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Abstract: The determination of the geoid–quasigeoid separation (GQS) is most often based on the
use of Bouguer gravity anomalies or disturbances with additional corrections, which allow for the
determination of so-called complete or accurate GQS values. This study presents analyses related
to an attempt to determine accurate GQS values using the GGI approach (based on the geophysical
gravity inversion technique). This approach allows for the modeling of various parameters of the
gravity field, and it also enables the determination of the GQS or geoid undulations. Such capabilities
of the method have not yet been tested. In this study, the details of the GGI solution in terms of
determining the GQS and the first results from tests performed in the area of the Colorado 1 cm
geoid computation experiment are presented. The GQS values determined by the GGI approach were
compared with the reference values determined previously using the complete classical approach.
The differences between the compared values were small, with a standard deviation of 0.007 m,
and the maximum differences reached 0.075 m. The analyses also revealed the significant impact
of changes in the density of topographic masses on both the geoid undulations and GQS values
determined using the GGI approach.

Keywords: geoid–quasigeoid separation; geoid model; gravity inversion approach; quasigeoid model

1. Introduction

The geoid–quasigeoid separation (GQS) is the difference between the normal height
(HN) and the orthometric height (Ho). It is necessary for the conversion of heights between
the normal and orthometric height systems (Figure 1). It can be also necessary for the
quasigeoid modeling process using geoid modeling methods, and vice versa. The exact
formula for the GQS results from the difference between normal and orthometric heights
and is defined by Equation (1) [1]:

N − ζ =
g − γ

γ
Ho, (1)

where g is the mean gravity between the geoid and the terrain surface along the plumb
line within the topography, γ is the mean normal gravity between the ellipsoid and the
telluroid, and N and ζ are the geoid undulation and the height anomaly, respectively.

The most important factor for the accuracy of GQS values determined according to
Equation (1) is the accuracy of the determined g value. Since the direct measurement of
gravity along the plumb line is generally not possible, the g value is determined with
some approximation. This means that the GQS values are also determined inaccurately. A
frequently used approximation of the GQS is related to Helmert’s orthometric heights [1]:

N − ζ ∼=
∆gB

γ
Ho. (2)
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tion (2), was derived by [6]. The formula includes, in addition to the effect of the simple 

Bouguer anomaly, a terrain correction term and a term that considers the lateral variation 

of the topographic density. Alternatively, ref. [7] proposed a formula for the GQS as a 

function of the mean value of the gravity disturbances along the plumb line within the 

topography. Similar to [4,5], using the decomposition of gravity, ref. [8] investigated the 
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treatment of topographic masses. Regarding this, ref. [9] suggested a strict formula for the 
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GQS was also generalised to an arbitrary compensation model by [10]. In turn, ref. [11] 

presented a rigorous formula for the GQS using Taylor expansions of gravity disturbances 

along the vertical. The numerical and practical aspects of computing the GQS in the spatial 

and spectral domains were discussed by [12], and various GQS calculation methods were 

studied, compared, and applied in the areas of the Himalayas and Tibet by [13]. 

A formula analogous to that proposed by [8,9] was developed and tested by [14] in 

an area of Colorado, where the 1 cm geoid computation experiment was conducted. The 

authors estimated the individual components of the separation (the Bouguer gravity dis-

turbance component, potential component, and gravity gradient component), as well as 

the contribution of the distant topographical zones to the separation. 

Let us also add that the GQS, determined with additional correction terms described 

above that improve its accuracy, is called the complete or accurate GQS. 

Figure 1. Schematic illustrating the quantities HN , Ho, ζ, and N, as well as the locations of Volumes
Ω and κ. Differences between the real and normal plumb lines, as well as normal to the ellipsoid,
are neglected.

The ∆gB value in Equation (2) is a simple Bouguer anomaly, which is determined
on the basis of the Bouguer plate reduction [1,2], and the GQS determined according to
Equation (2) is also called the simple GQS.

Since the g value is used to determine the orthometric heights, research on the exact
determination of these heights also applies to the exact determination of the GQS. In
this regard, many studies have been conducted in order to increase the accuracy of the
g determination and show the importance of the various factors contributing to it [3–5].
Along with the desire to determine exact orthometric heights, solutions were proposed
to increase the accuracy of GQS values. An improved formula for the GQS, in relation
to Equation (2), was derived by [6]. The formula includes, in addition to the effect of the
simple Bouguer anomaly, a terrain correction term and a term that considers the lateral
variation of the topographic density. Alternatively, ref. [7] proposed a formula for the GQS
as a function of the mean value of the gravity disturbances along the plumb line within the
topography. Similar to [4,5], using the decomposition of gravity, ref. [8] investigated the
effect of topography on the GQS and developed a compact formulation for the rigorous
treatment of topographic masses. Regarding this, ref. [9] suggested a strict formula for
the GQS consisting of three components: the major term with the refined Bouguer gravity
anomaly, the topographic correction, and the gravity correction. This definition of the
GQS was also generalised to an arbitrary compensation model by [10]. In turn, ref. [11]
presented a rigorous formula for the GQS using Taylor expansions of gravity disturbances
along the vertical. The numerical and practical aspects of computing the GQS in the spatial
and spectral domains were discussed by [12], and various GQS calculation methods were
studied, compared, and applied in the areas of the Himalayas and Tibet by [13].

A formula analogous to that proposed by [8,9] was developed and tested by [14]
in an area of Colorado, where the 1 cm geoid computation experiment was conducted.
The authors estimated the individual components of the separation (the Bouguer gravity
disturbance component, potential component, and gravity gradient component), as well as
the contribution of the distant topographical zones to the separation.

Let us also add that the GQS, determined with additional correction terms described
above that improve its accuracy, is called the complete or accurate GQS.

