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Simple Summary: In this article, the authors introduce a new metric called the modified Fragility
Index (mFI) to assess the accuracy of determining the maximum tolerated dose (MTD) in early
oncology clinical trials. The mFI measures how sensitive the MTD decision is to the inclusion of
a few more participants in the trial. The authors analyzed three published cancer trials and found that
two trials were robust to adding more participants, indicating that the MTD estimate remained stable.
However, in the other trial, the MTD estimate was more fragile and could have changed with just
one or two more participants. The mFI metric helps researchers make more reliable decisions about
the appropriate MTD. By considering the potential impact of additional participants, researchers
can improve accuracy and confidence in dose determination, leading to better treatment outcomes
for patients.

Abstract: Objectives: The sample sizes of phase I trials are typically small; some designs may lead
to inaccurate estimation of the maximum tolerated dose (MTD). The objective of this study was
to propose a metric assessing whether the MTD decision is sensitive to enrolling a few additional
subjects in a phase I dose-finding trial. Methods: Numerous model-based and model-assisted designs
have been proposed to improve the efficiency and accuracy of finding the MTD. The Fragility Index
(FI) is a widely used metric quantifying the statistical robustness of randomized controlled trials by
estimating the number of events needed to change a statistically significant result to non-significant
(or vice versa). We propose a modified Fragility Index (mFI), defined as the minimum number of
additional participants required to potentially change the estimated MTD, to supplement existing
designs identifying fragile phase I trial results. Findings: Three oncology trials were used to illustrate
how to evaluate the fragility of phase I trials using mFI. The results showed that two of the trials
were not sensitive to additional subjects’ participation while the third trial was quite fragile to one or
two additional subjects. Conclusions: The mFI can be a useful metric assessing the fragility of phase I
trials and facilitating robust identification of MTD.

Keywords: oncology trial; fragility Index; maximum tolerated dose; trial design; dose finding;
sensitivity analysis; early stopping
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1. Introduction

The concept of fragility index (FI) dates back to the 1990s [1,2] as an additional robust-
ness appraisal of “statistical significance” for assessing a difference between
two proportions. The FI is defined as the minimum number of participants in a randomized
clinical trial that is required to change a statistically significant result to non-significant
(or vice versa). Walsh et al. used FI to assess the robustness of statistical significance of
399 randomized trials with binary outcomes in 2014 [3], and found that in 53% of trials, the
FI was less than the number of patients lost to follow-up, suggesting that the trials were
frequently fragile. The FI complements the hypothesis testing (e.g., p-value) and helps to
identify less robust (or fragile) trial results. Methods for calculating the FI have been further
developed for randomized clinical trials with continuous and survival outcomes [4,5],
meta-analyses, and network meta-analyses [6–8]. The FI has been increasingly applied to
many medical fields, including oncology, surgery, obstetrics, and gynecology, during the
past decade [9–12].

In phase I oncology clinical trials, one of the primary goals is to identify the maxi-
mum tolerated dose (MTD), which will be used to guide the recommended dose for later
phases. However, there may be concerns about the robustness of the chosen MTD, usually
determined based on the data from a small number of participants. Researchers and drug
developers are often interested in whether the MTD would change if a few additional
patients were added to the dose-finding process. If the MTD decision would not be altered
in either direction (i.e., downgrading or upgrading) after adding multiple new subjects,
we would have more confidence in the dose level chosen as the MTD. Conversely, if the
chosen MTD level would be changed right away after including one additional subject, it
would raise substantial concerns about whether the selected MTD was reliable. Thus, we
propose a modified Fragility Index (mFI), defined as the minimum number of additional
participants that is required to potentially change the estimated MTD, to assess robustness
and identify fragile phase I trial results.

We begin with an overview on early phase trials and various dose-finding designs
in Section 2. Then we cover the definition of mFI and explain how to estimate mFI in
Section 3. Three real oncology trials are used to illustrate how to utilize mFI as a convenient
and valuable tool for assessing the robustness and validity of the MTD determination in
Section 4. Lastly, we examine the relationship between mFI and early stopping, and discuss
the limitations of mFI and potential future research topics.

2. Materials and Methods
2.1. Dose Finding Designs

A phase I trial is often the first time a new drug is applied in human beings. One of
the primary goals is to examine the highest possible dose level subject to the dose-limiting
toxicity (DLT) constraints and identify the MTD for later phases. Assuming monotonicity,
the target DLT probability is often set at a value between 20% and 40%.

