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Abstract: Randomnoise andmissing seismic traces are common infield seismic data, which seriously
affects the subsequent seismic processing flow. The complete noise‑free high‑dimensional seismic
dataset in the frequency–space (f‑x) domain under the local linear assumption are regarded as a low‑
rank tensor, and each high dimensional seismic dataset containing only one linear event is a rank‑1
tensor. The tensor CANDECOM/PARAFACdecomposition (CPD)method estimates complete noise‑
free seismic signals by characterizing high‑dimensional seismic signals as the sum of several rank‑1
tensors. In order to improve the stability and effect of the tensor CPD algorithm, this paper proposes
a linear Radon transform–constrained tensor CPD method (RCPD) by using the sparsity of factor
matrix in the Radon domain after high‑dimensional seismic signal tensor CPD and uses alternating
direction multiplier method (ADMM) to solve the established optimization problem. This proposed
method is an essential realization of the high‑dimensional linear Radon transform, and the results of
synthetic and field data reconstruction prove the effectiveness of the proposed method.

Keywords: seismic data reconstruction; local plane wave; tensor CP decomposition; linear Radon
transform

1. Introduction
Noise and missing seismic traces are inevitable in field seismic data, which reduces

the quality of seismic data and affects the accuracy of seismic inversion imaging. Therefore,
seismic data denoising and interpolation reconstruction have long been an important part
of seismic data preprocessing.

Seismic data reconstruction is based on the best prediction of the signal contained in
the seismic data. In recent decades, people have proposed various methods to solve the
problem. These methods can be divided into different parts by using the different features
of seismic signals, such as the predictive filtering method using the predictability between
traces, the low‑rank decomposition method using the low rank of data, and the sparse
transform method using the sparsity of signals. Based on the predictability of seismic sig‑
nals, the industry has developed methods such as predictive filtering andWiener filtering,
among others [1–4]. In addition to predictability, the low rank of seismic signals is also
an important feature. The multi‑channel singular spectrum analysis (MSSA) [5–7] and the
feature image filtering method in the 3D frequency–space (f‑x‑y) domain use the eigen‑
value decomposition of the matrix [8] to preserve low‑rank effective signals and suppress
random noise.

At present, 3D seismic exploration is widely used in modern industry. The original
data collected by thismethod can be arranged according to certain parameters to obtain 5D
data volume. Thewidely used 5Ddata types include commonmiddle point (CMP) gathers
D(t, CMPx, CMPy, Hx, Hy) and offset vector tile (OVT) gathers D(t, H, ϕ, CMPx, CMPy),
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where Hx, Hy, and H are the offset in x and y directions and the total offset, CMPx and
CMPy are the x, y coordinates of CMP, and ϕ is the azimuth. To further consider the sta‑
tistical information in high dimensional signal space, seismic data reconstruction needs to
be extended to 5D seismic data. The low‑rank tensor decomposition method is regarded
as a high dimensional extension of the low‑rank matrix decomposition method. This kind
of method regards the n‑dimensional data volume as an n‑order tensor. Unlike the rank of
a matrix, the definition of the rank of a tensor is not unique. Therefore, there are different
decomposition methods with different tensor rank definitions. The Tucker decomposition
is regarded as a higher‑order representation of principal component analysis (PCA) [9,10].
This high‑dimensional decompositionmethod has been gradually introduced into the field
of seismic data processing in recent years. Like PCA, some tensor decomposition methods
are also implemented using the singular value decomposition (SVD) algorithm, such as
high‑order singular value decomposition (HO‑SVD) [11,12], nuclear norm minimization
method [13], and tensor singular value decomposition (t‑SVD) [14]. Different from the
Tucker decompositionmethod, the tensor CANDECOM\PARAFACdecomposition (CPD)
does not require that the decomposed basis functions are orthogonal to each other. The
CPD treats a tensor as the sum of R rank‑1 tensors, and each rank‑1 tensor is composed of
the outer product of n vectors [15–17]. The minimum number R of rank‑1 tensors that can
recover the tensor is the CP rank of the tensor. Gao et al. [18] used random CPD to sup‑
press the random noise in 3D seismic data and also improved the computational efficiency.
Zhang et al. [19] proposed constraint CPD with Vandermonde structure (VCPD) to fit the
exponential characteristics of frequency domain data.

Sparse transform methods transform seismic signals into some sparse domains, mak‑
ing the distinction between noise and signals more obvious, such as wavelet
transform [20,21], Radon transform [22–25], curvelet transform [26–28], contourlet [29],
and shearlet [30]. Radon transform is a classical andwidely used sparse transformmethod.
Radon transformprojects the events (linear, hyperbolic, and parabolic) in seismic data onto
the corresponding Radon basis functions. After these events are projected, they become
the corresponding energy groups in the Radon domain. Because of its distribution charac‑
teristics, random noise does not converge in the Radon domain so as to achieve signal‑to‑
noise separation. However, the size of the Radon basis function to be constructed for high‑
dimensional Radon transform exponentially increases with increasing dimension. There‑
fore, the current Radon transform basically stays in the processing of three‑dimensional
data, such as three‑dimensional linear, parabolic, and conical Radon transforms [31–34].
Based on the assumption of local plane waves, the high‑dimensional seismic data contain‑
ing one linear event is a rank‑1 tensor. The aim of tensor CPD is to decompose R linear
events in high‑dimensional data volume, and the separated factor matrix can be regarded
as local plane waves in the corresponding dimension direction. However, due to the insta‑
bility of the high‑dimensional tensor algorithm and the complexity of field seismic data,
such ideal decomposition is difficult to achieve.

