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Abstract: We show that the discrete real option game model proposed in the recent lit-
erature can be extended to the case of imperfect information. As a result, the model can
cover a wider range of applications. However, we also observe that the effectiveness of
implementing the subsidy is affected by the imperfect informational structure.
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1. Introduction
In a recent study, Wang et al. (2023) analyzed the welfare implications of a discrete

real option game where firms make investment decisions sequentially. One of their key
findings was that, under equilibrium conditions where no firm invests in the first period,
the government can introduce a subsidy in a timely manner to induce at least one firm
to invest early. However, while their analysis assumes a sequential decision-making
process with a designated leader firm moving first, many real-world scenarios involve firms
operating under imperfect information. In such contexts, firms lack knowledge of whether
competitors have already invested when making their decisions. This is particularly
relevant in applications like Public–Private Partnerships (PPPs), where informational
asymmetries are prevalent.

In this paper, we relax the assumption of perfect information and reconsider the real
option game under imperfect information. We explore the resulting welfare implications
and evaluate the effectiveness of policy interventions in this more general informational
framework. Our findings reveal that while the equilibrium outcomes remain unchanged,
the shift to an imperfect informational structure significantly impacts the effectiveness
of subsidies.

This work builds on a rich literature examining real options and strategic decision
making under uncertainty. For example, Lambrecht and Perraudin (2003) integrated partial
information and anticipatory behavior into a model of competitive investment decisions,
showing how optimal strategies range between the zero-NPV threshold and a monop-
olist’s preferred strategy. Similarly, Weeds (2002) investigated irreversible investments
in competitive R&D under uncertain profits within a patent system, highlighting how
lack of cooperation leads to delays in investment due to fears of initiating a patent race.
Huisman and Kort (2004) explored dynamic markets where firms compete in adopting
new technologies, revealing how the likelihood of technological innovation affects strategic
behaviors—shifting from preemption games to wars of attrition. Miltersen and Schwart
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(2004) extended the real options framework to include game-theoretic dynamics for evalu-
ating patent-protected R&D projects under competition. Pawlina and Kort (2006) examined
asymmetric investment costs in a duopoly, identifying three distinct equilibrium strategies.
Murto and Keppo (2002) developed a game model where multiple firms compete for a
single investment opportunity, demonstrating the existence of Nash equilibria based on
varying assumptions about firms’ knowledge of competitors’ project evaluations.

Our work also relates to Smit and Ankum (1993), who adopted a microeconomic
approach to analyze competing business investments using real options and game theory.
They forecasted cash inflows from operations that use economic rents or excess profit (see
also Smit, 2003; Smit & Trigeorgis, 2006), while Grenadier (1996) applied a game equilibrium
model to housing development, investigating how market demand and asset values shape
investment capacity. Martzoukos and Zacharias (2009) highlighted strategic decision
making in R&D, incorporating spillover effects and pricing dynamics, and McGahan (1993)
examined sectoral strategies integrating real options and game theory with an emphasis on
collaborative versus competitive R&D. Kulatilaka (1993) provided a flexible framework for
evaluating investment decisions under uncertainty, such as switching between operating
modes in a dual-fuel industrial boiler project. Myers (1977) linked corporate debt behavior
to real option values, identifying how risky loans can constrain investment strategies and
reduce firm value. Tondji (2016) examined welfare outcomes in R&D-intensive markets
using Cournot and Bertrand competition models, while Paddock et al. (1988) extended
financial options theory to evaluate claims on real assets like offshore oil leases.

In light of this extensive literature, our study offers new insights into the low partic-
ipation rates observed in PPP projects. As noted by Wang et al. (2023), participation in
such initiatives in China remains as low as 10–20% despite the introduction of subsidies.
Our model identifies two primary reasons for this phenomenon. First, firms face strong
incentives to delay investment due to uncertain future profits. Second, competition under
imperfect information deters entry, as firms cannot anticipate whether they will face a
competitor in later stages of the game. This contrasts with the sequential move case, where
followers have full visibility of the leader’s actions.

