2, N2, K2, K1, O1, P1 and Q1).

Others Default.

Typhoon Malakas formed in the northwestern Pacific on 13 September 2016, with an
initial maximum wind speed of 18 m/s. It moved northwest towards the Zhoushan Islands
around 17–18 September, with a maximum wind speed exceeding 45 m/s. The movement
path of Typhoon Malakas is shown in Figure 2. Data of Typhoon Malakas were obtained
from the Weather China website [51].

The outputs of SWAN + ADCIRC contain wave parameters (e.g., significant wave
height, wave period and wave direction), the current velocity, the water level, etc. The
coupled model can reproduce wave and current features well. More details about model
validation are given in Section 2.2.2.

2.2.2. Model Validation

Observation stations on the coast of China can provide long-term measurements
for tide, wave, temperature, salt, weather, etc. Observations of water level and wave
parameters from ocean stations are used to validate the model outputs in Section 2.2.1. The
locations of the observations are presented in Figure 3a. The water depth of main study
area (Shengsi) is shown in Figure 3b. A1 and A2 are wave measurements, and B1–B4 are
water level measurements. In order to view the study area versus the path of typhoon,
these locations are also in Figure 2.

http://www.gebco.net
http://www.gebco.net
http://volkov.oce.orst.edu/tides/otps.html
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Figure 3. Location of in situ observations and water depths of study domain. (a) Red circles represent location of wave
measurements. Blue triangles represent location of water level measurements. The green rectangle represents the location of
study domain which is magnified in panel (b); (b) water depth of study domain, i.e., Shengsi area. Unit of measurement
is meter.

Error statistics of model outputs compared to in situ observations are listed in Table 3.
The root mean square error (RMSE) of the significant wave height (SWH) is about 0.54 m.
The RMSE of the wave period is about 1 s. The RMSE of the water level is less than 10 cm.
The overall modeled wave and water level matches well with the measurements.
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Table 3. Error statistics of model outputs compared to in situ observations.

ID Longitude Latitude

Root Mean Square Error

SWH (m) Wave Period
(s)

Water Level
(cm)

A1 121.91◦E 28.44◦N 0.54 0.91 –
A2 121.10◦E 27.41◦N 0.53 1.00 –
B1 121.61◦E 30.61◦N – – 9.58
B2 121.73◦E 29.98◦N – – 8.92
B3 121.96◦E 29.21◦N – – 7.77
B4 121.90◦E 28.45◦N – – 8.10

Time series of wave parameters of observations and model outputs are given in Figure 4.
The horizontal axis coordinate represents the period from 13 September to 20 September
2016. The SWH varies between 1 m and 4 m, and the mean wave period ranges from 5 s
to 9 s. There are two crests during the period, and the model results have a consistent
tendency to match with the observations.
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Figure 4. Time series of wave parameters of observations and model outputs. (a,c): Time series of significant wave height at
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mean wave period at A1 and A2, respectively. Black dots represent measurements. Blue curves represent model outputs.

Time series of the water levels of the observations and model outputs are presented
in Figure 5. The horizontal axis coordinate represents the period from 13 September to
20 September 2016. The water level fluctuates between −20 cm and 40 cm. There is a
trough during 16–17 September 2016. The tendencies observed in the simulation and
observation are in agreement.

The comparison between the results of the observation and the model indicates that
the model results reproduced in situ observations well. The impact of Typhoon Malakas
on the area around the Zhoushan Islands was remarkable during 17–18 September 2016.
The model results of the storm tidal current field and ocean surface waves at 12:00 on
17 September 2016 are given in Figure 6.
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3. Results

An analytic model, proposed in Section 2.1, considers wave–current–bottom inter-
action and is capable of estimating the variation of the orbital motion of waves near the
sea floor. Ocean data regarding model outputs mentioned in Section 2.2 reproduce the
observations well. In this section, based on the ocean data, we aim to roughly estimate the
magnitude of the variation of amplitude of wave orbital velocity using the analytic model.
This estimation contributes to understanding of the wave–current–bottom interaction in
coastal areas and may be helpful in improving wave models. The results of theoretical
analysis for an ideal island are given in Section 3.1. The results of practical application in
the Shengsi area are presented in Section 3.2.