The VCPD method proposed by Zhang et al. [19] used the Vandermonde structure
constraint of the factor matrix to improve the computational efficiency and signal‑to‑noise
ratio of the traditional CPDmethod for reconstructing seismic data. However, this method
is a data‑driven method, which depends on the quality of seismic data before reconstruc‑
tion. Therefore, this paper proposes a linear Radon transform–constrained tensor CPD
method for the reconstruction of high‑dimensional seismic data. This method projects
the factor matrix obtained by CPD onto the linear Radon basis function in the frequency
domain so that each column of the factor matrix corresponds to a local plane wave of a
certain dimension. This method belongs to the semi‑data driven method, which not only
makes the CPDmethodmore stable but also realizes high‑dimensional plane wave decom‑
position, which is regarded as a variant of high‑dimensional linear Radon transform for
seismic data.

Firstly, this paper briefly reviews the basic concepts and algorithms of tensor CPD
and the basic concepts of linear Radon transform and puts forward the basic logic of this
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work: based on the local plane wave assumption, the factor matrix obtained by CPD is
projected onto the linear Radon basis function in the frequency domain so that each col‑
umn of the factor matrix corresponds to a local plane wave of a certain dimension. This
method not only makes CPD more stable but also achieves high‑dimensional plane wave
decomposition. Based on this, the inverse problem of CPD under the constraint of linear
Radon transform is proposed, which is solved by the ADMM algorithm. Next, the method
is applied to the interpolation reconstruction process of 5D synthesis and field data, and
the effectiveness of the method is verified. Finally, we discuss the parameter selection
problem of the proposed RCPD method with the numerical experiment on synthesis data.

2. Methods
2.1. Notations

The notations used in this paper are maintained with Kolda and Bader [9] in the liter‑
ature. Firstly, the x ∈ R, x ∈ RI , X ∈ RI1×I2 , X ∈ RI1×I2×···×IN represent the zero‑order
tensor (scalar), the first‑order tensor (vector) of size I, the second‑order tensor (matrix) of
size I1 × I2, and the N‑order tensor (N > 2) of size I1 × I2 × · · · × IN in the real Euclidean
space, respectively. Similarly, replacing Rwith C represents the tensor in the complex Eu‑
clidean space. The N‑order tensor can be expanded in matrix form in N directions, where

the mode‑n unfolding is represented by X(n) ∈ R

In×
N−1
∏

m ̸= n
m = 1

Im

. In addition, several ma‑
trix multiplication operations need to be mentioned: the Hadamard product operator ∗,
the Kronecker product operator ⊗, and the Khatri–Rao product operator ⊙. The specific
meaning of these symbols will be given in Appendix A.

2.2. Tensor CPD Method and Linear Radon Transform
2.2.1. Tensor CPD Method

AnN‑dimensional data volumeX ∈ RI1×I2×···×IN can be viewed as anN‑order tensor.
If this tensor is a low‑rank tensor, then it can be decomposed into a smaller number of R
(which is called CP‑rank) rank‑1 tensors, which can be expressed as

X =
R

∑
r=1

urank−1
r , (1)

where urank−1
r represents a rank‑1 tensor, which can be represented by N vector products:

urank−1
r = u(1)r ◦ u(2)r ◦ · · · ◦ u(N)

r , 1 ≤ r ≤ R, (2)

where the outer product of the vector is represented by the symbol ◦. Current algorithms
generally use the factor matrix U(n) to represent the CPD model:

X =

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 . (3)

The symbol

1 
 

〚 

  

·

 

2 

〛 represents the CPD model, and the matrix U(n) is called factor matrix,
which consists of R vectors of a certain dimension arranged in sequence as a column:

U(n) = [u(n)1 ,u(n)2 , · · · ,u(n)R ] ∈ CIn×R, (4)

After converting the tensor tomode‑nunfoldings, it can be approximated by the factor
matrices

X(n) = U(n)U(−n)T , (5)
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where U(−n) = U(N) ⊙ · · ·U(n+1) ⊙ U(n−1) ⊙ · · · ⊙ U(1). Finally, N factor matrices are
obtained by approximating N unfoldings, and the solution of CPD problem is obtained.
Figure 1 shows a cartoon of CPD model.
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2.2.2. Linear Radon Transform
The linear Radon transform was proposed by Radon [35] in 1917. Its essence is to

perform an integral transform along straight lines in different directions so that the points
originally located on the same straight line are focused into a point in the Radon domain.

The basic principle of linear Radon transform in seismic data processing is to approxi‑
mate the event in two‑dimensional seismic data as a linear event. The process of transform‑
ing t− x domain data d(t, x) into τ − p domain s(τ, p) is to perform integral transformation
along straight lines with different slopes, where the linear events of t − x domain will con‑
verge to energy cluster through integral operation in τ − p domain. The τ denotes the
intercept of the line on the time axis, and p denotes the slope of the integral path.

In order to ensure the stability of the algorithm and the transformation effect, the cur‑
rent linear Radon transform is generally performed in the frequency–space f − x domain,
which can be written as

S(ω, p) =
∫

D(ω, x)eiωpxdx, (6)

D(ω, x) =
∫

S(ω, p)e−iωpxdp, (7)

where D(ω, x), S(ω, p) are the results of the one‑dimensional Fourier transform of the
original data d(t, x), s(τ, p) along the timedimension, andω is the circular frequency. Since
the traditional linear Radon transform has the problems of energy leakage, spatial aliasing,
and low resolution, the current Radon transform generally constructs a numerical inverse
problem to obtain the Radon transform coefficients. The formula is as follows:

D(ω) = φ(ω)S(ω), (8)

where D(ω) = (d1, d2, · · · , dnx )
T is the single‑frequency spatial seismic data, nx is the

space length of the data, S(ω) = (s1, s2, · · · , snp)
T is the corresponding Radon spectrum,
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and np is the number of ray parameters p. The Radon transform operator φ(ω) is de‑
fined as

φ(ω) =


eiωp1(x1−x0) eiωp2(x1−x0) · · · eiωpnp(x1−x0)

eiωp1(x2−x0) eiωp2(x2−x0) · · · eiωpnp(x2−x0)

...
...

