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Abstract: Copper has been considered as a common pressure calibrant and equation of state (EOS)
and shock wave (SW) standard, because of the abundance of its highly accurate EOS and SW data,
and the assumption that Cu is a simple one-phase material that does not exhibit high pressure (P) or
high temperature (T) polymorphism. However, in 2014, Bolesta and Fomin detected another solid
phase in molecular dynamics simulations of the shock compression of Cu, and in 2017 published the
phase diagram of Cu having two solid phases, the ambient face-centered cubic (fcc) and the high-PT
body-centered cubic (bcc) ones. Very recently, bcc-Cu has been detected in SW experiments, and
a more sophisticated phase diagram of Cu with the two solid phases was published by Smirnov.
In this work, using a suite of ab initio quantum molecular dynamics (QMD) simulations based on
the Z methodology, which combines both direct Z method for the simulation of melting curves and
inverse Z method for the calculation of solid–solid phase boundaries, we refine the phase diagram
of Smirnov. We calculate the melting curves of both fcc-Cu and bcc-Cu and obtain an equation for
the fcc-bcc solid–solid phase transition boundary. We also obtain the thermal EOS of Cu, which
is in agreement with experimental data and QMD simulations. We argue that, despite being a
polymorphic rather than a simple one-phase material, copper remains a reliable pressure calibrant
and EOS and SW standard.

Keywords: quantum molecular dynamics; melting curve; solid–solid phase transition boundary;
equation of state; multi-phase materials

1. Introduction

Copper is one of the most studied d-block transition metals. It is a common pressure
calibrant because of the availability of its accurate shock compression data [1–3]. Copper
has also been used to calibrate two of the important standards for static X-ray diffraction
experiments, ruby and gold [4]. Copper is useful because it provides more accurate
pressure (P) determination than other standards, including Pt, Mo, and W, due to its larger
compressibility and the presumed lack of phase changes. Indeed, previous shock studies
suggest that Cu remains in face-centered cubic (fcc) structure from ambient conditions until
melting [5]. These studies reached peak conditions by utilizing a single shock. Using ramp
compression, in which peak conditions are reached through a series of shocks, the ambient
fcc phase is observed to be stable to TPa pressures [6]. However, a metastable body-centered
cubic (bcc) structure is observed in the pseudomorphic Cu films grown on the {100}
surfaces of Pd, Pt, Ag, and Fe, or as small precipitates in a bcc-Fe matrix [7], and is suggested
to possibly be stable at higher temperatures [8]. A recent computational study by Neogi and
Mitra [9] based on density functional theory (DFT) suggests the possible existence of a bcc
or body-centered tetragonal (bct) structure at a temperature (T) of 1520 K and P > 100 GPa.
In 2019, Sims et al. [10] completed a series of laser shock experiments with in situ X-ray
diffraction using the Dynamic Compression Sector at Argonne National Laboratory in
order to study the phase diagram and melting curve of Cu. At P ∼ 240 GPa they observed
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the appearance of bcc-Cu with a density of 14.02 g/cc. The bcc phase consistently coexists
with melt, suggesting a high thermodynamic, or possibly kinetic barrier to transformation.
The experimental Ts were higher than those in the ramp compression studies, which implies
that bcc-Cu is thermodynamically stable at high T only. In a more recent X-ray diffraction
study of shock-compressed copper by Sharma et al. [11] the fcc-bcc transformation is
observed at∼180 GPa; specifically, the line profile of Cu at 181.5 GPa shows the appearance
of a new peak indexed as the {110} bcc peak that partially overlaps with the {111} fcc peak
indicating a mixed fcc-bcc phase. At 211.5 GPa the fcc peaks completely disappear and
two additional {200} and {211} bcc peaks appear instead, which implies a wide P interval
of ∼30 GPa of fcc-bcc coexistence in the shock-wave experiment.