3.1. Results of Theoretical Analysis

We assume that there is an ideal island with a large gradient of bottom topography in
the ocean, as shown in Figure 7. Water depth increases with the increasing distance away
from the central island. Therefore, for an arbitrary point in the northwest of the island, e.g.,
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P1, water depth, H, increases gradually along the positive direction of the x1 axis and the
gradient of bottom topography ∂H

∂x1
< 0 at P1. Similarly, water depth, H, decreases along

the positive direction of the x2 axis and the gradient of bottom topography ∂H
∂x2

> 0 at P1.
The bottom slope for the ideal island is shown in different directions in Figure 7.
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Four points in different directions {P1, P2, P3, and P4} represent four classic types of
bottom slope. Here, we assume that the absolute values of bottom slope gradient for these
four points are all 0.5. Specific values are listed in Table 4. Subsequently, we assume that
the ocean states of points {P1, P2, P3, and P4} are consistent with those of location (122◦50′E,
30◦41′N) at 12:00 on 17 September 2016 as shown in Figure 6.

Table 4. Bottom slope of points {P1, P2, P3, P4}.

Bottom Slope P1 P2 P3 P4

∂H/∂x1 −0.5 0.5 −0.5 0.5
∂H/∂x2 0.5 0.5 −0.5 −0.5

Current and wave can be decomposed into current components {CurC1, CurC2, ...,
CurCn, ...} and wave components {WavC1, WavC2, ..., WavCn, ...}, respectively, via Fourier
transformation. CurCn and WavCn have the same wave number, kn, and absolute radian
frequency, ωn, in the phase space. If the amplitude, µ(U2)

, of CurCn is not equal to zero,
there is a resonance between CurCn and WavCn.

With respect to points {P1, P2, P3, P4}, the variation of the wave orbital motion for
the main characteristic wave component, WavCmain, and overall variation for all wave
components are estimated in Sections 3.1.1 and 3.1.2, respectively.

3.1.1. Analysis for Main Characteristic Wave Component

According to the analytic model (Equations (19)–(23)) we proposed, variables related
to current, wave, and bottom topography, e.g., the gradient of vertical current velocity, ∂U2

∂x3
,

the amplitude of each current component, µ(U2)
, the wave number, k, and the absolute

radian frequency, ω, of the main characteristic wave component, water depth, H, and
bottom slope ( ∂H

∂x1
and ∂H

∂x2
), are necessary to calculate the variation of wave orbital velocity.

First, the original current field at 12:00 on 17 September 2016 with a spatial resolution
of 1/350◦ × 1/350◦ is interpolated into grids of 10 m × 10 m. Then, we decompose current
velocity in the x2 direction at points {P1, P2, P3, P4}, i.e., location (122◦50′E, 30◦41′N), using
the FFT function in MATLAB. Thus, the amplitude of each current component, µ(U2)

, is
obtained. Finally, the wave number, k, and the absolute radian frequency, ω, of the main
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characteristic wave component are calculated using the dispersion relationship, wave mean
period, and wave mean direction. The water depth, H = 34.4 m. Here, we set ∂U2

∂x3
= 0.2 s−1.

The variation of amplitude of the orbital motion for the main characteristic wave
component, WavCmain, is shown in Figure 8. As we assume that ocean states, i.e., current
and wave, are the same at points {P1, P2, P3, P4}, bottom slope is the only variable factor.
Horizontal and vertical variations gradually decrease with the decreasing water depth. This
indicates that wave–current resonance that occurs near the sea floor has more significant
effect on near-bottom particles.
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At the bottom, i.e., x3 = −H, |∆µ3| is larger than 3 m3/s. In the north of the central
island, ∆µ3 < 0, while in the south ∆µ3 > 0. According to the analytic model in Section 2.1,
∆µ3 is dominantly related to the product of bottom slope ∂H

∂x2
and the amplitude of current

component
(

µ(U2)

)
x3=−H

. ∆µ3 is only meaningful when these two factors exist concurrently.

This is the reason why the effect of wave–current resonance is at its maximum at the bottom.
The absolute of horizontal variations ∆µ1 and ∆µ2 are both less than |∆µ3|. Wave–

current–bottom interaction influences the vertical velocity of a wave more significantly
than it does horizontal velocity.