. . .
...

eiωp1(xnx−x0) eiωp2(xnx−x0) · · · eiωpnp(xnx−x0)

 ∈ Cnx×np . (9)

In the formula, ω is the circular frequency, p is the ray parameter, x is the spatial posi‑
tion of each trace, x0 is the reference trace, and the position of the central trace is generally
taken. To solve the Radon coefficient, the objective function is defined as

J(S) = ∥φS−D∥2
2 + λ∥S∥p p = 2, 1, 0, (10)

By solving the above inverse problem, the linear Radon spectrum S can be obtained.

2.3. Linear Radon Transform–Constrained CPD for Tensor Completion
Based on the local planewave assumption, the element (I1, I2, · · · , IN) of the noiseless

complete local N‑dimensional seismic signal slice at the frequency ω with R linear events
can be expressed in the f − x domain as

D(ω, I1, I2, · · · , IN) =
R

∑
r=1

dr

N

∏
n=1

θ In−1
n,r , (11)

where ω is the circular frequency, dr is the frequency spectrum of the wavelet, and the
θ In−1

n,r = eiωpn,r(In−1)∆xn . The pn,r is the ray parameter of the r th events in the n th dimension,
and the ∆xn is the spatial sample interval in the nth dimension. If the ideal CPD achieves
a unique rank‑1 decomposition, each rank‑1 tensor should correspond to a linear event.
Figure 2 shows an ideal CPDmodel for a three‑dimensional single‑frequency seismic slice
with R linear events.

Remote Sens. 2022, 14, 6275  5  of  23 
 

 

1 01 1 0 2 1 0

2 01 2 0 2 2 0

01 0 2 0

( )( ) ( )

( )( ) ( )

( )( ) ( )

( )φ

np

np

x p

np nxnx nx

i p x xi p x x i p x x

i p x xi p x x i p x x
n n

i p x xi p x x i p x x

e e e

e e e

e e e

 

 

 



 

 


 

 
 
 

  
 
 
 



 
   



.  (9)

In the formula,     is the circular frequency,  p   is the ray parameter,  x   is the spa‐

tial position of each trace,  0x   is the reference trace, and the position of the central trace is 

generally taken. To solve the Radon coefficient, the objective function is defined as   

  2

2
2,1,0J S = φS D S

p
p   ,  (10)

By  solving  the  above  inverse problem,  the  linear Radon  spectrum  S   can be ob‐
tained. 

2.3. Linear Radon Transform–Constrained CPD for Tensor Completion 

Based on the local plane wave assumption, the element  1 2( , , , )NI I I   of the noiseless 

complete  local N‐dimensional  seismic  signal  slice  at  the  frequency    with  R   linear 
events can be expressed in the  f x   domain as 

1
1 2 ,

1 1

( , , , , ) n

NR
I

N r n r
r n

D I I I d  

 

   ,  (11)

where     is the circular frequency,  rd   is the frequency spectrum of the wavelet, and the 

n ,r n nn i p ( I 1 ) xI 1
n,r e     . The  n ,rp   is the ray parameter of the  r th events in the  n th dimen‐

sion, and the  nx   is the spatial sample interval in the  n th dimension. If the ideal CPD 

achieves a unique rank‐1 decomposition, each rank‐1 tensor should correspond to a linear 

event. Figure 2 shows an ideal CPD model for a three‐dimensional single‐frequency seis‐

mic slice with  R   linear events. 

 

Figure 2. The CPD model for a three‐dimensional seismic data. 

Therefore, using the factor matrix to express the CPD model, the tensor    can be 
represented by 

     1 21 2
1, 2, ,

1

, , ,θ θ θ U U U
R

NN
r r r r r N r

r

d d d


        ,  (12)

where the factor matrix in the  n th dimension can be defined as 

0 0 0
1 ,1 2 ,2 ,

1 1 1
1 ,1 2 ,2 ,( )

1 1 1
1 ,1 2 ,2 ,

, 1, 2 ,U =

n n n

n n n
n n r n r

n n n
n n r n rn

I I In n n
n n r n r

d d d

d d d
n N

d d d

  
  

    

 
 
   
  
 





   



,  (13)

Figure 2. The CPD model for a three‑dimensional seismic data.

Therefore, using the factor matrix to express the CPD model, the tensor X can be
represented by

X =
R

∑
r=1

d1
rθ1,r ◦ d2

rθ2,r ◦ · · · ◦ dN
r θN,r =

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 , (12)

where the factor matrix in the nth dimension can be defined as

U(n) =


dn

1 θ0
n,1 dn

2 θ0
n,2 · · · dn

r θ0
n,r

dn
1 θ1

n,1 dn
2 θ1

n,2 · · · dn
r θ1

n,r
...

...
. . .

...
dn

1 θ In−1
n,1 dn

2 θ In−1
n,2 · · · dn

r θ In−1
n,r

, n = 1, 2 · · · , N, (13)



Remote Sens. 2022, 14, 6275 6 of 23

However, due to the complexity of seismic signals and the instability of the CPD al‑
gorithm itself, unconstrained tensor CPD is difficult to achieve such ideal decomposition.
It is not difficult to see from Equation (13) that each column of the ideal factor matrix can
be considered as a plane wave signal in that direction, such as the ith column of the factor
matrix U(n):

U(n)(:, i)T = (dn
i dn

i θ1
n,i · · · dn

i θ In−1
n,i ), (14)

whereU(n)(:, i) is the ith column of the factormatrixU(n) Since a rank‑1 tensor corresponds
to a linear event in seismic data under the local linear assumption (due to changes in slope,
parabolic or hyperbolic events cannot correspond to a rank‑1 tensor), the linear Radon ba‑
sis function corresponding to each dimension can be constructed, and each column of the
factor matrix corresponding to a linear event is projected onto the basis function. This ap‑
proach is equivalent to the linear Radon transform of the factormatrix after decomposition:

U(n) = φnSn, n = 1, 2, · · · , N. (15)

The linear Radon transform basis function is defined as

φn =


eiωpn,1(xn

1−xn
0 ) eiωpn,2(xn

1−xn
0 ) · · · eiωpn,npn (xn

1−xn
0 )

eiωpn,1 (xn
2−xn

0 ) eiωpn,2(xn
2−xn

0 ) · · · eiωpn,npn (xn
2−xn

0 )

...
...