The main goal of the present study is to examine the possibility of determining
the accurate GQS values using the method based on the geophysical gravity inversion
technique (the GGI method). The approach has so far been used for the local modelling of
the quasigeoid. However, the solution itself allows for the modeling of various functionals
of the Earth’s gravity field, including the determination of the GQS or geoid undulation.
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These possibilities of the GGI method have not yet been tested. Hence, in this study,
the details of the GGI solution in terms of determining the GQS and the first analyses
are presented. Test calculations were conducted for an area of the Colorado mountains
where the quasigeoid models were previously determined using various approaches [15],
including the GGI method [16]. As mentioned above, the complete GQS values were also
determined for this area using the approach proposed by [14].

2. Materials and Methods
2.1. The Utilized Solution

The GGI method was developed as a quasigeoid modeling method based on the
geophysical gravity data inversion technique. Generally, it consists of building a local
disturbing potential model represented by three components [17,18]:

• The potential TΩ produced by the local topographic masses included in Volume Ω.
• The potential Tκ produced by the mass anomalies located between the geoid and the

Moho surface, which are included in Volume κ. Volume κ horizontally covers the same
area as Volume Ω.

• The component TE (external disturbing potential), which represents the disturbing
potential not covered by the TΩ and Tκ components.

Volumes Ω and κ are horizontally limited, slightly beyond the study area, and do
not cover all the masses producing the disturbing potential (Figure 1). Hence, the TE
component covering the influence of the masses located further away is introduced; a long
wavelength nature is assumed for this component. Based on this, this component can be
represented in the form of low-degree polynomials:

TE = a1 + a2XP + a3YP + a4XPYP + a5HP, (3)

where a1, . . . , a5 are polynomial coefficients, HP is the height of the point P, and XP, YP
are the coordinates of the point in the local Cartesian coordinate system. The origin of the
system is located in the middle of the study area, at the geoid level. The X and Y axes lie on
the horizontal plane and are directed toward the north and east, respectively. The Z axis is
directed towards the geodetic zenith.

The components TΩ and Tκ are provided by Newton’s integrals:

TΩ = G
y

Ω

ρ

l
dVΩ, (4)

Tκ = G
y

κ

δ

l
dVκ , (5)

where G is Newton’s gravitational constant, ρ and δ are density distribution functions, dVΩ
and dVκ are elements of volumes, and l is the distance between the computational point
and the attracting masses.

Finally, the disturbing potential on the terrain surface can be defined as follows:

T = TE + TΩ + Tκ . (6)

The unknown parameters of the model (Equation (6)) are the 3D density-distribution
functions ρ and δ, which are defined in Volumes Ω and κ, respectively, and the polynomial
coefficients a1, . . . , a5. The model parameters are determined using the least squares
method based on the gravity anomalies or gravity disturbances provided in a dense network
of gravity points and the disturbing potential values provided in a sparse network of
points with known GNSS/levelling height anomalies, which are converted into disturbing
potential values using the Bruns formula [1].

The density-distribution functions ρ and δ are determined using the procedure for
the linear inversion of gravity data [19] in its discrete form. Therefore, Volumes Ω and
κ were divided into finite volume blocks of constant density values. Until now, a very
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simple division into constant density blocks was used in these calculations; this method
assumed only one layer of lateral density variation for Volume Ω and one layer of lateral
density variation for Volume κ. In applications, Volume Ω is defined by digital elevation
model (DEM) blocks, which are grouped into zones of constant density (see [18], Figure 2).
The constant density blocks defining Volume κ in the horizontal plane correspond to the
constant density zones of Volume Ω and extend from the geoid to the Moho surface. Both
Volumes Ω and κ are represented by rectangular prisms. Equations (4) and (5) can now be
written in the following form [20]:

TΩ = ∑n
k=1

(
ρkG∑mk

i=1 Ki

)
, (7)

Tκ = ∑s
j=1

(
δjGKj

)
, (8)

where ρk is the determined constant density of Zone k, n is the number of zones, mk is the
number of rectangular prisms of the DEM in Zone k, δj is the determined density of the
rectangular prism j defining the volume κ, and s is the number of prisms.
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Figure 2. Data used in the calculations: (a) Terrestrial gravity points (black dots) and points of the
predicted gravity-disturbance grid (red dots); (b) Relief map of the considered area. The borders of
the presented DEM define the horizontal range of Volumes Ω and κ. Light-blue rectangles define the
area with height anomalies obtained from the adopted quasigeoid model. The dark-blue line shows
the location of the GSVS17 profile points.

The coefficients Ki and Kj are Newton’s integrals for the rectangular prisms i of the
DEM and j of the volume κ, respectively:

Ki =
∫ zi2

zi1

∫ yi2

yi1

∫ xi2

xi1

1
li

dxidyidzi, (9)

Kj =
∫ zj2

zj1

∫ yj2

yj1

∫ xj2

xj1

1
lj

dxjdyjdzj, (10)

where xi1, xi2, yi1, yi2, zi1, zi2 and xj1, xj2, yj1, yj2, zj1, zj2 are the coordinates defining the

rectangular prism i and j respectively; li =
√
(XP − xi)

2 + (YP − yi)
2(ZP − zi)

2;

lj =

√(
XP − xj

)2
+

(
YP − yj

)2(ZP − zj
)2; and ZP = HP.

The integrals in Equations (9) and (10), and their derivatives, are then replaced with
exact solutions for prism ([21], Equations (4) and (8)).