The traditional approaches to selecting the MTD include the “3+3” design [13] and
various up-and-down designs [14]. The “3 +3” design is the most used for phase I dose
escalation. The implementation is easy and does not require a computer program. The
sample size required is often smaller than for the model-based designs. However, it is
generally inferior in identifying the MTD [15].

Many novel model-based and model-assisted designs have been proposed to improve
the efficiency and accuracy of phase I trials to find the MTD. Model-based approaches
include the continual reassessment method (CRM) [16], escalation with overdose controls
(EWOC) [17], the Bayesian logistic regression model (BLRM), and the time-to-event CRM
(TITE-CRM) [18]. Model-assisted designs [19] include the modified toxicity probability
interval (mTPI) [15,20], keyboard design [21], and Bayesian optimal interval (BOIN) [22].
Researchers have compared the differences and summarized relative pros and cons for
some designs [23]. Appendix A presents an overview of commonly used designs in
more detail.
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2.2. Fragility Index

The FI was developed by Walsh et al. [3] for two-arm randomized controlled trials
with binary outcomes that report the numbers of events and non-events in a 2 × 2 frequency
table. The aim was to examine whether the statistically significant result of a two-arm trial
would be altered with a small change in the number of events. Walsh et al. [3] proposed
calculating the FI by changing the event status of a subject in a group with fewer events,
re-computing the p-value based on the Fisher exact test, and repeating this process until
a non-significant p-value was reached.

For oncology dose-finding studies, because regulators are often interested in whether
the MTD would change if a few additional patients were added to the dose-finding process,
we propose a modified Fragility Index (mFI), defined as the minimum number of additional
participants required to potentially change the estimated MTD, to assess the robustness
and identify fragile trial results. The MTD can be altered in either direction: downgrading to
a lower dose level or upgrading to a higher dose level. The aim is to investigate if the MTD
decision is sensitive to enrolling a few additional subjects in a phase I dose-finding trial.

Suppose that after a dose-finding trial, we collect the following data: d =
(
d1, d2, . . . dJ

)
representing the dosage, n =

(
n1, n2, . . . nJ

)
the total number of subjects assigned to each

dose level, and y =
(
y1, y2, . . . yJ

)
the observed DLT for each dose level. If t more subjects

are included for further investigation, the possible number of DLTs could be any value in the
list {0, 1, 2, . . . , t}. We could iterate through the list to see whether the originally chosen
MTD in the trial would be overturned. As long as one value in the list {0, 1, 2, . . . , t}
changes the MTD decision, the mFI is set to be t and we stop the process. If none of
the values in the list {0, 1, 2, . . . , t} changes the MTD decision, we include one more
subject and repeat the same process for the t + 1 subjects. If any DLT value in the list
{0, 1, 2, . . . , t + 1} changes the MTD decision, we stop the process and conclude that
mFI = t + 1. To be consistent, it is recommended to use the same dose-finding design as
employed in the original trial. However, other dose-finding designs and models can be
implemented as supplementary assessments. Figure 1 illustrates the process of obtaining
the mFI for a dose-finding trial. The procedure is summarized as follows:

1. Collect data from a completed dose-finding trial, d =
(
d1, d2, . . . dJ

)
, n =

(
n1, n2, . . . nJ

)
,

y =
(
y1, y2, . . . yJ

)
. At the dose level of the MTD (dMTD), the number of subjects is

nMTD and the number of DLTs is yMTD.
2. Start with t = 1, i.e., add one additional subject at MTD so that the total number

of subjects at the MTD is nMTD + 1. Let the DLT outcome at the MTD for this new
subject be either 0 or 1, hence the total number of DLTs is either yMTD or yMTD + 1.
Use the same statistical method as used in the original study for both numbers of
DLTs to see whether the resulting new MTD is different from the original MTD. If it is
different, set mFI = 1; otherwise, go to the next step.

3. Let t = t + 1. The number of subjects at the MTD is nMTD + t and let the number
of DLTs at the MTD take any value between 0 and t: yMTD, yMTD + 1, . . . , yMTD + t.
Use the same statistical method as used in the original study for all DLT outcomes to
assess whether the resulting MTD is different. If it is different, set mFI = t; otherwise,
go to the next step.