The physical properties of bcc-Cu have been studied theoretically using both classical
and ab initio approaches. At ambient P and T = 0, bcc-Cu is mechanically unstable
(C′ ≡ (C11 − C12)/2 < 0); it becomes mechanically stable at P >∼ 7.5 GPa at T = 0 [12],
or above ∼600 K at P = 0 [13]. The equations of state of both fcc-Cu and bcc-Cu are
predicted to be very close to each other [12], in terms of the very similar values of the
corresponding atomic volumes, bulk moduli, and their pressure derivatives. At ambient
P, bcc-Cu is higher in energy than fcc-Cu by ∼2.9 mRy/atom, or ∼40 meV/atom [14],
and their energy difference increases with increasing P [14] and/or volumetric strain [13].
As shown in [14], fcc-Cu remains the most thermodynamically stable solid structure of
copper up to at least 10 TPa, which is confirmed by the very recent ramp compression
experiments to 2.3 TPa [6]. However, as the example of niobium clearly demonstrates [15],
an energy excess as high as∼450 meV/atom can be overcome with the proper entropy gain
by another solid structure at high T (in the case of Nb, it is the high-T orthorhombic Pnma vs.
the ambient bcc), so that bcc-Cu can in principle be expected to become thermodynamically
competitive with fcc-Cu at high T. In fact, as recent shock compression experiments
demonstrate, bcc-Cu may be the physical solid phase of Cu at high-PT.

To the best of our knowledge, bcc-Cu was consistently studied for the first time
by Bolesta and Fomin using classical molecular dynamics (CMD) code LAMMPS [16].
They simulated the shock-wave loading of fcc-Cu and observed a transition to bcc at
P above ∼80 GPa and the corresponding T above ∼2000 K. Then, they calculated the
phase diagram of Cu by considering both structures, and found out that bcc-Cu becomes
thermodynamically stable at high-PT conditions; specifically, the fcc-bcc-liquid triple point
is at (P, T) = (80 GPa, 3490 K), and the entropy difference between the two solid structures
at the triple point is ∆s ≡ sbcc − sfcc = 0.12 kB [16]. Furthermore, Bolesta and Fomin
were the first to detect the appearance of bcc-Cu above 100 GPa and 2000 K in molecular
dynamic simulations of the shock compression of copper [17].

In a very recent paper, Smirnov [18] presents the phase diagrams of copper, silver
and platinum calculated using a first principles based approach. He claims that all three
substances are complex materials with at least two different solid phases on their phase
diagrams. Specifically, all three phase diagrams contain both fcc (which is the ambient
phase of each of the three substances) and bcc phases. The purpose of this work is to
calculate the phase diagram of copper and to confirm that bcc does become the physical
phase of copper at high-PT conditions.

To clarify the issues related to the phase diagram of copper, in the present work we
carried out a systematic DFT-based study. Specifically, we calculated equations of state of
both fcc and bcc, their melting curves using ab initio quantum molecular dynamics (QMD)
simulations implemented with VASP (Vienna Ab initio Simulation Package), and estimated
the P-T location of the fcc-bcc solid–solid phase transition boundary. Our theoretical results
appear to be in excellent agreement with all the available relevant experimental data as
well as the theoretical calculations of Bolesta and Fomin [16] and Smirnov [18].

2. Equations of State

For our theoretical study of the phase diagram of Cu, we used the following electron
core-valence representation: [12Mg] 3p6 3d10 4s1, i.e., we assigned the 17 outermost elec-
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trons of Cu to the valence. The valence electrons were represented with a plane-wave basis
set with a cutoff energy of 460 eV, while the core electrons were represented by projector
augmented-wave (PAW) pseudopotentials. We used the generalized gradient approxima-
tion (GGA) with the Perdew–Burke–Ernzerhof (PBE) exchange-correlation functional.