In the calculations, the sphericity of the Earth is also considered. The height coor-
dinates of the DEM blocks and the prisms of Volume κ are changed by the correction
∆z = −

(
R −

√
R2 − d2

)
, where R is the mean Earth radius and d is the horizontal distance

between the point P and the particular prism centre [16].
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An important step of the calculations is the adoption of the initial density models ρ0
for Volume Ω and δ0 for Volume κ. The model ρ0 is usually assumed to be constant for all
topography. The model δ0 is defined as a kind of topographic-isostatic model, whereby
the masses of Volume κ balance the masses of Volume Ω. According to this, in the discrete
form of the δ0 model, the constant density value of Block j of Volume κ located exactly
below the constant density zone i of Volume Ω is defined by the following equation:

δ0
j = −Hiρ0

hj
, (11)

where hj is the height of Block j of Volume κ and Hi is the mean height of Zone i of
Volume Ω.

The discrete initial density model defined above can be written in the following form:

τT
0 =

[
ρT

0 , δT
0

]
=

[
ρ0

1, . . . , ρ0
n, δ0

1 , . . . , δ0
s

]
. (12)

The final density model can be written as follows:

τT =
[
ρT , δT

]
= [ρ1, . . . , ρn, δ1, . . . , δs]. (13)

Now, we can define the vector of unknown parameters of the model (Equation (6)) in
the following form:

dxT =
[
aT , dτT

]
, (14)

where dτ = τ− τ0 is the vector of residual densities and a = [a1, . . . , a5]
T.

Considering the defined vector of unknowns (Equation (14)), the observation equation
for the disturbing potential T can be written as follows [16]:

T + vT = fTdx + T0, (15)

where f is the vector of known coefficients resulting from the equation of the disturbing
potential model (Equation (6)), with its components defined by Equations (3)–(5).

For the gravity disturbance (δg), the appropriate equation will have the following form:

δg + vδg = −fT
z dx + δg0, (16)

where fz is the known vector resulting from taking the ZP derivative of Equation (6).
The values vT and vδg in Equations (15) and (16) are adjustment errors, and the

approximate observation quantities are defined as:

T0 = fTdx0 (17)

and
δg0 = −fT

z dx0 (18)

are determined based on the vector dxT
0 =

[
aT

0 ,τT
0
]
, where a0 is a five-dimensional zero vector.

Equations (15) and (16) for the series of observations form a system of equations,
which we will write as follows:

v = Adx − L, (19)

where A is the design matrix of known coefficients, LT = [T − T0, . . . , δg − δg0, . . . ] is the
vector of observations, and vT =

[
vT . . . , vδg . . .

]
is the vector of adjustment errors.

To eliminate the ambiguity of the gravity data inversion, the approach suggested
by [22] was used. An additional condition is imposed on the determined parameters:

dxTWxdx = min, (20)
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where Wx =

[
Wa 0
0 Wτ

]
, Wa is the zero weighting matrix assigned to the vector a, and

Wτ is the density model weighting matrix. A detailed description of the definition and
determination of the model-weighting matrix can be found in [18].

With the defined weight-observation matrix P and considering Equation (20), the least
squares objective function can be written as follows:

vTPv + dxTWxdx = min. (21)

The condition defined in Equation (21) leads to the solution of the system of equations
defined in Equation (19):

dx =
(

ATPA + Wx

)−1
ATPL. (22)

The determined parameters of the model (the densities ρk and δj of Volumes Ω and
κ, respectively, as well as the coefficients a1, . . . , a5) allow for the calculation of various
functionals of the disturbing potential at any point in the considered area based on Equation
(6). In order to determine the quasigeoid model, on the basis of the DEM, the heights of the
regular grid nodes are determined; the disturbing potential values are calculated from the
GGI model. These values are converted using the Bruns formula to the height anomalies
(Figure 1):

ζ =
T(P)
γQ

=
TE(P) + TΩ(P) + Tκ(P)

γQ
, (23)

where T(P) is the disturbing potential calculated at Point P on the terrain surface and γQ is
the normal gravity at the telluroid.

Let us also add that calculations can be performed with the use of global geopotential
models (GGMs). In this case, the remove–compute–restore procedure is used (e.g., [16]),
and the quasigeoid models determined are slightly more accurate than models built without
the use of GGMs ([23,24]).

The quasigeoid model determined according to the procedure presented above (with
or without the use of GGM) is fitted to GNSS/leveling height anomalies. In [16], a modifi-
cation of the GGI solution was proposed that allows for the determination of gravimetric
quasigeoid models, which are fitted to the particular GGM being used. In this case, the GGI
model is developed without GNSS/levelling data (only GGM and gravity data are used).
Both quasigeoid modeling solutions using the GGI method (fitted to GNSS/levelling data
and the gravimetric solution) mentioned were used to build the current quasigeoid model
for Poland ([25]).

Thus far, the disturbing potential values have been determined by the GGI approach
at points on the terrain surface, allowing for the determination of the height anomalies
(Equation (23)). However, the disturbing potential can be determined from the model
(Equation (6)) at any point, including inside Volumes Ω and κ or at points on the geoid
(Figure 1). By determining the disturbing potential at Point P0 on the geoid (T(P0)), the
geoid undulation can also be determined based on the Bruns formula:

N =
T(P0)

γe
=

TE(P0) + TΩ(P0) + Tκ(P0)

γe
, (24)

where γe is the value of the normal gravity at Point Pe on the ellipsoid.
Hence, we can determine the GQS value directly as a difference:

N − ζ = GQS =
T(P0)

γe
− T(P)

γQ
= GQSTE

+ GQSTΩ
+ GQSTκ

(25)

where

GQSTE
=

(
TE(P0)

γe
− TE(P)

γQ

)
; GQSTΩ

=

(
TΩ(P0)

γe
− TΩ(P)

γQ

)
and GQSTκ

=

(
Tκ(P0)

γe
− Tκ(P)

γQ

)
.
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In Equations (23)–(25), the values T(P0) and T(P) are determined using the same
GGI model provided by Equation (6), and the parameters are estimated according to the
standard GGI modeling procedure described above.