4. Repeat step 3 unless MTD has been changed and mFI has been set to a value, or if it
reaches a prespecified large value.

5. Once the mFI value is determined, we can calculate the probability of observing the
number of DLTs or a more extreme case that would change the MTD decision based
on the estimated toxicity probability at the original MTD level, to assess its likelihood.
For example, if t patients are added at the original MTD level and if m or fewer DLTs
are observed among those new patients, it will change the MTD; the probability of
this happening is:

Pr(X ≤ m) =
m

∑
i=0

Pr(X = i) =
m

∑
i=0

(
nMTD + t

m

)
pMTD

m(1 − pMTD)
nMTD+t−m
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where X ∼ Bin(pMTD, nMTD + t) and pMTD can be estimated using the observed
DLT rate at the MTD level.
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Figure 1. Flowchart of Calculating the modified Fragility Index in a Dose-Finding Trial.

We have developed a publicly available R package to provide a convenient way to
implement the mFI calculation.

3. Results: Three Case Studies
3.1. Phase I Dose-Escalation Trial of AUY922

A first-in-human phase I trial was conducted in patients with advanced solid tumors
to determine the MTD of AUY922 inhibitor [24]. An adaptive Bayesian logistic regression
model (BLRM) with overdose control was used to assess the relation between dose and
DLT probability. The dose started at 2 mg/m2 and upgraded to 4, 8, and 16 mg/m2 with no
DLTs. At the next higher dose level of 22 mg/m2, one DLT was observed among 11 patients.
No DLT was seen at 28 mg/m2, so the dose was upgraded to 40 mg/m2, at which two of
the first seven patients experienced DLTs. The BLRM design supported continued dosing
at 40 mg/m2 on the basis of the assessment that the probability of a true DLT probability
above 33% was less than 0.25. Therefore, nine additional patients were then dosed and
no DLT was observed among these patients. The dose was further extended to 54 and
70 mg/m2, where 2 out of 18 at 54 mg/m2 and 3 out of 24 at 70 mg/m2 had DLT. The
final recommended phase II dose (RP2D) was declared at 70 mg/m2. Table 1 displays the
dose-finding data of the dose levels, total numbers of subjects treated, numbers of DLTs,
and DLT rates for all dose levels.

Table 1. Summary of the Data in the Phase I AUY922 Dose-Escalation Trial.

Dose Level Index

1 2 3 4 5 6 7 8 9

Dose level (mg/m2) 2 4 8 16 22 28 40 54 70

Total # subjects treated 3 3 4 6 11 8 16 18 24

# DLT 0 0 0 0 1 0 2 2 3

DLT rate (%) 0 0 0 0 9.1 0 12.5 11.1 12.5
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The mFI was found to be 10, based on both the BLRM and BOIN designs: the MTD
did not change until 10 extra subjects were added to the trial at the MTD level of 70 mg/m2

and all those 10 subjects experienced DLT. If we tried fewer subjects, the MTD would not be
changed no matter how many subjects experienced DLT. This large mFI value suggests that
the result for MTD in this trial was quite robust. One can estimate the probability of having
a possible number of DLTs, based on the estimated toxicity probability at the MTD dose
level, if 10 more subjects were to be recruited onto the trial. Using a binomial distribution,
the chance of having 10 DLTs out of 10 additional subjects is very low, 0.12510 < 10−8, so it
is very unlikely that the MTD result would be altered.

The mFI value was the same with the keyboard design, because both BOIN and
keyboard are model-assisted designs and use the same isotonic algorithm to compute the
MTD. Other dose-finding designs, such as mTPI, gave the same mFI value of 10, whereas
the mFI value was 12 when using the CRM algorithm and the mFI value was 8 when using
the EWOC algorithm (Table 2).

Table 2. The mFI Results of Robustness Assessment for All Three Trials.