We first calculated the T = 0 equations of state (EOS) of both fcc-Cu and bcc-Cu. We
used unit cells with volumes that correspond to a P range of ∼−10–1000 GPa, and very
dense k-point meshes of 60× 60× 60 for fcc-Cu and 75× 75× 75 for bcc-Cu. With such a
dense k-point mesh, full energy convergence to <∼0.1 meV/atom is achieved in the whole
P range for both fcc-Cu and bcc-Cu. The third-order Birch–Murnaghan forms of the two
T = 0 EOSs are (in the following ρ stands for density, in g cm−3, B and B′ for bulk modulus,
in GPa, and its pressure derivative, and the subscript 0 means (T = 0, P = 0))

P(ρ) =
3
2

B0

(
η7/3 − η5/3

)[
1 +

3
4
(B′0 − 4)

(
η2/3 − 1

)]
, (1)

where η = ρ/ρ0, and

fcc-Cu: ρ0 = 9.02, B0 = 133.0, B′0 = 5.1,

bcc-Cu: ρ0 = 8.98, B0 = 131.7, B′0 = 5.1.

In each of the two cases, this analytic form is expected to be reliable to ∼1000 GPa. So,
indeed, the two EOSs are very similar to each other. Our value of ρ0 coincides with the
experimental one [19], and those of B0 and B′0 for fcc-Cu are in excellent agreement with
B0 = 133 and B′0 = 5.2± 0.2 from experiment [20].

We also note that the finite-T counterparts of the above two EOSs can be written
approximately as

P(ρ, T) = P(ρ) + α T, αfcc = 6.13 · 10−3, αbcc = 8.26 · 10−3. (2)

These α values were chosen to match the two ambient melting points in the ρ-T coor-
dinates which are, respectively, (8.361, 1357.6) from experiment [19,21], and (8.112, 1252)
from extrapolating our QMD data on the melting curve of bcc-Cu discussed below to
P = 0.

The reliability of these two “thermal EOSs” is demonstrated by comparing the values
of the melting P (Pm) that they give when the corresponding ρs and melting Ts (Tm) are
used to those that come directly from QMD melting simulations, see Tables 1 and 2. Let us
now show another example. The “thermal EOS” (1), (2) for bcc-Cu on the Hugoniot with
P = 240 GPa and the corresponding T of 6721.1 K, which comes from T = T(P) along the
Hugoniot discussed below, gives ρ = 14.02 g cm−3, in exact agreement with [10].

The similarity of the two sets of the EOS parameters (ρ0, B0, B′0) and the corresponding
two values of α implies that, if the fcc-bcc phase transition does occur in Cu, at the transition
(P, T) the two volumes are expected to be close to each other, so that the corresponding
volume change is small, and therefore the fcc-bcc phase transition boundary is rather
flat, in view of the Clausius–Clapeyron formula. Our ab initio phase diagram of copper
discussed below demonstrates exactly that.
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Table 1. The six ab initio melting points of fcc-Cu, (Pm, Tm ± ∆Tm), obtained from the Z method
implemented with VASP.

Lattice
Constant (Å)

Density
(g/cm3) Pm (GPa) Pm from (1),

(2) Tm (K) ∆Tm (K)

3.71 8.2657 −1.20 −1.453 1280 125.0
3.51 9.7607 26.5 26.45 2220 125.0
3.31 11.639 87.4 87.35 3620 250.0
3.21 12.761 140 140.5 4570 250.0
3.11 14.032 218 218.5 5780 312.5
3.01 15.478 333 332.9 7230 375.0

Table 2. The six ab initio melting points of bcc-Cu, (Pm, Tm ± ∆Tm), obtained from the Z method
implemented with VASP.

Lattice
Constant (Å)

Density
(g/cm3) Pm (GPa) Pm from (1),

(2) Tm (K) ∆Tm (K)

2.95 8.2205 1.42 1.363 1290 125.0
2.80 9.6138 27.8 27.78 2070 125.0
2.65 11.341 85.9 85.97 3640 250.0
2.49 13.670 220 219.8 6880 250.0
2.42 14.891 320 320.2 9110 312.5
2.35 16.262 462 461.8 12,130 375.0