Note also that Equations (23)–(25) represent the basic form of the GGI model i.e.,
without a GGM. In this form of the model, the two main components of the GQS values
defined in Equation (25) correspond to the main components of the complete GQS values
defined by the classical approaches (e.g., [14] Equation (3)). The GQSTκ

component depends
on the density distribution of the masses lying below the geoid, which corresponds to
the Bouguer gravity anomaly component in the classical approach, whereas the GQSTΩ
component is defined almost the same as the topographic potential correction in the classical
approach. Because of these similarities, we will consider and analyse this basic form of the
GGI model in the following.

The points with known GNSS/leveling height anomalies necessary for the GQS values
modelling can be replaced by a regular grid of height anomalies obtained from an existing
quasigeoid model. This approach is recommended because GNSS/levelling points are
usually arranged in an irregular grid, often with low resolution. The use of the existing
quasigeoid model allows for the optimal selection of these points. This does not present
any problem when we note that modeling of the GQS values with the GGI method is an
extension of the functionality of this method and can be considered as a complementary
step in quasigeoid modeling. In this case, much of the preparatory and computational
work completed at the quasigeoid modeling can be used directly in the GQS and geoid
determination. Of course, if a quasigeoid model has already been developed (using any
approach) in the area being considered, the solution can only be used to implement the
GQS value determination.

If the constant density of the topographic masses is assumed, or if a known model of
these densities is used and will be not corrected in the GGI modelling process, the following
equality will hold true: ρ0 = ρ. The determined density model will, therefore, only include
the densities of Volume κ and will take the following form:

τT
δ =

[
δT

]
= [δ1, . . . , δs]. (26)

Hence, the vector of the determined model parameters (Equation (6)) will be written
in the following form:

dxT
δ =

[
aT , dτT

δ

]
, (27)

where dτδ = δ− δ0.
In this case, constant density zones of volume Ω are defined only to estimate the initial

density model δ0 (Equation (11)).

2.2. The Used Data

The analyses were conducted in the Colorado geoid computation experiment area [15].
This area is a highly mountainous area, with an average height of over 2200 m; the highest
point is more than 4000 m. The basic dataset used in the calculations was provided by
the US National Geodetic Survey and consists of the terrestrial gravity data and DEM. To
define Volume κ, the CRUST1.0 Moho depth model ([26]) was used. In detail, we used the
following datasets:

• Terrestrial gravity data (54,859 points used);
• Two DEMs with resolutions of 100 m and 500 m determined based on the SRTM v4.1

digital elevation model at a grid spacing of 3′′ ([27]);
• Geoid slope validation survey (GSVS17) dataset (locations of 223 points);
• The Moho depth model with a resolution of 1◦.
• The utilised datasets are presented in Figure 2.

In Figure 2, the light-blue rectangles mark the test area in which the 1′ × 1′ grid
of points was defined. The grid covers the area between the parallels 36

◦
and 39

◦
north
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(latitude) and the meridians 103◦ and 109◦ west (longitude) and consists of 65,341 points.
These points will be also referred to as the “test points” hereinafter. For this area, as part
of the 1 cm Colorado geoid computation experiment, 14 quasigeoid models were built
using various methods. Based on this group of models, the mean quasigeoid model was
determined (ζmean); it was considered to best reflect the quasigeoid in this area ([15]).
The ζmean model will be used in one part of the analyses. The other analysis will use the
quasigeoid model developed using the GGI method described above ([16]). This model
will be denoted as ζRe f . To verify the computed GQS values, our results were compared
with the reference values, which consisted of the GQS values determined by [14]. These
values were determined as the sum of three components: the Bouguer gravity-disturbance
component (the main term), the topographic potential correction, and the gravity-gradient
correction. These values will be denoted as GQSRe f .

The dark-blue lines in Figure 2 mark the locations of the GSVS17 profile points.
However, the measured GPS/leveling data at these profile points were not directly used in
the present calculations. Both the geoid and quasigeoid values in this profile are the subject
of numerous published analyses, and so, for comparison purposes, we have also shown
the GQS values determined in this study along this profile.

3. Results

The analyses conducted primarily involved an evaluation of the described approach
for determining the GQS values. As the calculations use height anomalies in addition to
gravity data (which are the basic data used for the modelling procedure), the analyses will
also consider these data. The modeling results also depend, to some extent, on the assumed
sizes of the constant density zones. For quasigeoid modeling with the GGI approach, this
parameter was analysed by [18]. Here, we will also analyse this parameter in terms of
determining the GQS value. Thus, the rest of this section will present analyses regarding
the following:

• The determination and evaluation of the GQS;
• The estimation of the impact of the height anomalies used on the determined GQS values;
• The estimation of the impact of the size of the constant density zones on the determined

GQS values.

As different gravity data collections will be used in the first analyses, the quasigeoid
heights determined from the GGI model according to Equation (23) and the GQS values
according to Equation (25) will be identified using lower indices denoting the set of gravity
data used.

3.1. Determination and Evaluation of the Geoid–Quasigeoid Separation

For the analyses carried out in this section, constant density zones with dimensions of
6 × 6 km were adopted. The calculations used height anomalies determined at 65,341 test
points based on the ζRe f model. From this set, 1891 points were selected to form a regular
grid with a resolution of approximately 11 × 9 km. This set of known height anomalies and
the previously described terrestrial gravity data were used to develop the GGI model. Con-
sidering the terrestrial gravity data used, the height anomalies and GQS values determined
by Equations (23) and (25) will be denoted as ζT and GQST , respectively.