. . .
...

eiωpn,1 (xn
In−xn

0 ) eiωpn,2(xn
In−xn

0 ) · · · eiωpn,npn (xn
In−xn

0 )

 ∈ CIn×npn , (16)

where pn,i, i = 1, 2, · · · , npn is the ray parameter in the nth dimension, npn is the number
of pn,i, Sn represent the Radon spectrum after the projection of the factor matrix in the nth
dimension, which can be written as

Sn =


sn

1,1 sn
1,2 · · · sn

1,R
sn

2,1 sn
2,2 · · · sn

2,R
...

...
. . .

...
sn

npn ,1 sn
npn ,2 · · · sn

npn ,R

 ∈ Cnpn×R. (17)

Since the local seismic events should be concentrated in a few slopes, the Radon spec‑
trum should be sparse. So, the L1 norm is used to express the sparsity of the Radon spec‑
trum in this problem. Simultaneously because the reconstruction of high‑dimensional seis‑
mic data is aimed at high‑dimensional irregular missing data, the N‑dimensional linear
Radon transform–constrained CPD (RCPD) can be written as

min
∣∣∣∣∣∣X −P ∗

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 
∣∣∣∣∣∣ 2

F
+ λ

N
∑

n=1
||Sn||1

s.t. U(n)−φnSn= 0 n = 1, 2, · · · , N
, (18)

where X is the original data tensor with dimension I1 × I2 × · · · × IN in the f − x do‑
main, P is the spatial sampling operator of the data which has the form as pi1,i2,··· ,iN ={

1 i f (i1, i2, · · · , iN) ∈ Ω
0 i f (i1, i2, · · · , iN) /∈ Ω

, where Ω is a subset containing the observed data. U(n) is the

factor matrix after decomposition, and

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 represents the CPD model,
as shown in Formula (3), where U(n) ∈ CIn×R. The definition of R and tensor CP rank is
basically the same, whichmeans that the original seismic data is approximated by R rank‑1
tensors. The difference is that R also means that there are R column vectors in each factor
matrix to be projected onto the linear Radon basis function in the RCPD algorithm. φn is
the Radon transform basis function in the n‑direction of the dimension, which is defined
as Formula (16), Sn is the corresponding Radon spectrum of each column ofU(n) projected
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onto theφn, and λ is the regularization parameter. ∥·∥F and ∥·∥1 are the Frobenius and L1
norm of a matrix respectively.

The problem can be solved by the ADMM algorithm [36], and the specific solution is
as follows.

By introducing an auxiliary variable M, let Mn = Sn, 1 ≤ n ≤ N, then the inverse
problem can be rewritten as

min
∣∣∣∣∣∣X −P ∗

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 
∣∣∣∣∣∣ 2

F
+ λ

N
∑

n=1
||Mn||1

s.t. U(n) −φnSn= 0 n = 1, 2, · · · , N
Mn − Sn = 0

. (19)

Write the problem in the form of an augmented Lagrangian function. Let

Lρ1,ρ2(U
(n),Mn,Sn,un,vn) =

1
2 ||X − P ∗

1 
 

〚 

  

U(1),U(2), · · · ,U(N)

 

2 

〛 || 2
F + λ

N
∑

n=1
||Mn||1

+
N
∑

n=1
⟨un,U(n) −φnSn⟩+

N
∑

n=1
⟨vn,Mn − Sn⟩+ ρ1

2

N
∑

n=1
||U(n) −φnSn||2F +

ρ2
2

N
∑

n=1
||Mn − Sn||2F

, (20)

where un, vn are the Lagrangianmultiplier, ρ1, ρ2 are the Penalty coefficient, and an ⟨·⟩ rep‑
resents the inner product operation of twomatrices. In order to obtain the optimal solution
of the problem, update U(n), Mn, Sn, un and vn sequentially until the maximum number
of iterations is reached or the convergence criterion is satisfied. The update formula is as
follows:
1. Update U(n).

When update U(n), the Formula (20) can be rewritten as

argmin
U(n)

1
2

∥∥∥X(n) − P(n) ∗U(n)U(−n)T
∥∥∥2

F
+

〈
un,U(n) −φnSn

〉
+ ρ1

2

∥∥∥U(n) −φnSn

∥∥∥2

F
, 1 ≤ n ≤ N

(21)

where P(n) is the mode‑n unfolding of the sampling operator P . Because of the existence
of P(n), the inverse problem on the left cannot be solved by directly solving the partial
derivative ofU(n), according to the solution in Zeng and So [37], we can obtain the updated
formula for U(n):

U(n)
(i,:) =

(
X(i,ci)

(
U(−n)

(ci ,:)

)∗
− un(i,:) + ρ1(φnSn)(i,:)

)(
ρ1I+

(
U(−n)

(ci ,:)

)T(
U(−n)

(ci ,:)

)∗)−1

where 1 ≤ n ≤ N, 1 ≤ i ≤ In

(22)

where (·)∗ represents the conjugation of a matrix. U(n)
(i,:) represents the ith row of the factor

matrix U(n), and I ∈ RR×R is a unit matrix. The specific process of solving is given in
Appendix B.