3. Melting Curves

Our QMD melting simulations were carried out using the Z method implemented
with VASP, which is described in detail in Refs. [22–24]. We used supercells of ∼500 atoms;
specifically, a 500-atom (5× 5× 5) one for fcc-Cu and a 512-atom one (8× 8× 8 109.5◦-
rhombohedral) for bcc-Cu. The simulations were carried out with a single Γ-point (with
such a large supercell, full energy convergence, to <∼1 meV/atom, was achieved in every
case considered) having 17 outermost electrons of Cu in the valence, so that our system
had ∼8500 valence electrons; to the best of our knowledge, QMD simulations of a similar
magnitude (∼9000 valence electrons) have been previously undertaken only once [22].
We simulated six melting points each of fcc-Cu and bcc-Cu. To this end, an average of
five computer runs per point were performed (for a total of ∼60 computer runs for both
structures), with a time step of 1 fs, of a total length of 15,000–25,000 time steps per run.

Figures 1–4 offer two examples of our Z method melting simulations. They correspond
to the first of the six Tms in each of the two cases, and show the time evolution of T
and P, respectively, during the corresponding computer runs. Consider, for example,
Figures 1 and 2. During the T0 = 2500 K run, the system remains a superheated solid:
both the average T and P stay virtually the same during the 20 ps of running time. The
T0 = 2750 K run is the melting run [23], during which a melting occurs: it starts after
∼11 ps of running time, and the melting process takes about 2 ps. It results in the decrease
of average T from ∼1400 to 1280 K, and the corresponding increase of average P from ∼−2
to −1.2 GPa. This is so because the total energy, E ∼ kB T + P V, is conserved, and V is
fixed. For the same reason, Figures 1 and 2, and Figures 3 and 4 are “mirror images” of
each other; see [23] for more detail. In the run with higher T0 = 3000 K, the melting starts
after only 2 ps of running time, and the melting process takes only 1 ps. For a sufficiently
high initial T, the system melts virtually immediately.
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Figure 1. The melting point of fcc-Cu at a density of 8.2627 g/cc: melting T from ab initio Z method
implemented with VASP.
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Figure 2. The same as in Figure 1 for melting P.
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Figure 3. The same as in Figure 1 for bcc-Cu at a density of 8.2205 g/cc.
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Figure 4. The same as in Figure 3 for melting P.

The results of our melting simulations are summarized in Tables 1 and 2. The errors
in melting T (Tm) are half of the increment of the initial T for a series of computer runs at
the corresponding density [23]. We chose these increments to be 250 K for the 1st and 2nd,
500 K for the 3rd and 4th, 625 K for the 5th, and 750 K for the 6th Tm in each of the two
cases. The corresponding Tm errors are listed in the tables as ∆Tm. The errors in melting P
(Pm) are negligibly small, of the order 1–2 GPa in each case. Tables 1 and 2 also include the
values of Pm that come from each of the thermal EOSs (1), (2) at the corresponding Tms.

The best fits to the corresponding six datapoints are the corresponding melting curves:

Tfcc−Cu
m (P) = 1358

(
1 +

P
19.7

)0.58
, (3)
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and

Tbcc−Cu
m (P) = 1252

(
1 +

P
34.3

)0.85
. (4)

These fits are very accurate: the corresponding values of χ2 per d.o.f. are ≈1 for
bcc-Cu, and ≈1.5 for fcc-Cu if Tm(ρm) is fixed at 1358 K, in agreement with the experiment,
or otherwise ≈1, if it is considered as a free parameter; in the latter case, its value is
≈1357.9 K.

The first three terms of the power-series expansion of (3) are 1358 + 39.98 P −
0.4262 P2. This is in good agreement with Tm(P) = 1355(5) + 44.5(31) P − 0.61(21) P2

from the low-P experimental study of ref. [25]. Our value of dTm/dP at P = 0, 40 K/GPa,
is in the middle of the range of lower-P experiments: 44.5 [25], 43± 2 [26], 42 [27], 42 [28],
41.8 [29], 41 [30], 36.5± 2.7 [31], 36.4 [32]. The vast majority of the theoretical melting curves
of fcc-Cu have similar values for the initial slope; e.g., 50 [33], 39 [34,35], 38 [36], 37.75 [37],
36.7 [38,39]. Ref. [39] does not offer an explicit value of dTm/dP at P = 0; however, the Cu
melting curve of [39] is virtually identical to that of [38].