In order to analyse the influence of the utilised density of topographic masses on the
parameters determined, three versions of the model were developed with the following
initial densities ρ0: 2200 kg/m3, 2400 kg/m3, and 2670 kg/m3. For each version, the values
of ζT and GQST were determined for the test points, and for each version, the differences
were calculated:

∆ζT = ζT − ζRe f . (28)

The basic statistics of both the GQST and ∆ζT values for individual model versions
with different values of ρ0 are presented in Table 1.
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Table 1. Basic statistics of GQST and ∆ζT values determined for test points for various model versions
with different values of the density ρ0.

ρ0 Min. Max. Mean Std. Dev.

Unit
[
kg/m3] [m] [m] [m] [m]

GQST

2200 −0.995 −0.136 −0.434 0.173
2400 −1.112 −0.149 −0.478 0.195
2670 −1.296 −0.168 −0.538 0.225

∆ζT

2200 −0.105 0.078 0.000 0.007
2400 −0.108 0.076 0.000 0.007
2670 −0.111 0.081 0.000 0.009

The results presented in Table 1 clearly show that the changes in the density of
topographic masses actually have little influence on the height anomalies determined from
the GGI model. The individual statistics of the ∆ζT values for all versions are very similar
or the same. This is not the case for the GQS values, which differ significantly between
different versions of the model. The absolute values of all statistics increase with increasing
density, and the increase rate is almost constant. The mean GQS value changes by about
0.022 m for every 100 kg/m3 of change in the density, and the difference between the
minimum values for the extreme analysed densities reaches 0.30 m.

The GQST values for the three analysed versions for the GSVS17 profile points are
presented in Figure 3. It is clear that the general course of the GQS values reflects the terrain
heights. However, the lines for the different model versions are nearly parallel, although
the distances between them clearly increase with the terrain height.
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topographic masses and terrain heights at the GSVS17 profile points.

We should also add that, considering the good agreement between the ζT and ζRe f
values for the different versions of the model, the geoid undulations will differ to a similar
extent as the GQS values. Thus, the presented analyses indicate that both the geoid
undulations and the GQS values determined from the GGI model significantly depend on
the adopted, initial topographic mass densities.

The most important part of this research is the verification of the determined GQS
values. As mentioned previously, our results were compared with the GQSRe f values.
Since the GQSRe f values were determined by assuming a constant density of topographic
masses equal to 2670 kg/m3 ([14]), for comparison purposes, all further calculations and
analyses will be performed assuming that ρ0 = 2670 kg/m3. Therefore, the version of the
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GGI model determined for this value of the initial density was used, and the differences
were calculated as follows:

∆GQST = GQST − GQSRe f . (29)

The most important statistics of the quantities defined by Equation (29) are presented
in the first row of Table 2.

Table 2. Basic statistics of the differences ∆GQST , ∆GQSG, and ∆GQSTG (unit: m).

Min. Max. Mean Std. Dev.

∆GQS∗
T −0.132 0.075 −0.002 0.010

∆GQS∗
G −0.056 0.060 −0.001 0.007

∆GQS∗
TG −0.059 0.075 −0.001 0.007

∆GQS∗∗
TG −0.016 0.021 −0.002 0.006

* Determined for test points; ** Determined for GSVS17 profile points.

When analysing the presented statistics for ∆GQST , it should be noted that the deter-
mined and reference GQS values are compatible. The average value of the ∆GQST differences
is −0.002 m, and their standard deviation is 0.010 m, although the greatest difference reaches
−0.132 m. Figure 4a shows the spatial distribution of the ∆GQST differences.
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Figure 4. The differences between the determined and reference GQS values: (a) the ∆GQST values;
(b) the ∆GQSTG values. The small black dots in Panel (a) represent terrestrial gravity points.

The black dots in Figure 4a mark the location of terrestrial gravity points. It can be seen
that the ∆GQST differences are very small in most of the study area. Greater differences
are visible in the areas with the highest mountains, and they are largest in the areas where
there are no gravity data. Larger ∆GQST values in areas not covered by the gravity data
were expected and result from the different interpolation properties of both compared
approaches. Hence, in the next step, for areas not covered by the gravity data, the gravity
disturbances (which are used in the GGI approach) were predicted. The prediction process
was conducted in three stages:

1. The determination of the Bouguer gravity disturbances (δgB) for all gravity points by
removing the topographic reduction (δgTop) [2], known also as refined Bouguer reduction:

δgB = δg − δgTop. (30)

2. The construction of a regular grid (48,439 nodes) of Bouguer disturbances with a
resolution of 2 × 2 km using the kriging method (we used the “Surfer 24” software for
this purpose).

3. The determination of the gravity disturbances at the grid points, restoring the
topography reduction.

The points of the determined grid are marked in Figure 1 with red dots. From this
grid, a group of 22,155 nodes were selected for which there was no terrestrial gravity
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point within 2 km. This group of points formed a complementary gravity dataset for the
terrestrial gravity data. With the use of the predicted data, two further GQS models were
built. One, using all the points of the predicted grid (without the previously used terrestrial
gravity data), was denoted as GQSG and the other, based on a set of terrestrial gravity
points supplemented by the abovementioned complementary gravity dataset, was denoted
as GQSTG. Both models also used the same points with known height anomalies that were
used previously. The statistics of these values are presented in the Table 3.

Table 3. Basic statistics of the GQSG and GQSTG values, determined for test points (unit: m).

Min. Max. Mean Std. Dev.