Furthermore, these two horizontal variations always have an opposite plus–minus
sign. This difference is determined by the wave number, k1. If a wave propagates towards
the west, i.e., k1 < 0, horizontal variations ∆µ1 and ∆µ2 have an opposite plus–minus sign,
while if a wave propagates to the east, i.e., k1 > 0, plus–minus signs of horizontal variations
are the same.
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3.1.2. Analysis for All Wave Components

According to Equation (17), the overall variation of the orbital motion for all the wave
components can be obtained through the use of the integral of ∆µα (α = 1, 2, 3) over
the whole wave number space. The result is shown in Figure 9. The overall variation of
all wave components and variation of the main characteristic wave component has an
analogous tendency.
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Horizontal and vertical variations gradually decrease with the decreasing water depth.
At the sea floor, i.e., x3 = −H,

∣∣∣∆µ(u1)

∣∣∣ is roughly 0.1 m/s;
∣∣∣∆µ(u2)

∣∣∣ is close to zero;
∣∣∣∆µ(u3)

∣∣∣
is larger than 0.4 m/s. In coastal areas, the tide current can reach up to 2 m/s [52]. Therefore,
the vertical variation of the wave orbital velocity is pronounced. This is significant for
physical processes, e.g., hydrodynamics and sediment transport in coastal areas.

3.2. Results of Shengsi Area

In this section, the analytic model we proposed in Section 2.1 is applied to the Shengsi
area, where there are many islands surrounded by complicated bottom topography. The
variation of wave orbital motion for the main characteristic wave component near Shengshan
Island and Gouqi Island during the period of Typhoon Malakas is calculated in Section 3.2.1.
The overall variation for all wave components is roughly estimated in Section 3.2.2.

In the theoretical analysis of an ideal island (Section 3.1), the absolute value of the
bottom slope gradient is 0.5. Large gradients of bottom topography in the Shengsi area
widely exist in practice conditions. There are many locations where the magnitude order
of a topographical slope is 10−1 in nautical charts. However, the water depth of the ocean
data described in Section 2.2 with a spatial resolution of 1/350◦ × 1/350◦ is too coarse to
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reproduce the real gradient of bottom topography, which is shown in Figure 10. We found
that a fivefold/tenfold value of the coarse bottom slope is close to the real bottom slope.
Therefore, after multiplying by a coefficient 5 or 10, the coarse bottom slope was used to
estimate the variation of the orbital motion of waves in the Shengsi area during Typhoon
Malakas.
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Figure 10. Schematic diagram of bottom slope in Shengsi area. (a) Gradient of bottom topography in x1 axis direction;
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3.2.1. Analysis for Main Characteristic Wave Component

During the period of Typhoon Malakas, the storm tide current became stronger. The
effect of this typhoon on the Shengsi area was most remarkable on 17 September 2016.
Therefore, we estimated the variation of the wave orbital motion at 12:00 on 17 September
2016 using the analytic model proposed in Section 2.1 based on the ocean data described in
Section 2.2. Horizontal and vertical variations of the amplitude of wave orbital motion at
the sea floor for the main characteristic wave component are shown in Figure 11.

The spatial distribution of current and ocean surface waves at 12:00 on 17 September
2016 are shown in Figure 6. First, the original current field at 12:00 on 17 September 2016
with spatial resolution 1/350◦ × 1/350◦ was interpolated into grids of 10 m × 10 m. Then,
we decomposed the current velocity in the x2 direction at each point near Gouqi Island
and Shengsi Island via the FFT function in MATLAB. Thus, the amplitude of each current
component, µ(U2)

, for each point was obtained. Finally, the wave number, k, and absolute
radian frequency, ω, of the main characteristic wave component were calculated using
the dispersion relationship, wave mean period and wave mean direction. Here, ∂U2

∂x3
was

0.2 s−1. Note that the results of fivefold bottom slope and tenfold bottom slope for values
{∆µ1, ∆µ2, ∆µ3} are shown in Figure 11a–c and 11d–f, respectively.

Vertical variation, ∆µ3, in Figure 11c is between (−1, 1) m3/s, while horizontal varia-
tions, ∆µ1 and ∆µ2, in Figure 11a,b are between (−0.05, 0.05) m3/s. The current and bottom
slope influence the vertical orbital motions of a wave than they do the horizontal orbital
motions of wave.
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Figure 11. Amplitude variations of orbital motion for main characteristic wave component near Gouqi Island and Shengshan
Island at 12:00 on 17 September 2016. Unit of measurement is m3/s. (a–c) represent ∆µ1, ∆µ2 and ∆µ3, respectively, with a
fivefold bottom slope value. (d–f) represent ∆µ1, ∆µ2, and ∆µ3, respectively, with a tenfold bottom slope value.