Trials
Dose-Finding Designs

CRM EWOC BLRM mTPI Keyboard BOIN

1. AUY922 Dose Escalation 12 8 10 10 10 10

2. Pan-AKT Inhibitor MK-2206 10 5 9 18 11 11

3. SPRINT Trial 2 2 2 1 1 1

3.2. Phase I Trial of Pan-AKT Inhibitor MK-2206

This was a dose-escalation study of continuous oral treatment with the pan-AKT
inhibitor MK-2206 in patients with advanced tumors [25]. The drug was administered
every other day in 28-day cycles to investigate the safety and MTD. In total, 33 patients
were dosed at 30, 60, 75, or 90 mg. The dose finding used a two-stage design. In Stage
1, dose escalation proceeded through dose levels of 30 mg (three subjects), 60 mg (three
subjects), and 90 mg (seven subjects). There were 4 out of 7 patients who experienced DLTs
at 90 mg. In Stage 2, a new dose of 75 mg was introduced for three patients, whereupon all
three developed DLTs. An additional three patients were then enrolled at the lower dose
level of 60 mg to check the safety parameters of this dose, and no DLTs were found. Stage
2 included 14 more patients in the expansion phase and observed one DLT. The MTD was
established at 60 mg with the mTPI design. The dose-finding data for dose levels, total
numbers of subjects treated, numbers of DLTs, and DLT rates are displayed in Table 3.

Table 3. Summary of the Data in the Phase I Pan-AKT Inhibitor MK-2206 Trial.

Dose Level Index

1 2 3 4

Dose level (mg) 30 60 75 90

Total # subjects treated 3 20 3 7

# DLT 0 1 3 4

DLT rate (%) 0 5.0 100 57.1

As shown in Table 3, the 100% observed DLT rate at the dose level of 75 mg makes it
impossible to upgrade from 60 mg to 75 mg. When additional subjects are enrolled, the
only possible outcome of changing the MTD is to downgrade. The mFI is 18 according
to the mTPI design algorithm. The high mFI value is caused by the 100% DLT rate at the
next dose level. The MTD level does not change until 18 extra subjects are added in the
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trial at the MTD level of 60 mg/m2 and all those subjects experience at least one DLT, the
probability of which is extremely low. This suggests that the result for MTD is robust.

As summarized in Table 2, if the keyboard or BOIN design is employed, the mFI is 11,
which is still large. Other dose-finding designs give similar mFI values around 10: mFI is
10 with CRM and mFI is 9 with BLRM. However, the mFI is only 5 when using the EWOC
algorithm, which may be due to EWOC’s over-conservative safety control rule.

3.3. The SPRINT Phase I Trial

SPRINT was an open-label, single arm, multi-center trial of the MEK 1 inhibitor,
selumetinib, in children [26]. The phase I portion of the SPRINT trial evaluated three doses
of selumetinib, 20 mg/m2, 25 mg/m2, and 30 mg/m2 in pediatric patients, to identify
a suitable dose to be used for the next phase based on all available safety, tolerability,
pharmacokinetic, and efficacy data. The objective response rate was similar across 20 to
30 mg/m2 doses: 66.7% (8/12) at 20 mg/m2, 83.3% (5/6) at 25 mg/m2, 50.0% (3/6) at
30 mg/ m2 respectively. The best rate was observed at 25 mg/m2. The tolerability was
similar between 20 and 25 mg/m2 doses based on the DLT rates: 2 DLTs out of 12 subjects at
20 mg/m2, 1 DLT out of 6 subjects at 25 mg/m2, and 2 DLTs out of 6 subjects at 30 mg/m2, as
shown in Table 4. The dose of 25 mg/m2 was identified as the MTD and the recommended
dose for phase II. We used only the tolerability data listed in Table 4 to assess the robustness
of the MTD result.

Table 4. Summary of the Data in the Phase I SPRINT Trial.

Dose Level Index

1 2 3

Dose level (mg/m2) 20 25 30

Total # subjects treated 12 6 6

# DLT 2 1 2

DLT rate (%) 16.7 16.7 33

The mFI was found to be 1 with the BOIN algorithm. When one patient was added
with no DLT for this new patient, it led to an upgrade to a higher dose level; and the
probability of this happening is 0.833, using the observed DLT rate of 16.7%. On the other
hand, we investigated downgrading: first, if only one patient is added and that patient
develops DLT, the MTD remains the same; then, if two patients are tested additionally
and both two patients develop DLT, it results in downgrading to a lower dose level. The
probability of these two patients experiencing DLT is 0.028. The mFI would be the 1, since
this is the smallest number of subjects needed to alter the MTD. The small mFI indicates
the trial’s MTD conclusion is not robust if we consider only tolerability data. Other dose-
finding designs, such as CRM, EWOC, BLRM, and mTPI, give similar mFI values of either
1 or 2 (Table 2).