GQSG −1.259 0.168 −0.536 0.223
GQSTG −1.273 −0.168 −0.537 0.224

The modelling results were again compared with the reference GQS model by deter-
mining the differences as follows:

∆GQSG = GQSG − GQSRe f , (31)

∆GQSTG = GQSTG − GQSRe f . (32)

The basic statistics of these differences are presented in Table 2.
To briefly summarise this part of the research, it should be noted that the use of the

predicted gravity disturbances in areas where gravity data are missing positively affects
the modelling results. The largest values of both ∆GQSG and ∆GQSTG decreased by over
50% in relation to ∆GQST . The standard deviations are also smaller (0.007 m). Therefore,
when using the GGI method to estimate the GQS values, it is worth supplementing the
gaps in gravity data with predicted values, or using only a regular grid of predicted
values. The selection of the best prediction method is a separate issue. Note also that the
reported statistics of the ∆GQSG and ∆GQSTG values are at a similar level. Therefore,
the applications of both analysed approaches to the distribution of gravity data can be
considered equivalent.

Considering this, further analyses were based on a set of terrestrial gravity points
supplemented by the complementary gravity datagrid.

The spatial distribution of the ∆GQSTG values is presented in Figure 4b.
The ∆GQSTG differences were also determined for the GSVS17 profile points. These

differences are presented in Figure 5, and their most important statistics are provided in the
last row of Table 2. The agreement of the GQSTG model with the GQSRe f model is slightly
better for profile points than for the entire area, and larger differences between the models
are visible at the highest mountain parts of the profile.

The map of the GQSTG is presented in Figure 6.
The GQS model determined on the basis of Equation (25) can be split into the indi-

vidual components: GQSTΩ
, GQSTκ

, and GQSTE
. Table 4 presents the basic statistics of the

components that constitute the GQSTG model.

Table 4. Basic statistics of the components of the GQSTG model (unit: m).

Min. Max. Mean Std. Dev.

GQSTΩ
−0.230 0.182 −0.046 0.026

GQSTκ
−1.353 −0.157 −0.509 0.219

GQSTE
0.009 0.033 0.018 0.005
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Figure 9. The values of the GQSTE
component of the GQSTG model.

The presented results clearly indicate that the component GQSTκ
(Figure 8), which

is associated with the density distribution in the zone below the geoid, has the greatest
impact on the values of the determined GQS (Figure 6). This also corresponds to the
other methods ([14,28,29]) in which the dominant component is determined based on the
Bouguer gravity anomaly, which also mainly depends on the density distribution of the
masses lying below the geoid. Figure 7 presents the values of the component related to
the topography (GQSTΩ

), which are much smaller but also significant, varying between
−0.230 m and 0.182 m. The component GQSTE

has the least importance for the determined
GQS values. Although it only changes in the range from 0.009–0.033 m, it reflects the
topography very accurately (compare Figure 9 with Figure 2b). This is due to the way
the TE component is calculated (Equation (3)); only the last part (a 5HP

)
depends on the

heights of the points, affecting the variation of the GQS values, while the other parts have
no effect on the GQS values.

3.2. Estimation of the Impact of Height Anomalies Used in the Calculations on the Determined
GQS Values

Gravity data are the basis of the GQS values determined using the analysed approach.
However, the GGI model also depends on the height anomalies used. To analyse the impact
of these data on the modeling results, two supplementary tests were performed. They
consisted of examining the influence of two factors on the determined GQS values:

• The use of different resolutions of the height anomaly grid;
• The use of another quasigeoid model in the modelling process.

Both tests used the same gravity dataset that was utilized in the previous section
(terrestrial gravity points supplemented by the complementary gravity grid).
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Let us recall that the research described in Section 3.1 used height anomalies on a
regular grid with a resolution of approximately 11 × 9 km. The test concerning the impact
of different resolutions of the height anomaly grid on GQS values used two additional grids
of points with known height anomalies with resolutions of approximately 5.5 × 4.5 km and
22 × 18 km. Both grids are based on the same quasigeoid model used previously. Thus,
within this test, three GQS sets obtained from different height anomaly grids (11 × 9 km,
5.5 × 4.5 km, 22 × 18 km) were investigated.

First, we compared the determined GQS and height anomalies of each version to
their reference values (GQSRe f and ζRe f values respectively). The basic statistics of the
differences for each version are included in Table 5.

Table 5. Statistics of the differences between different versions of the GQS and height anomalies for
various grid resolutions of the known height anomalies and their reference values GQSRe f and ζRe f ,
respectively. Quantities were determined for test points. The data in the second row were taken from
Table 2.

Grid
Resolution Min. Max. Mean Std. Dev.

Unit [km] [m] [m] [m] [m]

GQSTG − GQSRe f

5.5 × 4.5 −0.072 0.072 −0.002 0.008
11 × 9 −0.059 0.075 −0.001 0.007

22 × 18 −0.062 0.076 −0.001 0.007

ζTG − ζRe f

5.5 × 4.5 −0.090 0.066 0.000 0.008
11 × 9 −0.130 0.080 0.000 0.013

22 × 18 −0.161 0.087 0.000 0.022

Individual versions of GQS were also compared with each other. The basic statistics of
the differences between the versions are presented in Table 6.

Table 6. Statistics of the differences between GQS values for each version of the height anomaly grid
determined for test points. The upper superscript indicates the resolution of height anomaly grid
used (unit: m).

Min. Max. Mean Std. Dev.