The colors in the figures represent whether the amplitude of the wave orbital motion
for the main characteristic wave component increases (red) or decreases (blue). There are
enhanced or weakened effects of the current and bottom slope on the wave orbital motion.
Variations ∆µ1 and ∆µ2 always have an opposite plus–minus sign at the same position.
At most points, vertical variation, ∆µ3, is larger than zero, i.e., the amplitude of the wave
orbital motion is enhanced due to the current and bottom slope.

Furthermore, comparison between Figure 11a–c and 11d–f indicates that variations of
the wave orbital motion are more pronounced if the bottom slope gradient is larger.

3.2.2. Analysis for All Wave Components

The overall variations of the amplitude of wave orbital motion at the sea floor for all
wave components at 12:00 on 17 September 2016 are estimated using the analytic model
proposed in Section 2.1 based on the ocean data described in Section 2.2. The results
of the fivefold bottom slope and tenfold bottom slope for

{
∆µ1, ∆µ2, ∆µ3

}
are shown in

Figure 12a–c and 12d–f, respectively.
The spatial distribution of overall variations (Figure 12) and variations for the main

characteristic wave component (Figure 11) is similar. Variations ∆µ1 and ∆µ2 always have
an opposite plus–minus sign at the same position. At most points, vertical variation, ∆µ3,
is larger than zero, i.e., the amplitude of wave orbital motion is enhanced due to the current
and bottom slope.

In Figure 12c, vertical variation, ∆µ3, is shown to be between (−0.5, 0.5) m/s, which is
close to the velocity of the tide current in coastal areas [52], while in Figure 12a,b, horizontal
variations, ∆µ1 and ∆µ2, are between (−0.01, 0.01) m/s. Therefore, the variation of the
vertical orbital velocity of a wave is pronounced. This is significant for physical processes,
e.g., hydrodynamics and sediment transport in coastal areas.
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Figure 12. Overall amplitude variations of orbital motion for all wave components near Gouqi Island and Shengshan Island
at 12:00 on 17 September 2016. Unit of measurement is m/s. (a–c) represent ∆µ1, ∆µ2 and ∆µ3, respectively, with fivefold
bottom slope. (d–f) represent ∆µ1, ∆µ2 and ∆µ3, respectively, with tenfold bottom slope.

Comparison between Figure 12a–c and 12d–f indicates that variations of wave orbital
motion are more pronounced if the bottom slope gradient is larger.

4. Discussion

Wave–current interaction plays an important role in coastal areas and has a significant
impact on coastal dynamics, storm surges, and sediment transport. In extreme weather
conditions, this issue is even more significant.

Some theories related to wave–current interaction, e.g., radiation stress and wave
action conservation, have been established and applied in numerical simulation models.
Most wave models, e.g., SWAN, consider the bottom friction source term. However, the
bottom slope value, which might have a significant effect on a wave, has been ignored.

In this study, based on a unified linear theory of wavelike perturbations [41], we
proposed an analytic model which is capable of estimating the variation of amplitude of
wave orbital motion due to current and bottom slope. Subsequently, variations for main
characteristic wave components and all wave components were roughly calculated based
on the ocean data obtained during Typhoon Malakas.

First this analytic model was applied on an ideal island. The characteristics of the
gradient of bottom topography are presented. The results indicate that wave–current
resonance that occurs near the sea floor has a more significant effect on near-bottom
particles, as horizontal and vertical variations gradually decrease with the decreasing water
depth. At the sea floor, i.e., x3 = −H, the absolute value of vertical variation of amplitude
of wave orbital motion for the main characteristic wave component |∆µ3| is larger than
3 m3/s; the absolute value of overall variation of amplitude of wave orbital motion in the
vertical direction

∣∣∣∆µ(u3)

∣∣∣ is larger than 0.4 m/s.
Next, the analytic model was applied in the Shengsi area, which lies in the center of

the famous Zhoushan Fishing Ground. Bottom topography is complicated in this region.
At the sea floor, the vertical variation of the amplitude of wave orbital motion for the
main characteristic wave component |∆µ3| is between (−1, 1) m3/s; the absolute value of
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overall variation of the amplitude of wave orbital motion in the vertical direction
∣∣∣∆µ(u3)

∣∣∣
is between (−0.5, 0.5) m/s. In coastal areas, the tide current can reach up to 2 m/s [45].
Therefore, the vertical variation of wave orbital velocity is pronounced. This is significant
for physical processes, e.g., hydrodynamics and sediment transport in coastal areas.