2. UpdateMn.

Since the L1 norm is non‑differentiable at zero, the update formula ofMn can be ob‑
tained by using the proximal gradient descent method:



Remote Sens. 2022, 14, 6275 8 of 23

Mk+1
n = argmin

Mk
n

Lρk
1,ρk

2
(U(n)k+1,Mk

n,Sk
n,uk

n,vk
n)

= argmin
Dn

{
λ
∥∥∥Mk

n

∥∥∥
1
+

〈
vk

n,Mk
n − Sk

n

〉
+

ρk
2

2

∥∥∥Mk
n − Sk

n

∥∥∥2

F

}
× 2

ρk
2

argmin
Dn

{
2λ
ρ2

∥∥∥Mk
n

∥∥∥
1
+

ρk
2

2

∥∥∥ vk
n

ρ2
+

(
Sk

n −Mk
n

)∥∥∥2

F
−

∥∥∥ vk
n

ρ2

∥∥∥2

F

}
× 2

ρk
2

= S λ

ρk
2

(
Sk

n −
vk

n
ρk

2

)
(23)

where S represents the soft threshold operator [38], which is defined as

Sa(b) = sign(b)max{|b| − a, 0}, (24)

where sign(x) represents the sign function of x, max(a, b) represents the maximum value
in a, b.

3. Update Sn.

When update Sn, the Formula (20) can be rewritten as

argmin
Sn

〈
un,U(n) −φnSn

〉
+ ⟨vn,Mn − Sn⟩

+ ρ1
2

∥∥∥U(n) −φnSn

∥∥∥2

F
+ ρ2

2 ∥Mn − Sn∥2
F, 1 ≤ n ≤ N

(25)

Formula (25) is the least squares problem of Sn, then let it take the partial derivative
of Sn equal to 0, and the update formula of Sn can be obtained by

∂Lρ1,ρ2
∂Sn

= −φH
n un − vn − ρ1φ

H
n

(
U(n) −φnSn

)
− ρ2(Mn − Sn) = 0

Sn =
(
ρ1φ

H
n φn + ρ2I

)−1
(
φH

n

(
un + ρ1U(n)

)
+ vk

n + ρ2Mn

) (26)

where (·)H is the matrix conjugate transpose operator.

4. Update un,vn.

The Lagrangian multiplier update formula in the augmented Lagrangian function is

uk+1
n = uk

n + ρk
1

(
U(n)k+1 −φnSk+1

n

)
, (27)

vk+1
n = vk

n + ρk
2

(
Mk+1

n − Sk+1
n

)
, (28)

The algorithm can also accelerate the calculation by changing penalty coefficients ρ1,
ρ2. According to Ying et al. [39], let ρk

1 = µ1ρk−1
1 , ρk

2 = µ2ρk−1
2 , where µ1, µ2 ∈ (1, 1.8],

which helps the penalty term be gradually increased with the iteration rounds. Update
the above variables until the maximum number of iterations is reached or the convergence
criterion is satisfied. The convergence criteria are as follows:

N

∑
n=1


∥∥∥U(n)

k −U(n)
k−1

∥∥∥
F∥∥∥U(n)

k−1

∥∥∥
F

 ≤ ε, (29)

where ε is the minimum convergence residual. The workflow of the RCPD algorithm is
demonstrated in Figure 3.
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Figure 3. The workflow of the proposed RCPD algorithm.

3. Results
The following numerical experiments are designed to verify the role of RCPD in seis‑

mic data reconstruction. The signal‑to‑noise ratio (SNR) of the reconstructed time–space
domain seismic data is used tomeasure the effectiveness of the algorithm, which is defined
as follows:

SNR = 10lg
∥Dtrue∥2

F
∥Dtrue −Drec∥2

F
, (30)

whereDtrue is the synthesized datawith no noise andmissing, andDrec is the reconstructed
low‑rank data. The iterative reconstruction formula of the CPD algorithm for missing
data is

Dk = LCP(Dobs + (I − P) ∗ Dk−1), (31)

where LCP represents the CP low‑rank operator, k is the current iteration round, Dobs is
the original observation missing data, P is an N‑dimensional sampling operator, and �
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is a tensor that is 1 for all elements of the same size. To maintain the reliability of the
experiments, all experiments were performed on the same computer with 16GB RAM,
an RTX3060 graphics card, and an Intel i5‑10500H processor, and no parallel algorithms
were applied.

3.1. Synthesis Data Experiment
To verify the rationality of introducing linear Radon transform into the CPD method,

we compare the reconstruction effect and calculation efficiency of the RCPD algorithm and
CPD algorithm on synthetic data. The scale of the synthesized five‑dimensional seismic
dataD(t, CMPx, CMPy, Hx, Hy) is 301× 15× 15× 15× 15, where t is the time dimension,
CMPx, CMPy are the CMP coordinate along x, y direction, and Hx, Hy are the offset along
x, y direction. The time sampling interval is 2 ms. The synthesized data consists of three
hyperplanewaves; that is, there are all linear events in the four spatial dimensiondirections
(CMPx, CMPy, Hx, Hy) in the synthesized data.

There are three different experiments for themethod test. The first experiment aims to
compare the denoising ability and efficiency of theRCPDalgorithmand theCPDalgorithm
on Gaussian white noise synthetic data with a SNR of −8 dB to 2 dB. The frequency band
range processed by the two methods in this experiment is 1~100 Hz and the CP ranks of
both algorithms are set to R = 5, where the regularization operator λ of the RCPD algorithm
is set to 1, the penalty coefficients ρ1, ρ2 are set to 0.5, µ1, µ2 are set to 1.3, minimum iteration
error is 1 × 10−4, the maximum number of iterations 150. the range of each ray parameter
pn, 1 ≤ n ≤ 4 is [−3, 3]× 10−4, and npn is set to 100. Figure 4 depicts the denoising SNR
and calculation time of two algorithms with different SNR (–8 dB~2 dB). Figure 5 displays
the denoising results by two methods on noisy synthesis data with the SNR of −8 dB.
Figure 5a shows a 3D slice of the original 5D data when Hx = 10, Hy = 10, and Figure 5b
shows the corresponding noisy data with SNR = −8 dB. The RCPD denoising result and
data residual are illustrated in Figure 5c,d, and the CPD denoising result and data residual
are illustrated in Figure 5e,f. Figure 5g shows the single‑trace denoising effect comparison
of the 5D data noisy trace D(:, 11, 10, 10, 10), in which the black solid line is the original
noise‑free data, the red dotted line is the RCPD reconstruction data, the blue dotted line is
the CPD reconstruction data, and Figure 5h is the amplification display at thewavelet peak
of the trace. As a result, both the RCPDmethod and CPDmethod can effectively suppress
Gaussian noise in seismic data and prevent the loss of effective signals. In addition, the
RCPD method with linear Radon constraint can effectively improve the computational
efficiency while improving the denoising SNR of the traditional CPDmethod as the result
in Figure 4.