The remainder of the paper is structured as follows: Section 2 introduces the extended
version of the Wang et al. model and presents our main results and Section 3 concludes.

2. A 2-Period 2-Stage Real Option Game
We consider the (Wang et al., 2023) model in an environment with imperfect informa-

tion. The game is played over two periods, t = 0, 1. At t = 0, firms make their investment
decisions simultaneously. As in (Wang et al., 2023), at t = 1, demand follows a simple
binomial process and depending on the investment decisions the market structure could
be a duopoly or monopoly at t = 0 or t = 1 or in both periods. The game is played
under perfect information across the period, but imperfect information within each period.
The cost of investment is denoted by I . As in (Wang et al., 2023) the demand and profit
functions for firm i is given as follows:

pi = a − b
(
qi + θqj

)
, i = 1, 2 i ̸= j, a, b > 0 (1)

πi = Yt(piqi − cqi) (2)

where Yt, for t = 0, 1, is an exogenous shock, which can be on the supply side or on the
demand side and each firm faces a marginal cost of c. As in (Wang et al., 2023), we assume
that Y0 is deterministic while Y1 is stochastic with the possible realization of either a good
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state denoted by G or a bad state denoted by B. More formally, the stochastic process is
as follows:

Y1 =

{
uY0 if G
dY0 if B

(3)

where 0 ≤ d < 1 < u. Let the probability p denote the probability that state G is realized.
As in (Wang et al., 2023), if we let µ ≡ pu + (1 − p)d, the expected value of Y1 is given by
E(Y1) = µ Y0. We denote by r the risk free interest rate and we let R ≡ 1 + r. As in (Wang
et al., 2023), we denote the duopoly symmetric profit of a firm in period t by D(1, 1)Yt so
that from the above we have:

D(1, 1) ≡
(

(1 − θ)

b(1 + θ)

(
a − c
2 − θ

)2
)

. (4)

Furthermore, we denote the monopoly profit of the firm in period t by D(1, 0)Yt so
that we have:

D(1, 0) ≡ 1
b

(
(a − c)2

4

)
. (5)

When no firm invests, each firm obtains 0 profits. This is denoted by D(0, 0)Yt and
finally, when only one firm invests, the firm that did not invest obtains 0 profits, which we
denote by D(0, 1)Yt. Thus, we have:

D(0, 0) = D(0, 1) = 0 (6)

Following (Wang et al., 2023), we have D(1, 0) > D(1, 1) and the following inequali-
ties hold:

D(1, 0) > D(1, 1) > D(0, 0) = D(0, 1) = 0 (7)

and
D(1, 0)− D(0, 0) > D(1, 1)− D(0, 1) (8)

We represent the above 2-period game as an extensive game and its complete descrip-
tion is given in the game tree below.

We now find the perfect Nash Equilibrium subgame. As in (Wang et al., 2023), we use
the following expressions in the presentation of our results. Let E ≡ D(1, 1)Y0

(
R+(1−p)d

R−p

)
and F ≡ D(1, 0)Y0

(
R+(1−p)d

R−p

)
. We assume that the magnitude of the positive (negative)

shock if the good (bad) states realizes is sufficiently high (low), that is:

D(1, 1)dY0 < E (9)

and
D(1, 1)uY0 > F (10)

As a result of the above assumption, we have the following:

D(1, 0)dY0 < E < F < D(1, 1)uY0 (11)

In Figure 1, the game is represented as a game in extensive form. Each has five
information sets (1.1–1.5) for player 1 and information sets (2.1–2.2) for player 2. A strategy
for the k player is a mapping sk from {{1.i}}5

i=1 → {I, NI}, where k = 1, 2. Let S1 denote
the set of all strategies of player 1 while S2 denote the set of all strategies of player 2.
Moreover, let S = S1× S1 denote the set of all strategy profiles of the game. We say that
some profile s ≡ (s1; s1) ∈ S is a perfect Nash Equilibrium (SPNE) subgame of the game
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if its restriction to each subgame is a Nash Equilibrium of that subgame. Consider the
following profiles: s∗, s∗∗, s∗∗∗, where:

s∗ ≡ (s∗1 ; s∗2), (12)

s∗1 = s∗2 = (I, I, NI, I, NI), (13)

s∗∗ ≡ (s∗∗k ; s∗∗l ), (14)

s∗∗k = (I, I, NI, I, NI), (15)

s∗∗l = (NI, I, NI, I, NI), where k = 1, 2 and k ̸= l (16)

s∗∗∗ ≡ (s∗∗1 ; s∗∗2 ), (17)

s∗∗∗1 = s∗∗∗2 = (NI, I, NI, I, NI), (18)

Our main result characterizes the set of equilibria of the game described by Figures 1 and 2.

Figure 1. The 2-period, 2-stage, 2-player game.

Figure 2. The game tree for period 0.
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Proposition 1. The subgame perfect Nash equilibria of the game are given as follows:

s =


s∗ if D(1, 0)dY0 < I ≤ E

s∗∗ if E < I ≤ F
s∗∗∗ if F < I ≤ D(1, 1)uY0

(19)

Proof. From inequalities D(1, 0)dY0 < E, F < D(1, 1)uY0, I ≤ D(1, 1)uY0 and
D(1, 0)dY0 < I , we know that each firm will invest in the G state and will not invest
in the B state in period 1 under all three strategies. Using backward induction, we can then
proceed to period 0. The reduced period 0 game tree is given in Figure 3.

Figure 3. The general case.

Therefore, we consider the following three cases of the proposition.

Case (i): D(1, 0)dY0 < I ≤ E.

In Case (i), solving the game using backward induction again, it can be shown that the
inequalities ensure that we have the equilibrium path shown in Figure 4.

Figure 4. The diagram for Case 1.

Case (ii) E < I ≤ F.

In Case (ii), solving the game using backward induction again, it can be shown that
the inequalities ensure that we have the equilibrium path shown in Figure 5.

Figure 5. The diagram for Case 2.

Case (iii): F < I ≤ D(1, 1)uY0.

In Case (iii), solving the game using backward induction again, it can be shown that
the inequalities ensure that we have the equilibrium path shown in Figure 6.
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Figure 6. The diagram for Case 3.

This completes the proof.

Proposition 1 shows that the main proposition of (Wang et al., 2023) remains robust
to the imperfect information structure. Thus, under imperfect information if the cost of
investment is sufficiently low, both firms would exercise their options in the first period,
whereas if it is sufficiently high, then both firms would not exercise their options in the first
period. Moreover, there exists a range of values of the investment costs for which only one
firm invests in period 0.

We can also establish the robustness of propositions 2 and 3 of (Wang et al., 2023)
as follows.

Proposition 2. Under an imperfect information structure, the thresholds investment levels E and
F are increasing in d and p while decreasing in R.

Proposition 3. Suppose that the information structure is imperfect, F < I ≤ D(1, 1)uY0 holds
and

[
R+qd
R−1

]
Y0WM > I . Then, welfare improves if the government subsidizes at least one firm

in the initial period. In this case, the subsidy is given by S = I − F + ϵ, where ϵ is positive. As
a result, a subgame perfect Nash Equilibrium in which exactly one firm invests in period 0 can
be achieved.

Remark 1. The policymaker cannot implement the subsidy without resorting to some arbitrary rule
that discriminates between the two firms. This is in contrast to (Wang et al., 2023), where, at the
beginning of stage 1 in period 0, the policymaker could announce that it would subsidize the leader if
it invests and then implement the subsidy if the leader has invested. Under simultaneous moves, the
designations “leader” and “follower” no longer exist, and therefore, although the policymaker could
still implement a subsidy that induces exactly one firm to invest, it can only do so by arbitrarily
discriminating between firm 1 and firm 2.

3. Conclusions
We have shown that the previous result remains unchanged under this new informa-

tional structure. However, we found that the effectiveness of the implementation of the
policy is reduced for the simultaneous move case.
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