3.4. mFI Results Summary

The mFI results are summarized in Table 2 for all three trials using various dose-
finding designs, CRM, EWOC, BLRM, mTPI, keyboard, and BOIN. To be consistent with
the original dose-finding process, it is recommended to use the same dose-finding design
as employed in the trial for calculating mFI. Other dose-finding models can be imple-
mented as supplementary assessments. There are some variations in the mFI results, as
demonstrated by the three trials, but there should be a general pattern or signal in terms of
robustness assessment.

The results showed that the first two trials were not sensitive to additional participants,
while the third trial is quite fragile to one or two additional subjects being added.
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4. Discussion and Conclusions

We propose a modified Fragility Index (mFI) to assess the robustness of the MTD
determination in early-phase dose-finding trials. The extension of FI in dose-finding trials
allows researchers and drug developers to assess whether any additional patients and how
many patients should be recruited to achieve a robust MTD decision. Three oncology trials
were used to show how to calculate the mFI and assess trial robustness.

In practice, different trials may employ different designs. To be consistent, it is recom-
mended to use the same dose-finding design as employed in the trial for the estimation
of mFI. However, other dose-finding designs and models can be implemented as supple-
mentary assessments. Because phase I trials commonly involve a small number of subjects,
an mFI value greater than 3 or 5 may intuitively be considered as an indication of robust
MTD decision. However, to establish a useful guideline, one would need to systematically
evaluate all existing phase I oncology trials and empirically estimate the distribution of
mFI. Furthermore, the mFI evaluation may depend on the design used to estimate the
MTD. The relative performance of different designs on robust assessment using mFI awaits
further research.

Phase I trials can implement rules to stop early if the clinical objectives have been
achieved with good confidence. Various stopping rules have been suggested in the lit-
erature. O’Quigley et al. [16] proposed a stopping rule based on a confidence interval
for CRM and other model-based methods, and Shen and O’Quigley gave a theoretical
justification [27]. However, there are some limitations to this approach: (1) the precision
level may often require more patients than would be available in an early dose-finding
trial and hence, the trial would not halt early in practice; (2) it is questionable whether
obtaining a pre-fixed level of precision for the probability of toxicity at the MTD should be
a major goal of a trial [28]. On the other hand, O’Quigley and Reiner (1998) [29] estimated
the probability that a current recommended dose level will turn out to be the final MTD
and the likelihood that all remaining patients will be treated at the current dose level.
The trial would be terminated early if the MTD could be predicted with high probability.
To implement this stopping rule, one can keep track of the number of times each dose
is considered and stop when the dose for an upcoming patient is the same as the dose
that was recommended for the previous k (a pre-decided integer) patients in a row. This
approach often works out well in practice [28].

Implementing early stopping during a dose-finding trial may first seem quite different
from assessing the robustness of a trial using FI, because one is used during a dose-finding
trial and the other is considered afterwards. However, they are very much related, because
mFI can also be applied in real time during a trial. If a trial has already included a certain
number of patients, then what would happen if a few more patients were to be included?
Would adding more patients change the current recommended dose? Or would the current
recommended dose stay the same, and what probability is associated with that? Therefore,
we may want to compare these two approaches via simulations and in practice. As we try
to achieve Project Optimus, selecting an optimal biological dose is no longer based just on
toxicity, but also other factors, such as efficacy and pharmacokinetic results. Our proposed
mFI index can be extended naturally to consider other determining factors beyond safety
by incorporating those factors in the decision rule, as shown in the third example.

A related fragility measure is the Robustness Index (RI) proposed by Heston in
2023 [30], which examines how different sample sizes affect statistical significance. When
a hypothesis test yields a non-significant result, the original sample size is multiplied
by a series of numbers until a significant result is achieved. Conversely, when a test is
significant, the original sample size is divided by a series of numbers until the result is no
longer significant. The multiplicand or divisor is the RI. However, it is uncertain how the
RI can be utilized in a dose-finding trial to determine when the MTD result will change.