The second experiment aims to compare the data reconstruction ability and compu‑
tational efficiency of the RCPD algorithm and the CPD algorithm for noisy synthesis data
with the SNR of −1 dB missing from 80% to 30%. The frequency band range processed by
the two methods in this experiment is 1~100 Hz and the CP ranks of both algorithms are
set to R = 5, and the iteration number of the CPD reconstruction method is set to 10 (set
to 15 when processing data with 80% missing percentage). In addition, the regularization
operator λ of the RCPD algorithm is set to 1, the penalty coefficients ρ1, ρ2 are set to 0.5,
µ1, µ2 are set to 1.3, the minimum iteration error is 1 × 10−4, the maximum number of
iterations 150, the range of each ray parameter pn, 1 ≤ n ≤ 4 is [−3, 3]× 10−4, and npn is
set to 100. Figure 6 shows the reconstruction SNR and calculation time of two algorithms
with different missing percentages (80~30%). Figure 7 displays the reconstruction results
by two methods on noisy synthesis data with 80% missing. Figure 7a shows a 3D slice of
the original 5D data when Hx = 10, Hy = 10, and Figure 7b shows the corresponding
noisy missing data with 80% missing. The RCPD reconstruction result and data residual
are illustrated in Figure 7c,d, and the CPD reconstruction result and data residual are il‑
lustrated in Figure 7e,f. Figure 7g shows the single‑trace reconstruction effect comparison
of the 5D data missing trace D(:, 11, 10, 10, 10), in which the black solid line is the original
noise‑free data, the red dotted line is the RCPD reconstruction data, the blue dotted line
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is the CPD reconstruction data, and Figure 7h is the amplification display at the wavelet
peak of the trace. As a result, both the RCPD method and CPD method can effectively re‑
construct seismic signals, and interpolate missing traces for the low missing percentages.
However, when the percentage of missing traces reaches 80%, the CPD method requires
more iteration rounds, resulting in more computation time. The result for the seismic sig‑
nal with 80% of the percentage of missing traces in Figure 7f has an obvious residual of
effective signal, even though we increased the number of iterations to 15. In contrast, as
shown from Figure 7c to Figure 7h, the RCPD algorithm can still have a higher reconstruc‑
tion SNR and effectively prevent signal loss even when the percentage of missing traces
reaches 80%. In addition, the computational efficiency of the RCPD method can still be
maintained in the case of a high missing percentage.
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time is represented by red.
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Figure 5. Denoising results for synthesis data with Gaussian white noise and SNR of −8 dB. (a) 3D
slice of original data when Hx = 10, Hy = 10; (b) Noisy data of SNR = −8 dB; (c) the data recon‑
structed by RCPD method with SNR = 21.31 dB; (d) data residual by RCPD method; (e) the data
reconstructed by CPD method with SNR = 18.22 dB; (f) data residual by CPD method; (g) effect
comparison of single trace denoising; (h) enlarged display of Figure (g).



Remote Sens. 2022, 14, 6275 13 of 23Remote Sens. 2022, 14, 6275  13  of  23 
 

 

 

Figure 6. The output SNR and calculation time line chart of the RCPD algorithm and CPD algorithm 

for different percentages of miss data (80~30%) data. The solid circle solid  line represents RCPD, 

and the hollow circle imaginary line represents CPD. The output SNR is represented by blue, the 

running time is represented by red. 

   
(a)  (b) 

   
(c)  (d) 

Figure 6. The output SNR and calculation time line chart of the RCPD algorithm and CPD algorithm
for different percentages of miss data (80~30%) data. The solid circle solid line represents RCPD, and
the hollow circle imaginary line represents CPD. The output SNR is represented by blue, the running
time is represented by red.
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Figure 7. Reconstruction results for noisy synthesis data with missing 80%. (a) 3D slice of original
data when Hx = 10, Hy = 10; (b) noisy data with missing 80%; (c) reconstruction result by RCPD
method with SNR = 21.37 dB; (d) data residual by RCPD method; (e) reconstruction result by CPD
method with SNR = 20.20 dB; (f) data residual by CPD method; (g) effect comparison of single trace
reconstruction; (h) enlarged display of Figure (g).

The third experiment aims to compare the performance of RCPD andCPD algorithms
for amplitude fidelity in seismic data reconstruction. We synthesized a 5D data containing
three linear events with amplitude ratios of 15:10:1 and AVO (amplitude variation with
offset) characteristics in the CMPx direction. Gaussian white noise is added to the data to
make the SNR −6 dB, and then randomly missing to 60%. Then, the RCPD algorithm and
CPD algorithm are used to reconstruct the noisy missing data. The frequency band range
processed by the two methods in this experiment is 1~100 Hz and the CP ranks of both
algorithms are set to R = 5, and the iteration number of the CPD reconstruction method is
set to 10. In addition, the regularization operator λ of the RCPD algorithm is set to 1, the
penalty coefficients ρ1, ρ2 are set to 0.5, µ1, µ2 are set to 1.3, the minimum iteration error
is 1 × 10−4, the maximum number of iterations is 150, the range of each ray parameter
pn, 1 ≤ n ≤ 4 is [−3, 3]× 10−4, and npn is set to 100. Figure 8 displays the reconstruction
results by two methods on noisy synthesis data with 60% missing containing AVO char‑
acteristics. Figure 8a shows a 3D slice of the original 5D data when Hx = 10, Hy = 10,
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and Figure 8b shows the corresponding noisy missing data with 60% missing. The RCPD
reconstruction result and data residual are illustrated in Figure 8c,d, and the CPD recon‑
struction result and data residual are illustrated in Figure 8e,f (we use a smaller grayscale
range to represent the data residuals to better show the difference between the two meth‑
ods). Figure 8g shows the single‑trace reconstruction effect comparison of the 5D data
missing traceD(:, 11, 10, 10, 10), in which the black solid line is the original noise‑free data,
the red dotted line is the RCPD reconstruction data, the blue dotted line is the CPD re‑
construction data, and Figure 8h is the amplification display at the wavelet peak of the
trace. As a result, both methods can suppress noise and interpolate missing traces while
preserving amplitude of high‑dimensional seismic signals. As can be seen from Figure 8c
to Figure 8h, the RCPD method performs better than the CPD method in protecting the
amplitude of the reflected signal.
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Figure 8. Reconstruction results for noisy synthesis data with missing 60% containing AVO. (a) 3D
slice of original data when Hx = 10, Hy = 10; (b) noisy data with missing 60%; (c) reconstruction
result by RCPD method with SNR = 18.82 dB; (d) data residual by RCPD method; (e) reconstruction
result by CPD method with SNR = 17.50 dB; (f) data residual by CPD method; (g) effect comparison
of single trace reconstruction; (h) enlarged display of Figure (g).