This paper is a preliminary study with respect to the effect of current and bottom slope
values on waves, e.g., the velocity of mean flow is {0, U2(x1, x2, x3), 0}. This simplification
will be abandoned in further research. Furthermore, observations regarding wave orbital
motion will be used to validate and evaluate the accuracy of the analytic model in the
future. Ultimately, the parameterization term related to the effect of the current and bottom
slope on a wave is planned to construct in a wave equation.

5. Conclusions

The coast of China possesses complex topography. The coupling effect between a
strong current and ocean waves is very strong during storm surges, especially in a situation
where the topographic gradient is large. However, its physical mechanism is still not
understood. Based on the unified linear wave theory, this study analyzed the effect of
strong currents and bottom slope values on the orbital velocity amplitude of ocean waves
in dynamics and established a corresponding analytic model. Based on this analytic model,
theoretical analysis and an implemented example in the Shengsi area during Typhoon
Malakas are given. The results suggest that the impact of wave–current interaction is
noticeable where the sea bottom slope gradient is relatively large. This study is helpful in
improving the numerical simulation of ocean waves.
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Appendix A

Algebraic equations µ1 = f (µ3, φ) and µ2 = g(µ3, φ) are as follows:

µ1 =
F

Ω2
∂U2

∂x3
µ3 +

ωk1

Ω2 I1φ (A1)

µ2 = −i
ω

Ω2
∂U2

∂x3
µ3 − i

k1

Ω2

(
F +

∂U2

∂x1

)
I2φ (A2)

http://www.ecmwf.int/
https://www.gebco.net/
http://www.weather.com.cn/
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in which:

Ω2 ≡
[

ω2 − F
(

F +
∂U2

∂x1

)]
(A3)

I1 ≡
(

1 + i
F
ω

k2

k1

)
(A4)

I2 ≡
[

1 + iω
(

F +
∂U2

∂x1

)−1 k2

k1

]
(A5)

where
{

µ1, µ2, µ3, φ, β, η, µ(U2)

}
are the Fourier transforms of {u1, u2, u3, p/ρ0, ρ/ρ0, h, U2}.

{k1, k2, ω} represent horizontal components of wave number and complex frequency,
respectively. The real part of ω = ωR + iωI, i.e., ωR is the physical frequency. x1 and
x2 represent the horizontal coordinates. x3 represents vertical coordinate. F ≡ f + 2U2

R ,
∂U2
∂x1
≡ ∂U2

∂x1
− U2

R . R is the curvature radius of the mean flow path. f is the Coriolis parameter.
H represents the bottom topography; ρ0 is the basin mean water density.

Substituting Equations (A1) and (A2) into the governing equations for the wavelike
perturbations in the phase space, after some manipulation, we obtain equations with two
unknowns (µ3, φ) as follows:(

1 + F
Ω2

∂U2
∂x3

∂H
∂x1
− i ω

Ω2
∂U2
∂x3

∂H
∂x2

)
x3=−H

(µ3)x3=−H +
(

ωk1
Ω2 I1

∂H
∂x1

+ ωk2
Ω2 I2

∂H
∂x2

)
x3=−H

(φ)x3=−H + ∂H
∂x2

(
µ(U2)

)
x3=−H

= 0 (A6)

Transformation µ3 = µ3 + δ−Hφ, in which δ−H is as follows:

δ−H =

(
ωk1

Ω2 I1
∂H
∂x1

+
ωk2

Ω2 I2
∂H
∂x2

)
x3=−H

(
1 +

F
Ω2

∂U2

∂x3

∂H
∂x1
− i

ω

Ω2
∂U2

∂x3

∂H
∂x2

)−1

x3=−H
(A7)

The bottom condition is as follows:

(µ3)x3=−H = δ̂−H (A8)

where:

δ̂−H = − ∂H
∂x2

(
µ(U2)

)
x3=−H

(
1 +

F
Ω2

∂U2

∂x3

∂H
∂x1
− i

ω

Ω2
∂U2

∂x3

∂H
∂x2

)−1

x3=−H
(A9)
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