At higher P, the melting curve of bcc-Cu is higher than that of fcc-Cu, therefore,
bcc-Cu is thermodynamically more stable and represents the physical solid phase of copper.
The melting curves cross each other at (P in GPa, T in K) (P, T) = (79.2, 3461.2), which is
the fcc-bcc-liquid triple point. We note that our triple-point P-T coordinates are in excellent
agreement with those from Ref. [16]: (80, 3490).

4. fcc-bcc Solid-Solid Phase Transition Boundary

Here we discuss the fcc-bcc solid–solid phase transition boundary in copper. We start
our discussion with the derivation of a formula for the initial slope of a solid–solid phase
transition boundary in general case.

4.1. Theoretical Estimate of the Initial Slope

Here, we derive a formula for the initial slope of a solid–solid phase transition bound-
ary at the solid1-solid2-liquid triple point.

Let V1, V2 and V` be the volumes of, respectively, solid1, solid2 and liquid at the
solid1-solid2-liquid triple point, and S1, S2 and S` the corresponding entropies. According
to the Clausius–Clapeyron formula, the slopes of the two melting curves at the triple point
(where they cross each other) are

T′1 ≡
dT1

dP
=

V` −V1

S` − S1
, T′2 ≡

dT2

dP
=

V` −V2

S` − S2
. (5)

Then, the slope of the solid–solid phase transition boundary, also from the Clausius–
Clapeyron formula and the above relations, is

T′12 =
V2 −V1

S2 − S1
=

(V2 −V1) T′1 T′2
(V2 −V1) T′1 + δ V1 (T′2 − T′1)

. (6)

where δ stands for volume change at melt of solid1: V` ≡ (1 + δ)V1. The values of V1
and V2 come from the corresponding thermal EOSs, and those of T′1 and T′2 from the
corresponding melting curve equations, at (P, T) = (79.161, 3461.18) of the fcc-bcc-liquid
triple point. Specifically, V1 = 5.557 cm3/mol, V2 = 5.684 cm3/mol (i.e., V2 > V1, thus
the phase boundary has a positive slope), and T′1 = 20.30 K/GPa and T′2 = 25.93 K/GPa.
As the results of [40] show, by a pressure of 80–100 GPa, volume change at melt for fcc-Cu
decreases by a factor of ∼2. The literature data on δ at P = 0 span an interval of values
from 0.045 [41] to 0.053 [42], or 0.049 ± 0.004. Hence, at the fcc-bcc-liquid triple point
δ ∼ 0.025. For our estimate of T′12 we assume that at the triple point 0.02 ≤ δ ≤ 0.03.
Then, Equation (6) gives T′12 = 19.9± 0.9 K/GPa. Thus, the initial slope of the fcc-bcc
solid–solid phase boundary is ∼20 K/GPa. Now we can estimate the bcc-fcc entropy
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difference at the triple point: with the above values of V1, V2 and T′12, it follows from (6)
that S2 − S1 = 0.127± 0.006 kB in good agreement with 0.12 kB of Ref. [16].

4.2. Inverse-Z Simulations

Based on the above material of this work, we conclude that the the initial slope of
the fcc-bcc solid–solid phase transition boundary is ∼20 K/GPa and that it is relatively
flat. To further constrain the location of this boundary in the P-T plane, we carried out
two sets of independent inverse Z runs (the inverse Z method is described in detail in [22])
to solidify liquid Cu and to check whether there is any solid–solid phase boundary so
that liquid Cu solidifies into fcc on one side of this boundary and into bcc (or another
solid structure) on the other side. We used a computational cell of 512 atoms prepared
by melting a 8× 8× 8 solid simple cubic (sc) supercell, which would eliminate any bias
towards solidification into fcc or bcc, or any other solid structure. We used sc unit cells of
1.9446 and 1.8652 Å; the dimensions of bcc unit cells with the same volume as the sc ones
are 2.45 and 2.35 Å, respectively, which corresponds to ∼200 and 360 GPa.