3.2. Field Data Experiment
To further confirm the effectiveness of the RCPD method in seismic data reconstruc‑

tion, we compare the reconstruction results of RCPD and CPDmethods on a land prestack
CMP data. Figure 9 shows the source, receiver point, and CMP distribution of this data.
The number of CMP is 21 × 10, the number of sampling points per time is 2901 (the exper‑
iment on the paper only uses the sampling point data in the range of 801~1200 to test), the
sampling interval is 2 ms, and the size of the CMP bin is 12.5 m × 12.5 m. Moreover, the
offset range in the x and y directions are (−2000 m, 2000 m) and (−3000 m, 3000 m). In
order to make the original data closer to the local linear hypothesis, the field data has been
normal‑moveout (NMO) corrected before processing. Next, the original three‑dimensional
gathers are arranged in a five‑dimensional grid of 1ms× 12.5m× 12.5m× 250m× 250m,
which makes the field data reshape to a 5D tensor D(t, CMPx, CMPy, Hx, Hy) of the size
400 × 21 × 10 × 16 × 24 with 50.55% missing. After repeated testing, the experiment
finally set the CP ranks R of both algorithms to 5, and the iteration number of the CPD re‑
construction algorithm is set to 10. In addition, the regularization operator λ of the RCPD
algorithm is set to 1, the penalty coefficients ρ1, ρ2 are set to 0.1, µ1, µ2 are set to 1.3, the
minimum iteration error is 1 × 10−4, the maximum number of iterations 150, the range of
each ray parameter pn, 1 ≤ n ≤ 4 is [−2, 4]× 10−4, and npn is set to 100. The frequency
band ranges processed by the two methods in this experiment are both 1~100 Hz.
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(a)  (b) 

Figure 9. The distribution of the source, receiver point, and CMP. The red represents the source
point, the blue represents the receiver point, and the green represents CMP.

Figures 10 and 11 show the reconstruction effect of theRCPDmethod andCPDmethod
on the 5D field data. In order to display the results more clearly, we expand the 3D CMP
gathers with fixed CMP coordinates and the 3D common‑offset gathers with fixed offset
coordinates into 2D images for display. Figure 10a displays the gather (CMPx = 10,
CMPy = 8) with the Hy number from 7 to 11, and Figure 10b displays the gather (Hx = 13,
Hy = 14) with theCMPy number from 6 to 10. Figure 10c,d depict the reconstruction effect
of the RCPD method and Figure 10e,f depict the reconstruction effect of the CPD method.
In order to show the difference between the two methods in data reconstruction more
clearly, Figure 10g,h show the comparison of reconstruction effects of noisy single trace
and missing single trace, respectively. Figure 11 shows the grayscale display of common‑
offset gathers, which corresponds to the data in Figure 10b, Figure 10d, and Figure 10f,
respectively.
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Figure 10. Reconstruction results comparison of the CMP gathers (CMPx = 10, CMPy = 8) and
the common‑offset gathers of 5D field data. (a) CMP gathers with Hy number 7~11 (CMPx = 10,
CMPy = 8) before reconstruction; (b) common‑offset gathers with CMPy number 6~10 (Hx = 13,
Hy = 14 ) before reconstruction; (c) reconstruction result of CMP gathers by RCPD method; (d) re‑
construction result of common‑offset gathers by RCPD method; (e) reconstruction result of CMP
gathers by CPD method; (f) reconstruction result of common‑offset gathers by CPD method; (g) ef‑
fect comparison of noisy trace reconstruction; (h) effect comparison of missing trace reconstruction.
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Figure 11. Grayscale display of the common‑offset gather with CMPy number 6~10 (Hx = 13,
Hy = 14 ) of 5D field data. (a) Before reconstruction; (b) reconstruction result by RCPD method;
(c) reconstruction result by CPD method.

The reconstruction results of field data illustrate that due to the introduction of linear
Radon transform constraints, under the constraints of linear Radon basis functions in each
dimension, the RCPD method can effectively reconstruct data even for the field data with
a certain proportion of missing traces under complex geological structures. From the 2D
profile of Figure 10, it can be found that compared with the CPDmethod, the seismic data
reconstructed by the RCPD method has stronger event continuity, and even the missing
continuous gathers canmaintain a certain SNR. The result in Figure 10h showsmore clearly
that the RCPD method has stronger interpolation energy for seismic missing traces than
the CPD method. Figure 11 further demonstrates the higher SNR reconstructed by the
RCPD method than by the CPD method.