The strength of this study is that, to the best of our knowledge, there are scant, if
any, existing methods dedicated specifically to evaluating the robustness of results from
dose-finding studies. By extending the concept of the FI, this work offers an intuitive way to
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quantify how the significance of the dose-finding conclusion could change after including
additional potential samples. Nevertheless, this study has some limitations. Although
our proposed mFI shares the same spirit as the original FI developed by Walsh et al., as
both aim at altering the result’s significance, they differ in terms of how they achieve the
significance change. Specifically, the original FI was intended for general hypothesis testing
in relation to treatment effects with binary outcomes in clinical trials, and it modifies the
status of binary outcomes (event or no event), with the size of samples in each group
remaining fixed. In contrast, in our proposed mFI, like several other extensions of FI for
continuous outcomes and survival outcomes [31], the sample sizes in treatment groups or
the study are modified. As such, one may argue that the mFI is not a type of FI measure,
and we may consider this as an FI-like measure. In addition, our proposed mFI does not
account for the likelihood of DLT outcomes among the assumed additional samples for
the mFI calculation. It is possible that the DLT outcomes of some samples may not be
clinically practical. Baer et al. proposed generalizing the fragility index to a family of
fragility indices called incidence fragility indices, permitting only outcome modifications
that are sufficiently likely and providing an exact algorithm to calculate the incidence
fragility indices [32]. Such a consideration may also be needed when interpreting the
mFI results.
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Appendix A. Overview of Commonly Used Dose Finding Designs

Here, we provide a brief overview of commonly used trial designs. Suppose there
are in total J dose levels, d =

(
d1, d2, . . . dJ

)
, in a phase I dose-finding trial. For dose

j (j = 1, 2, . . ., J), the number of patients with a DLT (yj) in a cohort of size nj is assumed to
be binomially distributed yj ∼ Bin

(
pj, nj

)
with the DLT probabilities (pj).

A.1. The Continual Reassessment Method (CRM)

In the CRM design, a parametric model for the dose–toxicity curve is assumed as

pj = aexp(α)
j , where pj is the true DLT probability at dose level j, α is an unknown parameter,

and aj is the initial guess of the DLT probability at dose level j with the constraint of
0 < a1 < a2 < . . . < aJ < 1. The CRM updates the dose–toxicity curve with the
accumulating DLT data across all dose levels and assigns new patients to the optimal dose
level, which is defined as the one with the estimated DLT probability being the closest to
the target DLT probability, ϕ. In addition, a safety stopping rule is implemented so that
the process is stopped if the DLT probability at the lowest dose ( p1) is greater than the
target above a pre-specified threshold (for example, 0.95), i.e., Pr(p1 > ϕ|D) > 0.95, where
D denotes the trial data.
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A.2. The Escalation with Overdose Control (EWOC)

As a modification of the CRM, the EWOC employs a two-parameter logistic regression
model for extra flexibility in modeling the dose–toxicity curve as logit(pj) = β0 + β1dj,
where (β 0, β1) are the unknown intercept and slope parameters, and dj is the dosage of

dose level j. Thus, the DLT probability of the first dose d1 is p1 =
exp(β0+β1d1)

1+exp(β0+β1d1)
, and the

MTD is λ = 1
β1
[log(ϕ)− log(1 − ϕ)−β0]. The EWOC treats the first group of patients at

the lowest dose and updates the dose–toxicity curve with the accumulating DLT data. The
next group of patients are assigned to the optimal dose, which is defined as the one whose
mean estimate of the DLT probability is the closest to the target DLT probability ϕ. The
same safety stopping rule is used, i.e., Pr(p1 > ϕ|D) > 0.95.

A.3. The Bayesian Logistic Regression Model (BLRM)

This is a two-parameter logistic model, logit(pj) = log(α) + βlog(
dj
d∗ ), where (α, β)

are the two unknown parameters and d∗ is the reference dose. Following the paper by
Neuenschwander et al. [33], a flat bivariate normal distribution is often used as the prior
for (log(α), log(β)). The BLRM requires a predefined probability interval ( δ1, δ2) as the
range of acceptable DLT probabilities. For example, ( δ1, δ2) = (ϕ − 0.05, ϕ + 0.05). The
BLRM imposes an overdose control rule, as follows: a dose is considered overdosing if
the observed data indicate that the DLT probability at a dose level greater than the upper
bound is higher than 0.25, i.e., Pr

(
pj > δ2

∣∣D)
> 0.25. The same safety stopping rule as the

previous two designs is often used in the BLRM.