We carried out NVT simulations using the Nosé–Hoover thermostat with a timestep of
1 fs. Complete solidification typically required from 15 to 25 ps, or 15,000–25,000 timesteps.
The inverse Z runs indicate that in each case, liquid Cu solidifies into fcc below ∼5000 K
and into bcc above ∼5000 K, so that the fcc-bcc transition boundary at high-P is relatively
flat at ∼5000 K. The final states of the solidification were identified as fcc and bcc from
analyzing the corresponding radial distribution functions (RDFs). RDFs of the final solid
states are noisy; upon fast quenching of the two structures to low T, where RDFs are more
discriminating, we could compare them to the RDFs of fcc and bcc and properly identify.

The RDFs of the solidified states at∼400 GPa below the transition boundary are shown
in Figure 5, and of those solidified above the transition boundary in Figure 6. The 4500 K
state lies very close to the transition boundary. We assign it to fcc, because its short-range
order (smaller-R) peaks are definitely fcc-like, while long-range order (larger-R) peaks are
smeared and may somewhat resemble those of bcc in Figure 6. Most likely, this 4500 K
state is some mixture of bcc and fcc, so it must be very close to the transition boundary or
even lie on the boundary itself.

T = 4500 K

T = 3000 K

T = 1500 K

0 50 100 150 200 250
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

R, in units of 0.0625 Å

fcc-Cu, solidified from sc-based liquid

Figure 5. Radial distribution functions (RDFs) of the final states of the solidification of liquid Cu at
∼400 GPa at lower temperatures.
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T = 12000 K

T = 10500 K

T = 9000 K

T = 7500 K

T = 6000 K

0 50 100 150 200 250
0.0

0.5

1.0

1.5

2.0

2.5

3.0

R, in units of 0.0625 Å

bcc-Cu, solidified from sc-based liquid

Figure 6. Radial distribution functions (RDFs) of the final states of the solidification of liquid Cu at
∼400 GPa at higher temperatures.

A few more comments are in order. The 12,000 K state at ∼500 GPa did not solidify,
most likely for the reason of not being supercooled enough to initiate the solidification
process [22]. Indeed, 12,000 K constitutes ∼0.92 of the corresponding Tm of ∼13,050 K (i.e.,
8% of supercooling), while for the solidification process to occur, a supercooling of at least
15% is needed [22]. For the other set of points at ∼250 GPa, the highest solidification T of
7000 K constitutes ∼0.83 of the corresponding Tm of ∼8460 K (i.e., 17% of supercooling),
which apparently allows for the solidification process to go through in this case.

5. Ab Initio Phase Diagram of Copper

Now we combine all the results of the previous sections of this work to construct the
ab initio phase diagram of copper.

We take the P-T coordinates of the fcc-bcc-liquid triple point to be (79, 3460). A simple
analytic form of the fcc-bcc solid–solid transition boundary which (i) crosses this triple
point, (ii) has an initial slope of 19.9 K/GPa and (iii) takes into account the results of the
inverse Z solidification simulations (i.e., to be between the 4500 K fcc and 6000 K bcc points
at ∼260 GPa and to be close or even cross the 5000 K point at ∼430 GPa is

T(P) = 3460 + 19.9 (P − 79) − 4.8 (P − 79)1.2. (7)