4. Discussion
This section mainly discusses the influence of the two parameters CP‑rank and regu‑

larization parameter λ of the RCPD method on the experimental results. This experiment
uses the noisy data with 60% missing used in Experiment 2 of Section 3.1. In the first ex‑
periment, the data is reconstructed while the CP‑rank is set to 3 to 13. The line chart of
the reconstructed SNR and the calculation time changing with the CP‑rank are given in
Figure 12. In the second experiment, the data is reconstructed while the λ is set to 10−2
to 104. The reconstructed SNR and the line chart of the calculation time changing with
λ are given in Figure 13. The experimental results show that the calculation time of the
algorithm increases with the increase of CP‑rank, and the reconstructed SNR is the largest
when CP‑rank R = 5. From repeated experiments, it can be seen that the CP‑rank of the
RCPD algorithm should be slightly larger than the number of events in the data volume,
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such as R = 4 or 5 in the data of three events, to ensure both the calculation efficiency
and reconstruction effect. As for the regularization parameter λ, the result in Figure 13
illustrates that the λ cannot be too large and should be controlled between 10−2 and 102 as
much as possible, which can not only ensure the reconstruction effect of effective signals
but also avoid the increase in algorithm calculation time due to slow convergence.
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5. Conclusions
The proposed linear Radon transform–constrained CPDmethod is based on the local

plane wave hypothesis of seismic signals. By using the low‑rank of seismic data and intro‑
ducing the linear Radon transform of the factor matrix, the rank‑1 component of the factor
matrix is ensured to be composed of high‑dimensional hyperplane waves, which enhances
the expressiveness and physical interpretability of the algorithm for seismic data recon‑
struction. By comparing with the traditional CPD method in the application of synthetic
and field data, the RCPD method has higher computational efficiency and reconstruction
accuracy. Due to the constraint of linear Radon transform, the RCPD method is more suit‑
able for seismic reconstruction with low‑rank approximation. Therefore, it can effectively
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guarantee the continuity of the reconstructed linear events. Moreover, the RCPDalgorithm
is insensitive to the CP‑rank and regularization parameter λ and robust to the selection of
parameter size.

As the RCPD method assumes the local linearity of seismic data, it is suitable for
NMO‑corrected seismic data or windowed seismic data to ensure the approximate linear‑
ity of seismic events. In field data applications, aliasing, amplitude anomaly, non‑Gaussian
noise, etc. reduce the quality of the seismic data regularization results. It deserves further
study in the near future.
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Appendix A
The Hadamard product requires two matrices A ∈ �I1×I2 and B ∈ �I1×I2 of the same

size, the result is the product of their corresponding elements, which can be defined as

A ∗ B =

 a11b11 a12b12 · · · a1I2 b1I2
...

...
. . .

...
aI11bI11 aI12bI12 · · · aI1 I2 bI1 I2

 (A1)

Unlike the Hadamard product, the Kronecker product does not need the same size of
matrices, which, of two matrices A ∈ �I1×I2 and B ∈ �I3×I4 , is defined as

A⊗ B =

 a11B a12B · · · a1I2B
...

...
. . .

...
aI11B aI12B · · · aI1 I2B

 ∈ CI1 I3×I2 I4 (A2)

The Khatri–Rao product is regarded as the Kronecker product of the corresponding
column vectors of two matrices. Therefore, two matrices A ∈ �I1×I3 and B ∈ �I2×I3 for
Khatri–Rao product need to have the same number of columns, which is defined as

A⊙ B =
[
a1 ⊗ b1 a2 ⊗ b2 · · · aI3 ⊗ bI3

]
∈ C(I1 I2)×I3 (A3)
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Appendix B

The specific solve process ofU(n) in RCPD algorithm is given in this appendix. When
updating U(n), the Formula (20) is rewritten as

argmin
U(n)

1
2

∥∥∥X(n) − P(n) ∗U(n)U(−n)T
∥∥∥2

F
+

〈
un,U(n) −φnSn

〉
+
∥∥∥U(n) −φnSn

∥∥∥2

F
, 1 ≤ n ≤ N

(A4)

Since the sampling operator P(n) exists in the left inverse problem, the left term can
be transformed into the following In sub‑problem according to the solution in Zeng and
So [34]:

argmin
U(n)
(i,:)

1
2

∥∥∥∥X(i,:) − P(i,:) ∗U
(n)
(i,:)

(
U(−n)

)T
∥∥∥∥2

F
+

〈
un(i,:),U

(n)
(i,:) − (φnSn)(i,:)

〉
+ ρ1

2

∥∥∥U(n)
(i,:) − (φnSn)(i,:)

∥∥∥2

F
, 1 ≤ i ≤ In, 1 ≤ n ≤ N

(A5)

where the mode‑n unfolding X(n), P(n) are rewritten as X and P to avoid symbol confusion.
Equation (A5) can be abbreviated as:

argmin
U(n)
(i,:)

1
2

∥∥∥∥X(i,ci)
−U(n)

(i,:)

(
U(−n)
(ci ,:)

)T
∥∥∥∥2

F
+

〈
un(i,:),U

(n)
(i,:) − (φnSn)(i,:)

〉
+ ρ1

2

∥∥∥U(n)
(i,:) − (φnSn)(i,:)

∥∥∥2

F
, 1 ≤ i ≤ In, 1 ≤ n ≤ N

(A6)

where ci represents the set of column subscripts of nonzero values for row i of matrix P.
The solution of the problem is

∂Lρ1,ρ2

∂U(n)
(i,:)

= −X(i,ci)

(
U(−n)

(ci ,:)

)∗
+U(n)

(i,:)

((
U(−n)

(ci ,:)

)T(
U(−n)

(ci ,:)

)∗)
+ un(i,:) + ρ1

(
U(n)

(i,:) − (φnSn)(i,:)

)
= 0

U(n)
(i,:) =

(
X(i,ci)

(
U(−n)

(ci ,:)

)∗
− un(i,:) + ρ1(φnSn)(i,:)

)(
ρ1I+

(
U(−n)

(ci ,:)

)T(
U(−n)

(ci ,:)

)∗)−1
,

where 1 ≤ i ≤ In, 1 ≤ n ≤ N

(A7)
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