GQS11×9
TG − GQS22×18

TG −0.023 0.007 0.000 0.002

GQS11×9
TG − GQS5.5×4.5

TG −0.016 0.038 0.000 0.002

GQS22×18
TG − GQS5.5×4.5

TG −0.017 0.045 0.001 0.004

The results presented in Tables 5 and 6 indicate that the resolution of the adopted grid
of height anomalies has an impact on both analysed quantities (the GQS and height anoma-
lies). This impact is clearly smaller in the case of the GQS values. Although the differences
between particular versions of the model with different height anomaly grids provided
in Table 6 reach 0.045 m, their standard deviations are in the range of 0.002–0.004 m. The
differences between GQS versions are also not clearly visible in the statistics related to
reference values presented in Table 5. These statistics are almost the same, although slightly
better results can be observed for the lower-resolution versions.

This is not the case when it comes to the fit of the analysed versions of height anomalies
to the reference quasigeoid model. As the grid resolution of the height anomalies used
decreases, most of the analysed statistics (except for the mean value) increase (Table 5),
which means that the accuracy of the quasigeoid model decreases. Larger changes in
the height anomalies and smaller changes in the GQS values indicate that the N and ζ
values determined based on Equations (23) and (24), respectively, are partially distorted
by errors of a similar nature. When determining the GQS values according to Equation
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(25), such errors cancel each other out. This relationship is also noticeable in the second test
described below.

The second test conducted in this section involved using another quasigeoid model
in the modelling process. For this purpose, the ζmean model was used. From this model, a
grid of height anomalies with a resolution of 11 × 9 km was selected. The locations of the
points of this grid were the same as in previous analyses. The gravity dataset remained
unchanged. Based on these data, the height anomalies (ζ mean

TG
)

and GQS values (GQSmean
TG )

were determined according to Equations (23) and (25), respectively. These values were
compared with the GQSRe f and the previously determined values of ζTG and GQSTG. The
statistics of the differences between the compared values are presented in Table 7.

Table 7. Statistics of the differences between the GQS values and height anomalies determined for
test points using different quasigeoid models (unit: m).

Min. Max. Mean Std. Dev.

GQSmean
TG − GQSRe f −0.064 0.070 −0.001 0.007

GQSTG − GQSmean
TG −0.012 0.020 0.000 0.002

ζTG − ζmean
TG −0.035 0.103 0.014 0.019

The statistics included in Table 7 show that the adoption of different quasigeoid models
for the calculations has a very small impact on the determined GQS values. The greatest
difference between the GQSTG and the GQSmean

TG values is 0.020 m, and the standard
deviation is only 0.002 m. The statistics of the GQSmean

TG − GQSRe f differences are also very
similar to the statistics of the GQSTG − GQSRe f differences determined for the same grid
of height anomalies (Table 5). However, the differences in the determined height anomalies
are much larger and reach the level of 0.10 m, and their standard deviation is 0.019 m.
This clearly indicates that changes in the quasigeoid model used in the calculations cause
changes of a similar nature in the height anomalies and geoid undulation determined using
Equations (23) and (24), respectively.

Considering that, when determining the geoid undulation model using the GGI
approach, it is better to use the equation (instead of Equation (24)):

N = GQS + ζ, (33)

where ζ is the model used in the procedure for determining GQS values.

3.3. Estimation of the Impact of the Size of the Constant Density Zones on the Determined
GQS Values

As mentioned in the description of the method, DEM blocks are grouped into zones
of constant densities, and Volume κ is defined by constant density blocks, which in the
horizontal plane correspond to the defined zones. The effect of the size of the constant
density zones on the modeling results was analysed, along with the determination of the
density model-weighting matrix coefficients, by [18]. It was demonstrated that smaller
sizes of these zones lead to slightly better modeling results, and the highest accuracies of
the determined quasigeoid models are obtained with zones smaller than ca. 100 km2. In the
present study, we also analysed this parameter in terms of determining the GQS. However,
we should remember that, in the present analyses, due to the assumption of the constant
density of topographic masses, the different sizes of the constant density zones indicate
only that the constant density blocks defining Volume κ have different sizes.

Considering that this research is being conducted in a high, mountainous area, we
adopted the following constant density zone sizes for the analyses: 4 × 4 km, 6 × 6 km,
8 × 7.5 km, and 10 × 10 km. The calculations were performed using a previously used grid
of height anomalies (with a resolution of 11 × 9 km) and gravity dataset (terrestrial gravity
points supplemented by the complementary gravity dataset). Note that Quantities ζTG and
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GQSTG were determined previously for the 6 × 6 km constant density zones. Thus, the set
of analysed model versions has been completed with the remaining three constant density
zone sizes.

First, we compared the GQS and height anomalies for each version with the reference
values GQSRe f and ζRe f , respectively. The statistics of these differences are presented in
Table 8.

Table 8. Statistics of the differences between the GQSTG and ζTG values determined for various
constant density zone sizes and the GQSRe f and ζRe f values. Statistics determined for the test points.

Size of a Single
Block of Volume κ

Min. Max. Mean Std. Dev.

Unit [km] [m] [m] [m] [m]

GQSTG − GQSRe f

4 × 4 −0.060 0.058 −0.001 0.007
6 × 6 −0.059 0.075 −0.001 0.007

8 × 7.5 −0.057 0.061 −0.001 0.007
10 × 10 −0.063 0.118 −0.001 0.008

ζTG − ζRe f

4 × 4 −0.129 0.082 0.000 0.013
6 × 6 −0.129 0.080 0.000 0.013

8 × 7.5 −0.129 0.077 0.000 0.013
10 × 10 −0.127 0.092 0.000 0.014

The statistics of both analysed quantities, reported in Table 8, are almost the same
for versions with constant density zone sizes smaller than 10 × 10 km, and only for the
10 × 10 km version are they slightly larger. So, with respect to the reference values, the im-
pact of the size of constant density zones in the analysed case can be considered insignificant
for constant density zones equal or smaller than about 8 × 8 km.