This phase boundary and the two melting curves (3) and (4) define the topology of
our ab initio phase diagram of Cu shown in Figure 7. This phase diagram is topologically
similar to the ab initio phase diagram of Smirnov [18], except that their melting curve of
bcc-Cu seems to be the continuation of the melting curve of fcc-Cu to higher P, that is, the
melting curve of Cu does not change its slope at the fcc-bcc-liquid triple point. The results
of the previous section demonstrate that at the triple point the slope of the Cu melting
curve increases by ∼20%, from 20.3 K/GPa on the fcc side to 25.9 K/GPa on the bcc side.
The experimental conditions of Ref. [43] correspond to melting from bcc phase, and indeed,
the three data points of [43] appear to lie on our bcc-Cu melting curve, see Figure 7.
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Figure 7. The ab initio phase diagram of Cu. Three experimental points (filled circles) are from
ref. [43]. The fcc-bcc solid–solid phase transition boundary (black curve) is estimated based on the
results of the inverse Z method simulations of the solidification of liquid Cu into fcc and bcc solid
structures on other sides of the boundary. The principal Hugoniot of Cu is also shown as a thin
black curve.

Shown also in Figure 7 is the Cu principal Hugoniot obtained from fitting the numeri-
cal data of Ref. [44] with a simple analytic form:

TH(P) = 293 + 0.617 · P1.688. (8)

This principal Hugoniot crosses the fcc-bcc phase transition boundary at (P, T) =
(180.0, 4249.9), in agreement with Ref. [11], which claims the bcc-fcc transition on the
Hugoniot at 180 GPa. Furthermore, in Ref. [5], a distinct kink was detected in the Poisson
ratio as a function of P at ∼185 GPa such that the Poisson ratio data were fitted with
two different straight segments below and above the kink. In view of our findings, this
kink is naturally explained as that corresponding to the fcc-bcc transition in Cu on its
principal Hugoniot.

The Hugoniot melting point corresponds to the intersection of the bcc-Cu melting
curve (4) and the above Hugoniot: (P, T) = (265.1, 7896.1), in agreement with Ref. [5],
which claims the melting on the Hugoniot at 265± 6 GPa.

Figure 8 compares our ab initio melting curve of Cu to several melting curves among
a few tens of those available in the literature, as it is not feasible to collect them all in
one figure. Shown are the experimental melting curves of references [30,45] as well as
the theoretical melting curves of refs. [38,40,46,47]. It is clearly seen that the best overall
agreement of our melting curve of Cu, as a combination of both fcc and bcc segments, is with
the theoretical melting curves of Belonoshko et al. [38] and Ghosh [39] which are virtually
identical to each other. The reason for such a good agreement must be that in both [38,39]
molecular dynamics simulations were done using embedded-atom model (EAM) for
interatomic potentials, and the EAM parameters were obtained from fitting the model to ab
initio data. It is interesting to note that in Ref. [43], their three experimental melting points
are compared to the theoretical melting curve of [38], and excellent agreement is found.
This fact provides mutual support to the validity of the experimental results of ref. [43] and
to the computational methodologies of both Refs. [38,39] and the present study.
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Figure 8. Comparison of the ab initio melting curve of Cu calculated in this work (which combines
both lower-P fcc and higher-P bcc segments) to several melting curves of Cu available in the literature:
Errandonea [30], Belonoshko [38], Pu et al. [40], Japel et al. [45], Moriarty [46], and Zhang et al. [47].
The Cu principal Hugoniot is also shown as a thin black line.

We note that the vast majority of the melting curves of fcc-Cu available in the literature
converge to a unique analytic form similar to Equation (3). For example, in Figure 8, all
the fcc-Cu melting curves except that of Ref. [40] can be effectively represented by that of
ref. [47]. If only fcc-Cu were considered, the principal Hugoniot would have crossed it at
∼220 GPa, which would have been the P of the Hugoniot melting of Cu (PH

m ). In fact, this
is in agreement with several papers which all predicted PH

m ∼ 220 GPa: PH
m = 220–230 [17],

PH
m = 200–220 [48], and PH

m = 220 [49], to name just a few. In the latter work, the Hugoniot
Tm is 5560 K, in good agreement with 5843.0 from Equation (8).