A.4. The Modified Toxicity Probability Interval (mTPI) Design

The mTPI design uses a beta-binomial model at each dose level: yj
∣∣nj, pj ∼ Bin

(
nj, pj

)
and pj ∼ Beta(1, 1). Thus, the posterior distribution of the DLT probability at dose j is a beta
distribution, i.e., pj

∣∣nj, yj ∼ Beta
(
yj + 1, nj − yj + 1

)
. Given a target toxicity probability ϕ,

the mTPI design prespecifies three intervals with two parameters δ1 = ϕ − ε1, δ2 = ϕ + ε2,
that is, the underdosing interval (0, δ1), the acceptable dosing interval [δ1, δ2], and the
overdosing interval (δ2, 1), where 0 < δ1 < ϕ < δ2 < 1. Then, the mTPI design defines
a quantity named unit probability mass (UPM), given the posterior distribution of pj for
each of the three intervals as follows:

UPM1 = Pr
(

pj < δ1
∣∣nj, yj

)
/δ1,

UPM2 = Pr
(
δ1 ≤ pj ≤ δ2

∣∣nj, yj
)
/(δ2 − δ1),

UPM3 = Pr
(

pj > δ2
∣∣nj, yj

)
/(1 − δ 2

)
.

That is, the UPM is the posterior probability that pj lies in the corresponding interval
divided by the length of that interval. The mTPI design determines dose escalation/de-
escalation based only on the observed data at the current dose level j as follows:

1. If UPM1 = max{UPM1, UPM2, UPM3}, escalate dose to level j + 1;
2. If UPM2 = max{UPM1, UPM2, UPM3}, stay at the current dose level j;
3. If UPM3 = max{UPM1, UPM2, UPM3}, de-escalate dose to level j − 1.

Because the three UPMs can be calculated for all outcomes of nj and yj, dose escalation
and de-escalation rules can be determined before the onset of the trial. To avoid treating
excessive numbers of participants at extremely toxic dose levels, the mTPI design imple-
ments a dose-exclusion rule as follows: if Pr

(
pj > ϕ

∣∣nj, yj
)
> 0.95, dose level j and higher

doses are excluded in the trial. If the lowest dose is excluded, the trial is stopped for safety.

A.5. The Keyboard Design

Yan et al. [21] proposed the keyboard design to improve the performance of the
mTPI design, noting that the latter has a high risk of overdosing patients due to the
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use of the UPM to guide dose escalation. The keyboard design starts by specifying
a proper probability interval I∗ = (δ1, δ2) (referred to as the target key) and then forms
a series of equal-width keys on both sides of the target key. We denote the resulting in-
tervals/keys as I1, · · · , IK. To make the decision for dose transition, given the observed
data

(
nj, yj

)
at the current dose level j, the keyboard design defines the “strongest key”

as Imax = argmax
{

Pr
(

pj ∈ Ik
)
; k = 1, · · · , K

}
, which can be easily obtained using the beta-

binomial model as with the mTPI. Statistically, the strongest key represents the interval
in which the true toxicity probability is most likely to be located. This intuitive interpre-
tation of the strongest key naturally leads to the following keyboard dose escalation and
de-escalation rule:

1. If the strongest key is on the left side of the target key, escalate to the level j + 1;
2. If the strongest key is the target key, stay at the current level j;
3. If the strongest key is on the right side of the target key, de-escalate to level j − 1.

The same dose-exclusion rule as in the mTPI design is also implemented in the
keyboard design.

A.6. The Bayesian Optimal Interval (BOIN) Design

Compared with the mTPI and keyboard designs, which require calculating the poste-
rior distribution of the DLT probabilities, the BOIN design is more straightforward and
transparent. Let p̂j =

yj
nj

denote the observed DLT probability at the current dose level j,
and λe, λd denote the predetermined dose escalation and de-escalation boundaries. The
BOIN design determines the next dose level as follows:

1. If p̂j ≤ λe, escalate to the level j + 1;
2. If p̂j ≥ λd, de-escalate to the level j − 1;
3. Otherwise, stay at the current level j.

The BOIN design also implements the same dose-exclusion rule as the mTPI and
keyboard designs. Due to its straightforward implementation and excellent performance,
the BOIN design received a fit-for-purpose designation from FDA as a tool for dose-finding
in oncology [34].
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