The versions of GQS and height anomalies for the smallest size of a constant density
zone (4 × 4 km) were also compared to the three other versions. Table 9 presents the
statistics of the differences between analysed values.

Table 9. Statistics of the differences between GQS values and height anomalies determined for a
constant density zone size of 4× 4 km and the three remaining constant density zone sizes. The upper
superscript indicates the constant density zone size used. All compared values were determined for
the test points (unit: m).

Min. Max. Mean Std. Dev.

GQS4×4
TG − GQS6×6

TG −0.040 0.035 0.000 0.002

GQS4×4
TG − GQS8×7.5

TG −0.040 0.034 0.000 0.004

GQS4×4
TG − GQS10×10

TG −0.081 0.051 0.000 0.006

ζ4×4
TG − ζ6×6

TG −0.021 0.008 0.000 0.001

ζ4×4
TG − ζ8×7.5

TG −0.020 0.019 0.000 0.002

ζ4×4
TG − ζ10×10

TG −0.048 0.032 0.000 0.004

The differences of the GQS values presented in Table 9 are small and reach 0.081 m for
the version with a constant density zone size of 10 × 10 km. For the two smaller zone sizes,
the extreme values of these differences are smaller (0.04 m) and virtually the same. The
standard deviations of the differences are in the range of 0.002–0.006 m and increase with
the increase in the size of constant density zone. The statistics of the differences relating
to height anomalies are smaller. This indicates a clearly smaller impact of the analysed
parameter on the determined quasigeoid model than on the GQS values.
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4. Discussion

The main goal of this research was to attempt to determine the accurate GQS values
using the GGI method. The differences between the GQS values determined from the
GGI model and their reference values presented in Section 3.1 are small; in the analysed
area, they reach 0.075 m, while the standard deviation of these differences is 0.007 m. Such
results were obtained when the areas not covered by the measured gravity data were
supplemented by the predicted values, and the largest differences occurred in areas with
predicted data. Equally good results were obtained using only the predicted gravity data
in the form of a regular grid.

The impact of the height anomalies used on the determined GQS values was also
analysed. It has been shown that the impact of both analysed factors (different resolutions of
the height anomaly grid and the use of different quasigeoid model in the modelling process)
is noticeable. However, it is not significant for the statistics of the differences between the
determined and reference GQS values estimated in Section 3.1. For the analysed cases, the
standard deviations of these differences do not exceed 0.008 m, and their maximum values
reach 0.076 m.

In analyses of the impact of the assumed size of constant density zones on the deter-
mined GQS values, it has been shown that for the size of constant density zone less than or
equal to 8 × 7.5 km, the statistics of the differences between the determined and reference
GQS values do not exceed the values estimated in Section 3.1 (although differences between
the analysed cases are noticeable). For the largest of the analysed sizes of constant density
zones (10 × 10 km), the maximum value of the differences reaches 0.118 m. Hence, we
recommend using constant density zone sizes no larger than about 8 × 8 km.

A significant impact of the resolution of the height anomalies used on the geoid undu-
lations determined based on Equation (24) was observed. Since this impact is very small on
GQS values, we suggest that the determination of the geoid undulations should be based
on an independent quasigeoid model and the determined GQS values (Equation (33)).

The obtained results also indicate some difficulties. The demonstrated impact of
changes in the density of the topography on the determined GQS values (and, thus, on the
geoid undulations) should be considered significant. The maximum differences reached
0.30 m for the extreme analysed densities.

It should be also noted that the solution presented can be regarded either as an
independent approach to the GQS modeling problem or as an extension of the process of
modeling the quasigeoid using the GGI method. In the latter scenario, a large part of the
preparatory and computational work undertaken during the quasigeoid modeling phase
can be directly repurposed for the GQS determination. Consequently, the GQS values can
be determined with minimal additional effort.
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7. Tenzer, R.; Moore, P.; Novák, P.; Kuhn, M.; Vaníček, P. Explicit formula for the geoid-to-quasigeoid separation. Stud. Geophys.

Geod. 2006, 50, 607–618. [CrossRef]
8. Flury, J. Rummel R On the geoid–quasigeoid separation in mountain areas. J. Geod. 2009, 83, 829–847. [CrossRef]
9. Sjöberg, L.E. A strict formula for geoid-to-quasigeoid separation. J. Geod. 2010, 84, 699–702. [CrossRef]
10. Sjöberg, L.E. The geoid-to-quasigeoid difference using an arbitrary gravity reduction model. Stud. Geophys. Geod. 2012, 56,

929–933. [CrossRef]
11. Sjöberg, L.E. Rigorous geoid-from-quasigeoid correction using gravity disturbances. J. Geod. Sci. 2015, 5, 115–118. [CrossRef]
12. Tenzer, R.; Hirt, C.; Claessens, S.; Novák, P. Spatial and spectral representations of the geoid-to-quasigeoid correction. Surv.

Geophys. 2015, 36, 627–658. [CrossRef]
13. Foroughi, I.; Tenzer, R. Comparison of different methods for estimating the geoid-to-quasi-geoid separation. Geophys. J. Int. 2017,

210, 1001–1020. [CrossRef]
14. Wang, Y.M.; Véronneau, M.; Huang, J.; Ahlgren, K.; Krcmaric, J.; Li, X.; Avalos-Naranjo, D. Accurate computation of geoid-

quasigeoid separation in mountainous region—A case study in Colorado with full extension to the experimental geoid region.
J. Geod. Sci. 2023, 13, 20220128. [CrossRef]

15. Wang, Y.M.; Sánchez, L.; Agren, J.; Huang, J.; Forsberg, R.; Abd-Elmotaal, H.; Barzaghi, R.; Bašić, T.; Carrion, D.; Claessens, S.;
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