6. Concluding Remarks

Let us now summarize the results of our theoretical study.
We have constructed the theoretical phase diagram of copper, using a suite of ab initio

QMD simulations based on the Z methodology which combines both direct Z method for
the simulation of melting curves and inverse Z method for the calculation of solid–solid
phase boundaries. We determined that bcc-Cu becomes the thermodynamically stable
solid structure of copper at high-PT and finds itself on the phase diagram of copper, along
with fcc-Cu, its solid structure at ambient conditions. We have calculated the melting
curves of both fcc-Cu and bcc-Cu, determined the location of the fcc-bcc-liquid triple
point, and obtained an equation for the fcc-bcc solid–solid phase transition boundary. Last
but not least, we have proposed thermal equations of state for both fcc-Cu and bcc-Cu,
which appear to be in agreement with both experimental data and QMD simulations. Our
theoretical phase diagram of copper represents the refinement of that of Smirnov for which
the fcc-Cu and bcc-Cu melting curves as well as the fcc-bcc solid–solid phase boundary
were estimated rather than being calculated using the DFT-based methodology as in the
present work.

For a long time, copper has been considered both as a pressure and a shock-wave
standard. It is worth dwelling on this point in light of our findings, which reaffirm the idea
that copper is a multi-phase material that was put forward by Bolesta and Fomin [16,17]
and confirmed in the subsequent experimental [11,12] and theoretical [18] studies.
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As emphasized in [14], first-principles-based theoretical calculations do not find any
other solid structure energetically competitive with fcc, at least to 10 TPa, and therefore Cu
is not expected to undergo any P-induced structural phase transformations, which makes
Cu an ideal choice as a pressure standard for all hydrostatic experiments expected in the
near future, both isothermal and isentropic (ramp compression), in which T does not rise
high enough to cross into the bcc-Cu phase stability region. In this respect, our thermal
EOS of Cu, Equations (1) and (2), can be considered as an EOS standard.

The issue of Cu being a shock-wave standard deserves a somewhat more detailed
discussion. Copper has been considered to be a reliable shock-wave standard because
(i) it is a plastic material, so that the characteristics of its shock compression and static
compression agree well with each other, (ii) when compressed, Cu has been supposed
not to undergo any polymorphic transitions, and (iii) when melted, it undergoes a minor
volume change, so that its shock compression characteristics change very little across the
Hugoniot melting transition. Now, as it is firmly established, both experimentally and
theoretically, that Cu is a polymorphic material, it is interesting to revisit the concept of Cu
being a reliable shock-wave standard. First of all, the main shock-wave characteristics of a
material depend on the values of a and b in the following (quasi)-linear relation between
particle (Up) and shock (Us) velocities along the Hugoniot: Us = a + b Up. These values,
in turn, depend on the parameters of the EOS [50]: a =

√
B0/ρ0, b = (1 + B′0)/4. As

mentioned above, both fcc-Cu and bcc-Cu have very similar EOS parameters listed under
Equation (1); in particular, the two values of a differ from each other by less than 0.5%.
The two values of b are exactly the same. Hence, the shock-wave characteristics of both
fcc-Cu and bcc-Cu are expected to be virtually identical to each other; in particular, T as
a function of P along the Hugoniot should not change across the fcc-bcc transition, this
is why Equation (8) was used as a common TH(P) for both fcc and bcc. For this reason,
experimental data on Us = Us(Up) for both fcc-Cu and bcc-Cu should be described by
a common straight segment instead of two different ones, which is very clearly seen in,
e.g., Figure 3 of Ref. [14]; a deviation of Us = Us(Up) from a single straight segment occurs
at Up ∼ 3.5 km/s which corresponds to P ∼ 285 GPa, above the Hugoniot melting point of
265 GPa; in other words, this deviation occurs in the P-T region of liquid Cu.

Thus, despite being a polymorphic material, both the thermal and shock-wave char-
acteristics of two of its solid phases, fcc and bcc, are indeed virtually identical. This
observation allow us to conclude that copper remains to be a reliable shock-wave standard,
in addition to being reliable pressure calibrant and EOS standard.
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